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ABSTRACT. A mathematical model in one dimension for a non-sarcomeric ac-
tomyosin bundle featuring anti-parallel flows of anti-parallel F-Actin is intro-
duced. The model is able to relate these flows to the effect of cross-linking
and bundling proteins, to the forces due to myosin-II filaments and to external
forces at the extreme tips of the bundle.

The modeling is based on a coarse graining approach starting with a mi-
croscopic model which includes the description of chemical bonds as elastic
springs and the force contribution of myosin filaments. In a second step we
consider the asymptotic regime where the filament lengths are small compared
to the overall bundle length and restrict to the lowest order contributions.
There it becomes apparent that myosin filaments generate forces which are
partly compensated by drag forces due to cross-linking proteins. The remain-
ing local contractile forces are then propagated to the tips of the bundle by
the viscosity effect of bundling proteins in the filament gel.

The model is able to explain how a disordered bundle of comparatively
short actin filaments interspersed with myosin filaments can effectively contract
the two tips of the actomyosin bundle. It gives a quantitative description of
these forces and of the anti-parallel flows of the two phases of anti-parallel
F-Actin. An asymptotic version of the model with infinite viscosity can be
solved explicitly and yields an upper bound to the contractile force of the
bundle. Actomyosin and F-Actin bundle and Contractility and Free boundary
problem and Active fluid 92C10 and 35Q92

1. INTRODUCTION

Mechanical force generated by biological cells is often generated by the inter-
play of myosin-II molecular motors and actin filaments. In striated muscle cells
the actomyosin system is highly structured and well understood starting with the
pioneering modeling works of A.F. Huxley ([16]). Force generation in actomyosin
bundles featuring a sarcomeric structure works similarly (see eg. [6]). How actin
and myosin-II filaments cooperate in actomyosin bundles with less structure like
smooth muscle fibers ([11]), stress fibers with graded polarity ([10]), the contractile
ring in cytokinesis ([7]) and the rear bundle in keratocytes ([33]), however, is a field
of ongoing research.

Actin is a polar protein which forms lengthy filaments termed F-Actin. Actin
filaments are also polar with their so called barbed end as opposed to the so called
pointed end. Myosin-II is an ATP-dependent motor protein which contains two
heavy chains. The head domains containing the motor are kept in close proximity by
wrapping of the two tail domains. Cytoplasmic myosin-II dimers aggregate further
through their tail regions to form bipolar thick filaments with the head regions
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pointing outside of the filament ([1]). In a geometrical configuration as visualized
in figure 1, where a myosin-II protein is parallelly aligned to an actin fiber with its
head domains pointing in the direction of the barbed end of the actin fiber, ATP-
dependent power strokes are performed. Myosin-II in such a configuration acts as
a molecular motor and a force is generated by which a myosin filament moves along
the actin filament towards its barbed end (cf. [37, 13]).

We refer to an ensemble of interacting actin and myosin-II filaments as an ac-
tomyosin system. They include non-directed, mesh-like ones as the cell cortex and
myosin filaments interspersed in the lamellipodial actin filament mesh-work as well
as directed ones, i.e. actin filaments and myosin filaments arranged in bundles.
In bundles the forces generated by myosin heads might cause internal flows and
also changes in total length of the bundle. For example in [18] it was found that
stress fibers shorten due to the contractility of the actomyosin system rather than
by depolymerization of actin filaments. Stress fibers which feature a sarcomeric
structure have been identified ([22]) as well as stress fibers lacking such a structure
([10).

Apart from the interaction with myosin-II bipolar filaments, actin filaments
might be connected by cross-linking and bundling proteins. Cross-linking proteins
are filamin ([39]) and a-actinin which targets filaments crossing over all angles
([9])- A bundling protein is fascin ([17]) which predominantly links parallel fila-
ments ([9]). In bundles mostly a-actinin and fascin can be found, whereas filamin
is almost exclusively present in mesh-works ([9]).

Since in this study we concentrate on non-sarcomeric actomyosin bundles we also
mention that minimal non-sarcomeric contractile actomyosin bundles have been
recently reconstituted in vitro in [34]. Nevertheless, the internal structure of non-
sarcomeric actomyosin bundles and minimal requirements of contractility are open
questions.

1.1. State of the Art. Models on non-directed actomyosin networks include phe-
nomenological models for the contractile effect of myosin-II filaments in a continuous
medium ([31, 3]) as well as the two component, isotropic continuum description of
a cytoskeletal network coupled to contractile stress caused by molecular motors
which has been formulated in [24].

As far as models on actomyosin bundles are concerned many models focus on the
details of force generation (e.g. [4]). The idea of F-Actin flowing with the bundle
has been formulated in a qualitative model published in [30].

Other studies focus on the structure of actomyosin system in bundles. A schematic
picture of stress fibers as an ordered (sarcomeric) bundle of parallel polar actin fil-
aments interspersed with bipolar myosin-II filaments and a-actinin and filamin as
cross-linkers has been shown in [22]. Detailed modeling with a focus on the twisted
geometry of actin filaments has been undertaken in [15]. Changes in the mechanical
regime of actomyosin bundles due to cross-linking and bundling by a-actinin and
fascin have been investigated in [36] and simulated in [35].

