CONVERGENCE OF THE PENALTY METHOD APPLIED TO A
CONSTRAINED CURVE STRAIGHTENING FLOW. *

DIETMAR OELZ f

Abstract. We apply the penalty method to the curve straightening flow of inextensible planar
open curves generated by the Kirchhoff bending energy. Thus we consider the curve straightening
flow of extensible planar open curves generated by a combination of the Kirchhoff bending energy
and a functional penalising deviations from unit arc-length.

We start with the governing equations of the explicit parametrisation of the curve and derive an
equivalent system for the two quantities indicatrix and arc-length. We prove existence and regularity
of solutions and use the indicatrix/arc-length representation to compute the energy dissipation. We
prove its coercivity and conclude exponential decay of the energy.

Finally, by an application of the Lions-Aubin Lemma, we prove convergence of solutions to a
limit curve which is the solution of an analogous gradient flow on the manifold of inextensible open
curves. This procedure also allows to characterise the Lagrange multiplier in the limit model as a
weak limit of force terms present in the relaxed model.

Key words. curve straightening flow, energy dissipation, elastic regularisation, curvature flow,

penalty method
subject classifications. Primary: 53C44, 35K91 Secondary: 92C10

1. Introduction On the set of planar, open curves
Ai={z€ H*((0,1),R?); bin < |2/| < bimax}

where byin, bmax € R with 0 < bpin <1 <bmax we consider the family of gradient flows
generated by the potential

El2] 1= EXMY [2] + EPM[2] . (1.1)

The potential consists of a functional for the curvature energy

1 ‘z//|2
EMY 2] ::/ —ds (1.2)
0 2
and of a penalising potential
en 1 ! /
EPUzl:== | E(]Z|)ds, (1.3)
€Jo
where
lim E(z)= lim E(z)=o0,
Z—bmin T—bmax
EGCZ((bmimbmax)aR-‘r) with E”(I)ZH>O V z€ (bminybmax), (14)

E'(1)=E(0)=0.

Hence E=FE(z) is a strictly convex C2-function which takes its minimum at z=1.

One possible choice is E(z)= %. We use the functional (1.3) to penalise
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deviations from unit arc-length with a view to enforce unit arc-length by letting the
scaling parameter € tend to zero.
The gradient flow generated by the functional (1.1) is described by the system

-0, (1.5)

where z; € A represents the initial datum of the evolution. Here and throughout the
paper ’ denotes derivatives with respect to the arc-length. With respect to this system
the centre of mass fol z-ds is a conserved quantity.

We show in this paper that the solution z. converges to a solution of the gradient
flow generated by the Kirchhoff bending energy (1.2) only (cp. [Kir59, Dil92]) on the
set of open, inextensible curves Ag:={u€ H?*((0,1),R?):|u'|=1} described by the
system

" I\
Oczo+ 20" — (Moz) =0,
1"
20|s:0,1:07

Z(I)//_)\Qz/lszo’l :0, (16)
|26| =1,

Zo(tzo,.):ZI(.).

Here Ao =MAo(t,s) €R is a Lagrange multiplier function determined by the constraint
on the arc-length

|2p|=1. (1.7)

The system (1.5) can be seen as a regularisation of the limit system (1.6) which
is treated in detail in [Oell0]. The results of this previous study are summarised in
section 2. The limit model exhibits analytical properties like long time convergence
at an exponential rate which, as it turns out, can be to a large extent generalised to
the approximating model. As a matter of fact a large part of this study is devoted
to generalising the findings on energy dissipation and large time convergence. This
provides the necessary a priori bounds to prove compactness to pass to the limit as
e—0.

The system (1.5) can be used as a numerical approximation to the limit model
which has appeared in the modelling of Actin-filaments in biological cells (cp. [0S10],
[OS11]). Most notably in combination with an Augmented Lagrangian approach the
penalising potential is currently being used in the development of numerical schemes
for models in cellular biophysics.

Furthermore the results of this study provide a characterisation of the Lagrange
multiplier Ag in the limit model (1.6) as a weak limit of a sum of forces, namely the
variation of the total energy (1.1) in the direction of the arclength (compare the second
line in (1.12), (4.4) and Theorem 1.5). Hence the variations of both, the curvature
functional (1.2) and the penalising potential (1.3), contribute to the expression for
which we show convergence to the Lagrange multiplier.

Finally it is also worth mentioning that the present study implies existence of
solutions and long time convergence also for the limit problem, although these results
where obtained directly in a separate study ([Oel10]).
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For a short review on existing literature on curve straightening flows we refer to
[Oel10]. Penalization is a popular method in optimization (e.g. [HY03]) and control
theory (e.g. [CMRO09]). One of the few papers we found which studies the application
of the penalty method to a constrained evolution problem is [BCM10], although this
is done in a totally different context.

The whole argumentation is based on an approach by which we rewrite the system
(1.5) using the following notation. The symbol b, =b.(t,s) denotes the arc-length

be:=|zL| (1.8)

and w. =w,(t,s) €R represents the “indicatrix” of the curve z. (e.g. see [Lin89]) so
that

~

z

£ = (cos(we ),sin(we)) . (1.9)

|2¢]
The reconstruction of the curve z. from the arc-length b. and the indicatrix w. has to

be done in such a way, that the centre of mass of the initial datum zj := fol zrds € R?
is conserved,

e [ [ G e | G

Observe also that b.w! and b are both orthogonal components of z since

’r_ Z;L L d b/ é "
w€—|2,|2 Ze an |Z’| T Ze

€

and that the total energy (1.1) can be written as

1
1 1 1

Se[z]:/ ((bw’)2+(b’)2+E(b)) ds, (1.10)
o \2 2 €

where w and b are the indicatrix and an arc-length of the curve z. Also the initial

datum z; will be occasionally written in terms of its indicatrix w; and its arc-length
by, which allows to give two alternative expressions for the initial energy

i1 1 1 1 1
5,::/ [2|z}’|2+E(z',)} ds:/ [2(b1w’1)2+2(b})2+E(b1)} ds.  (1.11)
0 € 0 €

