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1 Introduction

The design of numerical schemes for nonlinear Schrédinger equations and the
convergence analysis have been a very active field since decades. Such an
interest is justified by the various applications of the Schrédinger equation
in several fields. The basic schemes are of Crank-Nicholson, Runge-Kutta,
symplectic and splitting types [1, 10, 2, 7, 11, 12, 13, 14, 8] and most of those
schemes have the main drawback of being nonconservative. In general they do
not conserve the total energy while most of the continuous models do, except
in some special situations when dissipation or gain of the energy occurs. Also,
these models suffer from oscillations in the semi-classical regime if the time and
space steps are not very small and we refer to [9] for further references and a
rich review article on the topic.

The aim of this paper is the formulation and the analysis of a relaxation
scheme for the following nonlinear Schrédinger equation arising in plasma
physics,

5 idu=—Au—div(|Ve[*Ve) , t>0, z€eR?,
< Ap=u, u(t=02)=uo(x).

The operator A = V? denotes the laplacian, 9; the partial derivative with
respect to time and div denotes the divergence operator.
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In the framework of long wave oscillations, the low frequency motions in a
nonlinear plasma can be considered quasi-neutral. The linearized hydrody-
namical equations for an electron gaz and Maxwell’s equations offer then a
possible mathematical description (neglecting the interaction of high frequency
oscillations) for the evolution of the electric field E

1)
(02 +W)E+*VA(VAE) =304 VdivE +w? " E =0,
e o

where 97 denotes the second partial derivative with respect to time and V A -
denotes the rotational operator. Also, w.,ng and vy, denote the pulsation of the
plasma, the density of electrons and the thermal electron velocity respectively.
Now, we assume that the frequency of the oscillations is close to that of the
plasma and let E = e'“¢! E with 9,F << w, E. Furthermore, if we neglect the
second time derivative term andzassume that the electron distribution follows
the Bolzmann’s law Z—O = W where T, and T; denote the electron and
ion temperatures respectively, the PDE above becomes

2
~ ~ ~ w ~ ~
2iw, 0, E + >V A (V A E) — 3vg, VAivE + . L |E|?E = 0.

6mno(T. + 1))

In the potential case, we have E = V¢, therefore, if we apply the div operator
on both sides of the PDE above and use a scaling argument, we obtain the
system S, and we refer the reader to [3] for more details concerning the formal
derivation of this family of models.

The system S, has been formally derived and analyzed in [5]. In particular it
is shown that it enjoys the following conservation laws

N(t) = / IV6(t, 2)Pde = N(t = 0) .
o . (1.1)
et) =35 /R |Ap(t, 2)|?da — i /R IVo(t,z)|*de = E(t =0) .

Let H*(R®) denote the usual Sobolev space of order k = 1,2,... and let us
introduce the space

H' = {/ € LB*)NOR®): Vf € H'R?)}

endowed with the norm || f||y+ = ||V f||g+. For the mathematical analysis of
the system S., we study the following system

S

C

i,V =—AVe+V(—A"")div (|Ve[]> V§),
Ap=wu, ¢t =0,z)=¢o(z).

Let us summarize the properties of the operator V(—A~1)div. For that pur-
pose, we introduce the following space

V:={fe (D'(R*)® suchthat 3¢ € D'(R®) with Vo¢=f}.
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In Ref. [5], it is proved that there exists an operator B continuous on LP(R3)
for all 1 < p < oo such that its restriction to functions in D(R3) coincides
with the operator V(—A~1)div. In particular, for all f € LP(R3) (1 < p <
00), one has divB f = divf, Bf € ¥V and |B f||zr < ¢||f|lz», where ¢ is a
universal constant. It is also proved that there exists an operator C such that
if f € D(R?), then C coincides with V(—A)~! and maps continuously L?(R?)
into L35 for all 1 < p < 3. Moreover, if divf € LP(R?) and f € L5% then
C(divf) = B f for all 1 < p < 3. Therefore, the property V(—A)~ldivf = Bf
holds true on D(R3) and by density for regular enough functions. With this
definition in mind, it is rather easy to show that the systems S, and S, are
equivalent as soon as ¢ € C([0,7],H') (cf. [5]). Next, one introduces the
functional

t
T : Vo eV, —i/ =AY (— AT div (|V(s)|* Vé(s)) ds,
0

where €4 denotes the group generated by the free Schrédinger equation id,u =
—Aw. It is rather standard to prove that ¢ € L>([0,T], H!) satisfies T(V¢) =
V¢ if and only if ¢ satisfies S, (equivalently S.) (cf. [5]). Next, we introduce
the following functional spaces

X = {Vf € L=([0,T], LA(R®) N V) N L3 ([0, T, LA(R3) N V)} :

Y = {Vf e X, V2f € L>([0,T], L2(R%)) N L%([O,T],L4(R3))} cX.

