Solutions to the MATH1061 (Ipswich) Sample Exam

1. (a) Use a truth table to determine whether the following statement form is a
tautology, a contradiction or neither.

(pAg) = (pVa) < (~pV~a). (3 marks)
plqg|pAg|pVag| (pAg = (PVq)|~pV~q|given statement
T T T T T F F
T|F F T T T T
F|T F T T T T
F|F F F T T T

This statement form is neither a tautology nor a contradiction.

(b) Consider the following digital logic circuit.

P

o |

AND

P|Q S
111 1
110 1
01 0
010 1

NOT S

(i) Complete the input/output table for this circuit.

(2 marks)

(ii) Use your input/output table to draw a simpler circuit which is

equivalent to the circuit given above.

(2 marks)

The input/output table corresponds to the truth table for P V ~ @,

so a simpler circuit is:

P

@ o>

SE>



2. Consider the statement
Vr € R, if r is irrational, then r? is irrational.

(a) Write the contrapositive of this statement. (2 marks)

Vr € R, if r? is not irrational, then r is not irrational.

(or equivalently, Vr € R, if r? is rational , then r is rational.)

(b) Write the negation of this statement. (2 marks)

Jdr € R such that r is irrational and r? is not irrational.
(or equivalently, 3r € R such that r is irrational and r? is rational.)

(c) State which is true, the original statement or the negation. (1 mark)

The negation is true. (For example, let r = 1/2.)

3. Prove that the following statement is true.
For all integers a and b, if 4| a and 4 | b, then 4 | (a + b).

(4 marks)
Proof: Suppose that a and b are integers and that 4 | @ and 4 | b.
Since 4 | a, we know that a = 4 - m for some integer m.
Since 4 | b, we know that b = 4 - n for some integer n.
Thus a + b = 4m + 4n = 4(m + n).
Since m + n is an integer, a + b = 4 - k for some integer k.
Therefore 4 | (a +b).



4. Use mathematical induction to prove that the following statement is true.
For all integers n > 3, n>2n+1.

(6 marks)
Let P(n) be the statement n*> > 2n + 1, for n > 3.
P(3) is the statement 32 > 2 -3 + 1.
P(k) is the statement k? > 2 -k + 1.
P(k + 1) is the statement (k+1)? >2-(k+1)+ 1.

P(3) is true since 3* =9 and 2-3+1=7and 9 > 7.
Assume that P(k) is true and use this to prove that P(k + 1) is true.

LHS.of P(k+1) = (k+1)?
= kK+2k+1

V

2k+1+4+2k+1 since P(k) is assumed true

2k + 2 + 2k
> 2k+3 sincek >3
R.H.S of P(k+1)

So(k+1)*>2-(k+1)+1.

Thus, by mathematical induction, n? > 2n + 1 for all integers n > 3.



5. (a) Use the Euclidean Algorithm to find ged (423, 81). (2 marks)

423 = 5-81+18
81 = 4-18+9
18 = 2:-940
Thus ged(423,81) = 9.

(b) Determine whether or not there exist integers z and y that satisfy the
following linear diophantine equation. If so, then find one such pair of
integers. If not, explain why not.

81z + 423y = 36

(2 marks)

From (a) we know that ged(423,81) = 9 and since 9 divides 36, a solution
exists.

9 = 81—4-18
= 81—4(423—5-81)
= 81(21) +423(—4)

Therefore 81(84) + 423(—16) = 36, so x = 84, y = —16 is one solution to
this linear diophantine equation.



6. Let U = {10,11,12,13,14,15} be a universal set with subsets
A={x €U |zxiseven} and B = {x € U | z is divisible by 3}.

Determine the elements in each of the following sets and write each set in the
space provided.

(5 marks)
ANB = {12}
AUB = {10,12, 14,15}
A-B = (10,14}
Ac = {11,13,15}
P(B) = {0, {12}, {15}, {12,15}}

7. Determine whether or not each of the following graphs is a tree. Give a brief
justification for your answers.

(2 marks)

(1 (2)
(1) is a tree. It is connected and contains no circuits. It has 6 vertices and 5
edges.

(2) is not a tree. It contains a circuit. It has 5 vertices and 5 edges (one edge
too many to be a tree).



8. Let G be the following graph.

d

(a) Determine whether or not G has an Euler circuit. If it does, give one such
circuit; if it does not, explain why not.

