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A CONCISE PROOF OF THE MULTIPLICATIVE ERGODIC THEOREM
ON BANACH SPACES

CECILIA GONZALEZ-TOKMAN AND ANTHONY QUAS
(Communicated by Omri Sarig)

ABSTRACT. We give a new proof of a multiplicative ergodic theorem for quasi-
compact operators on Banach spaces with a separable dual. Our proof works
by constructing the finite-codimensional ‘slow’ subspaces (those where the
growth rate is dominated by some A;), in contrast with earlier infinite-dimen-
sional multiplicative ergodic theorems which work by constructing the finite-
dimensional fast subspaces. As an important consequence for applications,
we are able to get rid of the injectivity requirements that appear in earlier
works.

1. INTRODUCTION

The multiplicative ergodic theorem (MET) is a very powerful result in ergodic
theory establishing the existence of generalized eigenspaces for stationary com-
positions of linear operators. It is of great interest in many areas of mathematics,
including analysis, geometry and applications. The MET was first established
by Oseledets [8] in the context of matrix cocycles. The decomposition into gen-
eralized eigenspaces is called the Oseledets splitting.

After the original version, the MET was proved by a different method by
Raghunathan [10]. The result was subsequently generalized to compact oper-
ators on Hilbert spaces by Ruelle [11]. Mafé [7] proved a version for compact
operators on Banach spaces under some continuity assumptions on the base
dynamics and the dependence of the operator on the base point. Thieullen [12]
extended this to quasi-compact operators. Recently, Lian and Lu [6] proved a
version in the context of linear operators on separable Banach spaces, in which
the continuity assumption was relaxed to a measurability condition.

We prove a non-invertible Oseledets theorem (i.e. we obtain a filtration) for
a random dynamical system (the full definition is below) acting on a Banach
space with separable dual. We do not make any assumption about injectivity of

Received July 11, 2014; revised May 31, 2015.

2010 Mathematics Subject Classification: Primary: 37H15; Secondary: 37L55.

Key words and phrases: Oseledets theorem, multiplicative ergodic theorem, infinite dimen-
sional random dynamical systems.

CG-T: Partially supported by a Start-Up Fund at The University of Queensland and by ARC
Discovery Project DP110100068 while at UNSW Australia.

AQ: Supported by the Canadian NSERC. The author thanks the Universidade de Sdo Paulo for
the invitation to deliver a mini-course from which this work originated.

IN THE PUBLIC DOMAIN AFTER 2043 237 ©2015 AIMSCIENCES


http://dx.doi.org/10.3934/jmd.2015.9.237

238 CECILIA GONZALEZ-TOKMAN AND ANTHONY QUAS

the operators, unlike most previous Banach-space valued versions of the Multi-
plicative Ergodic Theorem. We also prove a semi-invertible Oseledets theorem
(i.e. we obtain a splitting) under the assumption that the underlying Banach
space is separable and reflexive.

An important feature of the present approach is its constructive nature. In-
deed, it provides a robust way of approximating the Oseledets splitting, follow-
ing what could be considered a power method type strategy. This makes the
work also relevant from an applications perspective.

The approach of this work is similar in spirit to that of Raghunathan, in that
we primarily work with the ‘slow Oseledets spaces. Mafé’s proof works hard
to build the fast space, as do the subsequent works based on Mafé’s template.
These proofs rely on injectivity of the operators; some of them make use of
natural extensions to extend the result to non-invertible operators — this was
the strategy in [12], and it was also used by Doan in [2] to extend [6] to the non-
invertible context. In contrast, we establish the non-invertible version first and
recover the (semi-)invertible one, including the ‘fast spaces’, straightforwardly
using duality. Another key simplifying feature of our method is that we prove
measurability at the end of the proof, rather than working to ensure that all
intermediate constructions are measurable.

While Raghunathan’s proof uses singular value decomposition and hence re-
lies on the notion of orthogonality, we study instead collections of vectors with
maximal volume growth. Another important difference with Raghunathan’s
approach is that instead of dealing with the exterior algebra, we work with
the Grassmannian. We claim this is more natural since subspaces correspond
to rank one elements of the exterior algebra (those that can be expressed as
V1 A... A vg). In the Euclidean setting, rank one elements naturally appear as
eigenvectors of AF(A* A), but this does not seem to generalize to the Banach
space case.

Section 2 analyses notions of volume growth for bounded linear maps T
on a Banach space X. We establish an asymptotic equivalence between k-
dimensional volume growth under T and T*, as well as other measures of vol-
ume growth and Section 3 uses these results to obtain the multiplicative ergodic
theorems. The main results in this article are Theorem 16 and Corollary 17. After
submitting the current article, we learned of an independent proof of essentially
the same result via closely related methods due to Blumenthal [1].

2. VOLUME CALCULATIONS IN BANACH SPACES

Let X be a Banach space with norm | - ||. As usual, given a non-empty subset
A of X and a point x € X, we define d(x, A) = infye 2 d(x, y). We denote by Bx
and Sx the unit ball and unit sphere in X, respectively. The linear span of a
finite collection C of vectors in X will be denoted by lin(C) with the convention
that lin(@) = {0}. The dual of X will be denoted by X*. In this section, we
study the relationships between various notions of volume and singular value
for maps of Banach spaces. Other closely related notions are due to Gelfand

JOURNAL OF MODERN DYNAMICS VOLUME 9, 2015, 237-255



MULTIPLICATIVE ERGODIC THEOREM ON BANACH SPACES 239

and Kolmogorov and are described in Pisier’s book [9]. For the purposes of
later sections, it will suffice to show that two quantities agree up to a bounded
multiplicative factor. We make no attempt to optimize the bounds. We use the
notation Q = Q' if the ratio of the quantities Q and Q’ is bounded above and
below by constants independent of the Banach space(s).

We define the k-dimensional volume of a collection, (vy, ..., Vt), of vectors in
a Banach space by

k
volg(vy,...,Ug) = H d(vg,lin({v;: j<i}).
i=1
It is easy to see that volg(ayvy,...axvE) = |layl...laglvolg(vy,..., vg). In the
case where the normed space is Euclidean this notion corresponds with the
standard notion of k-dimensional volume. Notice that voli(vy,..., V) is not
generally invariant under permutation of the vectors.
Given a bounded linear map T from X to Y, we define di T (vy,..., V§) to be

volg(Tvy,..., Tvg) and DT =supy,, = 14k T(vr,... 05).

s VKNl =
LEMMA 1 (Submultiplicativity). Let T: X — Y and S: Y — Z be linear maps.
Then Di.(So T) < Dy(S)Di(T).