Furthermore, in view of (1.5), we use the following notation for What below will

be shown to be the scalar product of 2/’ — 1E’(|z€|) 7 with IZ’I and 27 respectively,
namely
1
rei= - (02wl (1.12)
g
1
Ae :=be(wl)* = bl +—E'(b.)
€

Buwe + (1! —re (L)% = Mwl — (Aewl)') £ =0

o /8/7 AR/ 1\2 —
at/bs //Tswe (rewz) = A7+ (wl)*A- =0, (1.13)
wavws’)‘5|s:0,lzo’
wa(t:O’-):wf()
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With respect to the energy dissipation equality

d

dt

this formulation allows to derive in a straightforward way that the energy dissipation
is given by the two equivalent epressions

1 ) 0 1 1 2\ ’
D= [ [ttt + ot —uingas= [ (7= (202 ) ) as,
0 O

EA
(1.15)
which will be the main tool for the convergence proof. For later use we introduce a
short notation for the two components of the energy dissipation,

E.=-D. (1.14)

me:=wlre+AL and n.i=rl—wl, (1.16)
which allows to reformulate the system (1.13) as

_ 1 / /
we = 5 (wime —ny)
! /
Otbe =win.+m.,
/ "
wh,w )\| =0
eWerNe|g=0,17

we(t=0,.)=wr(.).

(1.17)

In [Oel10] it was shown that the system (1.6) is equivalent to the system

Opwo + Wl — wiw — (Wi Ao +2whAy) =0,
-+ o = + ()
‘*’6’”87/\0|s:0,1:0’

wolt=0,.) =er(.).

where wg represents the ”indicatrix” of the curve zg. It was also shown in this study
that the curvature energy of solutions to system (1.6) decays at an exponential rate
larger or equal to 274 and that limit curves are straight lines.

(1.18)

The paper will be structured as follows. In Section 2 we summarise the results of
[Oel10] as they are used in the present paper.

In Section 3 we derive the system (1.5) and prove that as a result of the usual
construction in the theory of gradient flows and steepest descent flows (cp. [DGMT80],
[AGSO05]) there exists a weak solution z. to the system (1.5).

1 1
THEOREM 1.1. Let z1 € A, then there is z. € H} L7 NCYFL2NC)FCINLEH? such
that z. is a weak solution of (1.5) satisfying

s} 1
1
/ / {8tzg-v—|—z;'-v"+E’(|z;|)
o Jo €

for allveC®(Ry,C) and 2:(t=0,.) = z;. It holds that 8,z € L7 L? with [0tz L2r2 <
V2€&r.

Here and in the sequel we abbreviate the notation of function spaces writing the
subscripts

' | dsdt=0 (1.19)

Z
E4

O; for function spaces on {t€[0,00)} and

O, for function spaces on {s€[0,1]}.
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In Section 4 we rewrite (1.5) obtaining the system (1.13) and prove
THEOREM 1.2. The solution according to Theorem 1.1 gives a distributional sense to
the system (1.13), i.e. for w. being the indicatriz of z. and b, its arc-length and using
the notation (1.12) it holds that

e} 1
/ / [—betpy + (rewl +AL) ¢ + (Wi —rl)wlg]dsdt =0, (1.20)
o Jo

00 1 / /
/ / [—wgaﬂp—(ré—)\gw;) (f) —(rewl+AL) (Zawl dsdt=0. (1.21)
0 0 €

€

for all p,p € Hy ,LEXNLIH{ | and Ao w/,w!| =0 a.e. on Ry. Furthermore it holds

that w.,b. GCtO’l/SCSOLfOHi and A\e,re € LHY. For every T >0 it also holds that
W b€ L2(0,T;LY) uniformly with respect to .

Next, in Section 5, we show the formal derivation of the energy dissipation (1.15)
and show that the energy dissipation equation (1.14) is satisfied in a weak sense.
THEOREM 1.3. Let z1 € A, let z. be a solution of problem (1.5) according to Theo-
rem 1.1 and let (we,be,Ae) be the corresponding solution to (1.13) according to Theo-
rem 1.2, then the energy dissipation equality (1.14) holds weakly in time.

Finally in Section 6 we prove coercivity of (1.15) with respect to the total energy
given by (1.1) and (1.10) (a Poincaré type inequality) obtaining the exponential decay
of the energy.

THEOREM 1.4. (Poincaré-type) Under the assumptions of Theorem 1.3 there is a
constant C'>0 such that

E<E&rexp(—Cht).

Most notably at large times the total energy tends to zero, lim; . E. =0.

Finally we obtain the main theorem of this paper in Section 7. It states the
convergence as € — 0 and the consistency with the limit system, i.e. a subsequence of
solutions to the problem (1.13) and (1.5) converges to a solution of (1.18) and (1.6)
respectively.

THEOREM 1.5. Let (we,be,\c) as in Theorem 1.2 be a solution to the system (1.13),
then there is a subsequence €; — 0 and limit functions (wo,Ao) such that

be,—1 in LY(0,7),Wr")nLY((0,T),H!) (1<r,g<o0),

we, wwo in LY((0,T),W2")NLI((0,T),H;) (1<r,q<o0),

Me, = wowy + Ny in LIL%,

ne, = wy' —whro in LIL?,

re, »wy in L'((0,T),L2) and rl —w in L7L%,

e, =X in L?H!,
as g;—0, where we use the following notation for constant functions, 1:[0,00] x
[0,1]—R, z—~1 and 0:]0,00] X [0,1] =R, 2+—0.

