MONOTONE 2D INTEGRATION SCHEME FOR MEAN-CVAR
OPTIMIZATION VIA FOURIER-TRAINED TRANSITION KERNELS
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Abstract. We present a strictly monotone, provably convergent two-dimensional (2D) integra-
tion method for multi-period mean—conditional value-at-risk (mean—-CVaR) reward-risk stochastic
control in models whose one-step increment law is specified via a closed-form characteristic function
(CF). When the transition density is unavailable in closed form, we learn a nonnegative, normalized
2D transition kernel in Fourier space using a simplex-constrained Gaussian-mixture parameteriza-
tion, and discretize the resulting convolution integrals with composite quadrature rules with non-
negative weights to guarantee monotonicity. The scheme is implemented efficiently using 2D fast
Fourier transforms. Under mild Fourier-tail decay assumptions on the CF, we derive Fourier-domain
L2 kernel-approximation and truncation error estimates and translate them into real-space bounds
that are used to establish £~-stability, consistency, and pointwise convergence as the discretization
and kernel-approximation parameters vanish. Numerical experiments for a fully coupled 2D jump—
diffusion model in a multi-period portfolio optimization setting illustrate robustness and accuracy.
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1 Introduction Reward-risk optimization arises in many settings where decisions
trade off performance against adverse outcomes. Such formulations appear in en-
vironmental and resource management [19], supply-chain planning [17], and more
broadly in engineering and applied decision-making [13]. In finance, the same trade-
off is central in multi-period portfolio choice and retirement saving under market and
macroeconomic uncertainty [14].

A widely used tail-risk measure in such formulations is conditional value-at-risk
(CVaR), also known as expected shortfall [28]. It quantifies tail risk via a conditional
expectation beyond a quantile threshold and admits a threshold-based representa-
tion that is computationally convenient. In reward-risk optimization, the reward is
typically an expected expected gain or payoff, making it natural to pair this mean
term with a CVaR penalty. The resulting mean—CVaR objective is widely used in
multi-period stochastic control [14, 25].

From a numerical perspective, value functions arising in stochastic control, includ-
ing those induced by mean—-CVaR criteria, are typically nonsmooth. Since optimal
decisions are obtained by comparing numerical value functions across admissible con-
trols, convergence of the discretization is essential. In particular, if the scheme is not
monotone, the computed value function may converge to the wrong solution, lead-
ing to unreliable policies [2, 26]. This motivates the design of monotone schemes for
reward-risk control problems.

Monotone schemes are central to the convergence theory of Barles—Souganidis [2];
however, their construction and analysis are most fully developed in one-dimensional
(1D) models, both with and without jumps. Constructing strictly monotone schemes
in multiple dimensions is substantially more challenging, especially under correla-
tion and nonlocal jump effects, and robust treatments of multi-dimensional integro-
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differential terms remain difficult [21].

In many popular stochastic models, the transition density is not available in closed
form, while its Fourier transform, i.e. the characteristic function (CF) of the incre-
mentsm is available analytically [12]. When CFs are known, Fourier-based methods
can then handle complex dynamics efficiently and provide an attractive alternative to
finite differences. Among these, the Fourier-cosine (COS) method is particularly no-
table for achieving high-order convergence in piecewise smooth problems [12, 29].
However, for general stochastic control problems, which often involve nonsmooth
structures, such convergence is typically unattainable [20]. More importantly, stan-
dard Fourier discretizations may lose monotonicity, leading to spurious value functions
and unreliable policies [11].

These challenges have motivated strictly monotone integration methods that en-
force nonnegative conditional density representations [33]. Like Fourier-based ap-
proaches, they leverage transform-domain information. however, existing construc-
tions typically rely on additional structure, for example, effectively 1D dynamics or
simplified multi-dimensional models with closed-form nonnegative densities, and are
available only in limited 2D settings [34, 10].

This paper develops a strictly monotone and provably convergent 2D integration
framework for multi-period mean—CVaR optimization in fully coupled 2D models.
Our main contribution is to enforce strict monotonicity without requiring an explicit
closed-form transition density, by learning a nonnegative 2D transition kernel directly
from the increment law via its CF. Building on the Fourier-domain density-learning
idea in [11], we approximate the kernel using a Gaussian-mixture representation fitted
to the CF. Constraining the mixture weights to the probability simplex ensures non-
negativity and normalization by construction. The resulting 2D convolution integrals
are discretized using composite quadrature rules with nonnegative weights, yielding
a strictly monotone scheme that can be implemented efficiently using 2D FFTs.

A second contribution is a Fourier-to-real-space analysis that underpins conver-
gence of the scheme. Leveraging the explicit Fourier form of both the Gaussian-
mixture kernel and the CF, we derive Fourier-domain Lo error estimates and trans-
late them into real-space bounds. Under mild Fourier-tail decay assumptions, these
bounds are used to establish ¢,.-stability, consistency, and pointwise convergence as
the discretization and kernel-approximation parameters vanish.

We keep the mean—CVaR formulation and modelling assumptions broad: be-
tween decision times the 2D increment law is specified via a closed-form CF with mild
Fourier-tail decay. This setting covers a wide class of coupled 2D models where transi-
tion densities are unavailable but CF's are tractable. To illustrate the method, we con-
sider a multi-period portfolio optimization problem calibrated to long-horizon market
data. More generally, the proposed framework extends to other reward-risk stochastic
control problems with discrete interventions and translation-invariant kernels.

2 Modelling We work on a filtered probability space (Q,F,{F;}o<t<T,P) over a
finite horizon T' > 0.

Intervention times. We fix equally spaced decision times in [0, T7:
(2.1) T ={tm |tm =mAt, m=0,...,M}, At =T/M,
with Z9 = 0. For any process {Z;};cjo,r) with left/right limits at {t,,}, we write
Z— = limg_o+ Z(tm —€) and Z5 :=lim._o+ Z(tm + €)-

State variables and log representation. Let A and A? denote two nonnegative
state components at time ¢ € [0,7] (e.g. two resource/inventory levels, two account
values, or two components of a controlled system).
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Intervention actions occur only at decision times. At each t,,, m =0,..., M — 1,
the state may be updated first by a deterministic exogenous input processed at ¢,
(assumed nonnegative; e.g. an external injection/replenishment) and then by an inter-
vention applied at t;. At t); = T, no further intervention is applied and a terminal
reward functional is evaluated. Between decision times, i.e. on each interval [t} . 1],
no interventions are applied and the dynamics evolve according to the (uncontrolled)
law specified below.

To work in log coordinates, we impose a strictly positive floor at decision times: af-
ter the contribution/intervention at t,,, we enforce Af; , AIEL > e" for fixed w.,, < 0.

Hence, for ¢t € [t} , ¢ 4],

m’ “m+1
S;=InA;, By=WmAY,  X,=(S;,B) R

We write = (s,b) for a generic state, y = (ys,yp) for an integration variable, and
1 = (ns,mp) for its Fourier (frequency) counterpart.

Increment law and Fourier transform. On each inter-decision interval [t} ¢ ],
we define the one-step increment
(2.2) (AX) = ((AS) i, (AB)) ==X, — X1
We assume the conditional law of (AX),, given X[ depends only on At and is
translation-invariant; in particular, the law of (AX),, does not depend on m. Let
AX denote a generic one-step increment with this common law and define its CF

G(n; At) ::E[ei”'AX} , n € R2.

When AX admits a density g(-; At) on R?, g and G form a Fourier pair:

(2.3) Gy Af) = /

Y gy Ay, gly AT = o / ¢~V Gn: At) dy.
R? (2m)? Jgo

ASSUMPTION 2.1 (Modelling assumptions). For each At > 0, the uncontrolled
one-step increment AX admits a density g(-; At) on R?, and:

(A1) (Homogeneous one-step kernel.) For all m and all x € R?, the conditional
density of X, .1 given Xt =1xisy v~ gly — x;At) (time-homogeneous and
translation-invariant).

(A2) (Regularity and boundedness.) g(-; At) € L1(R?) N L (R?).

(A3) (Closed-form CF.) G(n; At) is available in closed form for all n € R2.

(A4) (Fourier tail control.) There exist o € (0,2], co > 0, and Ry > 0 such that
|G (n; At)] < exp(—co At [|n]|3) for all |[n]l2 > Riai-

(A5) (Ezponential moments.) G(—i,0; At), G(0,—i; At), and G(—i,—i; At) are fi-
nite, and G(0,0; At) = 1.

Remark 2.2 (Examples and scope). Assumption 2.1 covers a broad class of trans-
lation invariant increment laws with tractable CFs. In particular, it holds for many
2D exponential-Lévy and jump—diffusion models with closed-form characteristic func-
tions, including correlated Brownian increments, Merton [24] and Kou [18] jump—
diffusions with a nondegenerate Gaussian component, Normal-Inverse-Gaussian [3],
tempered-stable and CGMY models with Y € (0, 2) [5], and finite Gaussian mixtures
[23], including variants with co-jumps. Condition (A4) provides the decay needed
for Fourier truncation, while (A5) ensures the exponential tilts used in boundary
propagation are admissible.
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3 Mean—CVaR optimization This section specifies a two-component reward-risk
stochastic control problem with discrete interventions. The notation follows an allo-
cation setting in which an aggregate level is redistributed between two nonnegative
components. Allocating inventory between two storage locations (or water between
two reservoirs) is one concrete example.