A model which describes the mechanical aspects of sarcomeric actomyosin bun-
dles by a linear chain of dash-pot models has been introduced in [5] and a continuum
limit (cf. [6]) has been performed which was applied in [8] revealing the contractile
profile in stress fibers and bidirectional sliding of actin filaments.

Concerning non-sarcomeric bundles, a general framework for the description of
parallel polar filaments which interact through motor proteins has been introduced
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in [21] in a one dimensional setting. The same authors had already presented a
minimal model in [20] which investigates the emergence of contractility and tension
in non-sarcomeric bundles. The model, however, is phenomenological and primarily
macroscopic as it does not describe details of the polymerization and depolymeriza-
tion processes which would involve describing the length-distribution of filaments.

Finally a microscopic model for non-sarcomeric bundles which carefully describes
a microscopic picture of an actomyosin ensemble has been presented in [23]. Tt
does, however, not allow for a dynamic remodeling of cross-linker connections and
therefore resorts to buckling of single actin filaments as a consequence of contractile
forces.

1.2. Purpose and outline of this study. The present study presents a coarse-
graining modeling approach which allows to identify the mandatory constituents
of a contractile disordered actomyosin system. Its primary concern is to explain
how the locally generated myosin dependent contractile forces are integrated to
effectuate the contractile force acting at the tips of the bundle. It closes with
the formulation of an asymptotic limit of that model which allows to compute
the contractile force explicitly. It is shown that the effect of bundling proteins is
essential for the propagation of the locally generated contractile force to the bundle
tips.

The outline of this study is as follows. First we introduce a microscopic de-
scription of an actomyosin assemble including cross-linker and bundling proteins.
In this formulation we do not talk about the tips of the bundle. Next we pass to
an asymptotic limit of small filament lengths. In this formulation the tips of the
bundle can be localized which is done in the next step.

Finally two alternative approaches to use the model are presented: One where
the contractile force is fixed and where the solution of the model allows to evaluate
the change in bundle length. The other approach fixes the bundle length and
allows to obtain the contractile force from the solution of the model. Finally we
evaluate the explicit formula for the contractile force which we obtain in the special
asymptotic limit case where the effect of bundling proteins dominates.

2. MICROSCOPIC MODEL FOR ACTOMYOSIN BUNDLE

We consider a bundle of polar actin filaments interspersed with bipolar myosin-II
filaments (cf. [33]). We describe the position of filaments along the bundle by two
scalar values which denote the position of the barbed end and of the pointed end
along the real line. We do not take into account the position of a given filament
within the cross section of a bundle.

We distinguish between filaments which have their pointed ends to the right
(and their barbed ends to the left) denoting them with superscript ¥ and index
i € I. This refers to the fact that due to the action of myosin-II filaments they will
typically move to the right relative to the bundle.

For the filaments which have their pointed ends to the left (and thus their barbed
ends to the right) on the other hand we use symbols with superscripts ~ and index
jed.

Hence b; (t) < p; (t) denote the positions of the barbed end and the pointed end
of the right-moving filament with index i as functions of time ¢ > 0. Analogously
the barbed end and pointed end of the left-moving filament with index j are denoted

by b7 (1) > p; ().
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F1GURE 1. Constituents of the microscopic model.

Additionally we describe polymerization of filaments at the barbed end by given

filament specific rates v+ ;(t) and v, (t) respectively. Depolymerization at the

pointed ends with rates vjz( ) and v, ;(t) is also taken into account. We define

the material velocities of r1ght and left-moving filaments.

) Fi=0pf +vdz—0tb++vpz,

v; = 0Op; — Vg = by — v,
where the two identities hold since only polymerization and depolymerization may
change the length of a given actin filament.

Key issue to the model we develop is the force which is transmitted between
overlapping actin filaments. Internal forces may act due to myosin-II filaments,
cross-linking proteins or bundling proteins and the magnitude of these forces will
typically be proportional to the length of the interval within which two interacting
actin filaments overlap.

To quantify the length of such an overlapping region we consider two actin fila-
ments with endpoints at a < b and at ¢ < d respectively, without specifying whether
they belong to the right or left-moving group. The length of the interval in which
they overlap can then be computed by

ng Z) = |(a,b) N (¢, d)| = (min(b, d) — max(c,a)), .

Since we do not take into account the position of a given filament within the
cross section of a bundle we have to be careful talking about the interaction of
single filaments when the bundle contains more than a few actin filaments. In such
a case the probability by which two actin filaments, which overlap in the interval
(max(c, a), min(b,d)), actually are nearby and therefore typically will interact, is
inversely proportional to the total number of filaments which can be found in that
interval. We quantify the latter approximately by

(@h) (@h)
il oy TX Lot
B—a ’

(2) N(@B) .=
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which actually compares the length of all the F-actin material located in the given
interval (a, 8) to its length. We define the additional coefficient, which we call
probability of neighborhood, by

(a,b) _ v
(e,d) — N (max(c,a),min(b,d)) ’

where the coefficent v > 0 is a geometric parameter and represents the typical
number of neighboring filaments that one specific filament would have within the
cross section of a bundle. We implicitly use here the assumption that the number
of filaments in the cross-section is larger than v which guarantees that P((adb)) < 1.

The product of the two scalar values for the length of the overlapping region and
the probability of neighborhood finally gives an effective interaction length for two
filaments located at (a,b) and (¢, d) respectively,

(a,b) _ 7 (a,b) p(a,b)
(3) Acay = LicayLieay »

which we will use in the computation of any force acting between two filaments.