The limit functions wg, Ao satisfy the weak formulation of (1.18) and they also

allow to reconstruct zo which is then a weak solution of (1.6).

2. Preliminary and technical results We cite here some of the results we
obtained in [Oell0] for the limit system (1.6) and the equivalent system satisfied by
the indicatrix (1.18). We define the constrained set of curves

Ao:={z€ H*([0,1],R?):|2/|=1}.
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1 1
THEOREM 2.1. Let z; € Ay, then there are zo€ H} LZHC?’2L§HC?’SCSIOL§°H§

t,Joc™'s

and Mo €L120c7tM5 such that the pair (20,\o) is a weak solution of (1.6) satisfying

oo pl
/ / (20 0" 4+ 0pz0 - v+ Aoz -v'| dsdt =0 (2.1)
o Jo

for allveCP(RL,CP), zo(t=0,.)=z0,; and the constraint (1.7) in a pointwise sense
for all t>0 and s€[0,1].

THEOREM 2.2. The solution according to Theorem 2.1 gives a distributional sense to
the system (1.18), i.e. for wy being the indicatriz of 29 and Ao =g +w'? it holds that

o rl
/ / [—wodt) —wli’ Y’ —w( (wh) > — Agwhto + Aowot' | dsdt =0 and (2.2)
o Jo
o rl
/ / [—w'whd+whwhd +A5d + Ao (wh)?¢] dsdt=0. (2.3)
o Jo

forallp e Hy (L2NL7HG o and ¢ € L7 H;  and Ao,wf,wf |, , =0 a.e. on Ry. Further-

more it holds that w € Cy"/*C with w) € L°L2NL2H? and Ao € L2H].

THEOREM 2.3. Let z1€ Ay, let (20,M0) be a solution of problem (1.6) according
to Theorem 2.1 and let (wo, o) be the corresponding solution to (1.18) according to
Theorem 2.2. The curvature energy can then be equivalently formulated in terms of
zo and in terms of wy as

1 '
50:2/ —|z0]? ds=/ —(wh)?ds (2.4)
0 2 0 2

and the curvature energy of the initial datum is given by

1
1
Eo ::/ Slet P ds. (2.5)
0
The energy dissipation is then given by

1
%50 =-Dy with Dy ::/ {(w(’)wé’—l—/\g)z + (wp’ —w('))\o)z} ds, (2.6)
0

in the sense that (2.6) holds weakly in time.

Finally the coercivity of Dy with respect to the curvature energy & (a Poincaré
type inequality) yields the exponential decay of the energy.
THEOREM 2.4. (Poincaré-type) Under the assumptions of Theorem 2.3, let the energy
of the initial datum be given by (2.5), then it holds that

go S 50,] exp(—27r4t) s

where again the curvature energy is alternatively given by (2.4).
As a consequence it holds that

10120123 12 :/O Dodt =& . 2.7)
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Finally we add here a technical statement which derives from the definition of the
integrand of the punishing potential (1.4) two inequalities that we will use below in
Section 6 and Section 7.

LEMMA 2.5. Let the punishing profile be as defined in (1.4), which implies among
other things that E"(x) > k for all € (bmin,bmax), then it satisfies

7E/(x)2

-1 <B@)< 5

for all € (bmin,bmax)

Proof. If 1<z <bpax integrate E”(x) >k twice on (1,z) to obtain the first in-
equality. For the second inequality use E'(z) >0 to obtain E’'(x)E" (z) > kE'(x) which
gives the result after one integration.

If byin <z <1 integrate instead on (x,1) and use —E’(x) >0. O

3. Existence of solutions The definition of the curvature energy (1.2) and
the notation used in (1.10) imply that

1 1 1
/ (@)2ds <262 £V 2] / (M)2ds<26°[:] and / |22 ds <27V
0 0

0
(3.1)
We introduce the time step approximation scheme
7%=z and Z'¢ argmin,,.o 1k {-(Z27 D [w]+E[w]}, (3.2)

where 7 >0 is the constant size of the time steps, n=0,1,... the index of the respective
time step and

R /\w —z

LEMMA 3.1. For any given u€ A there are constants C1 >0 and Cy >0 such that

& (u)[wl+Ecfw] > Crljw]| gz = Cs.

Proof. Here we use (3.1) and the fact that the norm |||w|||:=||w]||z2 + ||Ossw]|| L2
is equivalent to the usual norm in H2. O
LEMMA 3.2. Let 7>0 and Z € A. Then £ is weakly lower semicontinuous and
EPe and &, are weakly continuous with respect to the H%(0,1)%-topology.

Proof. Weak lower semicontinuity is a consequence of the convexity of £°"V.
The integrand of &, only depends on w in a Lipschitz continuous way. Since due to
Lemma 3.1 and embedding into C! there is a § >0 such that by +06 < |w'| <bpax — 6
the same is true for £EP°" with respect to w’. The result is therefore a consequence
of the compact embedding of H?(0,1) in C'([0,1]). O This proves the existence of a
sequence (Z™)n—o,1,... defined by (3.2) with Z" € H2. Approximations of the solution
of the continuous problem are then defined by linear interpolation and by piecewise
constant extension:

Z.+(t,s): Z”(s + (L —n) (22 (s)— 22(s))

)
Z9%(t,5) = Z2(s),
759 (t,5) = 24 (s),

for nt<t<(n+1)r.
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LEMMA 3.3. For every fized finite T >0, Z. € H'((0,T),L*(0,1)) uniformly in 7.
Proof. The variational principle (3.2) implies that