Proof. Let T(v1),..., T(vg) € X be linearly independent. Then one checks from
the definition that for any collection of coefficients («;;) j<;, the following holds

) VOl (v1, ..., Up) = Vol (v1, V2 — o1 V1., Uk — D akjv;j).
j<k

Since the linear spans in the definition of volume are finite-dimensional
spaces, the minima are attained so that

dkT(vl,..., l)k)
=TT 2) —aa TWOll...IT(we) —ap T(w1) —... — g p—1 T (W1l
for appropriate choices of (a;;) j<;.
Let wj=v;—Y;cjajiv; so that dy T(vy,...,v5) = [ T(w)... I T(wy)|l and set
uj=Tw/IT(w;))l. Using (1), we have
di(So T)(vy,...,vE) =vol (ST (11),...,ST(vy))
=volg (ST (wy),..., ST (wy))
=T w)ll... IT(wllvolg(S(u), ..., S(uk))
<diT(vy,..., Vi) DgS.
Taking a supremum over vy, ..., Vx in the unit ball of X, one obtains the bound
Dy(SoT) < Dr(S)Di(T) as required. O

LEMMA 2. Let T: X — Y be linear. Suppose that V is a k-dimensional subspace
and | Tx|l =z M| x|l forallxe V. Then Dy T = Mk,

Proof. Let vy,..., v belong to V nSx and satisfy d(v;,lin({v;: i < j})) = 1. Then
dkT(l/l,...,l/k)ZMk. O
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We now proceed to compare volume estimates for a linear operator 7: X — Y
and its dual T*: Y* — X*. We introduce a third quantity to which we compare
both Dy(T) and Dy(T*). Given linear functionals 61,...,0; € Y* and points
x1,..., Xk € X, we let U((0;), (x;)) be the matrix with entries U;; = 0;(T (x;)) and
define

Ei(T) =sup{detU((6;),(x;)): [0;] =1 and | x;|l =1 for all i, j}.

LEMMA 3 (Relationship between volumes for T and T*). For all k > 0, there
exist positive constants cy and Cy with the following property: for every bounded
linear map T between Banach spaces X and Y,

cxDi(T) < Di(T*) < C Di(T).
Proof. The statement will follow from the following inequalities:
2) Dy(T) < Ex(T) < k!D(T)
3) Di(T*) < Ex(T) < K!D(T™).
The second inequality of (2) is proved as follows. Let x3,..., xx and 0y, ...,0
all be of norm 1 in X and Y™ respectively. Let aj=d(Tx;,lin(Txy,..., Txj-1)).
Let c{,...,c}_l be chosen so that || Tz;| = aj, where z; is defined by z; = x; —

(c{xl +...+ c;_lxj_l). Note that U’ = U((6;), (zj)) may be obtained from U =
U((0;), (x;)) by column operations that leave the determinant unchanged. No-
tice also that |U] jl =10i(Tz;)| < aj. From the definition of a determinant, we
see that detU = detU’ < kla; ... ak. This inequality holds for all choices of 6; in
the unit sphere of Y*. Now, maximizing over choices of x; in the unit sphere of
X, we obtain the desired result.

The second inequality of (3) may be obtained analogously. We let

,3,' = d(T*H,',lil’l(T*Hl,..., T*Qi_l))

and choose linear combinations ¢; of the 8; for which the minimum is obtained.
The matrix U" = U((¢;), (xj)) is obtained by row operations from U and the
IUlfij =i (Txp)| = [(T" i) (x))| < Bi.

To show the first inequality of (2), fix xi,...,x; of norm 1. As before, let
aj=d(Txj,lin(Txy,...,Txj-1)). By the Hahn-Banach theorem, there exist lin-
ear functionals (¢9,-)§.‘:1 in Sy such that 0;(Tx;) = a; and 0;(x;) =0 for all k < i.
Now

detU((0:), (x) =[] a:.
Maximizing over the choice of (x;), we obtain Ey(T) = Dy (T) as required.

Finally, for the first inequality of (3), we argue as follows. Let € > 0 be arbi-
trary and let 04,...,0; belong to the unit sphere of Y*. We may assume that
T%04,..., T*0y are linearly independent — otherwise the inequality is trivial. Let
¢; =T"0; — Y r<;i aix T* 60 be such that ||¢;|l = d(T*0;,lin({T*0: k < i})). We
shall pick xj,..., x; inductively in such a way that |det((¢;(x;));,j</)| is at least
ngl(”(,bi | —e) for each 1 <[ < k. Suppose x,...,x;_; have been chosen. Then
since det((¢p;(x})); j<i) is non-zero, the rows span R!~!. Hence there exist (b;) i<t

JOURNAL OF MODERN DYNAMICS VOLUME 9, 2015, 237-255



MULTIPLICATIVE ERGODIC THEOREM ON BANACH SPACES 241

such that ¥, := ¢; + X ;<; b;p; satisfies y;(x;) = 0 for all j < I. By assumption,
lw;ll = ll¢;ll. Pick x; € Sx such that y;(x;) > ||y, || —e. Then the matrix with a row
for ¥; and a column for x; adjoined has determinant of absolute value at least
Hﬁzl(llc/)i | —€). The matrix with ¢; replacing v; has the same determinant, com-
pleting the induction. Maximizing over the choice of (6;) j<ko letting € shrink
to 0, and observing that det((gbi(xj)),-,jsk) = det((T*Hi(xj)),-,jsk) completes the
proof. O

A fourth quantity that will play a crucial role in what follows is Fj(T), defined
as

F.(T)= sup inf ||Tv].
dim(v):kVEVﬂSX

We make use of the following lemma due to Gohberg and Krein whose proof
may be found in Kato’s book [5] (Chapter 4, Lemma 2.3).

LEMMA 4 (Gohberg and Krein). Let V] be a proper finite-dimensional subspace
of a subspace V, of a Banach space, X. Then there exists v € V, ~ {0} such that
d(v, 1) = |lvll.

LEMMA 5 (Relation between determinants and Fj). Let T be a bounded linear
map from a Banach space X to a Banach space Y. Then

Ex_1(T)Fi(T) < Ex(T) < k2K VB (T)Fi(T).

Proof. We first show Ei(T) < kzk’lEk_l(T)Fk(T). We may assume Ei(T) >0 as
otherwise the inequality is trivial. Let 6,,...,0; be elements of the unit sphere of
X* and x3,...,x; be elements of the unit sphere of X. Let U be the matrix with
entries 0;(Tx;). Assume that detU # 0. Since x,..., X, span a k-dimensional
space, there exists a v = a;x; +... + agxy of norm 1 such that | Tv| < Fi(T).
By the triangle inequality, one of the |al’s, say |aj,|, must be at least % Let
Xj=xj for j # jo and Xj, = v and set U to be the matrix with entries 0:(Tx;).
By properties of determinants, we see |detU]| = |a jolldetU| = %Idet Ul. Next,
there exists ip for which |0;,(Tv)| is maximal, this maximum not being 0 since
|det U] is positive. Let H_i =0;-(0;(Tv)/0;,(Tv))0;, for i # ip and H_io =0, so
that ||0;] <2 and 0;(Tv) = 0 for i # iy.