We assume that the bundle is in an over-damped regime and formulate a pre-
liminary microscopic model as a system of force balance equations given by

4) O*ZA(i’i’i) W= (5 = 57)) = AL " o ) + £

7abs by
0= =32 Agh phy =t =) = A (5 o) 4
v J
In (4) the index 7 of a right-moving filament is fixed and forces acting on that fila-
ment are being described. In the same way (5) refers to a left-moving filament with
a fixed index j. The force balance is established between the time dependent exte-
rior force f;"(t) and f; (t) respectively and forces between the respective filament
and other filaments of both orientations.

The idea behind the formulation of exterior forces is that cytoskeleton structures
which are not part of the model will attach to actin filaments within the bundle.
In a later step of the model derivation we will assume that such connections only
exist at the two far ends of the bundle. What we have in mind are linkages to the
surrounding actin cytoskeleton by which contractile forces are being transmitted.

The force which is generated by myosin-II filaments between two filaments of
opposite direction is modeled by an effective force coefficient n™¥° multiplied by
the effective interaction length (3). We refer to appendix B for more details about
the derivation of this macroscopic parameter with dimension [™¥°] = force/length.

The force between actin filaments of opposite direction mediated by cross-linking
proteins is modeled as a drag force and therefore proportional to an effective coeffi-
cient 1°!, to the relative velocity of the two filaments and to the effective interaction
length. The relative velocity is given as the difference of the two material velocities
(1). When we talk about cross-linking proteins we have mostly a-actinin in mind.
We refer to appendix B for a derivation of n°! ([°!] = force/(velocity x length))
from microscopic data on a-actinin structure and binding dynamics along the lines
of the approach presented in [26].
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Finally the force between filaments of the same direction mediated by bundling
proteins is also modeled as a drag force, this time comparing the speed of movement
of one filament to that of all those filaments with the same direction of movement.
The effective coefficient related to the drag force is written as 4! with physical
dimension [n®%!] = force/(velocity x length). Its derivation from microscopic data
on fascin is analogous to the derivation of 7.

Observe that for finite numbers of right and left-moving filaments and given the

exterior forces f;7(t) and fj_(t) and the polymerization and depolymerization rates
’U;:Z-(t), vii(t), v, ;(t) and v, ;(t) the system of equations (1), (4) and (5) forms a
closed ODE-system for the positions of the barbed and pointed ends b (¢), p; (),

b; (t) and p; (¢).

3. DERIVATION OF THE ASYMPTOTIC LIMIT MODEL

3.1. Continuous description. We further process the model in two steps. First
we pass to a continuous description based on density functions. Next, we consider
an asymptotic regime, where the typical length of actin filaments is small compared
to the total length of the bundle.

We start by applying a coordinate transformation by which we replace the two
endpoints of a filament by its center point and its length. The new variables for
the right-moving and the left-moving filaments are given by

+ + — —
pi +bz — b; +b — _
(6) ( j_alj) (Tapj_bj) and ( ]al])_ <%abj _pj )

which guarantees l;r > 0 and l; > 0. We also introduce a modified notation for
the effective interaction coefficient

T(x,l) . (x—1/2,2+1/2)
(z,0) _A(m 1/2,z4+1/2)

and write the microscopic model (4), (5) as

onA ) e = (o ZA m " (o =) + £

7

(@5:05) 1 myo cl (~ —— (@0
(8) 0=-— ZA( *l*) (77 Y _WI(U;_—U]- ))_ZA(%:J:
J

+ +
v, F+v]
+ . + d,i p.i
v = O] 5 ,
(9) -
== d.j p,J
v; = 8tzj 5

A continuous description of an infinite number of filaments is obtained by for-
mulating the Eulerian description of the bundle introducing the densities p™ (¢, x,1)
and p~ (¢, z,1) of filaments moving to the right and to the left respectively. Note
that p™ and p~ are considered time dependent number densities per filament length
and per bundle length unit. In the following we write usually two equations in once.
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The one with the upper symbols refers to those filaments moving to the right and
the one with the lower symbols to those moving to the left. We introduce the fluxes

+ X
v = (g0 n)

where V*(t,z,1) and G*(t,x,1) represent O;x] and 9yl respectively of right-
moving filaments located in an infinitesimally small interval around = with lengths
in an infinitesimally small interval around /. The analogous interpretation applies
to V= (t,x,1) and G~ (¢, x,l). Especially for the flux in the dimension of filament
lengths it holds that

GE(t,z,l) = v;t —vfit .

Here the polymerization and depolymerization rates U;‘L and v;t are considered

as functions of (¢,2) replacing their respective discrete versions. The material
velocities (9) taking into consideration polymerization and depolymerization are
now written as

_ 1
+._ /% + +
V==V ii(“er”d)-
Reformulated in terms of the new quantities the model combines continuum
equations for the two families of filaments

0 0
b (Vipi) 5 (Gi i) -0

with the reformulated versions of the force balance laws (4) and (5) determining
the fluxes

(10) op~ +

(11) 0= // Ag g e — (Vi(t x,l) — VT (t,z, )))px(t,f,l) dl di—

7// Ag? P (VE (8, 2,1) — VE(, 7,1)) p* (1,7, 1) dl dz+
RJO
+ [t

Observe that (11) is a system which holds pointwise at (x,l) € RxR™. It describes a
force balance where the specific forces like for example the external forces f*(t, x, 1)
are interpreted as though they acted on one filament centered within an infinitesimal
volume element around (z,l) € R x R*. Note also that the system consisting
of (11) and of a weak formulation of (10) is equivalent to the discrete models
formulated at first when the density functions are taken as point measures p™ =
> 0(x—x;(t))6(1—1;(t)) and the equivalent expressions for the left-moving filaments
corresponding to empirical distributions.