1
[ |5 - zy?|asvegzseqz, (33)
0

As a consequence it holds that
1 n n n n
gllZs“*Ze 7200 SE:[27] - E (2. (34)
Since the time derivative of Z ; is piecewise constant taking the sum n=0,1,...,m—1
in (3.4) where m=[T/7] implies

m—1

DNz =2\ Ga 0 ) < 26 [21), (3.5)

n=0

1
-

/0 HatZe,TH%Z(o,l)dt:

completing the proof. O
This result sets the stage for passing to the limit in the approximate solutions.
LEMMA 3.4. For every fized finite T >0,

lim 7. , =z €L ((0,7); H?(0,1)) nC™/3 ([0,7]:¢*([0,1])) N H* ((0,T); L*(0,1)) ,

(restricting to subsequences) where the convergence is strong in C([0,T];C*([0,1])),
weak in H' ((0,T);L*(0,1)), and weak* in L> ((0,T);H?(0,1)). The piecewise con-
stant approzimations Z2'¢ and ZP converge to z strongly in L> ([0,7];C*([0,1]))
and weakly* in L> ((0,T); H*(0,1)).

Proof. The inequalities (3.3) and (3.1) imply that (Z ;). is bounded in
L ((O,T);H 2(O,l)) uniformly with respect to 7, which already shows the weak™
convergence. The weak convergence is a consequence of the previous lemma since the
inequality (3.5) for T'— oo implies that

||8tz€H%t2L3 <2&.[z1]. (3.6)
Another consequence is that Z. ; is uniformly bounded in C%/2([0,T];L?(0,1)). The
interpolation inequality

1-2 4 3+2 4
lalleroqo.ayy < cllull o) llull ey

for 0<a<1/2, can then be used together with the H2(0,1)-bound to obtain
1 Ze 7 (t2) = Zer (81) oo 0,17y < e ltn — 1| T 72075,

completing the convergence proof for Z., by an application of the Arzela-Ascoli
theorem. The convergence results for Zg}f and Z2S% are straightforward consequences.
0

This implies the Theorem 1.1 due to the following argumentation.

Proof. of Theorem 1.1. By construction the variational equation of (3.2)

0 (Z2)ZE T o(t, ) +8E(2)[ 22 u(t,) =0,
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holds for a test function v € C°(R4,C°) and nT <t <(n+1)7. With the definitions

of Zc -, 22 14" and Z2%" this can be written as

new

! 2 2 05227
/ 0Ty v+ 0222 - D20+ — E(|a 22 ) i 00| A =0
0

2

After integration with respect to ¢, we pass to the limit. Note that the weakly conver-
gent terms 92Z2°% and 0;Z. , occur only linearly, and that all other terms converge
strongly. O

4. Indicatrix representation  As mentioned above, r. and A\, which are

defined in (1.12), are two components of z!/ — LE'(|2.]) 277> namely
1 Z/ Z/L Z/L
r.o= Z/// _ 7E/ £ Z/N , 41
E(fe<"|z||€|z )
1 z’ i zL 1
A — ///_7E e VR R AN 4.9
Hence the system (1.5) can be written as
ZIL / Z’ /
Orze + (TE@) — ()\5 IZZI) =0,
Zé’,ra,)\e =0, (43)
s=0,1

Zg(t:(),-) :Z[(.).
The definitions in (1.12) are motivated by the variation of & as formulated in (1.10),

! 1
dEc|w,b)(6w,8b) = / <b2w'(5w)’ +b(w)20b+b' 5 + eE’(b)éb) ds=
0
! 1
= [6%0 60+ /6], + / — (%) bw+ (b(w’)2 v+ EE'(b)> Sbds.
0
Replacing the variations of the indicatrix and of the arc-length by dw=2'+-§2'/|2/|?

and db=2"-92'/|2'| respectively we obtain

1

/J_ !
0

+/0152'.<(b2 y |f| (( ')QbuiE’(b)) :l)ds (4.4)

which motivates the definitions (1 12). The boundary terms in (4.4) also suggest to
replace the boundary condition z/|s=¢1=0 by w.,b.|s=0,1 =0.
LEMMA 4.1. Let z; € A, let z, be a weak solution to problem (1.5) according to The-

orem 1.1, then there is we ecf’l/gcg NLHL such that w. is an indicatriz of z.. Fur-
thermore it holds that b, EC?’I/SCQQLE’OH; and (ze,we,be) constitute a weak solution
of (4.3) satisfying

1 li
/ / {@za v+b2w /<b|61| vé) +

12 1 / Zé Y Z; ’ / _
+ | be(wy) +5E(b8) '+l ') |dsdt=0 (4.5)

|22 E4
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for all veCP(R4,CR).

Proof. The regularity of z. according to Theorem 1.1 allows to identify w. €
cf’l/scg NLH! up to an additive constant being a multiple of 2. The regularity of
be is due to its definition and the result of Theorem 1.1. The rest of the statement is
then a consequence of the discussion above. O
LEMMA 4.2. (Regularity, a-priori estimates) Let (ze,we,Ae) bet a weak solution of
(4.3) in the sense of Lemma 4.1, where we use the notation (1.12), then it holds that

re€LIL®, wlr.e L7L2, A, €L2L§°, WA €LIL2, rL e L?12 and \.€ L?L2. It also
holds that

/ / + (N +wlre) }dsdtznatzguim.

