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Abstract

Grébner bases have been generalised to polynomials over a commutative ring A in several
ways. Here we focus on strong Grobner bases, also known as D-bases. Several authors have
shown that strong Grobner bases can be effectively constructed over a principal ideal domain.
We show that this extends to any principal ideal ring: we characterise Grobner bases and
strong Grobner bases when A is a principal ideal ring. We also give algorithms for computing
Grobner bases and strong Grobner bases which generalise known algorithms to principal ideal
rings. In particular, we give an algorithm for computing a strong Grobner basis over a finite-
chain ring, for example a Galois ring.

Subject Classification: 13F10, 13M10, 13P10.

1 Introduction

The notion of a Grobner basis, introduced by Buchberger for ideals of polynomials when the
coefficient ring A is a field, has been generalised to the case when A is a principal ideal domain (for
an overview and references see [2, Chapter 10 and Appendix]) and to a Noetherian ring (see [1,
Chapter 4]). We consider two possible generalisations, which we will call Grébner bases and strong
Grobner bases as in [1]. As the names suggest, strong Grobner bases are Grébner bases but not
conversely. In fact over certain rings, there are ideals which have a Grébner basis but do not have
a (finite) strong Grobner basis (see [1, Example 4.5.7]). We show that strong Grobner bases always
exist for ideals of polynomial rings over any principal ideal ring and give algorithms to construct
them. In view of previous work (see [1, 2] and the works cited there), we concentrate on rings with
zero-divisors.

We begin by giving structure theorems for principal ideal rings and collecting typical examples.
In Section 3 we recall the definitions of (strong) reduction and (strong) Grobner bases over a
commutative ring, following [1]. We show that when A is a finite-chain ring, i.e. a ring with
finitely many ideals which are linearly ordered by inclusion, the notions of Grébner basis and strong
Grdbner basis coincide. Strong Grobner bases consisting of a single polynomial are characterised
in Subsection 3.3.

As a first step towards characterising strong Grébner bases over a principal ideal ring, we see in
Section 4 that the characterisation of Grobner bases over Noetherian rings using syzygies (see [1,
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Theorem 4.2.3]) can be simplified for the particular case of a principal ideal ring: we give an
explicit finite set of generators for the syzygy module in this case. The main problem encountered
over a ring with zero-divisors is that multiplying a polynomial by a ring element may annihilate
the leading term. We characterise Grébner bases using classical S-polynomials and certain ’A-
polynomials’, see Theorem 4.10.

Theorem 5.10 characterises a strong Grébner basis G as a Grobner basis for which all G-polynomials
(the latter being defined as in [2]) are ‘strongly reducible’ wrt. G. Based on these characterisations,
Section 6 develops algorithms for computing strong Grébner bases when A is a computable principal
ideal ring, and includes proofs of correctness and termination. When A is a field or a principal ideal
domain, our characterisations and algorithms reduce to the known ones. Finally, Section 7 recalls
the notion of minimal strong Grobner basis and gives several characterisations and properties of
them over a principal ideal ring.

An outline and some applications of these results were presented at the Workshop on Coding and
Cryptography, Paris, 2001, [9]. Allan Steel has implemented a strong Grobner basis algorithm in
Version 2.8 of Magma [3] using Corollary 5.13 below, generalising Faugere’s algorithm [5] to Galois
rings.

2 Principal Ideal Rings

We recall the structure of principal ideal rings and give some examples.

2.1 Commutative rings

Throughout, A will denote an arbitrary commutative ring with 1 # 0. We denote by (ai,...,ar)4
the ideal of A generated by aq,...,a; € A, and C denotes strict inclusion. Let A = H7;1 A; be a
product of commutative rings and denote by m; : A — A; the canonical projections. For any a € A
we will write a = (a1,-..,am), where a; = m;(a). Let e; € A be 1 in the i-th component and 0’s
elsewhere. An element a € A is a unit if and only if each 7;(a) is a unit in A; and a is a zero-divisor
if and only if for some j, 7;(a) is a zero-divisor in A;. It is well-known that any ideal I of A has
the form I; x --- x I, where I; an ideal in A; and that Ann(a) = Ann(7my(a)) X --- X Ann(m,,(a))
where each Ann(m;(a)) is computed in A;.

2.2 The structure of principal ideal rings

Throughout the paper, we denote by R a (commutative) principal ideal ring. It is well-known and
easy to see that a quotient of a principal ideal ring and a finite product of principal ideal rings
are principal. Before recalling a general structure theorem for principal ideal rings, it is useful to
recall that a chain ring is a ring whose ideals are linearly ordered by inclusion; see [6].

Definition 2.1 (Finite-chain ring) A finite-chain ring is a chain ring with finitely many ideals.
We will need the following properties of a finite-chain ring:

Proposition 2.2 Let A be a finite-chain ring. Then:

(i) A is a principal ideal ring

(i) A is a local ring with mazimal ideal M say

(i) the elements of M are nilpotent and the elements of A\ M are units.