3.1 Intervention map Suppose the system is in state x = (s,b) at time ¢,, (im-
mediately before the deterministic exogenous input ¢,, > 0), with aggregate level

W~ = e + e’. Immediately after the input, at time ¢, the aggregate level is

(3.1) Wi = Wy +gm = e + e+ gm, m=0,...M— 1.

An admissible Markov feedback control at ¢, is any Borel-measurable map

(3.2) Up @ R = Z, (s,0) = up(s,b).

Here, Z := [0, 1] is the set of admissible actions: u,, is interpreted as the fraction

of W, assigned to the first component, and 1 — u,, to the second (a simplex-type
constraint). For brevity, when the arguments are clear we write w,, := u,(s,b).

After applying u,,, the post-intervention levels of the two components are wu,, W,
and (1 — u,)W,!, respectively, with W, given by (3.1). To work in log coordinates,
introduce a strictly positive floor e*->* with fixed w.,, < 0. The post—intervention
log—state is X,i = (S}, B;l,), where

m?

St = s1(8,b, @, um) = ln(max{ um W,k e“”‘x}),

3.3
(3:3) Bl = b1 (s,b, qm, um) = ln(max{(l — U)W, ew'”}).

An admissible policy is Uy = {u,, } 2} with each u,, as in (3.2). We denote the set

of such policies by A, and write U,, = {um/}%;lm for the tail policy applied from ¢,,
onwards.

3.2 Mean—CVaR formulation Although CVaR is often defined for losses, we ap-
ply it here to the terminal outcome Wr, adopting the convention that larger values
indicate better performance. Equivalently, one may apply the standard loss-based
CVaR to —Wrp. Fix a € (0,1). Following [27, 25], for any policy Uy € A, the CVaR
of Wy at level a admits the threshold representation

(3.4) CVaRZ?Zg_ = sup EZ,?)’tO_[w + L min(Wr —w, 0) |,

where the feasible set w € [0, 00) matches the attainable range of Wr.

Using a scalarization parameter v > 0, we adopt a pre-commitment mean—CVaR
objective: at inception ¢, the decision maker selects a policy Uy € A and a CVaR
threshold w > 0 to maximize the criterion, and then commits to Uy thereafter. The
pre-commitment mean—CVaR, value function is

(3.5) V(zo,ty ) = zjugl sup Ezlz’ta [WT + ’7<w + L min (Wr — w,0) )}
heA w>0

Since Uy and w range over independent sets and w enters only through the terminal
objective functional, the iterated suprema commute:

(36)  Viwo,tg) = sup sup Lo {WT + "y(w + L min (W — w, 0) )}
w2 0

subject to Assumption 2.1 on modelling, the exogenous inputs (3.1), and the inter-
vention map (3.3).



MONOTONE FOURIER NN METHODS FOR MEAN-CVAR 5

Remark 3.1 (Finiteness of IEZZ’ta [Wr] ). Under Assumption 2.1 (A5), we have
E[eAS] = G(—1,0; At) < 00, and E[eAB] = G(0,—4; At) < co. Since interventions
are restricted to u € [0, 1] and the exogenous inputs {¢,, } are deterministic and finite,

these moment bounds propagate over the finite horizon to yield ]Ezz’to_ [Wr] < o0
uniformly over admissible policies U, € A.

LEMMA 3.2 (Existence of a finite optimal threshold). Fix~y > 0. Then the outer
optimization in (3.6) is finite and is attained by some w*(xq) € [0, 00).
A proof of Lemma 3.2 is given in Appendix A. In particular, Lemma 3.2 (together
with Remark 3.1) implies that the objective functional in (3.5)—(3.6) is finite (and
hence well-defined).

Lifted-state recursion (fized w). We reformulate (3.6) as an equivalent lifted-state

problem [25]. For fixed w > 0, define the auxiliary value on the augmented state
(x,w,t), z = (s,b):

(3.7 V(z,w,t,) := sup ]EZ{’TZ:"'[WT + v (w + L min(Wy — w,O))]

Z/I"YL

Terminal condition: denoting the terminal reward functional by ®(z,w), we have
(3.8) V(z,w,T7) = ®(z,w) := (e* +¢) +~(w+ L min((e® +eb) —w, 0)), = = (s,b).
Between [t} ¢, 1], m =M —1,...,0, propagate via the uncontrolled kernel g(-; At):

(3.9) Viz,with) = | Viy,w,t, ) gy —z; At)dy.
R2

At t,,, define the intervention operator for any test functional F' and control u € Z,
(3.10) (M F)(z,w,t; qm) = F(s+(sr:,qm,u), bt (z, gm, ), w, t;;),

where (sT(-),b%()) as in (3.3). The optimal control (for fixed w) is

(3.11) ur (w) € argerréax (M V) (z,w,t,,; Gm)-

The pre-intervention auxiliary value at ¢, is

(3.12) V(z,w,t,,) = (Mu:n(.;w)V)(x, Wyt Gm)-

At inception, select the optimal threshold and value:

(3.13) w* = arg>s(1)1p V(zo,w,ty), V(zo,ty ) = V(zo, w", &5 ).

The pre-commitment optimal policy is Ug = {ug(-;w*), ..., uh_(-;w*)}.
PROPOSITION 3.3 (Equivalence to the pre-commitment problem).  The lifted

recursion (3.7)—(3.13) is equivalent to (3.6); see [25].

3.3 Localization and problem statement Since w* is finite by Lemma 3.2, we
truncate the threshold domain to I' = [0, wax], where wypay > 0 is chosen sufficiently
large. We localize the (s, b)-domain to the rectangle

(3.14) Q = [sh st x [b] i, O

min’ “max min’ max]7

min min < Bmin < 0 < bpax < bjnax chosen
so that boundary truncation errors are negligible (see, e.g. [33, 8]). On Quy, the
terminal reward (3.8) suggests exponential leading-order forms (e*, €’ e**? or a
constant) depending on which boundary is approached. The next lemma shows that
these forms propagate over one time step via explicit CF factors.

with s . < Smin < 0 < Spmax < sInaX and b
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We partition € into the interior and four bound- b
na.
ary sub-domains: a : [
bmax | 1 Smax
111 (Smin; Smax) X (bmin7 bmax)a =" ;b I
| max
T
Snmx [Sma)u max] [bm1n7 bmax)7 gT : Q st
bmax _— [S ] % [b bJ( ] Smin |- _ - _ :, bin _ _ |- __ | Smax
(3 15) Smax max max max»y Ymaxl» Bmin ‘ Sma: Q
. Smax
— 1 b,
Qbmax - [Smin7 Smax) X [bmax, b;rnax} : 'min |
bmin _ bmax bmin ! 1
Q‘?mm = \ Qm \ lenax \ an]ax \ Qsmax Qsmin I 1
1 1
Qout = Q \ Qin- ibmin

An illustration of the sub-domains for the local- Fig. 3.1: Spatial sub-domains at
ized problem at each ¢ (fixed w € T') is given in  o5cp ¢ (fixed w € T).
Figure 3.1.

LEMMA 3.4 (One-step propagation for exponential functions). Let ¢ : R? x
[0,T] — R. Under Assumption 2.1 (A5), for any a € {(1,0),(0,1),(1,1),(0,0)}, if at
tng1s Ot 1) = A(t,, 1) e, where A(t) denotes a generic unknown function of
time, then applying the convolution integral (3.9) with ¢ in place of V yields

o(z, t5) / Ot 1) 9y — o At dy = G(—ia; Al £, 1),

where G(—ia; At) € (0,00) by Assumption 2.1 (A5).

Proof. A change of variables y = = + z gives [, €*?g(z; At)dz = G(—ia; At). O
We encode the boundary type by the selector a : Qo — {(1,0),(0,1),(1,1),(0,0)},
(3.16) a(x) = (1,0)1q,,, () + (0,)1q, () + (1, 1)1geme () + (0,0)1 b0 (2).

Smin

Define the boundary operator
(3.17) (BV)(z,w,t) == G(—ia(z); At) V(z,w,t, 1), x € Qout-

No intervention is applied on Qgy, so we also carry values from ¢} to ¢, on the
boundary. Hence, for (z,t%) € Quu x {t£},

(3.18) V(e w,ty,) =V(z,w,th) = (BV)(z,w,t}).

On the interior %y, (3.9) is approximated by the truncated 2-D convolution

(3.19) Vwt) = [Vt -sand,  oe o,
Q

where x = (s,0), y = (ys, yp), and dy = dys dys.

DEFINITION 3.5 (Localized Mean—CVaR formulation). The localized value func-
tion at time ty is V(xo, w*,ty ), where w* is obtained by the outer search (3.13), and
Us = {uy(-;w*), ..., us_1(-;w*)} is the associated optimal control.

For each fized w € T, the function V(x,w,t) on Q x T is specified by: (i) termi-
nal condition (3.8); (ii) boundary propagation (3.18) on Quy for m = M —1,...,0;
(#i3) interior propagation (3.19) on Qy, form =M —1,...,0; and (iv) interior inter-
vention (3.11)—(3.12) (with no intervention on Qgy).