Proof. First note that [ 0;z. € L7 L since
2

o] s [e%s) 1 2 [e%s) 1
/ / Oize ds dtg/ (/ |('“)tz€|ds) dtg/ / |8tz€\2dsdt<251
0 0 00 0 0 o Jo

by (3.6). We go back to the integrated version of (4.3)

$Oyze ds 41 i — Ao =0

Jo Qezeds+refiy = Ay =0,
/ —

w67b€‘ =0,

s=0,1
ze(t:O,.) ZZI() s

where w’, b’

., 0L =0 is an equivalent notation for z! —0 and obtain

s=0,1

L s

z

L// Oizeds=—r. and /8tzeds e,
LA |

which implies r. € Lng" and A\, € Lngo.
Moreover we find that

00 1 5 o) 1 5
/ / (Aew’) dsdtg/ ||AE||ioo/ (Wh)? dsdt <
0 Jo 0 *Jo

<26t d, [ di< et (40)
0 s
where we used (3.1). This computation and an analogous one for w’.r. imply
WA €LIL? and wlr.eLZL2. (4.7)

We write the weak formulation (4.5) of problem (4.3) after two integrations by
parts,

[ (e () <AE|;§)'>M+

) oAt Z/J_ o 1
+/ {—11;'6-0 ‘v+b Ly dt=0, (4.8)
0

4 |’| El’\ Il
Ze 0
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for all veC(R4,C).

The uniform estimates we obtained allow to set v= 2

|5| ¢ for a test function ¢ €
D(([0,00) % [0,1]) and to obtain [;* fol [8tz€ . %¢+r;¢—)\€w;¢} dsdt=0.
Specialising (4.8) for v= Ij—%"z/z with ¢ € D([0,00) X [0,1]) we conclude by an anal-

ogous computation [, fol [@zs . %w—w;raw— )\’Ew} dsdt=0. Due to (3.6) and (4.7)
this implies

1L /
%.8tZ5+T;—AEOJ;:O a.e. and %.atzg_w;ra—A;:O a.e., (49)
ZE ZE

hence r. € L7L? and \. € L?L2. Finally (4.9) implies
o rl 5 5
/0 /0 [(réf/\sw;) + (AL +wire) }dsdt:

0 1 Z/J_ 2 Z' 2 ,

0

Using this result we also get insight into regularity of higher derivatives of w. and
be.
LEMMA 4.3. (Regularity of higher derivatives) Let (ze,we,\e) be a weak solution of
(4.3) in the sense of Lemma 4.1, then it holds for every T >0 that the family {w.}
is uniformly bounded in LY(0,T;W31(0,1)) and that the family {b.} is uniformly
bounded in L*(0,T;W?21(0,1)). It also holds that b!" € L*>(0,T;L}), but not uniformly
with respect to €.

Proof. For the proof we use the definitions in (1.12). It holds that w! = %,
hence

(Irell 2o,y + 210 | 20,2y |l 20,522y )

20,7y <
min

which is uniformly bounded due to Lemma 4.2 and Lemma 4.1.
Furthermore the definition of r. in (1.12) also implies that w!' =7l —2b/w. —
3bLw!)/b.. Hence we estimate

w1 0,521y < boin (||T; 210,701y + 20067 | 20,71y lwil L2 0,7 100 )+

301 2 0 I 2oz )

<brin (\/THTQHL%O,T;L‘;’) 45167 | 20,7521 wé'||L2(o,T;L;)>

which is uniformly bounded due to the result above.
Observe that due to Lemma, 3.1 and embedding into C' there is a § >0 such that
bmin 6 <|2L| <bmax — 0. Hence, using b7 =b.(w!)? — . + %E' (be) we conclude that

€

E'(x),
(4.11)

1
12022 0,7:21) Sbmaxlwell 20222 + 2 el 2012y + 2, - max
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is bounded due to Lemma 4.2 and Lemma 4.1. This bound is not uniform with respect
to €, but can be replaced by a uniform one using the following computation.
Integrating the definition of A against E’(b.) we obtain

1 1
1
//\EE’(bs)d:é:/ [ba(w;)QE’(bg)—|—b’52E”(bE)+gE’(bE)2 ds.
0 0

This implies the inequality
1q 1
gEl (bs)zdgg/ ()‘EEl(bE) _bS(wé)QEl(ba)) ds< ”)‘E - bs(wé)QHLz ||E/(b6)||L2 .

0 0

Hence we conclude that

1

gIIE'(bs)HLZSII/\e*be(WQ)QHLz, (4.12)
which allows to replace (4.11) by

1621112 (0,752.1) < bmax Wl ll L2 (0,7522) + 21 Ae | L2 (0,73 02) + [ Ae = be (Wh)? ] L2(0,7522) 5

which is uniformly bounded due to the results of Lemma 4.2 and Lemma 4.1.
Furthermore the definition of A. in (1.12) also implies that b7 =bl(w.)?+
2b-wlw! — AL+ 1 E" (b.)b.. Hence we estimate

1821 L1 0,51y < NBLI L 0,725y (WD) | Low (0.7:2.0) + 2bmasc |0 1720, 7,10y +

max E"(x)

1
by . —||b .
Tl + 2l EHU(O’T’L%)bmm+5§z§bmax—a

which is bounded due to the result above, but not uniformly with respect to e.
0

Next we will derive the governing equations for the quantities w. and b. making
use of the following identities

o ! ,Z/L z/i’ o
) = d Z ) == 4.13
<z'|) S o \m) T (4.13)

which hold for a curve z with sufficient regularity and its indicatrix w. We take
formally the derivative of the evolution equation in (4.3) and evaluate explicitly all
the derivatives obtaining

1L /
Bezt+ (rl — (Aewl)') 157 = (rhwh — Aew!?) 5
|z€| ‘Z€|
" VAV 2, ", 1 ’ 2 Zu‘
7()\54»(7/.5(")5)) f *()\EWE‘FTECUE) E, =0. (414)
|Z€| |Ze|

We multiply by 2/t /|22|? and 2./|z.| and use Oyw. =0z, -2/ /|2L|? and Oib. = O;2. -
zL/|zL] to obtain (1.13).