In Ref. [5], using Strichartz estimates, the author shows that for large enough
radius R, the mapping 7 maps the ball of a well chosen radius R in Y into
itself and is a contraction in the X norm for small enough time 7" > 0. Thus
there exists a unique solution V¢ € C([0,T], H') to the equation

iV =—AVe+V(—A"")div (|Ve[]* Vo).

Since X C V, it holds that V¢ is the gradient of ¢ € D’. Eventually, thanks
to the fact that {f € HY(R3)?, 3¢ € D', Vo = f} = {Ve, ¢ € H'}, we can
choose ¢ € H!'. The global-in-time existence is obtained using the conservation
laws with a smallness assumption on the initial data.

In summary, we have the following

Theorem 1 [[5]]. Let ¢ € H!, then there exists a positive time T(¢o) > 0
such that the system

{ic’)thS— —AV¢ + V(-A"Y) div ([V]2 V) | 12)

ot =0,2) = ¢o(x) .
admits a unique mazimal solution ¢ € C°([0,T(¢o)[, H). In particular, ¢ is the

unique solution to S.. Moreover, if ||¢o||l3: is small enough, then T(dg) = +oo.

It is rather easy to extend Theorem 1 as follows
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Corollary 1. Let ¢g € H™, m > 1, then the unique solution ¢ according to
Theorem 1 is in fact in C°([0,T(¢)[, ™). Moreover, the following regularity
holds

¢ € CO[0, T(¢o)[, H™) N CH([0,T(¢o)[, H™2) N C*([0, T (bo)[. H™ ).

Proof. The first claim of the Theorem is easy and we refer to [5]. Let us sketch
the proof of the regularity part. We have obviously following the first part that
Vo € CO[0,T(¢o)[, H™). Therefore

0V = iAVY — V(=A™ div (|VI* Vo) € C7(10, T(do)] H™ ).

The loss of regularity is due to the Laplacian. Now, we set ¢ = 9;V¢ and
observe that the formal derivative with respect to time of (1.2) implies that

Onp = idp — iV (— A~V div 2R(HVP) Vo + |Vo|2ep).

Hence it holds easily that 0;¢p = 852)V¢ € C°([0, T(¢o)[, H™*), which finishes
the proof.

Now, we turn to the discretization in time of our problem. As pointed above,
the systems S, and S, being equivalent, we shall focus on the former one. The
discretization in space can be achieved with finite differences or finite elements
methods. We consider N points for the time discretization so that for the
computation time it holds that Ty, < T where T is the existence time of the
solution of the continuous system. The time step 0t is given by 0t = % We
shall denote by f™ the approximation of the continuous function f at time
t, = ndt. Eventually, we define fs:(¢t,z) = Zg;ol FH (@)X, 4,00 (t) where
I}t +,..) is the characteristic function on the half open interval [t,, t,1). Now,
in order to construct a conservative scheme, we follow the relaxation method
of Besse developed in [4] for the case of a Schrodinger equation with an even
integer power nonlinearity. For that purpose, we introduce an extra variable £
to the system S as follows

iVp=—AVe+ V(-A")div(EVe) ,
£=Vol*, (1.3)
¢(t = 0,1’) = ¢0($) )

where we have omitted u = A¢, as this quantity can be computed in a post-
processing step. Next, we consider its discretized version at times t, = ndt
and ¢, 1 = (n+ §) 6t that reads as follows

n+1 n n+1 n
Z_V(;S = Vo :7AV¢> 2+V¢ n

+ V(=AY div (5”+

1 v¢n+1+v¢n

Sy 2 >’

grts e
2

Bt =0,2) = po(x), 7% =|Veyl?.

First we show the existence of a solution to the semi-discrete scheme, i.e.

=|Ve"|?,
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Theorem 2. Let ¢g € H™ with m > %, then there exists a unique maximal
solution (¢st, Est) of Sq in L°([0, Tye]; H™ x H™) such that

sup  (|[@stllam + |5l ) < C(T, [ pollnm) -
t€[0,Ts¢]

Furthermore we prove the convergence to the continuous solution according to
Theorem 1 and Corollary 1.

Theorem 3. Let ¢g € H™* and ¢ be the mazimal solution of S. according to
Theorem 1 and Corollary 1, then it holds that liminfs;_ .o Tsy > T and V1T < T,
the solution (dst, Est) to Sq converges to (¢,|V@|?) as & — 0 in L°°([0, 7]; H™ x

The outline of the paper is as follows. In Section 2 we prove that the scheme
Sa conserves discretized versions of the quantities defined in (1.1). In Section 3
we prove Theorem 2, i.e. the existence of a unique maximal solution to the
scheme S;. In Section 4 we prove the convergence of these discretized solutions
to the solution of S, according to Theorem 1 which we have formulated in
Theorem 3.