Remark 3.6 (Uniqueness and regularity of the localized inner problem). For each
fixed w € T and each m = 0,..., M, the localized Bellman recursion admits a unique
bounded solution on ; moreover V (-, w,t, ) is continuous in (s,b) on 4y, (cf. [33,
Proposition 3.1]).
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4 Fourier-trained transition kernel approximation For notational simplicity,
we suppress the explicit dependence on At and write g(-) = g(-; At) : R? — R for
the (uncontrolled) transition density, with CF G(-) = G(-; At). We adopt the same

convention for the kernel approximation g(-) and its CF é()

4.1 Description We approximate g(-) by a single-hidden—layer FFNN with Gauss-
ian activation [11]. In 2D it is convenient to parameterize the network as a finite
Gaussian mixture. Specifically, for y = (ys, %) € R? we take

1 _
(4.1) o(yip, X) = CoIDEE eXP(_% (y—p) 'S 1(?}—#))7 peR? X eR>?,

and define the class of single-layer FFNNs with Gaussian activation by

N
(42)  2(0)={7: R > R| §0:0) = > B dlys i Z), 0 €6, N €N},
n=1
where
s\2 s +b
4.3 n = s b R2 En _ (Un) Pn Op 0y
(4.3) pn = (3, pin) € R, (pn siot (b))
with o > 0, 0% > 0, and p,, € (—1,1), so each ¥,, is symmetric positive-definite.
Bounded parameter space and positivity. By Assumptions 2.1 (A1)—(A2), g(; At) €
L1(R?) N Ly(R?). The approximation results in [11, Cor. 3.2, Thm. 3.4] imply that

single-hidden—layer Gaussian networks are Lo—dense on L1 N Ly even with bounded
parameters. We therefore restrict to the bounded parameter set

0= {9 = {(/Bnyﬂfwuzva'rswUZvpn)}nN—l : Bn 20, ZTJY 1Bn=1,
|:LL$L|7 |:LL177L| Sﬁa O<Um1n§an7 WLSUIH&X’ ‘pn| Sp< 1}a
for fixed finite i, Omax, POsitive omin, and 0 < p < 1. Under (4.4), each 3, is uniformly
positive-definite. Moreover, since ¢(-; tin, 2y) > 0 integrates to one and {5, } lies on
the probability simplex, g(+; ) is a proper density: g > 0 and fR2 g=1.
Closed—form CF. Using the Fourier pair in (2.3), the CF of g(-) is available in
closed form. For 1 = (ns,m) € R,

(4.4)

N
(4.5) G(n;0) = /RQ eV G(y;0)dy = > B exp(i " pin — %nTEnn)
n=1

Ls-approzimation error and Fourier-domain invariance. By Assumption 2.1 (A2),
g(-) € Li(R?) N Loo(R?) and hence g(-) € Ly(R?). The Fourier transform is an Ly
isometry up to a constant factor (see, e.g. [32]): if f € Lo(IR?) with Fourier transform
§1f] under the convention (2. 5) then

(4.6) / e / 3110 2 di.

Combining (4.6) with [11, Thm. 3.4] y1elds the 2D approximation result below.

THEOREM 4.1 (Ls-approximation and Fourier-domain invariance; cf. [11], Thm. 3.4).
For any € > 0, there exists g(-;0F) € ( ) with 6% € © such that

an [ o) -5 dy = s [ 1600 - Gomon)an < <,

where G(n;0) is given in (4.5).

Proof. Existence follows by a 2D adaptation of [11, Thm. 3.4] for ¥(¢) with
bounded parameters ©. The equality in (4.7) follows from (4.6) applied to f = g—g.0
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4.2 Training loss and regularization We truncate the Fourier domain from R? to
D, = [—n',n']?, with / > 0 chosen sufficiently large, and discretize D, by a (possibly
non—umform) set of nodes {n,})_; C Dy, n, = (n5,n5). Define

Omin = I;l;g 175 — n4qll2, Omax 1=  pax I,};iﬂ 1175 — n4qll2,

and assume the sampling set is quasi-uniform: there exist constants Cy,C; > 0,
independent of P and N, such that

(4.8) CoP™Y? < Gppin < Omax < CL PV

Let © C © be the empirical parameter set. Using the closed-form target CF G(-) and
the network CF G(+;0) from (4.5), we compute 6 by minimizing the empirical loss

~

(4.9) Lossp(6 Z | G(np) np,Q) ‘2 + Rp(9), 6 eo.

Here, Rp(0) is the MAE regularlzatlon term

),

where Reg, Im¢g denote the real and imaginary parts of G (and likewise for @) The
empirical minimizer is

(4.10) * = argminLossp(6).
0co

1 P
Rp(0) = P Z (‘RGG(U;D Reg Mp3 0 | + |ImG np) Img (npae)
p=1

The MAE term concentrates accuracy in high-impact regions of G (e.g. near peaks
and rapid variations) [11]. In practice, the sampling set {n,} is chosen to be denser
in such regions.

4.3 Error decomposition We decompose the learned-kernel error into: (i) Fourier
truncation on R?\ D,, (ii) empirical training error on the sampled set, and (iii) sam-
pling (quadrature) error on D,. The next lemma provides explicit bounds for g — g.

LEMMA 4.2 (2D training error decomposition). Let D, = [—n',n']* and let
{np})_1 C Dy satisfy (4.8). Let 0* € © be the empirical minimizer in (4.10). Assume
that, for some e1 > 0 and f € {G(-), G(-;6")},

(4.11) / (IRef ()] + [tmy (n)]) dnp < &1, / [f(n)|? dn < e,
R2\Dy, R2\D,,
and that Lossp(0*) < £5 and Rp(6*) < £5. Moreover, suppose
(4.12) C = sup ||V, |G(n) f@(n;9)|2||2 < oo.
nebD,, 6cO
Then:

(i) Global Ly-error bound.

o 1 c'c3
_ - 0% <
(4.13) /}RQ l9(y) — 9(y:07)[ dy < (27)? {451 tCet on }
(ii) Pointwise bound. For every y € R?,
o 1 c' o3
(4.14) l9tv) =869 < o {21+ Crest 2P1/2 }
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A proof of Lemma 4.2 is given in Appendix B.

We now show that, under Assumption 2.1 (A4) and the bounded parameter set
(4.4), the Fourier mass outside the truncated domain D,, = [—n/,7']*> (and hence the
Fourier truncation error) decays exponentially for both G and G.

LEMMA 4.3 (Fourier-domain truncation error bounds). Suppose Assumption 2.1
(A4) holds for G(-). Recall G(-;6) from (4.5) with parameters bounded as in (4.4).
There exist positive constants Cép ), cg’), and, for each fized finite N, constants Cg)),

(é)) > 0 (uniform over all § in the bounded parameter set with N terms) such that,

for any ' > Ry and p € {1,2},

c

/ G an < e e o Gl 0)7 dn < O =& O,
R2A\[=n",n]? R2\[—n’,n']?
A proof of Lemma 4.3 is given in Appendix C.

Let h € (0,1) denote a target tolerance. The next corollary gives a sufficient
choice of = 1/(h) so that the Fourier-domain truncation error for both G and G
satisfies < h17* for any & € (0, 1].

COROLLARY 4.4 (Fourier-domain truncation error O(h'**)). Fiz p € {1,2} and
k € (0,1]. Under Assumption 2.1 (A4) and Lemma 4.3, define for h € (0,1)

o \1/a 20P)\1/2
n/(h) = maX{Rtaih (C(lp) log hlgm) ) (é log h1$n) .
Ze]

Then maXA/ lf(m)Pdn < R'TH,
Fe{G, G} JR2\[— (h), 0’ (h))?

To establish our error bounds in terms of h, we introduce the following sampling
and training assumptions, indexed by a target tolerance h € (0, 1].

ASSUMPTION 4.5 (Sampling and training assumptions). Let h € (0,1) be a
training tolerance parameter. Fiz k € (0,1) and choose n'(h) as in Corollary 4.4 so
that, for p € {1,2},

e / F@)Pdn < erh™*, o =/ (h).
fe{G.G} JR2\[-n' ,n']2
Assume the quasi-uniformity constant Cy in (4.8) and the gradient bound C' in (4.12)
are finite and independent of h. Assume further that the trained network satisfies:
(i) Lossp(0*) < coh™t%, (ii) Rp(6*) < c3h't*, and (iii)) P > cp h=20+%)  where
c1,C2,c3,cp > 0 are constants independent of h.

COROLLARY 4.6 (h—dependent convergence rates). Under Assumption 4.5, there
exists a generic constant C > 0, independent of h (its value may change from line to
line), such that:

(i) Global Lo-error bound. |lg —gl/z, 2y < Ch E
(ii) Pointwise bound. For every y € R?,

(4.15) l9(y) = G(y;6%)| < Ch'Fr,
A proof of Corollary 4.6 is given in Appendix D.