We present the proof of Theorem 1.2, which collects the regularity statements
of Lemma 4.1, 4.2 and 4.3 and justifies the above computation in the distributional
sense.
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Proof. of Theorem 1.2. We start with a weak solution of (4.3) satisfying (4.5)
and (4.8) respectively for all ve C®(R,CS°) according to Lemma 4.1. The boundary
integrals imply that ws,bs,)\g,rs}o ;=0ae onRy.

We choose a regularising sequence 1, with suppn C B(0,1/k) CR? and set v=
n(t—t,5—s) for (£,3) € Uy with Uy :=[1/k,00) x (1/k,1—1/k) obtaining

oL ! 2\
Opze p + TEL/ *Tk — )\873 *n =0,
z| A

’ 1L
where 2. 1 :=2z.*7,. We omit the tilde and integrate against — (zf’k'go—i— Ji’k‘ﬂ/)
e,k e,k

with ¢,9 € D(R; x[0,1]) and k large enough such that Uy, covers the support of both
test functions,

i
1
// [ atZEk <6k 7 2¢>—
Uk k‘
L / / !
1
- (r Ze > KM — <)\g Zf) *Ng | - zf}c 7 s }dsdt:O7
EA |2L| -
Z / 24\ 22\ 2zl '
/ —0tZe ko —f ol - <r5€/> *TIk—<>\ E) * N —f p | dsdt=0.
Uk Zs,k| ‘Za| | E| ‘Ze,k:|

(4.15)
Making use of the regularity results in Theorem 1.1 it holds that zék — 2z, and, as a
consequence, also we ; — we, uniformly on compact subsets of Ry x [0,1], where w, j, is
the indicatrix of 2.y satisfying 2. ;. /|2 ;| = (cos(we,k),sin(we k). Using these results

we perform integrations by parts with respect to s and ¢ with the expressions in (4.15)
that involve 0,2, ; and pass to the limit, obtaining

7 /
/ —O¢2e ks (%gp) dsdt= / 6tz5k % —<pdsdt=
Uk Zs‘ | 5‘
// —|z€k|8tgadsdt—>// —beOrpdsdt as k—o0
Uy

and

I
1
/ —Ohzep | 2l ¥ dsdt:/ Nzl gy 2l 21/stdt
Uy ’ |Zg7k| Uy | |

:/ atwgﬁkwdsdt:// —Wwe kO ds dt —
Uk Uk

[e%e) 1
—>/ /—wgatwdsdt as k— o0,
o Jo

where we used that dwe =02, ;- 2. L %‘2 Making use of the the fact that z! €

e,k |2/

L°L? by Theorem 1.1 and 72,\. in L2L§ by Lemma 4.2 we now pass to the limit
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k — oo in the remaining expressions of (4.15) and conclude

oo pl /L l / 1L
z z z z
_ 8 _ ! ~e _)\/76_ / £ _)\ I Ze .
[ [ it (v o Xt A
/ 1L !
|- Zf WL dj +ZE, ( w/ ) dsdt=0,
EANRSEA NN EARNEA

00 1 1L / / /L
z zZ z zZ

—b a _ ! ~e _)\I € _ / £ —A ! ~e .
/0 /0[ " (szg el R

1L /
-(Zg wlp+ % @’)]dsdtzo.

E4 E4

This implies (1.20), (1.21) where every term is well defined by Lemma 4.2 and where
we allow for v, ¢ in function spaces in which test functions are densely contained. O

5. Energy dissipation Observe that the formal time derivative of the total
energy as formulated in (1.10) is given by

d 1
786 :/ (waéatwé + )\gatbg) ds.
at ",
Now test the first equation in (1.13) formally against (b2w)’ =b.r. obtaining
1 1 )
/ bWl 0wl ds =/ [— (r)" —r2(Wl)? = Mwlr. +w;)\5r4 ds
0 0
and the second one in (1.13) against A. which yields

1 1
/)\Eﬁtbgds:/ [rLwlAe = (rewl) AL — (AL)? — (wl)?(Xe)?] ds .
0 0

Take the sum to conclude the energy dissipation equality (1.14) on a formal level.
This can be made rigorous stating that (1.14) holds weakly in time (Theorem 1.3).
Proof. of Theorem 1.3 Here the problem is that we cannot directly set ¢ in (1.21)

equal to b.r., since its time derivative cannot necessarily be interpreted as a function.

Therefore we regularise with respect to ¢ using a sequence of mollifiers (7g)x=12,...

with suppn, C [-1/k,1/K].

For ¢ >1/k we denote by w. , (f,s) := (we xe i) (£,5) = [~ we (t,8)ne(f—t) dt the reg-
ularised version of w. and evaluate (1.21) using v (t,s) =ng(t—1) (bgjkw;k)’(f,s). The
time integral becomes part of the convolution and we find the following expression
which holds pointwise for every ¢>1/k,

1
1
/ [atws,k (bg,kwé,k)l - ((7’; —Awl) b) *t Mk (bs,krs,k)/+
0 e

b w
+ ((Té —Aewl) ;) ¢ Mk be kTe ke — ((Tewé +AL) b) *¢ Mk be,k""s,k} ds=0.

o~
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Observe that we write the convolution of various expressions and 7, explicitly
using the symbol *;. Furthermore, set ¢=mni(t—t) A (¢,s) in (1.20) where A, =
bs,k( ) b’/k+1E’(bs k)