3.2. Asymptotic limit. In the following we intend to pass to an asymptotic limit,
where the typical length of actin filaments becomes small. To this end we introduce
the following rescaled dimensionless versions of the independent and dependent
variables as well as of the parameters for the drag forces and the myosin force.

- l
l:lol, SC:SC()ZZ', t:tot, :—O,
T
pF (tot, 207, 1o 1) 11 pE (L&), V* g, ogt=loge
El0$0 B ' to to
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myo __ Eﬁmyo 7701 fOtO ~cl bdl __ 1 foto ~bdl

T ’ z3 " e? x2

L o I A
fi(tot,xox,lol) =cfo fE(,%,1), v;[/d(tot,xoac) = ivid(t,x) ,

where fy, tg, xo, lp are reference values for the forces, the timescale of the model, the
length of the bundle and the length of the filaments. Observe that as a consequence
the scaled material fluxes V+ = f—gVi satisfy

VE=VEL S (5F +0p)

The dimensionless parameter ¢ represents the ratio of the typical filament length vs.
typical bundle length. To maintain the total amount of F-Actin when ¢ becomes
small, we assume that the filament densities are of the order 1/ meaning that as
the filament lengths get small the abundance of actin filaments increases. Hence
the concentration density of F-Actin given by the first moments fooo lp* di are of
order 1. External forces on the other hand scale like € to maintain the total amount
of external forces on a steady level when the total number of filaments gets large.
The scalings of the macroscopic parameters n™°, n°! and P! with respect to € are
chosen in order to capture the leading order terms in the asymptotic expansion of
the scaled version of (11) as € becomes small: In (17) below it becomes apparent
that the leading order term of the expressions which refer to bundling proteins are
of second order whereas the leading order terms of those expressions refering to
myosin-II filaments and cross-linker proteins are of order zero.

For notational convenience we omit the tildes again, but equip some of the de-
pendent quantities with the subscript € referring to the fact that this dimensionless
parameter appears in the defining equations.

In the limit model moments of the limit filament distribution will play a central
role, for which we introduce the short notation

(12) it x) == / FpEt,x,l)dl for k=0,1,2,3.
0

Below we will further comment the interpretation of these quantities. In Appen-
dix A we collect some computations which imply the following asymptotic results
for moments of the effective interaction length, which will be the main tool to derive
the formal limit equation.

_ — 14
13) /A(“l), L dAz =211 _ +0(
( RS oo ratn O
4
14 Az AP aaz = S, < v ) +0(),
( ) R (z+Az,el) 12 Mi" (t, x) + Ml_ (t, (E) ( )
4
15 AZPA®D Az =S 124+ v L0 .
19) [P, g 107 = G 1+ P) i +O)

Observe that for symmetry reasons (see Appendix A for details) the lowest order
term of the first moment is not of third but of fourth order.
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The system (11) reads after scaling

1 ([ <wel . . . .
(16) 0= [[AE2, ) e =i (Vo) - VI (ko + AD)) ¢
x pF (t,z + AZ,1) dAT dl—
1 o) o . -
- 5_3 // nbdlAEIjA)fﬁgf) (‘/a‘i(ta €L, l) - ‘/Ei(tv'r + A:Ca l)) X
x p(t,x + Az, 1) dAZ dl + ¢ f*,
where we applied the transformation £ = x+ AZ. The leading order term is the one
related to bundling proteins. We integrate (16) against V* (¢, z,1) p* (¢, z,1), apply

Taylor expansions and pass formally to the limit as ¢ — 0 using the asymptotic
result for the zeroth moment (13) obtaining

_ v T (VE(L 2. D) — VEL 2.D) x
0= | et ) 1T el - V)

x ViE(t, @, 1) pE(t,,1) pT(t,2,1) dl dl dz .

Symmetrization using the fact that we can switch the symbols I <> [ implies that

:/[m,miul(t,mx

x //li (Vi (b, 1) = Vit (8, 2,0)) % p (8,2, 0) pit (8, 1) dT dl | da

which implies that Voi (t,z,l) = Voi (t,z,1) a.e. on R x RZ (or less according to the
support of p(jf). Hence we state that in the limit the velocities do not depend on
the filament length,

%i(t’x’l) = %i(t’x) :

on the support of poi.

With a view to pass to a macroscopic description omitting the dependence on
filament lengths, we integrate (16) against p= (¢, ,[) obtaining

1 ~(z _ _ -
an) 0= [[[ AL, o) e (VD) - V(4 AnD)) x
x pF (t,x + Az, 1) pE(t,x,1) dAZ dl dI—
1 Mz _ _ ~
= /// P MATE) ) (VE(2,0) = VE( o + AZ, D)) x
X pE(t,x + Az, 1) pE(t,x,1) dAZ dl dl + ¢ / fEpE(t,x,1) dl .
0

We apply a Taylor series expansion in the x-variable to all those terms which
involve AZ and pass to the limit as ¢ — 0. What before were the leading order
terms now cancel and from the O(g) equations we obtain using the asymptotic
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result for the moments (13)-(15)

+ —
18) 0= (™ — el (VE — ViF)) 2y
" ( \C 0))uf+u1

1%
+nbdlﬁa (8 Vo H1 H3 > / fi

as the macroscopic limit of the original microscopic force balance laws (4) and
(5) coupled to the continuity equations (10), which even after scaling remain un-
changed.