Remark 4.7 (Model capacity is implicit). Assumption 4.5 does not prescribe a
specific growth law N (h) for the network size. We only require that (for each h) there
exist trained parameters (possibly with N = N(h)) that achieve the stated empirical
error bounds. Thus, any architecture-size schedule that delivers Loss p(é\*) = O(h'*r)
and Rp(é\*) = O(h'**) is admissible, and we keep N (h) implicit.
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5 Numerical methods

5.1 Discretization To compute the interior convolution on £2;, and the boundary
propagation on 2\, on a single tensor grid, we pad each interior interval [2min, Zmax)
(z € {s,b}) symmetrically by half its width (chosen sufficiently large so that boundary
truncation errors are negligible; cf. Section 3.3): for z € {s, b},

(51) Z;rnin = Zmin — % (Zmax - Zmin)a Zj;lax = Zmax + % (zmax - Zmin)-

Let D, = Zmax — Zmin and DI := 21— 2. =2D,. For z € {s,b}, let N, be the

max min

number of intervals on [Zmin, Zmax] and set Ni := 2N, on [z 21 ] so that
D. DI
(5.2) Az = N P z € {s,b}.
Assume Ny and N, are even and define the grid nodes by
A I 1 o . . N} N}
(5.3) s, = So+kAs, k= —A;S,...,%, bj = bo+jAb, j=—=F,..., 3,

where §g := %(sjnin +si. ) and by := %(b;[nin + b ). For z € {s,b}, define the global
and interior index sets
N,={-2+1,...., % -1} c N:= —NTZT, o NTT :

so both the interior and boundary updates use the same global node set {(s,b;)}.

We discretize the admissible control actions Z = [0, 1] using N, uniform intervals,
yielding nodes {ub}f\i‘o, and discretize the threshold domain I' = [0, Wmax| at uniform
nodes {w, ", with spacings Au and Aw.

Single refinement parameter. Asis common in the literature (e.g., [21, 6][Eq. (4.1)],
[10][Eq. (3.24)]), we introduce a single parameter h € (0,1) to index both mesh re-
finement and the training tolerance from Assumption 4.5. For the spatial, control,

and threshold grids we set
(5.4) As = C1h, Ab = Csh, Au = Csh, Aw = Cyh,

with C,Cs,Cs,Cy > 0 independent of h. We also index the Fourier truncation and
sampling budget by h via n’ = n'(h) (Corollary 4.4) and P = P(h) with P(h) >
cp h~20%5) (Assumption 4.5).

For each discretized threshold value w,, let Vk”;(; be a numerical approximation to
V (8K, bj, we, t3,) at the node (sg, bj, we, t2,), where ¢, € {tm, t}. Given nodal values
{Vm:} on the global grid, we denote by Z[{V/"T}](s,b) the bilinear interpolant on
Q (for this fixed w,).

Because the convolution integral (3.19) evaluates the kernel at (y —x), we use the
index-difference notation

(5.5) Gi—k,a—j = g((s1 — sk, ba —bj); At), Gi—t,d—j = g((s1 = sk, ba — b;); 5*)7
for (k,j) € Ny x N and (I,d) € NI x N;, where 6* is the minimizer (4.10). Since
g(+;0%) is available in closed form on R? (Section 4), these evaluations are well-defined.

5.2 Numerical scheme We compute the lifted value function backward in time

for each fixed discretized threshold w,. € {wc}évgo.
Terminal condition. At maturity ¢y = T, we implement (3.8) on Q via

(56) VM’i - @(Sk,bj,ﬂ/c), (kaj) € Nt X NJIS

k.jc
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Boundary sub-domains. For nodes (si, b;, tE) on Qoue x {tE}, m=M —1,...,0,

we enforce the asymptotic boundary conditions (3.18) as follows:

(5.7) VT =Vt = G(—ia(sk, by); At) Vk’j;.fj".

Interior sub-domain. For nodes (sg,b;,th) € Qu x {t}, m =M —1,...,0, the

Jr"m
truncated 2-D convolution integral (3.19) is approximated by

(5.8) V;ﬁj = AsAb Z Z Ord Gi—k, d—j WTZ:L_, (k,j) € Ns x Np,.
1eN! deNf

lOIl

Here, {¢; 4} are the composite trapezoidal weights (unit weight in the interior, 5

edges, and i at corners). The kernel weights §;_x q—; are evaluated directly from the

learned Gaussian-mixture representation in Section 4 (via (4.1) and (4.2) with 6*).
Intervention (interior only). For each interior node (s, b;) € (i, at decision time

tym,m =M —1,...,0, we enforce (3.11)~(3.12) on the discrete control set {u, }*:

VIJZ‘:; = max I[{ch7+}] (SZZ-J'_(UL), bz;'+(uL))7 (kJ) € Ng x Ny,
(59) uLE{uL}Lzuo

s () = st (s, 0y g ), b (w) = b (51, b7, G, ),

where (s*(+),b%(+)) are given by (3.3) and Z[] denotes bilinear interpolation. This

step yields the numerically computed optimal control u";’, = '} (w.):

(5.10) up s = ug i (we) € argmax ARRAEEY (SZI]-’_(UL), b;";r(ub))

uLG{uL}Z\;"O

Initial time to. At tg, the post-intervention values {V~} are available on the
grid. Define V(s,b,we,ty) = Z[{V>"}](s,b) and determine the pre-commitment
threshold and value by searching over {w.}X":

(5.11)  wes € argmaX\A/(so,bo,wc,ta), Vi(s0,b0,ty) = ‘A/(so,bo,wc*,to_).

{wc}iv:“i)

Here, V3 (s0,b0,%, ) is the numerical approximation (at refinement parameter h) to
V(s0, bo, ty ); the corresponding optimal controls uzl]*c* are obtained and stored during
the backward recursion.

5.3 Efficient implementation We accelerate the 2-D discrete convolution (5.8)
using FFTs. Since ;g q4—; depends only on index differences, the discrete convo-
lution operator is Toeplitz-block-Toeplitz and can be embedded into a 2-D circular
convolution on an augmented grid [10, 34]. Concretely, with % denoting circular con-
volution, (5.8) can be written in the circular-convolution form

(5.12) VIt = AsAb g x VIt

Here, g and V™1~ respectively denote the appropriately augmented (zero-padded
and re-indexed) kernel and value arrays of size (3Ng —1) x (3N, — 1) constructed from
{91—k,d—;} and {Wl,defZ,JZl’_}zeNLdeN; (see [10, 34]). The notation * denotes circular
convolution. The circular convolution (5.12) is then computed via FFT/iFFT:

(5.13) VIt = AsAb iFFT {FFT { V"""~ } o FFT {g}} .

After (5.13), we extract the components corresponding to (k,7) € Ng x N; to obtain

3 3 m,+ —+
the interior values Vi 7 on (i x {t7}.
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6 Convergence analysis In this section, we use a Barles—Souganidis—type analysis
[2] to prove convergence, as h — 0, to the localized formulation in Definition 3.5. Fix a
discrete threshold node w. € T',. We verify £.-stability, monotonicity, and pointwise
consistency for the associated inner recursion, which applies (5.6) on Q x {T'}, (5.7)
on Qs (updated at ¢} and carried to t,), and (5.8)—(5.9) on Q;, x {tE}, for m =
M~—1,...,0.

For an arbitrary 6 € @, write g9 (y) := §(y; 0) and §(lg_)k7d_j = §((sl — Sk, by —
b;); 0). When 0 = 5*, we drop 9* and revert to the convention adopted in (5.5).

A discrete kernel-mass bound. Assumption 2.1 (A4) implies g(-; At) € C>(R?)
with bounded derivatives [30, Ch. 3]. In particular, for any multi-index g,

3g(y; At) = rye /Rz(*in)ﬁe”""yG(n;At) dn,

107g(5 Ab) oo < iy 5 InllPM G (n; AL)| dn < .

For (si,b;) € Qin, we write y, ; = (sk, b;j), and for nodes on 2, we write y;,4 = (s1, bq).
Define the (bounded) extension rectangle

(6.1) Qeoxt 1= [sjnin — Smax, s;fnax — smin] X [bjnin — bmax, blnax — bmin},

so that Q@ — {x ;} C Qoxt Vai ; € Qin. Then for any (sg,b;) € Qi, and any 6 € @,

As Abz ©1a |§(19_),€7d_j| = AsAb Z oy '5(0)(%(1 - zk,j)’
l,d (y1,4€9)

< AsAb Z ©O1d <9(yz,d — xy,j) + |§(9) = 9|(yea — xkg)>
(y1,4€9Q)

< / gz A dz + Coh? + 19159 = glln o)
Q—{zk,;}

(6.2) <1+ Coh® + (5D = gl (un)-

Here, C,;, > 0 is independent of h and (k, j) (composite trapezoid error on a uniform grid).

Now, in (6.2), set § = 6*. By Corollary 4.6 (under Assumption 4.5), we have
19— 9l @2y < C"h'*7. Hence, for sufficiently small h,

(6.3) AsALY |Gi-k.a—j| < 1+C AFT4Cyh* < 1+e(h) < ™, g(h) = ChH",
1,d

6.1 Stability We now show £.-stability for fixed w..

LEMMA 6.1 ({o-stability for fixed w.). Fiz w. € T, and let h > 0 be the global
refinement parameter with (5.4) and Assumption 4.5 satisfied. If bilinear interpolation
is used in (5.9), then the scheme (5.6), (5.7), and (5.8)~(5.9) is £oo-stable for each
fized w.: there exist constants hg > 0 and 0 < C' < oo, independent of h, such that
for all0 < h < hy and allm=0,..., M,

V" oo < C,  where [|[V/™ || := max |an;;|
keNl, jenj 7"

A proof of Lemma 6.1 is given in Appendix E.
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6.2 Consistency We recall s™(z,qm,u) and b (x,gm,u) from (55), and write

(2, g, w) = (8T(Z, Gm, 1), b7 (2, gm, u)). Denote & = (z,w) and T™° = (z,w,t2,)
with 2, € {tmm, L }. We write the localized backward recursion at the reference point
™~ via the operator D(-): V(&™~) = D(&™~,V™m+h7) = .
Sup/V(y,w,thrl) 9(y — 2t (@, gm,u); At) dy, €y, m=M—1,...,0,
ueZ JQ
T Y G(—ia(z); At) V(z,w,t,,, ), x € Qout, m=M—1,...,0,
O(x,w), xef), m=M.