Now let U;j = 6;(T%;), so that |detU| < k|detU| = k|detU]. Finally, the jyth
column of U has a single non-zero entry that is at most || Tv| < F(T) in ab-
i#i, j#jo =
2*¥=1E,_1(T). Taking a supremum over choices of (;) and (x i), we have shown
Ex(T) < k257 Ex_1 (T) Fi(T).

For the other inequality, we may suppose that T has kernel of codimension
at least k, otherwise Fi(T) = 0 and there is nothing to prove. Let 0y,...,0k_;
and xi,...,xx_1 be arbitrary. Let A be the determinant of the matrix with entries
0i(Txj). Let V be a k-dimensional subspace such that VnkerT = {0}. Let W =
lin(Txy,..., Txx-1). Using Lemma 4, let z be a point in the unit sphere of T'(V)
such that d(z, W) =1. Let v € V n Sx be such that T'(v) is a multiple of z. Let 6
be a linear functional of norm 1 such that 84|y =0 and 0 (z) =1 and let x; = v.

solute value. The absolute value of the cofactor is )det (0:(T(%))

JOURNAL OF MODERN DYNAMICS VOLUME 9, 2015, 237-255



242 CECILIA GONZALEZ-TOKMAN AND ANTHONY QUAS

Now forming the k x k matrix (0;(x;)),.; ;<1 We see the absolute value of the
determinant is A-0(Tv) = A- | Tv| = A-infyevns, | Tx|l. Taking suprema over
choices of x’s, 8’s and k-dimensional V'’s, we see that Ei(T) = Fi.(T)Er_1(T) as
required. O

COROLLARY 6 (of Lemmas 3 and 5). For each k > 0, the quantities Di(T), Dy (T™),
E(T) and 1l;<y Fi(T) agree up to multiplicative factors that may be bounded by
constants independent of the bounded linear map T and the Banach spaces X
and Y. Further, F;(T) and F;(T*) agree up to a uniformly bounded multiplicative
factor.

We comment that besides these approximate Banach space versions of sin-
gular values, additional related quantities are given by Gelfand numbers and
Kolmogorov numbers (see the book of Pisier [9] for more information). It can be
checked that these quantities also agree with the sequence of F;’s up to bounded
multiplicative factors (dependent on i, but independent of X and T).

By definition, for each natural number k, one can find sequences (0;);<k
and (xj) j<k such that det(U((0;), (x;))) = Ex(T). We now show that we can find
infinite sequences (6;) and (x;) so that, for each k, det(U((0;);<, (xj)i<k)) =
Ex(T).

LEMMA 7 (Existence of consistent sequences). Let X and Y be infinite-dimen-
sional Banach spaces. For any linear map T: X — Y, there exist (0;);>1 in Sy+
and (xj) j=1 in Sx such that for all k,

1
det ((0;(Tx)1<i,j<k) = % [[F(D) and
i<k

ITx| =4 *F(Dlxll  for all x € lin(x, ..., xk).

Proof. The proof is by induction: suppose (0;);<x and (x;) j<k have been chosen
and satisfy the desired inequalities at stage kK — 1. Then pick an arbitrary k-
dimensional space V such that | Tv| = %Fk(T)II v| for all v € V. Using Lemma 4,
let x € VN Sx be such that d(Txg,lin(Tx;,..., Txx-1)) = I Txkll. Finally choose
64 of norm 1 such that 84 (Tx;) =0 for i < k and 0 (Txy) = | Txi|. The determi-
nant inequality at stage k follows.

Let x=a;x1 +...+ aipxy be of norm 1. Then

4) ITxll = |axld(Txp, in(Tx1,..., Txx-1)) = lax| | Txkll = |ag|Fi(T)/2.
Also,
I Tl = || T j<k @jx))|| — el Tl

Averaging the inequalities, we get

®) ITxll =5 | T j<x ajx))].
If lag| > 1, (4) yields [ Tx|| = }F(T). If |a| < 3, then | X j<x a;x;ll = 3, and (5)
combined with the inductive hypothesis gives || Tx| = 24=*VF_, (T). O
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LEMMA 8 (Lower bound on volume growth in a subspace of finite codimension).
For any natural numbers k > m, there exists Cy such that if X,Y are Banach
spaces, T: X — Y is a linear map and V is a closed subspace of X of codimension
m, then Di(T) < Ck Dy (T)Di—m(Tv).

Proof. Let € > 0. Let P be a projection from X to V of norm at most v/m+e¢
(such a projection exists by Corollary III.B.11 in the book of Wojtaszczyk [13]).
Then, |I-P| < vm+e+1. Let xy,..., X, be a sequence of vectors in X of norm
1. The proof of Lemma 3 shows that there exist yy,...,9 in Sy« such that
det(y;(x;)) = diT(x1,...,xx). Write Py for P and Py for I — P, which has m-
dimensional range. There exists a choice €y, ...€x € {0, 1}* such that

|det(w;(Tx)>2 Fdp T(x1,..., x),

by multilinearity of the determinant. At most m of the €; can be 0, as otherwise
more than m vectors lie in a common m-dimensional space, so that at least
k—m of them lie in V. Hence, there exist vectors zi,..., 2z, in Sx and z;,41,..., 2k
in Sy NV such that

|det(y;(Tz;)| = @(Vm+e+1) ¥ deT(x,..., xp).
Using the proof of Lemma 3 again, we deduce that
AdnT(z1,....,20) A T (Zms1y ..., 2k) = di T(z1, ..., 2k)
>Qm+e+1) Xk di T(xy, ..., xp).
This completes the proof. O

3. RANDOM DYNAMICAL SYSTEMS

A closed subspace Y of X is called complemented if there exists a closed sub-
space Z such that X is the direct sum of Y and Z, written X = Y @ Z. That is, for
every x € X, there exist y€ Y and z € Z such that x = y + z, and this decomposi-
tion is unique. The Grassmannian ¢ (X) is the set of closed complemented sub-
spaces of X. We equip ¥ (X) with the metric d(Y,Y’) = dy(Y NSy, Y'NnSx) where
dpy denotes the Hausdorff distance. We denote by ¢ k(X) the collection of closed
k-codimensional subspaces of X (these are automatically complemented), by
9 (X) the k-dimensional subspaces of X. If U and V are closed subspaces of X
such that Ue V = X, then Projy; is the projection onto U parallel to V (that is
Projy;y (x) € U and x — Projy (x) € V). We record some facts about Grassman-
nians in the following lemma.