2 Conservation Laws

In this section, we show that our scheme conserves the physical quantities mass
and energy. These properties guarantee some stability of numerical simulations.
Indeed, we claim that the discrete system Sy enjoys the following property.

Lemma 1. Assume that Sy admits a solution (¢",§"+%)n in >°([0, N]; H? x
H?). Then

/ Vo™ |2 dx :/ Vo |* da . (2.1)
R3 R3

Nz L nyion-1 _ 2 1,1, 1
/RB(IA¢ |—§§+§ )dm—/RS(|A¢O| 255 )dm. (2.2)

Proof. The proof is based on formal calculation that can be made rigorous using
standard regularization arguments. On the one hand, we multiply the first line
of Sy by V"

one obtains

+V¢" and integrate over R3. Using an integration by parts,

,[: 3 n
5 [ IV = (9~

= /R 3 (|A<¢”+1 ron* - 29 (Ww"“)) da—

- % /R A(=A iy (€771 V(™ 4 6)) (6" + 6" da .

Taking the imaginary part, we get
1

n n 1 n 1 n n
*/ V" P — Ve |2dw=—*%/ %2 [V (o™t + ¢ dx
(St RIS 2 ]R3
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Now, from the second equation of the system S; we conclude that f"*é can
be computed as a real valued linear combination of |V¢k|, k = 0...n. There-
fore, we have that —% [o. €3 V(¢ 4 ¢™) |2 da is real valued and we get

Jps |V T2 — |V¢"[2dz = 0. Eventually, a summation with respect to n
proves (2.1).

On the other hand, in order to prove (2.2) we proceed in two steps. The

first step consists in multiplying the second equation of S; by 5"*‘% — 5”_%7
thus getting

(1)~ (%) = 2ver? (e+h — 1),

Therefore, a summation over n gives
1 2 1 2 Nl 1
(¥2) = (7)) = 22X (Ve P IverP) et (23)
n=0

— 2|VgPPem3 42|V 2N s,

The second step consists in multiplying the first line of S; by V(ﬁn—H ~ Vo
and integrating over R3. Therefore, after an integration by parts, one obtains

Z‘ 7 7 1 n n
5 [Vt =) Pdo =5 [ (140~ |40 da
R3 R3
1 1 _
= 5 [t (TP S VR denis [ AgnAG s
R3 R3

~ S / vV du .
R3

Taking the real part of the above equality, we get

1 1 R .
5 [ (46m 1 = 186" do—3 [ &k (9P~ V) do = 0.
R3 R3

Therefore, summing over n leads to

N-1
[ 04677~ asopydr =+ [ g0 (Vi - (96 ) o
R3 o /B3

Hence with (2.3), we obtain

1 1 1 2
/ {|A¢N|2—|V¢>N|2£N—2+ (%) } da
s 2
= [ 1aP-1soPe g (673) | da
RS 0 2 ’

Eventually, multiplying the second equation of the system Sy by f”*% and
integrating one gets
2
5 [t [ (Ivorpent - g () ) do.
2 R3 R3 2

This shows (2.2) and finishes the proof.
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3 Local existence

In this section we shall prove the existence and uniqueness of local-in-time
solutions to the system S;. Our argument is based on a classical Fixed Point
Theorem application. First of all we need the following obvious fact, which is
a generalization of Lemma 4 in [5], which we already cited in the introduction.

Lemma 2. The operator V(—A~1) div is continuous on every H™ for all m >
1.

Proof. If f € D(R?), we define the operator B = (—A)~!divf by

(divf)(y) ,
lz -yl

(—A)"ldivf = c/

)

where c is a universal constant. Now, forall 1 < ¢ < 3 we have ﬁiV(fA)*ldivf =
V(=A)~tdivf,,. Thanks to the Calderén-Zygmund theorem, since V(—A)~tdiv
is homogeneous of order zero in Fourier variable, there is C; > 0 such that
||d%i(Bf)||Lz = |Bfullzz < Cillfa;llL2- By iterating this argumentation we

obtain that for given m € N, there is C > 0 such that

IBflzm < Cllf |z
for all f € D(R?). We can now extend B to H™ by continuity.