Let Q" x T'* be the computational grid, with Q' and Q?ut the interior/boundary
sub-grids. The numerical scheme at the reference node 7" e = (sksbj, we, t,,) is

written via the discrete operator Dy (+): Vk";; =D (i;nj = {V/Ztl )=

max Z[{V™> +}](skj (u), bzn;'(u)) Tp; €EQR m=M-1,...,0,

uEZy,

= +1,—

. G(—ia(sk,bj); At) Vi, Tp,; €EQLL o m=M-1,...,0,
(I)(Sk)bj7wc)) ka EQ B m:M

where (s}?ﬁ( ), bzljr(u)) = (s1(Sksbj @, ), b1 (8K, bj, @, w)) given as in (3.3).

LEMMA 6.2 (Pointwise consistency; fixed w.). Fiz w. € Ty and let h > 0 satisfy
(5.4) and Assumption 4.5. For any smooth test function ¢(-, w., ) € C>®(Q x 0, T])
denote "1 (y) == ¢(y, we, ti1). Then, forallm = M—1,...,0 and all z, ; € Qb

Dy (@) {0@ I ha) = D(@ . 0" 7) = O(h + R4 B?).
Moreover, Dy(+) = D(:) on Q" for m = M, and on Q" form =M —1,...,0.
A proof of Lemma 6.2 is given in Appendix F.

6.3 Monotonicity

LEMMA 6.3 (Monotonicity). For fited w. and any bounded data sets {v];"" "}, 4
and {21 Vg with {0757 Y < {25V (componentwise), the discrete oper-
ator satisfies

(xkjc’ {Ul }ld) < Dh(EEZL;ca {Zldc }ld) V(k7])7 m:M_1770

Proof. On Qout, the update is multiplication by G(—ia(-); At) > 0, so order is
preserved. On QF . define the post-propagation arrays

in’

~ —~ 1,— - —~ 1,—
Ug,; = As Awa,dgl—k,d—j UZTELC ; Zrj = As AbZW,d Gi—k, d—j ZZTC
l,d l,d
Since ¢4 > 0 and gk, q—; > 0 (mixture weights 3, > 0), we have 0y ; < Z; ; com-
ponentwise on the full grid (including the boundary update). Bilinear interpolation
uses nonnegative weights summing to one, hence preserves order:

I[{o}] (a5 D) < Z[{ZH () (), Vue Zy.
Taking max,cz, preserves the inequality, yielding the claim. a

A generic grid point in Q7 is denoted by (sp,bs), and we write w;, € I'* for a
discrete threshold node. Let V3, denote the numerical solution produced by (5.6)—(5.8)
(with bilinear interpolation in (5.9)), and recall V' denotes the value function of the
localized continuous problem.
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LEMMA 6.4 (Convergence of the inner problem; fixed discrete threshold). Fiz the
global refinement parameter h > 0 with (5.4) and Assumption 4.5 satisfied, and fix any
wp, € TP, Let (s',0') € Qin and let {(sn,bn)}nio be any sequence with (sp,by) € QP
and (sp,bp) — (s',V') as h = 0. Then, for each m € {M —1,...,0},

(6.4) | Vi(sn, bn, wn, tr,) — V(s 0 wn,t,) | — 0 as h — 0.

Proof. Fix wy, € I'". By Lemma 6.1, Lemma 6.3, and Lemma 6.2, the scheme is
{~o-stable, monotone, and pointwise consistent (with error O(h) + O(h'**) + O(h?)).
Thus the Barles—Souganidis half-relaxed limits argument applies [2]. By the unique-
ness of the localized inner value function for fixed threshold (Remark 3.6), the upper
and lower limits coincide with V (-, ws, t,,), hence the desired result (6.4). d

LEMMA 6.5 (Convergence of the outer optimization). Fiz xg € Q and, for each
h >0, choose xf € Q" with zf! — x¢. Define the outer objectives at ty by

F(w) :==V(zo,w,t; ), Fr(wp) == Vi(zh, wn, to),
forw €T and wy, € Ty. Assume (5.4) and Assumption 4.5. Then:
(i) Convergence of optimal values.
| sup F(w) — sup Fy(wy)| < O(h) + O(h'*) + O(h*) + Ly, Aw — 0,
wel’ wp €l h—0
where Ly, :=7v(14+1/a).

(ii) Convergence of maximizers. Let wj € arg maxy,cr, Fn(wp). Every accumulation
point W of {w} } belongs to arg max,er F(w). If the mazimizer of F onT' is unique,
then wy — w* as h — 0.

Proof. (i) Let ey, := sup,, er, [Fn(wn) — F(wp)|. By Lemma 6.4 (at m = 0)
and the fact that stability/consistency constants do not depend on w (the threshold
enters only through the terminal objective functional, which is matched exactly),
en = O(h) + O(h*T*) + O(h?). Moreover, for wy,ws € T,

[F(wn) = F(wz)| < 7(1+ 1) Jun = wa] =t Lo [wn = wal,
so Fis L, —Lipschitz on I'. The standard grid-approximation argument then yields
the stated bound.

(i1) Let w} € arg maxy,cr, Fn(wp) and let w* € arg max,er F(w). Along any
subsequence with w; — w € I', we have F(w) > F(w})— L, |wj —w| > Fp(w})—
en — Ly |wy — wl[, and since Fj(wy) = supyp, Fn, Fn(wy) = supp, Fy, > supp F —
en — Ly Aw, it follows that

F(w) > supF — 2, — Ly, Aw — Ly, |wy — .
r
Letting h — 0 (so that ¢;, = 0, Aw — 0, and |w} — @w| — 0) gives F'(w) > supp F.
Since trivially F(w) < supp F, we conclude F(w) = supp F, hence w € argmaxr F.
If the maximizer of F' on I' is unique, then the entire sequence wj converges to w*.O
We now state the main convergence result in the next theorem.

THEOREM 6.6 (Main convergence of the full scheme). Fiz zo €  and choose
zh € Q" with 28 — o as h — 0; under (5.4) and Assumption 4.5, the numerical
outer-optimized value satisfies

Vh(xg, ty ) = ﬁ?ﬁ Vh(xg, wh,tg ) — Igjlea%d/(mo, w,ty ) =: V(zo,ty),

and any w} € argmaxr, Vi, (zh, - t5) has accumulation points in arg maxr V (zo, -, t; )
(with wy, — w* if the maximizer is unique).

This follows from Lemmas 6.4-6.5.
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7 Generality and extensions Our monotone integration scheme is built from
three structural ingredients: (i) translation-invariant inter-decision increments speci-
fied via a closed-form CF, (ii) a Fourier-trained transition density g > 0, and (iii) non-
negative quadrature/interpolation weights. Thus, for each fixed auxiliary parameter w,
the inner Bellman recursion retains the same monotonicity /stability /consistency prop-
erties established in Lemmas 6.1-6.4. In particular, for each fixed w, the analysis up
to Lemma 6.4 is agnostic to the specific choice of terminal functional ®(-,w), which
enters only through the terminal condition and the boundary conditions.
Accordingly, our results apply to optimization problems of the form

sup sup Ezz’tg[q)(Wp w)].

weW UpeA
The outer-maximization convergence argument extends whenever W is compact (or
can be localized to one) and w +— ®(-,w) is uniformly continuous on W: there exists
a modulus of continuity w with w(r) | 0 as r | 0 such that

sug | (W (z),w1) — (W (x),ws)|] < w(wy —wal), Vwi,wy € W.
FAS

In this case, the outer grid-approximation error is controlled by w(Aw) (cf. Lemma 6.5).

In many applications, ®(Wr,w) admits a natural reward-risk decomposition
that highlights a broad class of tail and shortfall criteria encompassed by the same
sup,, E[®(-, w)] structure. Specifically, consider terminal functionals of the form

o(Wr,w) = RWr) + vo(Z,w),  Z=(Wr).

Here, R(Wr) is a reward term (e.g. R(Wr) = Wr), v > 0 is a scalarization parameter,
and Z is a real-valued variable obtained from W via a prescribed measurable mapping
¢ : Ry — R (e.g. a loss/shortfall metric derived from the aggregate level Wr). The
risk component is encoded through the integrand ¢(Z, w), which in many cases admits
an auxiliary-variable representation of the form p(Z) = sup,,cyy E[(p(Z , w)], so that
a terminal reward-risk criterion of the form supy, c4 {E[R(Wr)] + vp(Z)} can be

written equivalently as sup,,cyy SUpy, 4 ]E?/C,‘(’)’t‘J [R(Wr) + v ¢(Z,w)], which matches
the sup,, E[® (-, w)] structure treated here (with ®(Wr,w) = R(Wr) + v p(Z,w)).