LEMMA 9. Let X be a Banach space with separable dual. Let k € N. The following
facts hold:
1. 9%(X) is complete and separable.
2. IfVed4(X), We¥4(X) and Ve W = X, then < | Projy || < 5, where
0= infernSX,yEWnSX lx=yl.
3. There exists K >0 (independent of X) such that if V € Gk (X), there exists a
subspace W € 94;.(X) such that || ProjW”V =K and | ProjV”W | <K.
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4. (Symmetry of closeness) There exists K > 0 such that if V, V' € 9%(X), then

sup inf [v—0V[|<K sup inf Jv-"0).
Vev'nSy VEVNSx veVnSy V'EV'NSx

Proof. The map L: @gk(x) — 9 (X*) defined by Vi={0e X*: 0|y =0} is a bi-
Lipschitz bijection [5]. Separability of ¢*(X) and symmetry of closeness are
proved in [4]. The completeness is stated but not proved in Kato’s book. We
sketch a proof using results from the appendix of [4].

Let V be a k-dimensional subspace of a Banach space Z and let v;..., vg
be an Auerbach basis. By the Hahn-Banach theorem, there exist 04,...,0; € Z*
of norm 1 such that 6;(v;) = §;;. Now if 7y,..., D¢ in Z satisfy [ 9; — v;|l <e/k
for each k, then one has || Y a;7; || = (1 —€) max|a;| (to see this, apply 0;, where
la;,| = max|a;|). From this, we see that 7,..., Uk is an e-nice basis (as defined in
[4]). Now let (V,,) be a Cauchy sequence in ¥ (Z). By refining the sequence, one
may assume d(Vy, Vy11) < (3k)~". Choosing an Auerbach basis v;,..., v} for Vi,
one may then obtain elements v, ..., v} of V, satisfying || V{”l vl <@k+D)7"
This is a convergent sequence of %-nice bases. Letting v} be the limit of v,
Corollary B6 of [4] shows that d(V,, V.) — 0, where V., is the subspace spanned
by the 1/;.k . This establishes completeness of ¥4;.(X™*) and hence completeness of
@*(X). To see (2), if v, € VN Sx and w, € W n Sy, satisfy v, — wy,| — & then
Il Projyw (vp — wn) |l = 1 shows the first inequality. For the second inequality, let

veVnSx. If1-3 <wl<1+%, then llv+wl = v+ {2 wi—llvi-lwll = §. If
lw]l lies outside this range, then the same conclusion follows from the triangle
inequality, so that || ProjV”W(v+ w)|=1vl< %II v+ w]. (3) can be found in [13],

Corollary I1I.B.11. O

For a Banach space X, the bounded linear maps from X to itself will be writ-
ten B(X, X) and #x will be the Borel o-algebra on X. In this section, we con-
sider random dynamical systems. These consist of a tuple Z = (Q, #,P, 0, X, £),
where (Q, %,P) is a complete probability space; o is a measure preserving trans-
formation of Q; X is a separable Banach space; the generator £: Q — B(X, X) is
strongly measurable (that is for fixed x € X, w — £, x is (¥, %Bx)-measurable);
and log||%y | is integrable. An alternative description of strong measurabil-
ity is that the map w — %, is (¥,.¥)-measurable, where .# is the Borel o-
algebra of the strong operator topology on B(X, X) (see Appendix A of [4] for
details). In the context where X is separable and the operators are bounded,
strong measurability is equivalent to (¥ ® %Bx, Bx)-measurability of the map
(@, x) — ZLyx (4.

A random dynamical system gives rise to a cocycle of bounded linear opera-
tors £ on X, defined by LV (x) = Lyn-1,0- -0 L, x. We will consider & and
[’ to be fixed, and thus refer to a random dynamical system as £ = (Q,0, X, £).
We say Z is ergodic if o is ergodic.

When the base o is invertible, we can also define the dual random dynamical
system Z* = (Q,%,P,07 !, X*, £*), where X* is the dual of X and £} (0) :=
(Zs1,)*0. Notice that Z; is not (£,))*. The rationale for this is that £, maps
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the X-fibre over w to the X-fibre over o(w) and similarly £, maps the X*-fibre
over w to the X*-fibre over 0 'w. In this way, 0(%,x) = £;,0(x) and, more
generally, £"0(x) = 0(£."x) for every x € X,0 € X*. Thus, £\ = (£{")*.

LEMMA 10 (Measurable dense subset of a family of subspaces). Let X be a sepa-
rable Banach space. Let V: Q — 4% (X) be measurable. Then there exist sequences
of measurable functions u,: Q — Sx and u),: Q — Bx such that {u,(w): n €N}
is a dense subset of V(w) N Sx and {u,(w): n €N} is a dense subset of V(w) N Bx.

Proof. First, for fixed v e X,w — d(v, V(w)) is a measurable function, as it is the
composition of continuous and measurable functions. Fix a dense sequence
V1, V2,...€ Sx. Now for each j, set u?(w) =vj, and let u}”l(w) = v;, where

l= min{m AWy, Vw)NSx) < ld(u}c(w), V(w)nSx) and
d(vm, uj () < 2d(u} @), V(©) N Sx)}.

For each j, this is a measurable convergent sequence and hence the limit point
u?" (w) is measurable, and belongs to V(w) N Sx. The sequence (u?o(a))) is dense
in V(w)NSx because there are v; arbitrarily close to all points of V(w)nSx. The
functions u/, are produced exactly analogously. O

LEMMA 11 (Measurability of growth measurements). Let % be a random dynam-
ical system Z = (Q,0,X, %) acting on a separable Banach space. The following
functions are measurable:
o w— Di(Zy);
e w— | Zyll;
o w— a(Zy) :=inf{r>0:%,(Bx) can be covered by finitely many balls of
radius r}.

Further, if V: Q-4 k(x) is measurable, then w — | Lwlvw)l is measurable.

Proof. Let (x,) be a dense subsequence of Bx. By strong measurability, for
each fixed n, w — || £, x|l is measurable. Then for each ji,..., j;, we have that
Fitljnjin @) :=infy 0 co | ZwXj, — X1<1<i q1%0x), | is measurable, so

Dy (Zy) = sup Hfjiljl ~~~~~ ji—l(w)
jlv"'!jk i<k

is measurable. In particular, w — | £, |l = D1(%,) is measurable. We claim that

(6) a(£) = lim sup Ii1<1£ | £x; - 21 Ll xk||-
i ks

If this limit is r, then there exists n such that sup; infi<, ||££xj - 2||££w||xk|| <
r +¢. This gives a covering of {Zx;: j € N} by n balls of radius r +¢, so that the
left side of (6) is dominated by the right side. Conversely, if (%) =r, let £(Bx)
be covered by finitely many balls of radius r +¢. These must have centres with
norm at most 2| .Z|| otherwise they do not intersect £ (Bx). The centres must
therefore be e-approximable by points of the form 2| £ xt, so that the right
side of (6) is at most r + 2¢. We deduce (6) holds and w — a(%,) is measurable.

