11 Practice problem solutions

This section gives worked solutions to all of the practice problems from Sections 1 to 10.

11.1 Factorisation

Al1.1 (a) 4y — 16y =4y x y —dy x 4 = 4y(y — 4)
(b) 32ab + 16b+ 8abc = 8b x 4a + 8b x 2 + 8b x ac = 8b(4a + 2 + ac)
(c) 6zryz+3yz+18wyz = 3yz X 2x+3yz X 1 +3yz x 6w = 3yz(2z+ 1+ 6w)

Al.2 (a) 4+4b+V0*=(2+Db)(24b) =
(b) 25a® — 10ad + d* = (ba — d
(c) 22 + 122y + 36y = (z + Gy
(d) 144 — 48a + 402 = (12 — 2a

(2+0)?
(5a — d) = (5a — d)?
(z + 6y) = (z + Gy)?
(12 - 2a) = (12 — 2a)°

—_ — ~— ~—

A1.3 (a) 942 — 36 = (3y)% — 62 = (3y — 6)(3y + 6)
(b) 64— 121g% = 8 — (11¢%)% = (8 — 11g )(8 + 11¢°)
(c) 162° —49¢y® = (423)% — (Ty*)? = (42® — Ty*) (423 + Ty*)

Al.4 (a) z? —bxr+4

= z° -4z — 1z +4
z(r —4) — 1(z —4)
— @—4)a-1)

(b) 2242z — 15
= 22 —-3x+5x—15
= z(x—3)+5(z—3)
= (z—-3)(x+5H)

(c) y* — 3y +2
= P —2y—1ly+2
= yly—2)—1Ly—-2)
= (y—2)(y—1)
(d) x? + 13z + 42
= 224 Tz + 6z + 42
= x(z+7)+6(x+7)
= (x+7)(x+6)

(e) r? — 11z + 24
= 2*—8x—3x+24
= z(x—8)—3(z—8)
= (x—8)(x—3)

(f) a’+7a+ 12
= a’+4da+3a+12
= a(la+4)+3(a+4)
= (a+4)(a+3)
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Al.5 (a)

322+ 17z + 10
322 + 15z + 22 + 10
3z(x +5)+ 2(x +5)
(z+5)(3x+2)

(b) 2y% + 12y + 16
= 2y°+8y+4y+ 16
= 2y(y+4)+4y+4)
= (y+4)(2y+4)

(c) 4a* — 8x — 12
= 4a? — 12z +4x — 12
= 2z(2x —6) — 2(2x — 6)
= (22 -06)(2x —2)

or

or

42? — 8x — 12

42? — 122 + 4o — 12
dax(xz — 3) —4(z — 3)

(x —3)(4x + 4)

42? — 8x — 12

42 — 127 + 4o — 12
x(4de — 12) + 1(4x — 12)
(da — 12)(z + 1)

(d) 222 — 215
= 222 —6z+52—15

= (z

22(z —3) +5(z —3)
—3)(2z +5)
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11.2 Manipulating fractions

14z 142 = 2x 7
A2l () T =15, o
9ab 9ab = 9b a
(b) 27be  27hc ~9b 3¢
() 8+4d_2(4+2d)+2_4+2d
2 2e =2 N e
3 1 3 3 6 1
A2.2 (a) E+1_E+E_E_§

4 5 4 9 3
b — - = — _— = — = —
b) s+ =155 155
© 2 18 14 4
773791 21 21
13 7 13 14 1

()E_§_18 18 18
4 7T _ B 7

3 8 3 9 27
b) -+ o= x =
b) B 5= 3*s 1
@ 3x2_10_5
87 56 28
3 5 3 6 18 9
d) c+-=-X_-=—=+
@) S+5=8%5 10 20
ab 2c  2abd 2c¢  2(abd+c¢) abd+c
A24 () TH -5 YT T s T 1
(b) 4xy 3r  16xy L9 9z  x(16y +9)
12736 36 36
(c 30gh _ 5h30g°h 10h  10R(3g> —1)  5h(3g*— 1)
14 79 149 149 14g B 79
(d)f_i_‘qib 15 _9ab—15 _3ab—5
24 8b  24b  24b  24b 8b
12g h _ 12gh 39
A2. — 97 _d
5 (2) 160 32h 8