(2 marks)

G does not have an Euler circuit. It has two vertices of odd degree.

(b) Determine the total degree of G. (2 marks)

Total degree =3+4+2+3+4+2=18.

(c) Determine whether or not G has a subgraph that has four vertices and five
edges. Justify your answer by drawing the subgraph or by explaining why
such a subgraph does not exist.

(2 marks)

G does have a subgraph that has four vertices and five edges.
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9. Let p and o be relations on the set A = {1, 2,3} defined as follows:

p=A{(1,3), (1,1), (2,1), (2,2), 3,3)}

and
oc=1{(1,2), (1,3), (2,1), (1,1), (2,2), (2,3)}.

(a) Draw the directed graphs that correspond to p and o. (2 marks)

(b) Write the elements of the relation 0! in the box below.
(2 marks)

ot {2,1), 3,1), (1,2), (1,1), (2,2), (3,2)}




previous page; that is,

9. (c) Let p and o be the relations on the set A = {1,2,3} as defined on the

p=A{(13), (1,1), (2,1), (2,2), 3,3)}

and

c={(1,2), (1,3), (2,1), (1,1), (2,2), (2,3)}.

For each of the relations p and o, state whether or not it is (i) reflexive,
(ii) symmetric, (iii) antisymmetric, (iv) transitive? Write your answer in

the appropriate box below, with a brief justification.

Loops on all three
vertices of the graph.

(8 marks)
p o
(i)  reflexive? Yes No
(1,1),(2,2),(3,3) € p. (3,3) ¢ o

No loop at vertex
3 of the graph.

(ii) symmetric?

No
(2,1) €p
but (1,2) & p.
Not all edges are
double in the graph.

No
(1,3)eo
but (3,1) & o.
Not all edges are
double in the graph.

(iii) antisymmetric?

Yes
For distinct a,b € A,
if (a,b) € p
then (b,a) & p.
No double edges
in the graph.

There is a double
edge in the graph.

(iv) transitive?

No
(2,1) €
and (1, 3)
but (2, 3)

N M

P
p-

Yes
For all a,b,c € A,
if (a,0) € o
and (b,c) € o
then (a,c) € o.




10. Let S be a relation on the set Z defined as follows

(a)

(b)

aSb ifandonlyif a <b.

Prove that S is an partial order relation. (5 marks)

(1) Show that S is reflexive.
Let a € Z. Then a < a,s0a S a.
Therefore S' is reflexive.

(2) Show that S is antisymmetric.

Let a, b be distinct integers and suppose that a S b. Since a S b and a # b,
we have that a < b. Hence b £ a, so b is not related to a.

Therefore S is antisymmetric.

(3) Show that S is transitive.

Let a,b,c € Z and suppose that a S b and b S ¢. Then ¢« < b and b < c.
Thus a <e¢,s0a S c.

Therefore S is transitive.

Since S is reflexive, antisymmetric and transitive, S is a partial order
relation.

Explain why S is a total order relation. (2 marks)

For every pair of integers a and b, either a < b or b < a, so every integer
is related to every other integer. Therefore S is a total order relation.



11. Let f and g be functions defined as

(a)

(b)

(c)

f : R — R such that f(z) =3z + 6,
g : R — R such that g(z) = z? — 2.

Is the function f one-to-one and/or onto? Justify your answer. (5 marks)

f is one-to-one.
Suppose that z; and z are real numbers and that f(z1) = f(z2).
Then 3z, + 6 = 3z9 4+ 6, so 3x; = 322 and 1 = .

f is onto.

Suppose that y is a real number.

—6
There exists an « € R such that f(z) = y, namely z = yT

Is the function g one-to-one and/or onto? Justify your answer. (5 marks)

g is not one-to-one.

9(=3)=9—-2="7Tand g(3) =9—2=7 but —3 # 3.

g is not onto.
—4 € R but there is no = € R such that g(z) = —4.
(If z2 — 2 = —4 then 2 = —2 and z would not be a real number.)

Calculate (go f)(z) and (f o g)(z). (4 marks)

(go f)(x) =g(f(x)) = g3z +6) = (3z + 6)? — 2 = 922 + 362 + 34.