JOURNAL OF MODERN DYNAMICS VOLUME 9, 2015, 237-255



246 CECILIA GONZALEZ-TOKMAN AND ANTHONY QUAS

Finally, if V: Q - ¢ k(X) is measurable, let (un(w))nen be a sequence of mea-
surable functions such that {u,(w): n €N} is dense in Sy (). Then || Zylvw |l =
sup,, | Zwun ()|, which is therefore measurable. O

When £ is ergodic, Lemma 11 combined with Kingman’s sub-additive er-
godic theorem ensures the existence of the maximal Lyapunov exponent of X,
defined by

— i 1 (n)
MR) := Agglo;logllfw" I

for P-a.e. w € Q. Similarly, using the fact that the Kuratowski index of compact-
ness, a(%), is also sub-multiplicative and bounded above by the norm, we have
existence of the index of compactness of %, defined by

K(R) := ,%i_r&%loga(,%u()”)),

with the property that x (%) < A(%).

In the case where %, is independent of w, A(%) and « (£) are the spectral ra-
dius and essential spectral radius respectively, so that x (%£) < A(Z%) is the quasi-
compact case. If the operator is compact, then x(Z) is 0.

Our previous paper [4] studies the case in which £ is a random dynamical
system where the operators £, are Perron-Frobenius operators of a family of
expanding maps and gives sufficient conditions for x (%) < A(Z%).

LEMMA 12. Given an ergodic random dynamical system &, there exist constants
A = Ar(Z) such that for almost every w € Q,

. 1 (n)y _
r}grolozlong(,%w" ) = Ag.

Furthermore, %logEk(E(f)")) — Ag. Define Ag =0 and let py = A — Ag—, for each
k=1. Then, %long(ff(f)”)) — L.

Proof. The first claim follows from Kingman’s sub-additive ergodic theorem,
via Lemma 11 and Lemma 1. The remaining two claims are consequences of
Corollary 6. O

The py’s of the previous lemma are called the Lyapunov exponents of Z.
When pj >« (%), i is called an exceptional Lyapunov exponent.

THEOREM 13 (Lyapunov exponents and index of compactness). Let % be a ran-
dom dynamical system with ergodic base acting on a separable Banach space X.
Then

s U= U2 =...;

o For any p > (%), there are only finitely many exponents that exceed p;

o Ifo is invertible, then # and R* have the same Lyapunov exponents.

Proof. That the y; are decreasing follows from Lemma 12 and the observation
that Fi(T) < Fi—1(T). That the system and its dual have the same exponents
follows from Lemma 3 together with the simple result (in [3, Lemma 8.2]) that if
(f) is sub-additive and satisfies f,(w)/n — A almost everywhere, then one has
fn(c " w)/n — A also.

JOURNAL OF MODERN DYNAMICS VOLUME 9, 2015, 237-255



MULTIPLICATIVE ERGODIC THEOREM ON BANACH SPACES 247

It remains to show that for p > «, the system has at most finitely many expo-
nents that exceed p. Let x < a < 8 < p. Since log||. %, |l is integrable, there exists
a0<d < (f-a)/2|al such that if P(E) < §, then [;log" | Lyl dP(w) < (B—a)/2.
By the sub-additive ergodic theorem, there exists L > 0 such that [F"(a(ff(f,L)) =
ey < 5/2. If a(LL) < L, then by definition, £”Bx may be covered by
finitely many balls of size e%L. By linearity, if a(A) = ¢, one sees that if B is a ball
with arbitrary centre and radius p, then A(B) may be covered by finitely many
balls of size {p.

Let r be chosen large enough so that P(G) > 1 -6, where G (the good set) is
defined by

G = {w: 2" Bx may be covered with e"" balls of size e*'}.

We split the orbit of w into blocks: if o’w € G, then the block length is L; other-
wise, if o’w is bad, we take a block of length 1. Consider the following iterative
process: start with a ball of radius pg = 1. Then look at the current iterate of w,
o'w, and suppose that iﬁff)BX is covered by N; balls of radius p;. If o’w € G,
then ELE,HL)BX is covered by at most Nj,; = N;e'" balls of radius p;,; = e*Lp;
and the new iterate is 0'*fw. If o'w ¢ G, then $lff+1)BX is covered by at most
Nii1 = N; balls of radius p;+1 = 1.%,i,llp; and the new iterate is oi*tly.

We claim that for almost all w, for sufficiently large N, fé,N ) (Bx) is covered
by at most "V balls of size e’". Indeed, given w, let ny be chosen such that
for all N = ngy, one has Zﬁ.\i‘ol IGc(cf"cu)logJr 1Ll < (B—a)N/2. If a =0, then
for large N, through the good steps, the balls are inflated by a factor at most
e*N_ If a < 0, then combining the good blocks, the balls are scaled by a factor
of e@1-0ON o p@+PINI2Z o gmaller. In both cases, we see that overall, balls are
scaled by at most e, The splitting only takes place in the good blocks, and
yields at most e’V balls.

Now suppose that yy > p. For almost all w, we have that for all large N,
Dk(fu(,m) > kNP Fix such an N, and suppose that x1,..., x; belong to Sx and
have the property [1;<x D; > e*NP, where

D;=d(LN x,lin( LNV x;: j< i)
Let T; =1{0,1,...,|D;/(2kePN)|} and notice that | T} x --- x Ty| = e*N®@=P 1 (2))k,
For (j1,...,ji) € Ty x -+ x T, define
k

R
1 k = Dl w
It is not hard to see that all of these points belong to the image of the unit ball
of X under ,‘flf,m . Further, from the definition of D;, one can check that these
points are mutually separated by at least 2eP", so that one requires at least
ekN=PB) 2 f)* balls of radius €PN to cover 20()1\0 (Bx).
Hence we obtain
ekN (p=B)
— <
2kk
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Since this holds for all large N, we deduce k < r/(p — ) as required. O

LEMMA 14 (Measurability II). Suppose that X is a Banach space with separable
dual. Suppose further that 2% is an ergodic random dynamical system acting on
X. Assume there exist ' > A € R and d € N such that for P-almost every w, there
is a closed d-codimensional subspace V (w) of X such that:

1. Forall ve V(w), limsup,, ., 1log 1Ly < A;
2. For each a > 0 and € > 0, there is an ng such that for v € Sx satisfying
d(v,V(w)) > a, one has ||$Lf,”) v = et'~€) for all n = ny.

Then w — V (w) is measurable.

Proof. Given V € ng(X), fix wy,..., wgz such that V & lin(w,,...,wy;) = X and
define a neighbourhood of V by

Ny ={Ue%%X): Unlin(wy, ..., wg) = {0} and
I PrOjin g wsling,: jin VIS ¢ for 1= isd}.