As pointed out in [4], trying to express §"+% in terms of |[V¢"|? and sub-
stituting it in the first equation of the system leads to a loss of uniformity
with respect to time. The reason is that the second equality in Sy implies

2k |2 2k—1)2
§N+% = \V¢0|2 +2 ijﬁ Jt% for even N and a similar expres-

sion for odd N, which is a disretization of £(T, z) = |V, (z)[*+2 fOT 0|V |2 dt.
Therefore, we have to discard this idea. Also, if one considers Sy as a system
describing the evolution of two variables ¢ and &, then intuitively one applies
a contraction argument to the associated Duhamel formula as a functional on
H™ spaces. However, in order to achieve this, one has to obtain a discrete evo-
Luti : N 1 ives £ E—€"TE _ |[Ven P |ven
ution equation for £. A simple calculation gives 51 = 3

and the first equation in Sy implies that

£ (V6™ —196"2) = — 28 (A (V6 +V9") ¥ (57T 457 ) + .

Clearly, a loss of regularity occurs because of the Laplace operator appearing
on the right hand side of the equation.

The retained strategy consists in introducing an extra variable into the
system. Indeed, we let ¥ = 9;V¢ and the system (1.3) is now recasted as
follows

iVp=—AVe+ V(—=A)div(P),
Sc : 8t€ =z s
i = —Ap + V (=A™ div (¥) .
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where
®:=¢(Ve, Z:=2R(¢¥V¢) and V:=2R(pVe) Vo+ .

n+1 n
Now, we consider the forward discretization for 1), ¢”+% = w. Start-

ing with S; we obtain after some calculation the discretized version of SC,

n+2 n+1 n-+2 n—+1 5
iY? VO AV RN gAY div (@”*5),

ot 2
3 n—1
5 + _5 2 _ En+%
Sy 20t ’
wn-‘r% o ¢7L—% wn-‘r% + 2¢n+% + wn—%
— =-A
26t 4

+ V(—A Y div (w+%) :

where

gt _ et YO £V

2 )

-n+1 -n
St —oR <¢n+év¢ 2* Ve ) ,

antl o n+2 n+1 n n—1 (3.1)
wrth — o [t Vo ' +Veo \ V"™ + V" +Vo" + Vo

2 4
£n+% +£nf% wn-ﬁ-% +2,¢n+% Jr,l,bn—%
+ .
2 4
From now on, we shall use the notation U(t) = exp(itA) for the free

Schrodinger propagator. It is well known that U(¢) defines a unitary oper-

ator on the Sobolev spaces H™. Let the operators A, B and X such that

A= (1-45tA) 7", B = A(1 4 i6tA) and X% = (1 4+ B)~Y(BF — (—1)k).

Also, it is well known that A and AX* are bounded operators on the Sobolev

spaces H™ with bounds less than one, thereby in H™. Eventually, let Us;(t) =

ngol B™[nst,(ns1)s5e[- Moreover A ——— 1 and Usi(t) ——— U(t) for the
6t—0 6t—0

strong topology of operators. We summarize these facts in the following pre-
liminary Lemma and refer to any textbook of numerical analysis for a proof

Lemma 3.
1. A is a bounded operator on H™ for allm > 1 and ||A| < 1.
2. B is a unitary operator on H™ for all m > 1.

3. AX* is a bounded operator on H™ for all m > 1 and | AXF| < 1.

4. limg—0 Use (t) = U(t) for the strong topology of operators.
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5. limgy0 B = 1.

Eventually, we define the following set of initial data
r== Ve g = (Ve -V,
¥E = L(Ve' —Ve’) V¢ = V.

and ¢! such that
BV¢ ' =(B+1)Ve® - Vo', (3.2)

This definition is motivated by the fact that as a consequence it holds that
X2 4 I By = Bty e (3.3)

As this expression appears in the Duhamel formulation of S; this property
will contribute to guaranteeing that the integral formulation of the solution
operator to Sy is bounded in a suitable H™ space.

In order to prove the existence and uniqueness of solutions to this system
we shall proceed in several steps. First of all, we prove that the systems Sy
and S, are equivalent. For that purpose, assume that (V¢"+1,§"+%,¢"+%) is
a solution to S;. We have only to prove that ¢"+% =0t~ (Ve —V¢™) and
£tz 4 ¢nm1 = 2|V¢"|? since by construction (~V¢"+1,§"+%) is a solution at
t = (n+ 3) 8t of the first equation in the system Sy. On the one hand, we write
this latter equation at index n — 3 obtaining

n—1 n—2 n—1 n—2
YO N AV VO T gAY div (2% %).
ot 2
On the other hand we subtract the equation above from the first equation in
the system Sy and get, after multiplication by (20t)~!,