(fog)(z) = f(9(x)) = f(z* — 2) = 3(a®> — 2) + 6 = 32,

10



12. (a)

(b)

Consider the systems (Z;— {0}, ©), (Z¢— {0}, ®), (Zn, ®), (R, x). Com-
plete the following table with ticks (for yes) and crosses (for no) to indicate
whether the given system is a group. Note that ® denotes multiplication
modulo 7, ® denotes multiplication modulo 6, & denotes addition modulo
n and X denotes multiplication.

(4 marks)

(Z:-{0},©) | (Ze—{0},®) | (Zn,®) | (R X)

Group? \/ X \/ X

For each system in part (a) which is not a group give a brief explanation
of why it is not a group.

(3 marks)

(Zg — {0}, ®) is not a group because it is not closed.
2® 3 =6 = 0 which is not in Zs — {0}.

(R, x) is not a group because 0 € R and 0 does not have an inverse.

The element 1 would be the identity in this system and there does not
exist an element r € R such that 0 x r = 1.

11



13. (a) Construct the Cayley table for the group (Zs — {0}, ®) where © is the
binary operation of multiplication modulo 5.

(3 marks)

B~ ow N~ G
=W N ==
W = NN
N A~ =Wl W
=N W R

(b) Is (Zs, ®, ®) a field? Recall that @ is the binary operation of addition
modulo 5 and ® is the binary operation of multiplication modulo 5. Justify
your answer.

(3 marks)

Yes (Zs, @, @) is a field.

(Zs,®) is an abelian group since

it is closed,

@ is associative and commutative,

0 is the identity,

and each element has an inverse: 17! =4, 271 = 3 and 07! = 0.

(Zs — {0},®) is an abelian group since

it is closed,

® is associative and commutative,

1 is the identity,

and each element has an inverse: 11 =1,2 ' =3 and 4! = 4.

Modular multiplication distributes over modular addition.

12



14. (a)

(b)

How many distinct arrangements can be made from the letters of the word
MISSISSIPPI?

(2 marks)

There are 11 letters: 1M, 41, 4S, 2P.
The number of distinct arrangements is

i 34 650
1! 41 41 21 '

How many distinct arrangements can be made from the letters of the word
MISSISSIPPI that begin with an S and end with an M?

(2 marks)

If we start with an S and end with an M, we are effectively arranging 9
letters: 4I, 3S, 2P.

The number of distinct arrangements is

9!

g 1200

How many distinct arrangements can be made from the letters of the word
MISSISSIPPI which contain the two letters PM next to each other in the
given order?

(2 marks)

We are effectively arranging 10 letters: 1PM, 1P, 41, 4S.
The number of distinct arrangements is

_10 = 6300
101041 41 ’
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5x (2
15. (a) Evaluate 8(4)

. Show your working. (2 marks)

(»)

9! 4! 4! 9.8-7-6
X —— X —— = H X X
4! 5! 8! 4-3-2-1

5

(b) A regular 6-sided die is rolled five times. In each case the result (1, 2, 3,
4,5 or 6) is recorded. The order of the five results is also recorded. For
example, one possible outcome is 3 4 6 1 3.

(i)

(ii)

(iii)

(iv)

What is the total number of possible outcomes of this die-rolling ex-
periment?
(1 mark)

There are 6 possible results for each roll, so 6> = 7776 possible out-
comes.

In how many of the possible outcomes is the first result a three and
exactly two threes are obtained in total?
(2 marks)

The possible outcomes (where * is one of 1, 2, 4, 5 or 6) are:
33 % xx, 3 x 3 xx 3% x3x%x and 3 x x x 3.

There are 53 possiblities for each of these four cases, so the total num-
ber of possible outcomes of this type is 4 - 5 = 500.

In how many of the possible outcomes is the first result a three and
at least two threes are obtained in total?
(2 marks)

This is equal to the number of outcomes in which the first result is a
3 minus the number of outcomes in which the first 3 is the only 3.
This is 6* — 5* = 671.

This could also be calculated as those outcomes in which the first
result is a three and exactly 2 3s are obtained plus exactly 3 3s are

obtained plus exactly 4 3s are obtained plus exactly 5 3s are obtained.
Thisis 4-5° +6-52+4-5+1 = 671.

What is the probability of obtaining an outcome in which there are no
fives or sixes?
(2 marks)

The number of outcomes with no fives or sixes is 4° = 1024.

The probability of obtaining an outcome that has no fives or sixes is

1024 32
7776 243"
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