Beyond CVaR/expected shortfall [27], this class also includes buffered probabil-
ity of exceedance [22, 7] and optimized certainty equivalents / shortfall-type convex
risk measures [4], which can be cast into the same auxiliary-variable sup,, E[p(-, w)]
representation (possibly after taking a negative when originally posed via an infimum
over w). More generally, piecewise-linear (kinked) terminal penalties in Z (and hence
in Wr via Z = ((Wr)) with breakpoints parameterized by w also fit this setting [4].

Higher dimensions. Finally, the Fourier-trained nonnegative kernel construction,
the nonnegative-weight quadrature discretization, and the Barles-Souganidis conver-
gence framework extend to dimensions d > 2 under the same structural assumptions,
with computational scaling corresponding to d-dimensional quadrature/FFT-based
convolutions.

8 Numerical experiments This section reports numerical experiments addressing
two separate questions: (i) the approximation accuracy of the Fourier-trained transi-
tion kernel § when the one-step increment law is specified only through a closed-form
CF; and (ii) the performance of the resulting monotone 2D integration scheme when
g is used to solve a representative multi-period mean—CVaR optimization problem.
Subsection 8.1 addresses (i) using a fully coupled 2D jump-diffusion test law with
synthetic parameters. Subsection 8.2 then presents a Defined Contribution (DC)
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mean—-CVaR portfolio illustration for working years (accumulation), where the same
increment law is calibrated to long-horizon market data.

Error metrics. Let f1,f2 € L,(R?), p € {1,2}. We report the truncated L,
error L,(f1, f2) = f[_A_A]z ’fl(x) — fg(ﬂ?)’pdl', for A > 0 chosen sufficiently large so
that truncation has negligible effect at the displayed precision. We also report the
maximum pointwise error MPE(f1, fa) = maxi<k<x |f1(zx) — fo(xk)| over a fixed
set of evaluation points {z)}X_ ;. Among these, the Ly error is the primary metric,
consistent with the Lo analysis in Section 4.

8.1 Kernel learning accuracy

8.1.1 2D Kou jump—diffusion We take G(n) to be the one-step CF of a fully
coupled 2D Kou jump-diffusion model, written in the Lévy-exponent form G(n) =
exp(At ¥(n)) [15, 18]. The characteristic exponent ¥(ns, np) is given by

U1, mp) = (Mspts + mopty) — 5 (003 + o3m; + 2posonnamy)
(8.1) + A5 () = 1) + A (m) = 1) + A(pe(ns,m) 1), lpl <1,

with idiosyncratic jump CFs

ws(ns)=pss777f.+(l—ps)5ni§.7 ©u(m) = Do bnlf, +(1—pb)bnig.,
= s My + 115 . — b g + i1
and a common (co-)jump component
1,c, 2,c,
Qpc,s(ns) = pc,s A + (1 - pc,s) L
771,0,5 - “73 772,c,s + “75
Pe(ns, M) = Pe,s(1s) Pep (M), Moeb e
Geb (M) = pepy —————+ (1 —pep) —————.
N,e,b — Mo N2,c,b + UMb

The compensated drifts are
s\2 by2
T S e T L O P U S (S
with compensators

K=, (=) =1, ze{s,b}, kKS=p.(-4,0)—1, K;=p:(0,—7)—1.
The synthetic parameters are chosen as follows: p® = 0.08, ¢® = 0.03, \* = 0.6,
Pip = 0.4, nf = 6.5, 05 = 6.5, psp = 0.05; u® = 0.02, 0® = 0.04, A = 0.8, pf, = 0.5,
nb = 20.5, n5 = 22.5; \¢ = 0.2, Pup,s = 0-5, 17 s = 25, 3, = 30, p, , = 0.6, 0y, = 20,
M5 = 39. For concreteness, we set At = 1 in the training experiments.

8.1.2 Training setup and results We follow the Fourier-domain sampling
and truncation prescriptions in Sections 4.2-4.3. We choose 1’ so that the tail condi-
tions in (4.11) hold with tolerance e = 1075; in all experiments we use a conservative
value 1’ = 80 per axis (increasing ' further does not change the reported results at
the shown precision). Table 8.1 summarizes the training hyperparameters.

N P # epochs; # epochsy /£ Lo batchsize
60 10° 20 100 0.04 0.00025 1024

Table 8.1: Hyperparameters for Fourier-domain neural-network training.

We use a two-stage optimizer schedule as in [11]: an initial exploration phase
(AMSGrad [31]) followed by a refinement phase (Adam [16]). All runs were con-
ducted in Python/TensorFlow; hardware details do not materially affect the reported
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accuracy metrics. In this example, both Re, G and Im, G oscillate in the frequency
variable 7. These oscillations may be rapid over moderate intervals (creating many
local minima and noisy gradients) or relatively smooth but spread over a wide do-
main (reducing sampling and training efficiency). To improve conditioning, we apply
a simple affine rescaling of the CF targets as in Remark 5.1 of [11]; the learned kernel
is then mapped back and reported in the original coordinates.

Figure 8.1 shows representative slices of G and G, together with a corresponding
slice of g. Errors are reported in Table 8.2, where the principal Lo metric is high-
lighted. In this illustrative run, the fitted CF yields Ly errors on the order of 10~ 7".

Ny Axis ns Axis Diagonal (s = b)
— True Res(0,n) 125 e motn. 0) — NN estimator g(x,x)
1.00 4 — « NN estimator Re (0, ) ~+ NN estimator Ima(r, 0) 250
] 1.00
0.75
075 200
0.50 0.50
0.25 0.25 150
0.00 0.00 100
—0.25 1 —0.25 1
—0.50 4 -0.50 30 L
—0.75 4 -0.75 oJ L
0 200 400 600 800 0 200 400 600 800 -04 -02 00 0.2 0.4
n n X
(a) Reg, Reg (b) Img, Img (c) 9(-; At)

Fig. 8.1: 2D Kou jump-diffusion test case. Panels (a)—(b) show representative 1D
slices of the target CF G and the fitted CF é, and panel (¢) shows a representative
slice of the trained density g. To improve conditioning for oscillatory G, the CF
targets in the loss function are affinely rescaled as in Remark 5.1 of [11]; the plotted
slices are shown in the original (unrescaled) coordinates.

Li(Reg,Reg)  L2(Reg,Reg) MPE(Reg,Reg)  Li(Img,Img)  Lo(Img,Imgz)  MPE(Img, Img)

1.1369e—05 9.2574e—07 3.6886e—04 1.0682e—05 7.4543e—08 2.8006e—04

Table 8.2: CF estimation errors for the 2D Kou jump—diffusion test case.

8.2 Mean—CVaR optimization (DC plan) We now specialize the generic 2-D
mean—CVaR control problem to a DC accumulation illustration. At each intervention
time, as is common in accumulation plans (see, e.g. [7, 14]), the aggregate account
value is allocated between the two assets with no borrowing and no negative positions,
so the balance invested in each asset remains nonnegative. In this setting, the state
X: = (S, Bt) represents the log-balances invested in an equity index (component s)
and a bond index (component b), respectively. The corresponding aggregate account
value is W; = €5t 4 B¢, s0 the terminal outcome Wy in the mean-CVaR objective is
the total retirement balance at horizon 7.

Between decision times, the increment AX = ((AS), (AB),,) represents the
joint log-return over one period. At each intervention time ¢,,, the account receives
a deterministic (salary) contribution ¢, and the control u,, € [0, 1] reallocates the
post-contribution wealth across the two components as in (3.1)—(3.3).

IWe also tested bivariate Variance-Gamma, bivariate NIG, and 2D Merton specifications; the
qualitative kernel-fit accuracy and control outcomes are similar and are omitted for brevity.
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8.2.1 Calibration summary To provide a concrete mean-CVaR, control il-
lustration with empirically realistic dynamics, we calibrate the 2D Kou model of
Subsection 8.1 to long-horizon U.S. market data. Specifically, we use monthly total
return series from the Center for Research in Security Prices (CRSP) over 1926:01-
2024:122. In the DC illustration below, the two components correspond to equity
and bond log-returns, respectively. The resulting annualized parameter estimates are
reported in Table 8.3. Dependence is introduced via both the diffusion correlation
and the common-jump component.

Method s o’ A8 Pup ni 5 Psb

Component s (Idiosyncratic; equity index)
0.0898 0.1326 0.5960 0.373 6.701  6.634  (see below)

Method ul ot A Py ny 5 Psb

Component b (Idiosyncratic; bond index)
0.0204 0.0466 0.9495 0.479 20.764 22.551 0.0721

Common Jump

Method A¢ pﬁp,s Uf,s 775,5 pﬁp,b 77%,1; 775,1;
0.1010 0.300  9.825 7.146 0.500 16.982 19.914

Table 8.3: Estimated annualized parameters for the 2D Kou model with idiosyncratic
and common jumps, calibrated from CRSP equity index and 10-year Treasury total
returns; monthly, 1926:01-2024:12. Threshold technique from [9].

8.2.2 Accumulation scenario We now illustrate the full pipeline (kernel-
learning + strictly monotone 2D integration) in a multi-period mean—CVaR, control
problem with discrete interventions, using a defined DC retirement-accumulation set-
ting. This DC example is used only as an application-level illustration (with inter-
pretable interventions and controls); the kernel-learning construction and convergence
analysis are not specific to finance.