Under the simplifying assumption GOi (t,x,l) = GOjE (t,x) one could derive from
(10) a system of moments up to third order. However, that system of four equations
would still not be closed since it includes pg(t, x,0 = 0). For this reason we prefer
to work directly with the full continuity equation (10) in the rest of this study.

The most striking feature of the limit equation (18), besides its apparent simplic-
ity compared to the original integral equation (16), is the fact the third moments
of the limit distributions (12) appear in the viscosity coefficient.

It is much easier to understand the appearance of the first moments ,uf[(t,x)
which represent the F-Actin density measured in total length of Actin fibers per
bundle unit length (or, after multiplication by a corresponding proportionality con-
stant, mass per unit length or mol G-Actin per unit length). It is intuitive that in
the limit model (18) without the dimensionless correction factor for thick bundles
the forces due to the interaction of anti-parallel actin filaments are propor-

++ y
tional to the product ,u1 pt7 - With the correction factor of course the dependence
is again different and essentially linear.

The appearance of the third moment ugt is the viscosity coefficient, however, is
not intuitive. It is well know that the third moment of a distribution is related to
the skewness of the distribution. However, in the present situation this fact does
not help in the intuitive understanding of the role of ,ugt in (18).

The third moment enters via the asymptotic results (14) and (15), where it ap-
pears due to the computation of the second moment in (32). That result refers
to a situation with two filaments with given lengths and varying distance of their
center points. It states, that if one integrates along the space of possible distances
the square of these distances weighted by the length of the interaction region, then
one obtains as a result products of first and third powers of these two lengths. As
a consequence, after integrations with respect to these lengths against p*, the re-
spective moments appear in the limit equations (18). These observations, however,
underline that the appearance of the third moments in the viscosity coefficient is a
technical consequence when deriving the limit equation rather than something that
one could also justify without going back to the microscopic model.

3.3. Restriction to finite length. In this section we will work with the system
(10), (18) omitting the subscript .o again. Note that it is still a model on the whole
real line. In the following we restrict the actomyosin bundle to the time dependent
interval

(19) Q(t) = [$Q(ﬁ),$1(ﬁ)] )
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FIGURE 2. Velocity fields of right moving and left moving F-Actin respectively.

that is, from now on we consider the system (18)-(10) on the finite interval (19), the
endpoints of which may vary with time. However, it now has to be complemented
by boundary data.

To this end we assume that the exterior forces f* have negative sign for all
x € (—00,xp) and are zero otherwise, furthermore that f~ have positive sign for all
x € (x1,00) being zero otherwise. Additionally we assume that there is no myosin-
IT and no cross-linker proteins outside of (t), where the corresponding coefficients
n™° and n° disappear.

The reasoning behind is that we describe external forces due to existing linkages
with the cytoskeleton which tear those right moving filaments which are still not
incorporated into the bundle to the left. Likewise the left moving filaments too are
held back by external forces as long as they are not incorporated into the bundle
at the right tip. On the other hand we do not want to describe forces which act
on those actin filaments that already have passed the bundle and left it, neither
external forces nor forces transmitted by cross-linkers or molecular motors. Observe
that after these fibers were exposed to polymerization during their passage through
the bundle only few such fibers will exists when they arrive at the opposed end
point of the bundle.

The external forces are then aggregated according to

zo(t) poo
Fh(t) = —/ / frt,z,0) pf (t,2,0) dlde >0 and
(20) —oo 0

Frn®= [ ()/0 =t 0) pi (1) dido > 0,
x1(t

Jr
where F7,

represents the total of forces which hold back the right moving actin
filaments at the left tip of the bundle. In the same way Fligns 18 the force which
holds back the left moving filaments at the right tip of the bundle.

We integrate (18) on (—o0,x¢) and (z1,00) respectively to obtain

Fto= bl 1 Vf;ﬂfﬁ o,V 0=9,V" i
(21) 12 p7 + 13 wo(t) - '
0= oV T o= nbdli Vi3 V™
N FTO R 12 i + py (1)

Observe that by integration of (18) this implies

+ n ( 1 ( + )) vy py
(22) Fl =F .. = / e — g (Ve — da
left ght wo(t) :u-li_ N
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Additionally new F-Actin is delivered into the bundle by the rear flow in the
cytosol. It is modeled as an inflow of right moving filaments at xo(¢) with tread-
milling speed u{"3;" (t) and length distribution pj ™ (¢,1). At the same time there is

left
an inflow of left going filaments at the right boundary with speed uff;;t and length

distribution pr_igthmt. These statements lead to the boundary data for the continuum
equations (10) and the free boundary conditions which define the dynamics of the

boundaries of Q(t),
(23)  Duo(t) = VF(ao(t) —wiiT (1) Qn(t) = V7 (@1() + ups (0

right

(24) pt(tao(t), ) = pig (6, 1) p~ (t a1 (8),1) = pra (t,1)
for all [ > 0. The situation is summarized in figure 2. In this figure

(25) ub =V (2 () + Oxa(t) and wu,, =V (20(t)) — Opzo(t)

sink "

represent the fluxes by which F-Actin, which was not depolymerized during its
trajectory through the bundle, is transported out of the bundle.