Since ¥“(X) is separable, fix a countable sequence (V) of subspaces, dense
in 9% (X). Using Lemma 9 items (3) and (4), there exists K > 0 such that for each
V € 94(X), there exists W € %4,(X) such that ||ProjW”V <K, | ProjV”W | < K.
If wy,...,wq is an Auerbach basis for W, then || Projyy ) tin(uw,: jzip Iwl = 1.
For each V,, let W, be a subspace satisfying the above inequalities and let
Wn,1,..., Wn,q be an Auerbach basis. Let Py, ; denote Projyi, ., yjvwelin(uw,,: j#in-

We obtain a countable collection of basic sets (Ny, x) which generate the
Borel o-algebra on %% (X). To see this, we claim that for each V € ¢%(X) and
each open set O containing V, there are n and k such that V € Ny, ;< O. Then
each open set is the union of the basic sets that it contains.

Given V € 99(X) and an open set O containing it, let B,(V) < O. Let k >
4Kd/r and 6 = min(1/(2K),1/(4kK),r/2). Let n be such that dg(VnSx,V, N
Sx)<é6. Let ve VNSx and w € W,, n Sx. There exists v’ € V,, N Sx such that
lv—v'|| <6. By Lemma 9(2), |w—v'|| = 1/K, so that |w — v|| = 1/(2K). Hence
VnW,, = {0} and | ProjWn”V | <4K. Now given v’ € V,,nSy, there exists ve VNSx
and x € X with v = v+ x and || x|| < 6. We have

1Pa,i (W) = 1| P, ()| = || P, 0 Projyy, (1)1l < 4K,

so that V € Ny, . Finally let U € Ny, \ and let v’ € V,, N Sx. By definition, we
have ||P,,; (V)| < % for each i, so that || ProjWn”U(v’) I < %. In particular, there

exists u € U such that |u—v'|| < % and hence there is u € U N Sx such that

lu-"v' < %. Using Lemma 9(4), we deduce dy(Un Sx,V,NSx) < %, so that

du(UnSx,VnSy) =6 +24 < showing Ny, x < O.

Hence to show the desired measurability, it suffices to show that for each
N = Ny, i, iw: V(w) € N} is measurable. First, {U: Un W, ={0}} is an open set,
so that {w: V(w) N W,, = {0}} is measurable.

Fix a dense set vy, v»,... in the unit sphere of V,,. We claim that for those w

lying in the set G of full measure on which dim V(w) = d and hypotheses (1) and
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(2) of the lemma hold, we have that V(w) lies in N if and only if the following
condition holds:

For each rational ¢ > 0 and each j € I\J there is myg > 0 such that
for each m = my, there are rationals al, ,afi [_E’ E] such that

128" ;- XL, al wy, )l < ed+om,

To see the ‘only if’ direction, suppose that V(w) € N. Now given v; € V;, N Sx,
by definition of N, there are by,...,b; in [—%,%] such that v; = v+ bywny +
..+ bgqwp q with v € V(w). Hence v' = v; —Z?zl biwy,; € V(w), and therefore
we have | L' < eA+O™ for all sufficiently large m. Now for any such m,
one can take a;’s that are suitably close rational approximations to b; so that
125" () = T aiwn,)| < e

Conversely, suppose that V(w) nlin W, = {0} but V(w) € N. Then there exists
aveV,nSx and an i such that | P, ; (V)] > . By continuity, there exists a v;
satisfying the same property. Let § = IIPn,,(v])II ,lc Then || P, ;(v— 21:1 ajw))| =
o for all (cll);’l:1 € [—%, %]d. By hypothesis, we now see that the condition is not
satisfied.

Since this condition is obtained by taking countable unions and intersections
of measurable sets, the measurability of G {w: V(w) € N} is demonstrated. Us-
ing completeness of (Q, %,P), we deduce that {w: V(w) € N} is measurable, so
that w — V(w) is measurable as required. O

LEMMA 15. Let o be an ergodic measure-preserving transformation of a proba-
bility space (Q),P). Let g be a non-negative measurable function and let h = 0 be
integrable. Suppose further that g(w) < h(w)+g(o(w)), P-a.e. Then g is tempered,
that islim,_.., g(c"w)/n=0, P-a.e.

A proof of this lemma appears in Mafié’s paper [7].

Proof. Lete >0 and let K > [ h. By the maximal ergodic theorem,
={w: h(@) +...+ h(e" ' w) < nK for all n}

has positive measure. Let M be such that B, := {w: g(w) < M} has positive
measure. As a consequence of the Birkhoff ergodic theorem, for any measurable
set B with P(B) > 0, for P-a.e. w, for all sufficiently large k, there exists j €
[(1+e)k, (1 +ekt) such that o/ (w) € B. Now for w € Q, let ko be such that
for all k = ko, there exist j € [(1+€)¥, (1 +¢€)**1) such that 0/w € B; and j' €
(1+6)F*2 (1+€)k*3) such that 0/ w € By. It n > (1+€)%*1 then n e [(1+e)F*!, (1+
€)k*2) for some k = ko. Let j € [(1+€)K, 1 +e)**1) and j' € [(1 +e)F+2, (1 +€)F+3)
be as above. Then

-1 -1
glo"w) < Z h(c*w) + g0/ v) < Z h(c*w) + g0/ w) < K(' - ) + M,
k=n k=j
so that limsup g(o"w)/n < 4e. Since ¢ is arbitrary, the conclusion follows. O
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THEOREM 16 (Multiplicative ergodic theorem: the Oseledets filtration). Let % be
an ergodic random dynamical system acting on a Banach space X with separable
dual. Suppose that k() < AM(R). Then there exist 1 < r <oo' and:

 a sequence of exceptional Lyapunov exponents A(R) =11 > >...> A >
K(X),

e a sequence my, my,..., m; of positive integers, and

» a measurable filtration of closed subspaces,

X=Vi(w)>Va(w) > 2V (w) D Vylw),

with the equivariance property £, (V;(w)) c V;(o(w)) for each i,
such that for P-a.e. w, codim Vy(w) = my +---+ my_q; for all v € Vy(w) ~ Vypi1(w),
one has lim%logllztf)”) vl = Ay; and for v € Voo (w), limsup %log IIE‘E,") V| =x(X%).

While the theorem is stated for ergodic random dynamical systems, a stan-
dard application of ergodic decomposition allows one to deduce a version for
non-ergodic systems, in which constants are replaced by invariant functions.

Proof. Let yu; = yp = ... be as in Lemma 12. Let 1; > 1, > ... be the decreasing
enumeration of the distinct u-values that exceed (%) (if this an infinite se-
quence, then Theorem 13 establishes that 1; — x(%)). The fact that A(%) = 1;
is straightforward from the definitions. Let m, be the number of times that 1,
occurs in the sequence (u;) and let A4y = m; +...+my, sothat u 4, , = A,—; and
Hotte+1 = Ag.

We now turn to the construction of V,(w). For a fixed w, let the sequences
(91(.")),21 and (x;.")) j=1 be as guaranteed by Lemma 7 for the operator £ we

let V;"” () be lin((£,")*6)",..., (£3™)6) )" Y," () be lin((x{": j <.4r)).