7

vontloven ven—l_vgn—2 ventl_ven +2v¢niv¢n71 I ver—l_ven—2
ot #’Z} ot

ot ot ot
26t 4

1 3
B B 1 . £n+§ _£n7§ v¢n+l+v¢n+v¢n71+v¢n72
=V (-A"")div < 557 1 +

at ot
2 4

nad o3 Ventl_yen +2V¢n_v¢n71 n ven—1_yen—2
+V (-A") div (5 el Bt )

n+1 n n—1 n—2
=V (=AY div (% (v 2(ve" +vo" ) V" + V" + V" + Ve )

4
n+1 n n n—1 n—1 n—2
ntd 4 gn-} VeIt oVe" | 9¥en-venTl | verTlove )

+V (=A™ div (5 5 . LD
n+% _ v¢n+1_v¢n

5t !
discrete equation from the second equation of the system Sy evaluated at index

Eventually, setting vtE = P and subtracting the last
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n —1 we get

ot T3 A vy 4 2T 43
T ot - 1

n+% +§n7% Un+% +2,Un7% +,Un7%
V(=AY di 3 :
V(AT ( 5 ]

With initial data v2 = v=2 = 0, this PDE has a trivial solution v = 0. By

. . . . ) . . . n+i v¢."+1,v¢" .
uniqueness of solutions to this equation we obtain "2 = ~*——"%- which
is the first equality we want to show. We get the second equality observing

§k+%7§k*% B ‘V¢k‘2—‘v¢k71‘2
25t = 5t 5
k leads to the desired equality and implies the equivalence of Sy and Sy.

that now we have . Summing up with respect to

Now, we turn to the proof of existence and uniqueness of a solution of the
system Sg. It is based on the following discrete Duhamel formula for a solution
of Sy, which we obtain following the argumentation in [4].

n+1
V"2 = BV, —ist Y AB™HRY (—AT ) div (¢k+%> 7
k=0
et _ [IVEP 28T, EH i =g,
Sh - Ve + 20t 7o Z2ts if p=2r,

YITE = (X 4 AT By )

- 2i5tzn:AX"+1‘k V (—A~Y) div (gpk+%) .
k=0

We will use a fixed point argument to prove the existence of a unique solution
to ), and therefore to S;. To this end we introduce the following notation,

(V)N = (Ve?,.... Vo™, (VN =(Vé,..., v ),
(ON = (¢7,...,6VF9), ON = (€2,...,8VF),
()N = (3., N @ = @7,
We shall prove that the mapping A defined as
A HN X HN X Hy —  HON XHN X HN

(VM. @Y. @) — (VoYY @)Y)
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has a unique fixed point in the space $% := £>°(0, N; H™)3. We obtain the
fixed point iteration A adapting the Duhamel formula S as

n+1 ~k
Vet = BV, —i6t S ABTIRY (A7) div [gk+é V¢ +Ve 2* Vo
k=0

1 1
|V¢;°|2+45t2;:0§re[¢2" M} if n=2r+1,

2k+1
|v¢0|2+45tz;:0m[¢2’“*27w +vé k} it n=2r,

o

[N
I\J\CM
Nl
N

A: ¥R = (R L By )
n Tkt Sl =kt ~ k+ ~k—
Y ntl—k o a-1y . [ €2 +E P 12" g
216t kz:;) AX V(—=A"")div [ 3 1

n =k+1 =k
~ 1
— 48t 30 AXTTR Y (A7 div R (w’”? M) x

2
k=0

y \VZ SRR v San R v v&“]
- :

The set of initial data we use is the one of Sy,

1

r=gi fr=g, g T=gh
W=t Ve =Ve', Vol =Vl
Now, let us pick R = 2 [HV(bOHHm +IV°|12m + |\1/J7%||Hm} and assume

that (V@)N, (4)N and (€)N are in the closed ball of radius R in $y. Then,
using (3.3), the Lemmas 2 and 3 and the fact that H™(R?) is an algebra as
soon as m > % , we obtain that there are constants cj, ca,c3 > 0 independent
of n and dt such that

V6™ 2 < [V llam + 1 Tot 1N on (V)N 5 »
1™ | irm < Vo)1 2m + 3 Tt [ @) 15w [V [l (3.4)
19" s < ™ + 2 T @)V s (I7HN 13, + 1)V s ) -

We conclude that there exists a function £ = k(R), which is monotone in R
such that

R
1V lsx + 1) llsn + 1)V lon < 5 +5(R) Tor ,

so that if we pick Ts; small enough, then A maps the ball of radius R in ($x)3
into itself.

The same argument with extra algebraic manipulation (triangular inequal-
ity) shows that there exists a possibly even smaller Ts; such that A is a
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strict contraction which implies the existence and uniqueness of a solution
(V)N ()N, (&)N) to Sy subject to the initial data listed above.