We remark that a similar boundary condition was formulated in [2], yet in combi-
nation with other terms that couple the boundary value of the velocity field with de-
pendent quantities. The present model is simpler in that the boundary value of the
velocity field on one side is basically directly given by the tread-milling/retrograde-
flow rates u’f," and ugrg’}; The idea behind is that the bundle also exists outside
of [zg, 21], where it is closely linked to/part of the cytoskeleton. Through this close
integration of bundle and cytoskeleton the retrograde flow rate is imposed as the
boundary data of the velocity fields in the bundle.

4. CONCEPTIONS OF MODEL FORMULATION, BOUNDARY DATA

The model consisting of equations (10) and (18) stated on Q(t) = [zo(t), z1(t)]
and the conditions (21), (23) and (24) is actually overdetermined. We identify
primarily two approaches to formulate it as a well posed model.

(1) One is to assume that the positions of the boundaries are known parameter
functions, in fact they might be given constants. The forces acting at the
tips of the bundle according to (21) are then part of the solution of the
model.

(2) The second approach is to fix the (time-dependent) forces at the tip of the
bundle using (21) as boundary data. The dynamics of the tips is then part
of the solution of the model and given by (23).

In the following we present both approaches to formulate the model in more detail.

4.1. Fixed boundary model to compute contractile forces. We assume that
the positions of the boundaries are known parameter functions, in fact they might
be given constants. In this case one solves the following problem on Q(t)

0= 0™ + 0, (VFp™) + 01+ (GFp*)
(26) p+(t,l‘0(t), ) = pit;tm(t, ) )
p~ (a1 (t), ) = prgn (t) 5
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coupled to
bdl + + T o
0= n_ Oy < Vfl M3_ azvi> + (nmyo _ 77C1 (V+ _ V—)) Vfl ILL1_ ,
! ui o+
= Oy () + iy (¢)

Based on a solution of this model we may compute the forces at the ends of
the bundle according to the formulas given in (21). As an additional output of the
model we also obtain the speed and amount of F-Actin material being pushed out
of the bundle at the other tip given by (25) and p* at zo(t) and z; (¢) respectively.

4.2. Free boundary model given contractile forces. Alternatively we may

also assume that we know the forces at the boundaries Fl:ft = Fri_ght > 0 and

replace the boundary conditions in (27) by (21) obtaining the following problem on
Q(1),

0=0ip™ + 9 (VEpT) + 0= (GFp*)
(28) Pt zo(t), ) = piege (¢ )

p~(tzi(t),.) = p;;hmt(ta D

coupled to
(29)
bdl + + + -
fr v+ _ n Vi pg + myo cl + - Vi by
UMV—8<7_3V)Z|Z77‘Y77 Vi-Vv -, —>
! 12 7\ +pp ( ( ))ufﬂn
1 Vququ
F+ t) = bdl_— 3 M1 av-l‘
left( ) n 19 ,LLIF +M; T o) )

9.V~ (wo(t)) =0,

_ 1 vpgpy _
F- t) = bdl _~ 3 M1 a 1%
rlght( ) 19 ’u.1|_ + Ml_ T

VT (z1(t)) =0,

z1(t)

where we added an additional term modeling friction with the cytoplasm with
friction coefficient n* > 0 in order to ensure uniqueness of solutions to (29), as the
equation otherwise would be invariant with respect to adding an arbitrary constant
to the tuple (VT,V 7). As an output of the model we obtain the dynamics of the
free boundary according to the formulas (23) and also the sink velocities (25).

5. STEADY STATE SOLUTIONS

We concentrate on the model for a bundle of fixed length (26)-(27) and look at
steady state solutions, hence we assume that the parameters of the model do not
depend on time.
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|7”1+ 7‘31' M1*""”1'|

FIGURE 3. F-Actin distribution in the bundle according to the
asymptotic solution when P4 — oo.

There are two asymptotic regimes with respect to the activity of bundling pro-
teins 74 in which the contractile force given by (22) can be computed explicitly.

The formal limit 7”4 — 0 in (27), i.e. the viscosity effect of bundling proteins
becomes small, implies that 7™¥° — 7! (VT — V=) = 0. All the forces generated by
myosin-II are hence immediately compensated by inter-filamentous drag forces and
by (22) no contractile forces are acting at the tips of the bundle, Ff;, = vight = 0-

The other asymptotic limit which allows to compute the contractile forces ex-
plicitly is attained when the effect of bundling proteins dominates, i.e. 7”4 — oo.
The system (27) then implies that the velocities V* are constant and are given by
the tread-milling rates, i.e. V* =" and V=~ = u%,.. In this case by evaluating

right*
(22) we obtain
1 4+ —
R 1(, tm+ tm— Vg By
(30) F‘left - Fright - / (nmyo - nC (uleft - uright)) + — dx
Zo lu’l + /’[’1
To compute uli we also assume that the depolymerization rates are homogeneous,

i.e. G*(z,l) = GF, which allows to write the steady state solution of the continuity
equations (26) as

pral) = A+ (w0 —0)GH VY,
p(@l) = pam+ (@1 —2)G/V7).
We obtain
i) = [ 1R o= 2) GV
(31) p

i) = [l o -2 6V d,
0

which we visualize in figure 3 for the case of a bundle of length 20 ym with x¢ =
—10 pm and x; = 10 wm and using the parameter values given in table 1.