Thus, X = Vlf”) (W) ® Yé(f)l (w). All of these depend on the choice of 8’s and x’s. No
claim of uniqueness or measurability is made.
The space Vi(") (w) is an approximate slow space. The proof will go by the

following steps:

(a) For almost all w, for arbitrary e > 0 and for sufficiently large n, | £{" x| <
eWetn| x| for all x € V[(") (w);

(b) Vz(") (w) is a Cauchy sequence for almost all w — we define the limit to be
Ve (w);

(c) The Vy(w) are equivariant: £, (Vy(w)) € Vy(o(w));

d) If x¢ Vpy (), then | L x| > e q(x, Vi, (w)) for large n;

(e) For all a > 0 and € > 0, there exists ny so that for all n = ny and all x € Sx
such that d(x, Vy41(w)) = a, one has II,%(E,")xII > phe—on,

The remaining steps are proved by induction on ¢:

(f) If x € Vy(w), then limsup % log |I££¢E,")x|| < Ay;

(8) w— Vp(w) is measurable;

1If r = 0o, the conclusions are replaced by: A(#) = A1 > A2 > ... = x(R), my,my,...€ N and
X=VN(w)>WWw)>...; Volw) =NV;().
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(h) The restriction %, of Z to Vy(w) has the same exponents as # with the
initial .#,_, exponents removed.

Proof of (a). Note that by construction

det (01" (L x\™) 11 iz ) = KEotir (257,

where K is a constant depending only on .#,_; arising from Lemmas 5 and 7.
For an arbitrary x € V[(") NSx, let ¢ € Sx- be such that p(L" x) = | L x||. Then,
adding a column for x and a row for ¢ to the matrix U ((95”)), x"))1<, <ty WE
see that the x column has all 0 entries except for the 1+ .#,_;-st (by definition
of V;") (w)), and so we arrive at the bound (uniform over x € Sx N V;")),

@ KE.,,(LSNLY %) < Evvar (L)

The conclusion follows from Lemma 12.

Proof of (b). Let us assume that ny is chosen large enough that for all n = ny, the
following conditions are satisfied: [|Z,ll, | Ly el are less than e”; ||££u()")x|| <
eMrn| x|l for all x € V,"; and || £ x|l = e*-179" | x|| for all x € ¥,") (@) (using
integrability of log||.Zy|l; (a); and Lemma 7). Let n = ny. Let x € V[(”) (w)NSx
and write x = u + w where u € V[(”“)(w) and we Y[(f;rn (w). Now we have

||$u()n+1)x” < e(ﬂ[+€)n||$gnw|| < e(ﬂ.[+2€)n.

We also have |ul < 1+ wl, 1LV Pw| = ete-1=00+D || and | L5V u| <
eAerO ) (1 4 |1w|). Manipulation with the triangle inequality yields

(8) lw| < e”"Ae1=Ac—de),

Hence, we have shown that each point in the unit sphere of V;") (w) is expo-

nentially close to V;”“) (w). Since the two spaces have the same codimension,

one obtains a similar inequality in the opposite direction by Lemma 9(4). This
establishes that V[(”) (w) is a Cauchy sequence.

Proof of (c). We argue essentially as in (b). For large n, we take v € V[("H) (w)NSx.
We write £, (v) as u+ w with u € Vg(") (cw)) and w € Y(('_”1 (0(w)). We have

bounds of the form || £ Vvl < e ull S1+ lwll, 1LY, ull S et (1+wl)

and II,%((T’(IL)LUII pe er-1" | w| (here < means ‘is smaller up to sub-exponential
factors’). Combining the inequalities as before, one obtains a bound [w| <
e~ Me1=A0n Taking a limit, we obtain %, V(@) € V¢ (0 (w)) as required.
Proof of (d). Let x ¢ Vpi1(w), with |lx|| = 1. For large n, if x is written as
U, + v, with u, € V;Z)l(w) and v, € Y[(") (w), then ||v,l = %d(x, Vyi1(w)) and
lttnll < 1+ llwpll. By (7), 1L unll < eAe1+97(1 4+ || v, ) for large n, and Lemma
7 gives | L5 vyl = 47 F 41, (L) lvnll = éA=9m| v, | for large n. The conclu-
sion follows. The proof of (e) is the same, using the uniformity in Lemma 7.
For the inductive part, notice that the case ¢ =1 is trivial. Let ¢ = 2 and
suppose that the claims have been established for the case ¢ —1. We know
from (a) that elements of V[(") (w) expand at exponential rate approximately A,

JOURNAL OF MODERN DYNAMICS VOLUME 9, 2015, 237-255



252 CECILIA GONZALEZ-TOKMAN AND ANTHONY QUAS

under £"”. We need to show that the analogous statement holds for the limit-
ing subspace V;(w). We mimic the start of the proof to control the slow m,_;-
codimensional subspace of V,_;(w). This will be exactly V,(w).

Proof of (). By the inductive hypothesis, the top Lyapunov exponent of C%(f,") ap-
plied to the bundle {V,_; (w) : w € Q} is Ay_; with multiplicity m,_;, with the fol-
lowing Lyapunov exponent being A,. Let (z}”));"zfl’ e SxNVy_1(w) and (1//3."));":’1’ L
be as guaranteed by Lemma 7 and let V,f(”) (@) = Vo1 (@) nlin@\™, ..., w0 )t
The same argument as in (a) shows that for arbitrary € > 0 and sufficiently
large n, | £5" x|l < e+ x|| for x € V,"” (w). The argument used in (b) also
works, showing that V[’(") (w) converges to a space Vé’(w) < Vy_1(w) and, cru-
cially, we obtain an analogue of (8): for all sufficiently large n, if x € V;(w),
then x may be expressed as u+ w with u € Vlf(”) (w) and w € Vy_;(w) satisfy-
ing |w| < e "Ae-1-Ac=4€) Then, | L u| < eM™ by the above, and | £ w]| <
e~ Aea=Aon phean gq || LM x| < MM by the triangle inequality. From (d), we
deduce Vlf (w) € Vp(w). Since, by (h) (applied to Z,_1), Vy(w) and V{[(w) have the
same finite co-dimension as subspaces of V,_; (w), Vy(w) = V[’ (w) and (f) follows.
Proof of (g). From (f) and (d), we see that

Vo(w) ={v: limsup%log 1Ly < Ao}

and the assumptions of Lemma 14 hold. Measurability of V,(w) follows.
Proof of (h). Let W(w) ={w e Vy_;(w): d(w, Vy(w)) = %II wl}. Let € > 0. We claim
that for sufficiently large n,

9) dw',v")>e " for all w' € Sy n LW (w) and v' € V(0" w).

Apy—A - ») .
Let § < 71,02 Let g (@) = sup ey € PO | L7y, || This is measur-

able by Lemma 11. Notice that
log" g/(w) <log" | £, |l + max(-1, - §,0) +1log" g/ (0w).