At this level, we know that (V)N € £>°(0, N; H™). Since all the functions
we used to construct the solution (V@)™ are elements of V (cf. [5]) it holds
that (V¢)V € £°(0, N; V). Therefore, all elements of the sequence (V)" are
gradients of functions in D’. The sequence of those functions is denoted by
(¢)N. Thus the Gagliardo-Nirenberg-Sobolev inequality implies that (¢) €
L5(R?). As the initial datum & is continuous, the continuity of the elements
of (¢)V follows, eventually we see that (¢)" is in fact in £>°(0, N,H™). Thus
the proof of Theorem 2 is complete.

4 Convergence

Theorem 2 provides us with the local-in-time well-posedness of the discrete
system S, associated to the continuous system S.. The last point to make clear
in order to finish the proof of the Theorem 3 is the convergence of the discrete
unique solution to the unique continuous solution. The proof is achieved in
a standard way, that is by comparing the discrete Duhamel formula to the
continuous one. Let us first start with the Duhamel formula associated to the
continuous system 5’6,

Vo(t,z) =U({t)Voy —i /0 Ut — s)V (=AY div (®(s, x)) ds ,

f(t,m):|V¢0|2+/o Z(s,x) ds, (4.1)

W(t,z) = Ut)(t = 0) — 1/0 Ut — s)V (=AY div ((s, z)) ds .

Comparing this formulation with 5’& we see that it is rather straightforward to
prove the convergence of V¢" 2 to V¢ and §"+% to &.

Let us now turn to the proof of the convergence of 1/J"+% to . First of
all, we observe that due to (3.3) the contribution of the initial data part to the
convergence is not problematic. Unfortunately, the operator AX™T1=% in é:(’i
is not consistent with the free propagator U(¢). Indeed, the bounded operator
AX™ 1=k (cf. Lemma 3) generates two different semigroups depending on the
parity of the exponent n + 1 — k. In order to get more insight one uses that
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Zle(—l)l’lBk*l and obtains after some calculation

AX"TIR Y (A7) div (JIH%) -
T p2e+s et
+

(wé + ) T

> 20tAB* TV (—ATY) div

=0 q=0
- 2l ~1y 3 L wRa+d _pRa+d
+l§25t,43 V (—AY) div q;at 5 n=2r+1,
r—1 r—Il—1 3 1
pats — pRats
20+1 —1 :
> 26tABPHV (A7) div ( > 6t5t> +
=0 q=0
T r—i—1 5 3
1 P2a+3 _ @2ats
+) 26tAB* V (—A7Y) div (w + St - 5 § > n=2r,
q=0

which allows to define ¥*+2 such that

=0

PE = B2yt ioty  AB"HE Y (AT div (ﬁ“é) (4.2)
k=0

This suggests that the continuous Duhamel formula in (4.1) for (¢, ) should

be interpreted as

0)— i /Ot Ut —s)V (=AY div </O 0 (5, ) d§> ds .

Y(t,x) = U(t)y(t =

Therefore we see immediately that now the time derivatives of O(t,z)
Opp(t, x) and ((t, x) := 0¢§(t, x) are involved. We extend the continuous system

S, by these extra quantities and their associated evolution equations,

SeXt . atC =Z )
© g0 =—-A0+ V(-ANdiv(9) ,

where
z = 2(R(0Ve)) + [¥?) |
O = 2(R(OVH)Ve+ [$*Vo+ RV + (3 +£6) .
s B s B

3 1
o wn,+§_¢n,+§ n+1 .
= and ¢ : 5

On the discrete level, let ™!
after some calculations we obtain the following discrete version of the above

continuous system
Cn—&-l _ Cn_l
2>z

Ssxt . 26t
: 0n+1 o en—l 0n+1 en—l
- = —A+ VY (—A Y div (0"

T o6t



14 D. Oelz and S. Trabelsi

where

—n—+1 n “n—1
o :2[(% (ans 12V + YV ) .

4

" V¢n+2+2v¢n+l+2v¢n+2v¢nfl +V¢n2:|
8

n+l V4371+1+Vq7>n n—l v$7L+vJ>n—1
(i ),

2
+ 2

X

A Il g B +w"‘3] (4.3)
4

¢ ¢ R 43y 3y S
2 8
& 4TI 4R 42 0 20" 4 0
4 4 ’

n+1 n n—1 nt+i n—2L1 2
Zn:m(enw +294" + v >+‘¢ Lyt

+

+

First of all, we have to prove the well-posedness of this discrete system. We
introduce A = (1 —idtA)~! and B = A(1 +i5tA). These operators obviously
enjoy an equivalent version of Lemma 3. As usual, we start by writing the
discrete Duhamel Formula.