Figure 3 also shows the sum of ] and y; which represents the overall density of
F-Actin per unit bundle length at a given position along the bundle. The observed
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TABLE 1. List of parameters and literature sources.

Description Symbol Value Reference
Depolymerization G* 2 ppmmin cf. [25]

rate

Max. number of v 6 cf. [35]
neighboring filaments

Tread-milling  speed ufé?j, u:rg’}; 6 pum min ! estimate by
at the tips of the the author
bundle

Effective force coeffi- pmyosin 24.5pN pm =1 see appendix B
cient due to myosin-II

heads

Macrocopic drag fric-  n°! 1.12pNmin pym=2 see appendix B
tion due to cross-

linkers

Lfngth disgliibution Pt = pr_i;hmt 1—\/% exp(—(l —5)%) esbtimate: o
of actin aments about 50 fila-
flowing  into  the ments with an
bundle average length

of 5 um

steady state is actually a dynamic equilibrium. The trajectory of a single right
moving actin filament for example starts at x¢ where it enters the bundle. It is then
transported to the right with velocity V' while depolymerizing with rate G* < 0.
The overall decay in concentration of right moving filaments from left the right
and the decay in concentration of left moving filaments in the opposed direction
is therefore a consequence of dominating depolymerization during the trajectory
of every single actin filament (and potentially also of acceleration along their way
through the bundle if n* was finite).

Furthermore, again using the parameter values given in table 1, the contractile
force according to (30) is given by Fl, = Fligne = 4539.1 pN. This number is
of course large given the facts that typical stall forces of lamellipodia are in the
magnitude of 1000 — 1500 pN ([29, 19]) and forces exerted by single barbed ends in
the magnitude of 1 — 9 pN ([14, 27]). In fact the above number should be seen as
an upper limit to the actual contractile force of the bundle since we considered the
limit of zero viscosity. We remark that without drag friction the contractile force
would be about twice as large hence about half of the force generated by myosin-II
filaments is compensated by drag friction caused by cross-linker proteins.

5.2. Numerical computations. Numerical computations for the case when nPd!
takes a finite value allow to obtain more realistic values. We expect that part of the
total force computed above would be consumed by the viscosity caused by bundling
proteins. In Figure 4 we use a numerical scheme to compute the contractile forces
for different choices of the drag friction caused by bundling proteins.

We use a standard mass preserving upwind scheme for the time dependent con-
tinuity equations (26), while the elliptic equations (27) are discretized using a finite
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FIGURE 4. Numerical values of the contractile force Fl;;ks = Fhts
of a stationary bundle as a function of the drag friction caused by

bundling proteins 7P

difference scheme, bot on regular grids. We then compute long time solutions with
this time-dependent scheme in order to obtain numerical steady state solutions.

It turns out that when 1Pl is of the magnitude of about 120 pN min pm =2 we
obtain values of the contractile force in the realistic range of 1000 — 1500 pN. Oth-
erwise, if n°d becomes very small or very large, the contractile force will approach
the asymptotic values [Ty, = Fii = 0 pN and Fif = F;,, = 4539.1 pN (numer-
ical errors prevent the numerical value to fully approach that value), respectively,

which we have obtained by explicit computations in the preceding subsection.

6. DISCUSSION

In this paper we investigate non-sarcomeric actomyosin bundles which are com-
posed of polar actin filaments interspersed with bipolar myosin-II filaments. We
formulate a mathematical model for a two-phase viscous fluid in one dimension.
The two phases are composed of directed actin filaments with their barbed ends
in either one of the two directions. We use a coarse-graining approach by which
we consider the asymptotic limit of small actin filaments lengths. The model as-
sumes that the bundle is in an over-damped state and combines force generation
by myosin-II filaments, intrinsic friction as the macroscopic effect of cross-linking
proteins and viscosity caused by bundling proteins. Finally external forces attach
to the two tips of the bundle the positions of which may vary with time.

The model is formulated as a system of two continuum equations for the two
phases of actin filaments coupled to two elliptic equations for the fluxes and bound-
ary conditions to take into account the forces at the tips. Its solutions typically
feature an anti-parallel F-Actin flow in the sense that the two phases of actin fila-
ments move in opposite directions, namely in the direction of their pointed ends.

The model is very versatile and can be used in two ways. Either the size of
the bundle is known, possibly varying over time, then the contractile forces can be
computed given a solution to the model. Or, the forces at the tips are known, then
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the model is treated as a free boundary problem such that the change in length is
an outcome of evaluating the model.

In general, solutions to this PDE (partial differential equation)-model will be
computed numerically which is not the scope of this study. Yet, in the case of fixed
bundle length, the steady state solutions to two asymptotic limits of the model can
be computed explicitly. The asymptotic regimes are the one of zero viscosity where
no bundling proteins are present and the one where bundling proteins are abundant
and viscosity grows very (infinitely) large.

In the first case the contractile force becomes zero showing that the effect of
bundling proteins is crucial for the propagation of contractile forces to the tips. In
the second case the contractile force converges to a finite value given by the total of
the forces exerted by myosin-II filaments reduced by drag forces due to cross-linking
proteins.