4e 9d 36ed 4ded
(b) —x — = =
457 f  A5f  5f
) Wor_wy 14l
7 14 7 €T Tx
5a 7 5¢  9a  45Ha?
@) =+ =7 %% " I

63



11.3 Solving Equations

4a — 5
3
39 = 4a-5
44 = 4a
11 = a

A3.1 (a) 13 =

4a — 5

The solution to 13 = isa=11.

b)) ZL-6 =5

Ty—954 = 45
Ty = 99
99

7

= 3
= 18z

= x
The solution to§:3ism:£
6x 9
116
d) — =
d) 4
116 =

b

:‘©© B~ o

3
Th luti —— =—isb=—.
e solution to T 1 is b 11

14

A3.2 (a) 1—7& = 2
lda = 34b

34b

14

176

7
17b
The solution is a = ;

(b) 2 = b

3a = 4b+ 24
a = —+8

a =

a =

4
The solution is a = 3b + 8.
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28 b
(c) da 5
4ab
28 = —
5
140 = 4ab
140 B
am
B,
b 35
The solution is a = 3
12 4
(d) W = 7
12a
12 = —
7b
84b = 12a
™ = a

The solution is a = 7b.
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11.4 Powers

A4.1 9° written as a product is 9 X 9 x 9 x 9 x 9.
A4.2 (a) 2? x 23 = 2?3 =2b

5
_ 3

(b) G=y"=y
(c) (%)% = 23 = 212
( 3

(d)

27)% = 23 x 2° = 82®

1
-3 _
(e) 77 = 23
213 % 24 213+4 217 114 5
A4.3 (a) 214 = 214 :ﬁZQ =2 :8

(b) 12525 = (125192 = ((5%)19)2 = (5192 = (51)2 = 25
(c) (xxy)l=a"xyP’=1x1=1

Add (27 x y=4)? _ 27X ¢ y4x2 _ g1y o)y sy _ 2
T YT X gB) B 2B gBxB T 36 g9 Y Y

-3 % —2 —3x—2 % —2 6 % —2
A4.5 \/(I y) = \/‘T y__ \/x y_ _ \/xH X y=2=(=6) = /2T x y¥

x4 x y—6 xrd x y—ﬁ x4 x y—6

8

= (22 x y")V/?2 = 2¥V/2 5 12 — 3 x y? (provided z > 0 and y # 0)

2% 973 x 571 M (3P x 57T M 3P x5 oM 370 x 57!

25 x 82 x 3711 52 x (23)2 x 371 B2 x 23X2x 311 52 % 20 x 311

A4.6

_ 21476 % 3767(711) % 5*1*2 _ 28 % 35 % 5*3
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11.5 Trigonometry

A5.1 (a) 1%b<é%

1207

180
2n

3

2
Thus 120° equals ?W radians.

m
b 260 x ——
(b) " 180

2607

180
137

9

1
Thus 260° equals Z;;r radians.

T
315 x ——
() * 180

3157

180
m

4

Thus 315° equals Zﬂ radians.

AT 180
A5.2 (a) ‘E; X
T
_ 720
9
= 80

Thus 4; radians 80°.

3T 180
(b) 5
_ 50
5
= 108

Thus 357T radians 108°.
7 180
(c) 0
150
9
= 20

Thus g radians 20°.



Y

A5.3 (a) sinf = (});E, so  sinf = B
dj 12

(b) cosf = }?yi])’ so  cosf = B

opp
(c) tan o] so tan 1

x
19
r = 19 X cosb6°
x = 10.62
The length of side x is 10.62cm.
8

A5.4 (a) cosb6® =

b inlh® = —
(b) sin ;
zxXsinlbh® = 8
8
sin 15°
z = 3091

The length of side 2 is 30.91cm.
13
tanf = —
(c) tan 15
13
(3
an B
0 = 47.29°
The angle 0 is 47.29°.

yA =

117 ™
A5.5 sin — = —sin —
(a) sin 5 sin 5
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47
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(c) tan 3

wl

147
d AN -
(d) sin IE

AN

|

&

=
—_

=l

Il
o
)
S
o3

15

=
x

15

NI

A5.6 (a) Sine is negative in the 3rd and 4th quadrants. The angle in the 1st

. . .
quadrant whose sine is — is —. Thus,

N
y
!x

NA

9:7r+% and 9:27r—§
952 and 972.