By Lemma 15, lim,,—. % log* g/(0"w) = 0. Then, there exists ny(w) such that for
p, n = ng, one has

0 1) 2l < Lexp(ng + p(he—y + )zl for all ze Vy_y (0" w);
||$é'i)wv|| < %exp(n% +pAe+6)|lv| forall ve Vy(o"w).

Additionally by (e), np may be chosen so that

(11D e"e1=0) o ||$(f)") wl| < ™ A1+9) for all we W(w) N Sy and 1 = ny.

We will show (9) by contradiction. Suppose d(L” w, V,(0"w)) < e " | L w||
for some n > ny, and such that en/(Ay,_; — Ay) > ny. Write $,f,") w = v+ z, with
ve Vo(0"w) and |1zl < e v]l. Now £ P w = L) v+ L% 2. Taking p =
en/(A¢—1 — Ag), the bounds on the two terms coming from (10) agree, giving

(n+p) —enl2 (p+n)(do-1+6)
1<, wl<e e
w < .
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One checks, however, that by the choice of 8, this is smaller than e(P+?@1c-1-0)
contradicting (11). This establishes claim (9). Notice that combining (9) and
(11), we see that the restriction of the random dynamical system to the equivari-
ant family Qy_; (w) = Vy_1(w)/ Vy(w) satisfies for all sufficiently large n,

(12) 1L W, wrw = MO W, , @) for all € Qo (w),

where £, denotes the induced action of £, on Q/_; ().

Set m = my_,. To complete the proof of (h), let n > ny be arbitrary; let
vy,..., Vk_m be unit vectors in Vy(w) and wy, ..., wy,, be unit vectors in Vy_j (w).
Then

AL (vy,..., Vi W1 ..., W)
> dim LI (01, Vi) A L7 (W1 ..., Wi_ ),
where w; is w; + Vy(w). We therefore see
DL 1@ = Di-mLy ew) - DLy

By (12) and Lemma 2, D,, 2" > ehe-imn,

This gives a matching upper bound for Dy._ m.,%(f,") lv,w) to the lower bound
that we obtained in Lemma 8. Hence we deduce the first k exponents of Z,_;
are m = my_; repetitions of 1,_; followed by the first k — m exponents of %,
establishing (h). O

The next corollary provides a splitting when the base o is invertible and the
Banach space is reflexive. Note that the methods of [4] obtain the same conclu-
sion under the weaker assumption that X* has separable dual. We include this
new proof, as we find it to be illuminating.

COROLLARY 17 (Multiplicative Ergodic Theorem: The Oseledets splitting). Let
Z be a random dynamical system acting on a reflexive separable Banach space.
Suppose that the base, g, is invertible; and that k(R) < A(R). Then there exist 1 <
r < oo and exceptional Lyapunov exponents and multiplicities as in Theorem 16.
Furthermore, there is a measurable direct sum decomposition’

X=21()® & Z () ® Vo (),
such that for P-a.e. w, Ly(Z;(w)) = Z;i(0(w)) for each i, Ly (Voo (w)) C Vo (0 (W),
dim Z; (w) = m;, and
lim Llogll £ P vll = A; for ve Zi(w) ~1{0},
n—oo
limsupilog ||££U(J”) vl <x(R) for v e Vy(w).
n—o00

We make use of the following facts valid for reflexive Banach spaces. If X is
reflexive and © is a closed subspace of X* of codimension k, then its annihilator,
©% is k-dimensional. Further if 6 is a bounded functional such that 8|g. = 0,
then 6 € ©.

2In the case r = oo, the decomposition is X = @‘l?il Zi(w) & Vo (w).
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Proof. Let Z* be the dual random dynamical system to &% as defined above.
Applying Theorem 16 to £*, and recalling from Theorem 13 that the Lyapunov
exponents and multiplicities of 2 and %#* coincide, yields a 0! equivariant
measurable filtration X* = V*(w) > --- 2 V" (w) 2 V (w), with the same codi-
mensions as those of Z.

Let Yy (w) =V, (w)*. Notice that dim Y;(w) = .#,_,. Since V) (w) is measur-
able and ()1 :94(X*) — ¥9(X) is continuous [5, IV §2], then Y, (w) is measurable.
Also, for every v € V,; (0w), we have £, v € V;(w) by equivariance of V,(-).
Hence, for every y € Yy(w), 0 = Z,;,w(y) = w(ZLwY). Thus, Z,Y,(w) c Y(ow),
yielding equivariance.

We define Zy(w) = Yy41(w) N Vp(w). It remains to show that Vy_;(w) = Vp(w) &
Zy_1(w). To prove this, it suffices to show that Vy(w) @ Yy (w) = X. Suppose this
is not the case. Then, there exists v € Vy(w) N Y, (w) N Sx. Let 8 € Sx« be such
that 6(v) = 1. Let 0 be the equivalence class of 8 in Q* (w) = X* /V; (w).

We record a corollary of (12). For almost every w, one has for all large n

125 MW 0 (o-n) = €M7 47| g+ ) for all ¥ € Q% (w).

Since Q* (w) is a finite-dimensional space whose dimension does not depend
on w, the above implies that £ is bijective. Furthermore, the quantity
— ; ~(Ap1=€)n) cp*x(n) 7
Clw) = neN;lﬂeg;gnQ*(w)e - 1< w”Q*(U’”w)
is positive. We claim that C(w) is measurable. Let ({,(w)) be a measurable
dense subsequence of V[* (w). If ¥(w) is the equivalence class of ¥ in Q* (w),
then we have ||y (w)ll o+ (w) = infy [l (@) — {k(w) ||, which depends measurably on
w. Proceeding as in Lemma 11, we see that C(w) is measurable and by (12) is
positive almost everywhere. Hence C(w) exceeds some quantity ¢ on a set of
positive measure.
Let ¢, € Q* (0" w) be such that Q;,SZ))(/_)H =0. Then

1257 Bullor ) = C@" @) e 1@l 0 0 -

By ergodicity, there exist arbitrarily large values of n for which

(13) IPnll g onay < ¢ Le” M1 1G]| on (.

On the other hand, one has v € Y;(w), so that w(v) = 0 for every v € Vl* ().
Thus, if we express £\ ¢, +y, = 0, where ¢, € X* is a representative of ¢,
and v, € Vl* (w), the following holds

1=0w) = L, () +y,(v) = P (L D).

o'w
In addition, for every v € V;*(0™"w), (¢n +¥) (&) = ¢,(L"v) = 1. Thus,
for sufficiently large n and every y € V;* (0" ), [l +ylle?+9" = 1. Therefore,
Ipnlloronwy = e~ A9, giving a contradiction with (13). Hence, Vy_;(w) =
Ve(w) ® Zy_1 (w) as required. O
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