1
/ [01be e Ae o 4 (rewl 4 AL) *¢ 1, AL g+ (WA = L) wl) *¢ e Aei] ds=0.
0

We omit the tildes, take the sum of the two equations above and integrate against
the test function in time ¥ € D(R, ) obtaining

[e%s} 1 1
0:/ —8t1985’k+19/ [((r’E —Aewl) ) s (e grer) +
1/k 0 be

b/ /
(=LAl o sl XD 5 bt

€

+(Tew;JF)‘;)*tnsz,kJr((w;)‘eT;)W;)*tnk)\s,k]dsldt v oi=1/k, (5.1)

where Se,k:fol [% ( 2 b2 g+ (L) )—&-éE(bE,k)} ds and k large enough such that
supp ¥ C [1/k,00). Next we use the fact that all the convolved terms like wé}k, L ko

(re(wlh)?) *¢ Mk, ete. converge strongly in Lt 1o L2 to their original counterparts, which
is illustrated in more detail in the proof of Theorem 4 in [Oel10]. Hence we pass to

the limit as £k — oo in (5.1) obtaining

[e%s) [e%s) 1
/ 8t195€dt:/ 19/ K(r;—xaw;)bl) (bere) +
0 0 0 €

/
+<(ré>\ )b2 (rew! +)\’)bs> bore+

+(rewl +AD) AL+ (Wire =1l w ))\]ds dt ¥ t>1/k=

[e%s} 1
:/ 19/ [(r;f/\sw;)2+(r5w;+)\’5)2}dsdt v i>0,
0 0

which is a weak in time formulation of (1.14).

The second equivalent formulation in (1.15) is then a consequence of the following
compution based on (4.1) and (4.13).

1 Z/ N 2 pras o N 2
m_ [ Z gt — Ze N\ =
(4 (E(EW@>> (Qﬂ@*s%0>

/ !
z z
! ~e !/ £
= <7‘5 )\ —TeW

AN |

:@+&¢f+@&n%f7

o~

m\

2
ZL>

f'\\

which concludes the proof. O
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6. Long time convergence One of the main tools in this section will be the
fact that the best constant in the Poincaré-type inequality

1 1
/ vzdsgC/ v ds (6.1)
0 0

for v € H}((0,1)) is given by the reciprocal value of the first eigenvalue of the differ-
ential operator v in that space, C'=1/m2.

As a first step in proving coercivity of D, with respect to & we find
LEMMA 6.1. Let & be the total energy defined in (1.1) and (1.10) respectively and
let r. and Ac as defined in (1.12), then there is a constant C1 >0 such that

£ <C (IrelZa + IAcl%a) -

Proof. We will treat the three different expressions in (1.10) separately. First
observe that

1 1 1 9 b2 1
/(bgw;)2d§§—2/ (bewl)')? di < Pmax / v2ds,
0 ™ Jo ™ 0

which immediately implies that

/12 b2 ! 2 g~
lwoellze < —575% /0 r2ds. (6.2)

Next we use the definition of A. in (1.12) which we multiply by (b. — 1) obtaining
—(be = 1)b < (be —1)Ac +be(wl)? since (b—1)2E’ (b.) >0 as E is convex and takes its
minimum at z=1. We integrate and using b.(0) =b.(1) =0 we obtain

1 1
/ (b;)2d§§/ [(be = 1) A +be(w!)?] d5 <
0 0
< max(bmax —1,1— bmin)H)‘EHQL2 +bmaxuwé”%2 . (6.3)

Finally, to obtain a control on fol 1E(b.) ds we use Lemma 2.5 and (4.12), which
implies that

1
I () 172 < ellAe = b(wl)IIZe

The fact that w” = %

=?e allows to estimate
/(12 _ ° //d~
lwellzee = | we 8

2 2 _
< g (lrelZe + ALl Zallwliz2) < 5o (el + 805 EnlIblZ2) - (64)

min

2
<[l I <
Lo

where we used (3.1). Summarising, now using Lemma 2.5, we obtain
N U SRk DR | 1212
) EE(bE)dSSﬂ ) EE (bs) dSS%sH)\E*bE(wE) ||L2§

1 1
<e— (IAelze +bhax (@0 172) <o (INellZe +Bnac e | Ex lwelIZ2) <

1 -
<e—(IAlz2+2b w1 bmallwilli) . (6.5)

min
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Now apply the inequalities (6.2), (6.3) and (6.5) combined with (6.4) to the total
energy as formulated in (1.10) to obtain the result. O

We finally conclude the exponential decay of the energy formulated in Theo-
rem 1.4.

Proof. of Theorem 1.4 We start with the result of Lemma 6.1 and obtain

1L 2 ’ 2
n Z 7 Z, 1 /
(%wiﬂ*(%wé‘ﬁm“01“:

) 2 (6.6)
" 1 / ZE
:Cl/ P A (EA))] —| ds<
0 € |Ze|
c, [t 1 22\ ? C
1 1
<G [ \(r-2eem ) | =S

where we used (1.15). As a consequence, the energy dissipation D, is coercive with
respect to the energy and and the following Poincaré-type inequality holds

DE/5€27T2/017 (67)

which implies directly the result. O

As an immediate consequence of Theorem 1.4 we obtain the following refined
bounds.
COROLLARY 6.2. Using the definitions in (1.16) we have

Hatzsning:HmEH%ng‘f'HnEHQLng:gI (6.8)

As a consequence it holds that

”mE”Lng <Vvér, ||ne||LgL3 <VEr.
We also obtain sharper bounds on the following quantities,

”TEHLngo ) ”AeHLngO <Vvér,
”W;)‘EHLng ) Hw;r&HLng <V2Erby;,  and

||/\/a||L§L§ ) HreISHLng S\/iglb;uln"‘ Er-

Proof. Integrate (1.14) with respect to time and combine it with (4.10). Using
this result we go again through the estimates in the proof of Lemma 4.2. O

7. Convergence as € —0
LEMMA 7.1. Let (we,be,Ae) be a solution to (1.13) according to Theorem 1.2, then
there is wy such that w. —wq in LY((0,T),W?7(0,1))NL((0,T),H(0,1)), 1<r,qg<
00.