(b) We know cosf = z, and z is equal to 1 at the point (1,0), which rep-
resents the angles 0 and 2.
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(c) Tangent is positive in the 1st and 3rd quadrants.The angle in the 1st

1 s
uadrant whose tangent is — is —. Thus,
b s V3 6

y

an
NP

9:% and 0 =7+ —
7
9:% and 92%.

(d) Cosine is positive in the 1st and 4th quadrants.The angle in the 1st

1 1
quadrant whose cosine is 1 is cos™! (4) = 1.32 radians. Thus,

NI

=132 and 60 =21 —1.32

y

0 =132 and 0 =497

70



11.6 Solving quadratic equations

A6.1 (a) Yes,z?— 3z +4=0
(b) No, this is a cubic equation.
(c) Yes, this expands to 22 +z —6 =10
(d) Yes, this is equivalent to 22 — 3z —2 =10

A6.2 (a) 222 +10z+12 = 0
(x+2)2x+6) = 0
r+2=0 or 2r+6=0
r=-2 or 2x=-6
r=-2 or z=-3
The solutions to 222 + 10z + 12 = 0 are x = —2 and = = —3.

(b) 422 -25 = 0
(22)2 =5 = 0
(20 —5)2x+5) = 0
20 —5=0 or 22+5=0
20 =95 or 2x = -5
) Y
g Or T=—g
The solutions to 4z% — 25 =0 are x = 5/2 and z = —5/2.

(¢) 2?+4x = 0
z(z+4) = 0
=0 or x+4=0
=0 or x=-4
The solutions to 22 + 4z =0 are z = 0 and = = —4.

(d) v +6y+9 = 0
(y+3)y+3) = 0
y+3 = 0

Y

The solution to y? + 6y +9=01is y = —3.

I
|
w

A6.3 (a) 2°4+6z+9 = 0

—6+ /36 —36
T g
2
—6++0
r = —
2
r = =3

The solution to 22 + 6x +9 =0 is z = —3.
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(b) TP+6p+1 = 0

—6+ /36 =28
p el
14
68
P = 14
=622
P = 14
=342
po= 7
—34+v2 —3-V2
pzi’? or 1'277

— 2
The solutions to 7p? +6p+1 =0 are p = L\/_ an
(¢) 222 —-10x+13 = 0
10 £ /100 — 104

4
10+ +v—4
4

There are no real solutions.

Tr =

72



11.7 Solving inequalities

4x

A7.1 (a)

v

3+

4
—3x
T

21 + Tx
21
-7

INIV IV

4
The solution to 736 >3+zisx < -T.

12—6x < 8—=x
—br < —4
4

5
The solution to 12 —6x < 8 —z is z > %.

(b)

xr >

1lla + 4
6
1la + 4
—a
a

3+ 2a

(c)

18 + 12a

14

—14
a+4

vV VvV Vv

<

The solution to >34+ 2ais a < —14.

b— 14
(@ T <5
Ifb>0,b#0,
™h—14 < 5b
26 < 14
b < 7
If b < 0,
7™ —14 > b5b
26 > 14
b > 7

Now, for b < 0 we have b > 7. Hence there is no solution when b < 0.

The solution to

<bHisb>0and b< 7, thatis0<b < 7.

A7.2 (a) [3z] > 12

If 3z >0, 3xr > 12
z > 4

If 32<0, =3z > 12
r < —4

The solution to |[3z] > 121is z > 4 or x < —4.
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(b)

(c)

(d)

4b — 6] < 18

If 4b—6>0, 4—6 < 18
b < 24
b < 6

For this case we want the values of b that satisfy both 4b — 6 > 0 and
b<6. ThismeanSbZ%andbﬁG,sowewant%ﬁbﬁG.

If 4b—6<0, —(4b—6) < 18
6—4b < 18

4p < 12

b > -3

For this case we want the values of b that satisfy both 4b — 6 < 0 and
b > —3. This means b < % and b > —3, so we want —3 < b < %

The solution to |4b — 6] < 18 is % <b<6and -3<b< %, which is
—-3<b<6.