To illustrate the accumulation phase of a DC plan, we consider a 35-year-old
investor with an annual salary of $100,000. The total contribution to the plan account
is 20% of salary each year. The investor plans to retire at age 65, yielding a 30-year
savings horizon [14]. The scenario is summarized in Table 8.4. In this illustration we
set At = 1 year and use the calibrated parameters in Table 8.3. We train g using
the same setup as in Subsection 8.1.2; the resulting CF-fit errors are of comparable
magnitude to Table 8.2, so we omit repeated slices/metrics for brevity.

Investment horizon (years) 30

Initial investment W 0
Cash contributions $20,000/year
Rebalancing frequency yearly

Table 8.4: DC accumulation illustration. Cash contributions are made at t¢,, =
0,1,...,29 years. Model parameters are given in Table 8.3.

2The results presented here were calculated based on data from Historical Indexes, ©) 2015
Center for Research in Security Prices (CRSP), The University of Chicago Booth School of Business.
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8.2.3 Convergence results and efficient frontier We choose a computa-
tional domain large enough that boundary truncation effects are negligible [33, 8]. For
the calibrated parameters (Table 8.3) and the DC accumulation scenario (Table 8.4),
the baseline domains are listed in Table 8.5. The padded bounds (s!. . sf ) and

min’ “max

(b bl ) are set according to (5.1). Unless otherwise stated, refinement levels and

min’ “max

discretization parameters are given in Table 8.6.

Smin Sm'{k‘i
In(10%) — 8 | In(10°) + 8 Refine. level N, N, N, N,
b b
0 512 512 256 512
In(10°) — 8 | In(10°) +8 1 1024 1024 512 1024
Winax 2 2048 2048 1024 2048

1 x 108

Table 8.6: Discretization parameters and
Table 8.5: Computational do- grid refinement levels.
mains of numerical experiments.

Table 8.7 reports a convergence check for the mean-CVaR optimization problem
with v = 10 and o = 0.05. The differences between the two finest refinement levels
suggest that the computed objective is accurate to well within 1%. The optimal
controls are computed and stored, and then used as inputs to Monte Carlo simulation
(2.56 x 10° simulations) for validation (reported in the same table).

Refine. Our method Monte Carlo

level EWr] CVaR (5%) w* |  E[Wg] CVaR (5%) Median[Wr]
0 2765.81 624.08 733.86 | 2760.64 (6.1) 624.50 1481.44

1 2768.71 624.37 734.12 | 2768.12 (6.1) 624.37 1481.34

2 2769.90 624.42 734.25 | 2770.18 (6.1) 624.41 1481.23

Table 8.7: Convergence test, mean—CVaR with v = 10 and a = 0.05. Parameters in
Table 8.3. Brackets show half-widths of 99% confidence intervals. Units: thousands
of currency units.

Figure 8.2 shows the optimal allocation weight in component s as a function
of time and realized wealth. Early in the horizon the policy is near full allocation
to component s; as time advances, allocations become more state-dependent, with a
clear de-risking region appearing around the wealth range associated with the optimal
threshold w* & 0.73 million (Table 8.7). For wealth well below this level, the policy in-
creases exposure to component s to improve tail outcomes; for wealth near the thresh-
old, the policy becomes more conservative; and for sufficiently high wealth, the CVaR
term is less binding and the allocation again tilts toward higher expected growth.

To construct the efficient frontier, we vary the scalarization parameter v € [0.01, 1000]
and repeat the optimization at each ~ (all results on the finest refinement level). Fig-
ure 8.3 plots the resulting frontier in the (CVaR,(Wr), E[Wr]) plane with oo = 0.05.
Since CVaR is applied to terminal wealth in this illustration, larger CVaR, (Wr)
corresponds to better downside performance. Increasing ~ shifts emphasis toward
improving tail outcomes (higher CVaR) at the expense of expected terminal wealth.

8.2.4 Robustness checks
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Fig. 8.2: Pre-commitment mean-CVaR op-  Fig. 8.3: Efficient frontier of mean—

timal control heat map (allocation weight ~CVaR with « = 0.05, computed on
in component s; interpreted as equity in  the finest refinement level (DC illus-
the DC illustration). tration).

Impact of spatial domain sizes To validate that the baseline domains in Table 8.5
are sufficiently large, we repeat the experiment reported in Table 8.7 on (i) a mod-
erately larger domain and (ii) a smaller domain, adjusting N, Ny to keep As, Ab
unchanged. Tables 8.8-8.9 show that enlarging the domain has negligible impact at
the reported precision, while shrinking the domain introduces small discrepancies (as
expected from truncation effects).

Larger domain Table 8.7
Level E[Wr] CVaR (5%) w* | EWr] CVaR (5%) w*
0 2765.80 624.08 733.86 | 2765.81 624.08 733.86
1 2768.71 624.37 734.12 | 2768.71 624.37 734.12
2 2769.90 624.42 734.25 | 2769.90 624.42 734.25

Table 8.8: Results using a larger spatial domain: 2y, = In(10%)—10, 2yax = In(10%)+
10 (baseline domain zy;, = In(10%) — 8, 2max = In(10°) + 8, Table 8.5) for z € {s, b}.

Smaller domain Table 8.7
Level E[Wr] CVaR (5%) w* | E[Wr] CVaR (5%) w*
0 2765.01 624.10 733.86 | 2765.81 624.08 733.86
1 2767.96 624.39 734.12 | 2768.71 624.37 734.12
2 2769.19 624.45 734.25 | 2769.90 624.42 734.25

Table 8.9: Results using a smaller spatial domain: zy;, = ln(105) — 6.25, Zmax =
In(10%) + 6.25 for 2 € {s,b}; (baseline domain from Table 8.5).

Impact of boundary conditions We repeat the experiment in Table 8.7 using the
constant boundary conditions proposed in [34, 10]. Table 8.10 shows that, on the
baseline domain, the constant boundary results are close to, but not fully identical
with, those obtained using our asymptotic boundary conditions (3.17). As a robust-
ness check, Table 8.11 repeats the constant boundary experiment on a larger domain,
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which reduces the discrepancy, consistent with constant boundary conditions requiring
larger domains to reach comparable accuracy.

Constant boundary Table 8.7
Level E[Wr] CVaR (5%) w* | E[Wr] CVaR (5%) w*
0 2765.77 624.07 733.86 | 2765.81 624.08 733.86
1 2768.64 624.38 734.12 | 2768.71 624.37 734.12
2 2769.76 624.42 734.25 | 2769.90 624.42 734.25

Table 8.10: Constant boundary conditions on the baseline domain, compared with
our asymptotic boundary conditions (3.17).

Constant boundary Tab. 8.7
Level E[Wr] CVaR (5%) W* | E[Wy] CVaR (5%) W~
0 2765.80 624.08 733.86 | 2765.81 624.08 733.86
1 2768.71 624.37 734.12 | 2768.71 624.37 734.12
2 2769.90 624.42 734.25 | 2769.90 624.42 734.25

Table 8.11: Constant boundary conditions on a larger domain, compared with our
asymptotic boundary conditions (3.17).

9 Conclusion We developed a strictly monotone 2D integration scheme for multi-
period mean—CVaR optimization, a representative class of reward—-risk stochastic con-
trol problems with discrete interventions, in settings where the between-intervention
increment law is specified via a closed-form CF with mild Fourier-tail decay.

The key computational ingredient is a Fourier-trained, nonnegative Gaussian-
mixture transition kernel, which enables direct composite-quadrature evaluation of
the Bellman convolution and an efficient FFT implementation. Our error analysis is
conducted in Fourier space, leveraging the explicit Fourier form of both the Gaussian-
mixture kernel and the target CF: we derive Fourier-domain L error estimates and
translate them into real-space bounds, which are then used to establish ¢, stability,
consistency, and pointwise convergence as the discretization and kernel-approximation
parameters vanish.

Numerical experiments include (i) a fully coupled 2-D jump-—diffusion test law
to assess kernel-learning accuracy, and (ii) a DC mean—CVaR optimization exam-
ple representing accumulation over working years, calibrated to long-horizon data.
Together, they demonstrate practical accuracy and robustness. More broadly, the
Fourier-trained kernel construction and the Fourier-to-real-space convergence frame-
work apply to other reward-risk stochastic control problems with translation-invariant
kernels, and can be extended beyond two dimensions, subject to the standard com-
putational considerations. Future work includes time-consistent optimization formu-
lations and adaptive Fourier training strategies that preserve strict monotonicity.

Appendix A. Proof of Lemma 3.2.

For each w > 0, define F(w) := sup ]Eftz’t‘; (W + v(w + émin (Wr —w,0))].
Upe A

By Remark 3.1, K := supy,c. Eigt‘)— [Wr] < 00, hence F(w) is finite for each w > 0.
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Next, use min(Wr — w,0) < Wpr — w to obtain, for any admissible Uy,
W+ (w+ Lmin(Wr —w,0)) < (14 2)Wr + (1= L)w

Taking expectations and then sup yields the uniform bound
Upe A

F(w) < (1+1)K + 7(1—l)w

Since 1 — = < 0, the right-hand side tends to —oo as w — oo, hence F(w) - —0
as w — oo Finally, for each fixed Uy, the map w = w4+ = mm(WT — w,0) is

Lipschitz in w (uniformly in Wr), so w Ex‘;’ [[] is continuous; therefore F(-) =

supy, (+) is Lipschitz and in particular continuous. Thus, there exists @ < oo such
that sup,,~q F'(w) = max,cjom F(w), and by continuity the maximum is attained at
some w*(xp) € [0,w] C [0, 00).