Cn_{<1+25t§j;_oz2k it n=2r 41,

o CH20tY 2% i n=2r,

d - -

o — B @' —2i5t 3 _  AB" RV (=AY div (0%F2) if n=2r+41,
C | BT6° —2i6t > Zy ABTTRTLV (AT div (0%FTY) i n=2r.

The proof of local-in-time existence and uniqueness of solutions to this
discrete Duhamel system {S/, S/*'} is analogous to the one of the system S.
For that purpose, we introduce the following notation

(C)N:(<17~'~7<N+1)7 (é)N:(glv""gN-H)v
~ ~1 ~N+1
@Y =©',....0N" . @N=@",. .6,
and extend the mapping A,
AT AN X HN X HN X HN X HN — HN X HN X HN X HN X HN

(VY. @Y. @Y, . @) — (", @Y. )", ", O)")

The space is given by Hy := £>°(0, N; H™) and the mapping A®** is explicitly
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defined as follows
(@™ @, @) =2 (VO OV @)")
o {cl 120t E% i nm=2r 41,

At ¢+ 26t 22:0 Z2=1 G =2
o B o' —2i5t 3,  ABTTFTI Y (AT div (6%F2) if n=2r+1,
| BTe° —2ist L ABT RV (—AT Y div (625 it n=2r.

The nonlinear terms © and Z are given by (4.3) evaluated at (V)N ()N, (§)V,

(¢)N and (0)N. Next, let us pick

1
Ry = 2[[ Wyl + V03 + 197 [+

+max()|6° g, 107 ) + max(|CC| gz, 16 ) |-

We recall that H™ is an algebra if m > % Therefore, for all m > % +4 (in
order to ensure the regularity of b and ) there are constants ¢4, c5 > 0 such
that

167 s < max((|6° e, [0V ) + ca T (||<é>”\|m||<vé>”||?m+

I 155 1(78) Nl + 1O s 1) 5 + II(E)NII:JNH(é)NHﬁN)

16" Iz < max([IC° |z, 16" | rrm) + e5 Toe (Il(é)NHraN 1Y) llsn + II(¢)N||%N) :

Therefore, using also the inequalities (3.4) there is a function kg = ka(R2),
which is monotone in Ry such that

1Y) ¥ s +1(w0) Y [+ OV [l +NE Y s+ Ml < %Mz(Rz) Tse

so that if we pick Tj; small enough, then A°** maps the ball of radius Ry in
($Hn)° into itself. Again, it is easy to show that there exists a Tj; (even smaller
if necessary) such that A®** is a strict contraction which leads to the existence
and uniqueness of the solution ((Vg)N, ()N, ()N, ()N, (6)Y) € H3% to the
system above.

Next, we finish the proof of convergence and we shall focus on the case of
n even for simplicity, our estimates apply exactly for the other case and the
argument goes mutatis mutandis. To this end and in order to be able to pass
the the limit we need a C? regularity for the continuous solution V¢. Following
Corollary 1, we let then m > 2 + 4 so that V¢ € C2([0,T(¢o)[, H™). Next, for
all t € [tn, tny1], let

Vs, (t, ) = Vo™ () Pyt (t,
Ese(t, ) = €T3 () Zs1
PYo(t,o) =" 2 ()
Cau(t,x) = ¢"(2) Zsi(t
05t(t,l‘) = On(z) Qét(tv
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and introduce the following short notations for the continuous and approximat-
ing versions of the initial datum, the solution and the right hand side in the
respective Duhamel formula

= (Vo |[Vo|*, 8V (t = 0),0,£(t = 0),07V(t = 0)),

Qst.0 = (Voo, [Vool” 9 2,¢°,6%),

Q = (V$,£,0,V¢,0:, 0,V 9),

Qst = (V¢5tafét,¢5t»@t705t)

(V
=(V

F:=(V(-A™Hdive, —iZ,V(-A ) divy, —iZ,V (-A7) dive),
V(-4

(=AY div s, —i 55, N divds,, —iZs,, V (—A7Y) divOy,) .