7> |z + 14

If z+14>0, 7T > z+14
—x > 7
z < =7

For this case we want the values of z that satisfy both x + 14 > 0 and
r < —7. Thismeans x > —14 and x < —7, so we want —14 < x < —T.

If z+14 <0, 7T > —r—14
T+z > —14
z > =21

For this case we want the values of = that satisfy both = 4+ 14 < 0
and x > —21. This means z < —14 and x > —21, so we want
21 <x< —14.

The solution to 7 > |z 4+ 14| is —14 <z < =7 and —21 < z < —14,
which is —21 <z < —7.

9 <3¢ —6|
If 3¢—62>0, 9 < 3c¢—6
-3¢ < -—15
c > b

For this case we want the values of ¢ that satisfy both 3¢ — 6 > 0 and
¢ > 5. This means ¢ > 2 and ¢ > 5, so we want ¢ > 5.

If 3¢—6<0, 9 < —(3¢—6)

9 < 6-—3c
3c < —3
c < -1

For this case we want the values of ¢ that satisfy both 3¢ — 6 < 0 and
¢ < —1. This means ¢ < 2 and ¢ < —1, so we want ¢ < —1.

The solution to 9 < [3¢c — 6] is ¢ > 5 or ¢ < —1.
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11.8 Sigma notation

3
A8.1 (a) Y 2nis the sum for n =1,2,3 of 2n. Thisis 2 x 1 +2 X 242 x 3,
n=1

which is equal to 2 +4 + 6.

2
(b) > 3™is the sum for n = —1,0,1,2 of 3". This is 37! + 3% + 3" 4 32,

n=-—1
1
which is equal to 3 +1+3+9.

5
(c) Z i(i 4+ 2) is the sum from ¢ = 0 to 5 of ¢(i + 2). So this is simply

0(0+2)+1(1+2)+2(2+2)+3(3+2)+4(4+2)+5(5+2) which is
equal to 0 + 2+ 8+ 15+ 24 + 35.

A8.2 (a) The sum 3 +4+ 54 6+ 7+ 8 is the sum of all integers from 3 to 8.
8

In sigma notation this is Z 1.
i=3
(b) The sum —2+144+7 is the sum of four terms, each of which represents
an increase of 3 over the previous term. So if we consider the first term

to be 0x3—2 (using 3 because this is the difference between consecutive
3
terms), we can use sigma notation to get Z 31— 2.
i=0

1 1 1
(c) Thesum 1+ — 5 + 5 +...+ 100 is the sum of 100 terms, each of which is

a fraction where the numerator is 1 and the denominator is the number
between 1 and 100 which corresponds to the particular term. In sigma

100
notation this is > —.
i=1 v
A8.3 Z 7 (2j+n772) corresponds to the sum with j = 3,4, 5,6 of (—1)7 (2j+n/~2).

ThlS is (1) (2x34+n*2)+(=1)* (2x4+n*2)+(=1)7 (2x5+n°2)+(=1)% (2x
6 + n%72) which is equivalent to —(6 + n) + (8 +n?) — (10 + n?) + (12 + n*).

A8.4 The sum 3x1 —5x9+ 7x3—9x4 is a sum with alternating plus and minus signs for
each term, a factor out the front that increases by 2 each time, and a power of x
that increases by 1 for each consecutive term. If we let the variable over which the
sum is to be performed be 7, and allow this to go from 1 to 4, the first term could
be (2i + 1)x;. This gives the right terms, but now the positives and negatives
must be dealt with. Since (—1)° =1 and (—1)* = —1, we can include the term

4

(—1)"! to give the full sum. This gives a final answer of Y _(—1)""" (2i + 1)z;.
i=1
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11.9 Graphing lines and parabolas

A9.1 (a) y=4z -7
7
z-intercept: 0 =4z — 7, s0o x = 1
y-intercept: y=0—7,s0oy = —7
Points to plot: (1.75,0) and (0, —7).

y
(1.75,0)

-7

X

(b) 3y=—22+4
zr-intercept: 0 = =2z + 4, so x = 2

4
y-intercept: 3y =0+4,s0y = 3
Points to plot: (2,0) and (0,1.33).