Appendix B. Proof of Lemma 4.2. Let A(n) := G(n) — G(n; 5*)
(i) Ly bound. By (4.6) applied to f =g — 7,

[ lo=3F = Gz [ 1AG)F .

Split R2 = D, U (R2\ D,). On R2\ D,, |A]2 < 2(|G]2 + |G]?), so (4.11) yields
fRQ\D’ |A|?> < 4e1. On D,;, approximate fD |AJ2 by a composite left-hand quadrature

25 L wp|A(mp) 2. Under (4.8), the weights satisfy 0 < w, < C;/P and the quadrature

: (using (4.12)). Hence

c'cB
remainder is bounded by 5574

1 c'cs c'c

2 2 * 1

/D [Afdn < C1 5 z; [AM)I" + 551 < € Lossp(0*) + Spi/a

n p=

and since LossP(g*) < &9, this gives (4.13).

(i) Pointwise bound. From the inverse transform (2.3) and |a + ib| < |a| + |b],

) - 3050 < G )/(Rm )] + [Tma (m)]) di.

Split R? = D,, U (R?\ D,)). On the tail,

Je

On D, applying the same quadrature bound with weights w, < Cy/P gives

(Real+tmal)dn < [ (Recl+/tmal)dr+ [ (Regl+{lmgl) < 221 .

N R2\D,, R2\D,,

F lodes; SNede:;
/ (|Real+Imal) d Z (|Rea(mp |+|Inr1A(77p)|)Jr21371/2 < C’1Rp(0*)+2pl/2.

Since Rp(6*) < e3, (4.14) follows.
Appendix C. Proof of Lemma 4.3. Let A :=cy At > 0 and fix o’ > R. For
any 1 € R? with [|n]|c > 1’ we have || > n’. Under Assumption 2.1 (A4),
G AP < exp(—pAln*),  pe{l,2}
Hence, for p € {1,2}, noting R? \ [=n,']* = {n € R?|[[nllsc > 7'},

oo

G AP dy < P gy — o [ p oA g
" U
{Inllec>n"} {In|>n"} n
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Make the substitution u = pAr®; then r = (u/(p)\))"/* and dr = L (pA)~"/*u=—" du,

o o 2
27T/ re P dr = —ﬂ-(p)\) 2/ F< , pAY )
0 a

’

where T'(a, z) is the upper incomplete gamma function. It is standard that for any
a >0 and any 6 € (0,1) there exists C(a, ) > 0 such that I'(a,z) < C(a,d)e % for
all z > 0 [1]. Taking 0 = % and z = pA7n’® in this bound, noting A\ = ¢y At, yields

/{l . }IG(n;At)I”dn < CD exp(— & ),
MNloc >N

for constants Cg) = C(a,0) %’T (p co At) ~2/% and cg’) = %pco At > 0, independent
of ’ > R. This concludes the Fourier domain truncation error bound related to G.

Regarding G, for n = (ns,mp) € R2, set 7 := on, and q := o’m,. We then have
1" S0 =124 +2purq > 124¢"=2pallrgl = (1=lpal) (P +6%) = (1-7) o Il

nl)

Hence, |G (n;0)| < ZnN 1|5n|e*%nTEnn < N3 exp( a- P)Umm
Let 02 := (1 —p)o2,,. Forp € {1,2},

G 3 W pe?

/ |G (n; )P dny < (Nﬂ)l’/ S gy = (NP 2 -rgt
{lInlleo>n"} (nl>w } o

Choosing Cg) = % = % and Og) = (Nﬂ)p 27 concludes the proof.

Appendix D. Proof of Corollary 4.6. Choose 7'(h) so that the tail terms
in Lemma 4.2 satisfy 1 < c;h'™ (Assumption 4.5). Assume g5 < coh!™* g3 <
csh'5, and P > cph=2(+%) g0 P~1/2 < c;1/2h1+"‘ Applying Lemma 4.2 (i) gives
llg — gll2, < Ch'**, hence |lg — gllr, < ChUFT®)/2 Applying Lemma 4.2 (i) gives
(4.15).

Appendix E. Proof of Lemma 6.1. By (6.3), there exists hg > 0 such that
for all 0 < h < hg,

(E.1) As AbZ(pl’d@l,k,d,j} < 1+4¢h) < ecM for all (8k,b5) € Qin,
1,d

with e(h) = C.h'** and C. independent of h. Define
1
Kmax 1= 7 Max {In|G(—1,0; At)|, In|G(0,—i; At)|, In|G(—i,—i; At)], 0}.
We claim that, for m =0,..., M,
(€2) e

The base case m = M is immediate.
Assume (E.2) holds at m+1. For boundary nodes (sg,b;) € Qou, (5.7) and (3.16)
give
Vel = V5| = |G (=ia(sk, by)s A [V 07| < et m [V .

For interior nodes (s, b;) € Qin, (5.8) and (E.1) yield

k,j,c

Vil < (85263 eralioray) IV oo < 017
l,d
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The intervention step (5.9) uses bilinear interpolation with nonnegative weights sum-
ming to one, followed by a max over controls, hence it is non-expansive in £
VI |loo < ||VI™ |0 Therefore

[V oo < et mmmct o) 7m0 o

which, combined with the induction hypothesis, implies (E.2).
Next,

(E.3) ||VCM’_||OO < sup |V(z,w,T7)| < oo,
zeQ, wel

since Q x I' is compact and V(-,-,77) from (3.8) is continuous. Choose hg smaller if
needed so that Me(h) <1 for 0 < h < hg. Then for all m,

(E4) e(M_m)(At Kmax+€(h)) < €T K’nlax"l'l.

Combining (E.2)—(E.4) yields the stated uniform ¢, bound.
Appendix F. Proof of Lemma 6.2.

Proof. The equality D;, = D is immediate at m = M (terminal payoff) and on
form=M —1,...,0. We therefore focus on the interior.

Fix (sg,b;) € Qh and write @y ; = (sk,05). Let ¢my1(y) == éd(y,we, t,,, 1) and
define the continuous propagator

Q) = lﬂixl(x)[2¢m+l(y) y — @ At) dy + Lo, () G(—ia(x); At) dpia (2),

Qr

out

Q(z) := 1, () /Q Smi1(9) Gy — 2:0%) dy + La,, (x) G(=i a(x); At) $mi1 ().

Define the discrete propagation values (using the same g on Q! and the boundary
update on Q%)

Qn(@va) = Lon (zv,a) As Ab > erad@ )G (v — e 6%)
1d
+ 1gn (1) G(—ialzy,a); At) @y o), wra € QY

and let éh(xl/’d/) = @(ml/,d/) denote nodal samples of Q on Q.
With x?ﬁ(u) =2 (T, Gmy u) = (82”]+( ), bm’*(u)), D(-) and Dy, (+) can be written as

D(@i5e ¢ 707) = sup Q" (u),

(Am}_ca {¢(A;nd+cl ), d) = max I[{Qh Ty ,d' }l’ d’]( iy +(u))

For any u € Zj, set £ := xzn;r(u) Using bilinear interpolation,

(F.1) |Z[Q4](€)— Q(6)| < |Z[Qn](€) ~Z[Qn](E)]+|Z1Qn](€) — Q)| +] Q&) — Q(6)]-

Quadrature term. Since y +— ¢m+1(y)g(y — z) is smooth on © with uniformly
bounded second derivatives (Gaussian mixture kernel; ¢ smooth), the 2-D composite
trapezoid rule gives, for each z; 4 € Qn

in»

|On(zv,a) — On(v.ar)

the difference is 0 by construction. Hence

< Cgh?,

and for xy ¢ € 0

out

190 = Gull,_ oy < Cat? = |TIQ(E) ~ TIGH](©)] < Oy
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Interpolation term. On each region where its definition is smooth (in particular
on €, and on each boundary subdomain where a(-) is constant), Q has bounded
second derivatives, hence bilinear interpolation yields

(F.2) 1Z[Oh](€) — Q(&)] < Cine b2,

uniformly in § € 2, with bounded constant Cj,; > 0 independent of h.
Kernel mismatch term. If & € Qout, then Q() = Q(&) by definition. If & € Oy,
using the global pointwise estimate [|§ — g[|.__(r2) = O(h'*") (Assumption 4.5), we

have |Q(€) — Q)| = ...

F3)...= ‘/Qqﬁmﬂ(y)(ﬁ—g)(y—& dy) < bms1llLw@) 1QANT— 9l Lo 2y =Cy BT
Combining (F.1)—(F.3) and taking the max over u € Z}, gives

(F.4)

m,+ m,+ K
max Z[Qp] (75" (u) — max Q(a}; (U))‘ < Cgh? + Cingh® + Cyh M Hr.

Finally, since u +— lef (u) is Lipschitz on [0,1] and = — Q(z) is Lipschitz on €2, the
control discretization satisfies

S m’.+ —_ m7,+ < =
(F.5) Zlelg Q(x,w () max Q(x,w (u))‘ < CyAu= 0O(h).
Adding (F.4) and (F.5) yields the stated O(h + h'*T* 4+ h?) bound. O
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