In this case we can compute the solution of the model explicitly obtaining F' =
4539.1 pN as the contractile force generated by the bundle. This value should be
seen as an upper limit to the actual contractile force exerted by the bundle when
the effect of bundling proteins is limited and hence viscosity is present. Numerical
fitting of a suitable value for n°d allows to obtain a more realistic value for the
contractile force in the range of 1000 — 1500 pN. In a future study, numerical
methods will be used to assess the behavior of the bundle under tension, where
we expect contractile behavior ([28]). The formula (22) allows a straightforward
analysis of the situation. It states that the total amount of forces generated by
myosin are partly compensated by drag forces due to cross-linker proteins. The
rest is then partially propagated to the tips of the bundle due to the viscosity in
the model effected by bundling proteins.

Hence the model allows us to conclude that the presence of bundling proteins
connecting parallel actin filaments is necessary for contractility because they trans-
mit the locally generated forces to the tips.

APPENDIX A. TECHNICAL RESULTS USED TO DERIVE THE ASYMPTOTIC LIMIT

First we present a list of explicit expressions for the following moments of the

length of the interacting region using the abbreviated notation EE;E% = E;:Z—;;;IZ—;;;

7(0,el) 27
/RL(M@D dAz =211,

- 7(0,el) —
(32) /RAx Lifso dAz =0,

4
—\27(0,el) ~_ € 702 2
/R(A:L') Linzeh dAT = B Le=+10).

Next, we compute the first order expansion of the effective interaction length.
We consider (2) formulated in terms of density functions after scaling,

11 . ) o
N = aE// LSO (0 (4, 2+ AZ, ) +p™ (t 2+ Az, D)) dl dAT
- R JO ’
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We use the short notation p(t,z,l) := p*(t,x,1) + p~(¢,x,1) and apply a Taylor
expansion up to first order to obtain

o o 2 « _ 7 ~ — 7 7 =~
N B—ae / / EiJrJrAﬁm/sl J (p(t,x, D+ AT Otz l)) di dAT =

 B-ac / / _8 ﬁ(aw )/24+ A el) (ﬁ(t,x, )+ A% 0:p(t,, i)) di dAg =

- (08~ no(eth No st o) di dAs —
= —azs// (Ay,al) <(t,x,l)+< 5 :E+Ay)8mp(t,:c,l)) dl dAy =

:ﬂim/o (B-a)el (p(t,:c,i)Jr(a;rﬁ_x) amp(t,x,i)) dl =

- (uf(t, z) + py (L x) + (LB - x) (Ozpi (t,2) + c%ul(taw))) ,

where we used the results for the zeroth and the first moments in (32). This implies
that the approximation of the effective interaction length up to first order terms is
given by

a3) AGD D v e v -
( ) (z4+AZ,el) (:chA:n el) N (,8) (AZ,el) ,U/Ir (t, ZC) + M; (t, .’L')
- — -z (am:u (f,ZE) +azﬂ (t,ZE)) 5
(uf (t,2) + o (8, 2))? ( 2 ! '

where o := max(z — el /2, x + AT — €l/2), f := min(z + €l /2,2 + AZ + €/2). This
result is complemented by the fact that

4
/A@ (‘Hﬁ—x) L<°E” dAx——113
R 2 (Az,el)

APPENDIX B. DERIVATION OF EFFECTIVE PARAMETERS

The computation of the effective contractile force due to myosin-II filaments
n™Yosininterspersed between actin filaments relates to known data for the force
exerted by single myosin-II heads x™°*" = 3.5pN ([13]) and the space between
myosin-IT heads (cf. [40]) which allows to estimate the maximal number of myosin
heads interacting with F-Actin by piyosin = 1/(0.0145 um) ~ 70 um~—1. We addi-
tionally take into account a fixed saturation factor which we estimate as s™Y°%'" =
10% and compute the macroscopic parameter according to

myosin myosin myosmsmyosm

=R pmax

The derivation of the other macroscopic parameter 7! which we use in the eval-
uation of (30) is motivated by a microscopic model ling approach which was first
introduced in [26]. We assume that only a-actinin acts as a cross-linker. It is
a homo-dimer of about 35nm length ([32]) and able to cross-link all orientations
of actin filaments ([9]). From a linear fit of data in [12] we obtain the stretch-
ing elasticity of a-actinin modeled as an elastic spring £~ = 100 pN pm 1.
From [38] we take the off-rate of F-Actin bound a-actinin (@-actnin — 52 gec™!
the reciprocal of which is the typical duration of a linkage. As an estimate we use
the same value as for myosin-II for the maximal density of a-actinin linkages on
F-Actin p2actinin — 70 ;m =1, We estimate the saturation factor as half the value
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a-actinin

of myosin, s = 5%, taking into account the large off-rate of a-actinin and
the fact that myosin forms bipolar filaments. Finally the macroscopic drag friction
coefficient due to cross-linker proteins is computed by

. 1 - .
cl _ ,.«-actinin a-actinin _«a-actinin
=k Coz—actinin Prmax S :

Although we do not use a physical value of n° in the computations in Section 5,

we state for completeness the analogous formula that would allow to derive this
coefficient from microscopic data on fascin,

bdl . __ Kfascin 1 fascin _fascin
n T Cfascin max )
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