y
\ o1

T~

(2,0) X

X
oy = = —
(c) —2y 5 3

zr-intercept: 0 = g —3,s0r =26

. 3
y-intercept: =2y =0—3,s0y = B
Points to plot: (6,0) and (0,1.5).

y

—_|015)

\

(6,00 x
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A9.2 (a) The two points given are (1,6) and (2, 16).
The gradient, m:
Ay Y2 =y 16 -6
= — = = = 10
mn Ax To — T 2—1
The y-intercept, c:
Using the point (1,6) on the line gives

Yy = mx+c
6 = 10x1+c
6 = 10+4+c¢
—4 = c

Substituting m and ¢ into the general equation we now have the equa-
tion for the line given in the graph above, y = 10x — 4.

(b) The two points given are (2,0) and (4, —6).
The gradient, m:
Ay -y —6-0 -6
m = — = = = — = =3
Ax To — X1 4—2 2
The y-intercept, c:
Using the point (2,0) on the line gives

Yy = mx+c

0 = —3x2+c¢
0 = —6+c

6 = ¢

Substituting m and ¢ into the general equation we now have the equa-
tion for the line given in the graph above, y = —3x + 6.

(c) The two points given are (4, —4) and (8, —=7).
The gradient, m:
m = Ay I R e
Ax To — T 8 —4 4
The y-intercept, c:
Using the point (4, —4) on the line gives

Yy = mx+c

3
-4 = —Zx4+c
-4 = —3+c
-1 = ¢

Substituting m and c into the general equation we now have the equa-

3
tion for the line given in the graph above, y = —1% - 1.
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A9.3 (a) y=42*—25
z-intercept: 0 = 42? — 25, so 0 = (22 — 5)(2z + 5),

)
T=3 and x = D)
y-intercept: y =0 —25,s0y = —25
-b 0
urning point: 5 — 8

<

= 4(0)2 — 25 = —25
Points to plot:  (—2.5,0), (2.5,0) and (0, —25).

y
(2.5,0)

(-2.5,0) X

—~

(0,-25)

(b) y=2?+4z+5
a-intercept: 0 = 22 + 4x + 5, using the quadratic formula there are no real roots.
y-intercept: y =10 46— 4(0)+5,s0y =5
— —4
Turning point: x = w3 —2
y=(-2%+4(-2)+5=1
Points to plot:  (0,5) and (—2,1).

(0.5)

(-2.1)

(c) y=—a?+ 4z —4
z-intercept: 0= —z%+4z — 4,50 0= (—z +2)(x — 2), 50 v =2
y-intercept: y=0—4(0) —4,y=—4
Turning point: =—=—=2
y=—(2)2+4(2)—4=0
Points to plot:  (2,0) and (0, —4).
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(2,0)

(O! _4)
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11.10 Derivatives and anti-derivatives

1
a) = 2 4@(2—1) + g

A10.1 (a) f(z) = 42 +22+6
fliz) = 2x42C7Y 422070 40
fllx) = 8z +2
(b)) f(x) = 92 —bz7*+5
fix) = 3x9z6-D — —4 x 524D 40
fi(x) = 272 4+ 202"
(c) flz) = Va+ 222
flx) = ; % (37D £ 9 x 921
() =
fl(x) = NG + 4x
(d) f(a) = a*—ad’+a
f’(a) = 4 x gD _2x gD + q(1-1)
f(a) = 4a®—2a+1
A10.2 (a) f(x) = 4cosx
fi(x) = 4x —sinzx
fl(r) = —4sinz
(b) f(x) = 2sinz+ 8z
fl(z) = 2xcosx+ 8z~
fl(x) = 2cosz+8
(¢) f(a) = a®>+sina—4
flla) = 2xa®V+cosa+0
f'(a) = 2a+cosa
(d) f(z) = 2*—3cosz+ 2z
flx) = 3xaCD -3 x —sina+ 2207
fl(z) = 322+ 3sinz + 2
A10.3 (a) f(z) = bHe®
fi(x) = be”
(b) f(w) = —7e% + x2
fllx) = —Te"+2x 2(2-D)
flx) = —Te" + 2z
(¢) f(x) = 2n (;f)
fl(z) = 22>< .
fi(x) = -
(d) f(a) = 4a®+1n(a)
(
(

1
f'(a) = 8a+—
a
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