We also aggregate the propagators for the various continuous and discrete quan-
tities using the symbols

G=(ATLAILA, U= (1% 1), Us =(AB",1,AB",1,AW™") ,

where n = 2r and ¢, <t < t,41. The solutions @) and Qs; are then character-
ized by the following Duhamel formula

Qzu(t)Qo—i/O Ut — s)F(s) ds

t
Qst = Usi () Qiro — i /0 Gl (t — ) Fous) ds

We intend to estimate the difference Q(t)—Qs:(t) in L>([0, N6t], (H™)). First
of all, we have clearly the following

1Q — Qstll Lo (0,51, 1m) < UQ0 — UstQst 0l Lo ([0, N5e];(zrm)%)

+\ [ e = F@) - Gttt — )5 () dr (4.4)

L= ([0,Not];(H™)%)

Indeed, with the triangular inequality, one writes

[UQo — u§tQ5t,0||L°°([O,N6t];(Hm)5) <
< U —Ust] Qoll o o, ey a1y +
+ [1tdst [Qo — Qost.0lll oo (10, w503 (rrmysy — 0 @s 6t =0,

where the convergence of the first difference in norm is due to convergence of
operators according to Lemma 3. The convergence of the second expression is a
consequence of the definition of the scheme Sy which implies that V¢! — V¢°
as 0t — 0 and therefore
Vo' — V¢’

1 Vel + Vg iy g (Al
yh= P = Af 2 1 v(-a )dw(@)%

— —AV¢|i—o + V(=A™ div (®) |0 = —i0,VP|i—0
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as 0t — 0, where we used V¢ € C?((0,T), H™(R?)). This proves the con-
vergence of the first term in the right-hand side of (4.4). The second term is
treated as follows. For simplicity we fix t = ¢,,41 and estimate

/o - U(tng1 — 7)F (1) = GUs¢ (tn1 — 7)Qse(Fs,)(T)] dT

(Hm)e
n ti41

< / (GUst(tn+1 — t1) Fose(tr) — U(tns1 — 7)F(7)] dr
1=0 (H™)5
n tiy1

< Z / [GUst(tnt1 — t1) — U(tn1 — t1)] Foe(ty)dr
1=0 Mt (H™)5

/ i Z/{ n+1 - tl) [.th(tl) — f(T)] dr

t

+
M:

(H™)5

3 |l

(=)

+ /  Uts — 1) — Uty — 7 F(r)dr

1=0 Wt

(Hm)5 .

o

Observe that t; is completely independent of 7 and depends only on [ and dt.
Again since G — 1 and Us: ﬁ U for the strong topology of operators in
t—

(H™)®, we have

n ti41
sup / (Gl (tnst — 1) — Ultnss — t1)] Fou(tr)dr — 0,
o<n<N “— ||/ s Ot—0
R 1) l (H™)
n tita
sup / U(tns1 —t) —U(tpnt1 — 7)] F(r)dr — 0.
o<n<n = 14, (Hmys 910

For the remaining term following [6, 4] we introduce Fg;(t;) by evaluating the
residual terms (3.1) and (4.3) at Q(t;) instead of Qs:(;). Hence it holds

ti41

U(tn+1 - ﬁl) [.7:&(7:) - ]:(7')] dr <

t (Hm)5

<adt (H]—}t(i—) —75t(%)H(Hm)5 + sup || Fse(t) — ]:(T)(Hm)5> .

TEt,ti41]

Now, on the one hand, since V¢ € C2([0,T(¢o)[, H™), we have

N
ot sup | Fse(ts) — F(7)[|zrmys — 0.
;Te[thtwﬂ ) §t—0

On the other hand using the uniform estimates on @ and Qs; in [0, Not] we
conclude that there is a constant such that

(| Foe (1) — Foelty H(Hm)5 < Const. [|Qst — Qll Lo (o, n5¢);(Em)5) -
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Eventually combining these results with (4.4) we obtain

|Q — Qs Lo (0, Ns1]; )5y < 0(1) + Const. N 6t(|Q — Qst| o (0, Ns1]; (71m)5)-
Thus, if we pick N such that Const. N 6t < 1, then we get

1Q — Qstll Lo (0, n5¢);Em)5) = 0
Now, iterating the argument on the whole interval [0,7] by considering now
initial data at Ndt, we get the lower semicontinuity of the existence time Ty
as 0t — 0 and the convergence on [0,7] for all 0 < 7 < T. The proof of
Theorem 3 is finished.

5 Conclusion

In this paper we have analyzed a relaxation-type scheme for a nonlinear Schrédinger
equation. We have demonstrated that the proposed scheme conserves mass and
energy as opposed to classical schemes like splitting, Runge-Kutta, symplectic,
etc. that fail in preserving these important physical observables. Furthermore,

we have proved the well posedness of the semi-discretized system and that its
solution converges towards the solution of the continuous problem in suitable
Sobolev spaces. Let us also mention that the scheme avoids a costly numerical
treatment of the nonlinearity and doesn’t require a particular space discretiza-
tion. The scheme is inspired by [4] where the case of the cubic NLS is treated,

it can be easily adapted to the Davey-Stewartson system.
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