Proof. We obtain the strong convergence of w. by an application of the Lions-
Aubin Lemma as formulated in [Sim87]. On the one hand, using (1.17), observe that
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the family of distributions {d;w.} is uniformly bounded in L'(0,7;H~1((0,1))) as

! v v
<6thaU>H 1*/0 Ne <b6b2b,e)+ms /b ds <
o ([l B0 g

for all ve HE((0,1)). This implies

T

/ dt < sup //|n5||v’|dsdt—|—
0 vEH} bmlnHvHH1
//|n8|\b"dsdt+|\v //|w||m5|dsdt>

1
(\FH%LZ(OTN)+ bons Hb/ ||L2(0TL2)Hns||L2 0,1;2) "

o [ttt as)

<8tw6,v>H71
sup ——————=—

vEH} HUHH1

<

bml

+llwell >

(”ns”LZ(o 7i22) TV 2E&r (

(0,T;L§>> <

ﬂ

|n€||L2(07T§L§)+bmi2n||m5||L2(ovT3L§)>> :
Here we used the uniform bounds of (3.1) and Corollary 6.2.

Since the family {w.} is uniformly bounded in L (0,T;W31(0,1)) by Lemma 4.3
and due to the compact embedding W11((0,1)) < L"((0,1)) (1 <7 <o0) it holds that
the family w. is relatively compact in L'(0,T;W?2"(0,1)).

By interpolation, using the uniform bound in L H'(0,1)) on we, this holds also
true in L4(0,T;H*(0,1)) for any 1 <g<oo. O
LEMMA 7.2. Let (we,be,Ae) be a solution to (1.13) according to Theorem 1.2, then it
holds that b. —1 in L*((0,T),W"(0,1))NL4((0,T),H*(0,1)), 1<7r,q<o0o.

Proof. We obtain the strong convergence of b. by an application of the Lions-
Aubin Lemma as formulated in [Sim87]. On the one hand, using (1.13) and the
definitions (1.16), observe that the family of distributions {0;b. } is uniformly bounded
in L1(0,T;H=1((0,1))) as

1 1 1
<8tbg,v>H;1:/ [—mEU’Jrnsw;v]dsS/ |mEHfUI|d8+||’U||Lgo/ |wl||ne| ds
0 0 0
for all ve HE((0,1)). This implies

/

<8t bg s 1}> H?
sup —————

vEH} HUHHg

1 T 1 T 1
< sup —— / / \m5||v"d5dt—|—|\v||];§e/ / |wl||ne|dsdt | <
vEH] ||U||H3 o Jo 0o Jo

T
< / ez i+ ol oo rvney el o ooy <
0

dt <

VT nellz20,7502) + 3\ T2 b Erllmel| 220, 7:12) -
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Here we used the uniform bounds of (3.1) and Corollary 6.2.

Since the family {b.} is uniformly bounded in L'(0,7;W?%(0,1)) by Lemma 4.3
and due to the compact embedding W11((0,1)) < L"((0,1)) (1<r <oo) it holds that
the family b, is relatively compact in L'(0,7; W (0,1)).

By interpolation, using the uniform bound in L H'(0,1)) on b., this holds also
true in L(0,T;H*(0,1)) for any 1<¢< oco.

Finally, we consider the first inequality formulated in Lemma 2.5 and obtain as a
consequence of energy dissipation (1.14) that

2
||bs(t,.)—1||L§§E\/6€1 forall t>0, (7.1)

which allows to identify the limit of any strongly converging subsequence of the family
{b:} as the constant function 1.

0

LEMMA 7.3. Let (we,be,Ae) be a solution to (1.13) according to Theorem 1.2, then
there are subsequences and limit functions such that A\ — o in L?H} and r. —w{ in
L2((0,T),L?) with re —w{ in L?H}.

Proof. The strong convergence of w. and b, (Lemma 7.1 and 7.2) imply the
strong convergence of r. to w{. The weak convergence of . and also the weak con-
vergence of A, to a limit function Ay are a consequence of the uniform bounds stated
in Corollary 6.2. O

Finally we finish with the proof of Theorem 1.5 which summarises the results of
Lemma 7.1, 7.2 and 7.3 and states the consistency of the model (1.5) with the limit
model (1.6) and, as a consequence, the strong convergence of m. and n..

Proof. of Theorem 1.5 The convergence results of Lemma 7.1, 7.2 and 7.3 imme-
diately allow to pass to the limit as e —0 in the system (1.20), (1.21) obtaining as
the limit system (2.2), (2.3).

Observe that the definitions (1.16) together with the strong convergence of we
(Lemma 7.1) and the weak convergence of 7. and A.(Lemma 7.3) imply that

me —whwy + Ny and  n. —wl —whro in LILZ.
The fact that the equality (6.8) also holds in the limit as €; — 0, (2.7), implies
1

el lIme 22 2 = Er = ety + Ngl 2 22 + 1t Mol 12

These two facts imply the strong convergence of m. and n. since

/ooo /01 [(me —mo)?+ (n. —ng)?] ds dt =

e} 1
:/ /[mg—2mgmo+mg+n§—2n5no+ng}dsdt—>0 as €—0.
o Jo
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