Let v be a fized generator of M and v the nilpotency index of v i.e. the smallest positive integer
for which v* = 0. Then



(iv) the distinct proper ideals of A are (Y)a,i=1,...,v—1

(v) for any element a € A\ {0} there is a unique i and a unit w € A such that a = uy® where
0<i<v-—1 and u is unique modulo v**

(vi) Ann(v') = (y"~") 4.

ProoOF. (i) If T is a non-zero ideal of A, then I = Uycr(a)a. Since A is a finite-chain ring, this is
a finite union of ascending ideals. Thus [ is the largest ideal of the union and A is principal. For
parts (ii)-(v) see [10, Vol.1, Ch. 4, Section 15]. O

Henceforth, v and v will always be used in the sense of the previous proposition. A finite-chain
ring is a field if and only if » = 1. A principal ideal domain is not a finite-chain ring unless it is
a field. In [10, Vol.1, Ch. 4, Section 15], a principal ideal ring is called special if it has a unique
proper nilpotent prime ideal. It is also shown loc.cit that a ring is a special principal ideal ring if
and only if it is a finite-chain ring (as defined above).

The following are examples of finite-chain rings: Zx, the integers modulo p* with p a prime and
k € Z, k > 1; Galois rings GR(p*,n) = Z[2]/(f) where (f) is the ideal generated by a monic
irreducible polynomial f € Z,x[z] of degree n whose image modulo p is irreducible in GF(p™)[z]
(here v and v can be taken to be p and k, respectively); finite rings which are chain rings (these are
completely characterised as certain homomorphic images of GR(p*, n)[z], see [7, Theorem XVIL5];
of course, not all finite-chain rings are finite); K[z]/{f*) with K a field, f an irreducible polynomial
and k € Z, k > 1 (here v and v can be taken to be f and k, respectively); D/{(a*)p with D a
principal ideal domain, a an irreducible element and k& > 1.

Of course, Z,, is a finite-chain ring if and only if m is a power of a prime. The following theorem
describes the structure of principal ideal rings.

Theorem 2.3 ([10, Vol.1, Ch. 4, Section 15, Theorem 33]) Any principal ideal ring is isomorphic
to a finite product of principal ideal domains and finite-chain rings.

Besides the usual examples of principal ideal rings, we note that R[z]/(f) is a principal ideal ring
if R is a finite-chain ring and f mod 7 is square-free (for a proof see [4, Corollary to Theorem 6]
or [8, Corollary 3.20, Remark 3.26]).

3 Strong Grobner Bases

3.1 Polynomials and reduction

The monoid of terms in x,...,z, is denoted by 7. We fix an admissible order ‘<’ on T. If
J =2 er fit € Alzy,...,2,] \ {0} and v = max{t € T : f; # 0} then v is called the leading
term, f, the leading coefficient and f,v the leading monomial of f, denoted lt(f),lc(f) and lm(f)
respectively. If S C A[z1,...,2z,]\ {0}, we write Im(S) for {lm(g) : g € S}, and similarly for
le(S) and 1t(S). Note that the terminology ‘leading term’, ‘leading monomial’ etc. differs from [1].

When A is a ring rather than a field, reduction of polynomials in A[zy,...,z,] can be generalised
in several ways: reduction and strong reduction as defined in [1, Definition 4.1.1 and p. 252] are
two such possibilities. We recall their definitions:

Definition 3.1 (Reduction, Strong reduction) Let f € Alzy,...,z,] \ {0} and let G be a
finite, non-empty subset of Alzy,...,zn]\ {0}.

(1) We say that f reduces to h wrt. G in one step (and that f is reducible wrt. G) if h =
f- Ele citigi, where ¢; € R, t; € T, g; € G, lm(f) = Ele citilm(g;) and ¢; # 0 implies
cile(g;) #0 and 18(f) = t;1t(g;). We write this as f —g h.



(i) We say that f strongly reduces to h wrt. G in one step (and that f is strongly reducible wrt.
G) if h = f —mg where g € G and m is a monomial such that lm(f) = mlm(g). We write this as
f—)%gh.

(iii) The reflexive and transitive closures of the relations —¢ and —»¢ are denoted -7, and —»Y,
respectively. When f —¢ h we say that f reduces to h wrt. G. If, moreover, h is not reducible
wrt. G then we say that h is a remainder of f wrt. G (by reduction) and we denote the set of all
such remainders by Rem(f,G). Similarly for strong reduction. The set of remainders of f wrt. G
(by strong reduction) is denoted by SRem(f,G). We adopt the convention that 0 =%, 0, 0—&0
and that Rem(0, G) = SRem(0,G) = {0}.

Note that if f reduces or strongly reduces to h then lt(f) > 1t(h). So for any polynomial f,
Rem(f,G) and SRem(f,G) are non-empty. Note that we can have f—»5hy and f—»Ehe for
distinct hq, he even if g € G is fixed. For example, let f = 42? +1,G = {g} = {22+ y} in Zg[z,y].
Then f—»7f—2zg=4zy+1and f»Lf —Szg =2y + 1.

Clearly if f—§h, then f —¢ h. The converse is in general false: for example in Z[z, y] with z > y,
f =z +2 is reducible but not strongly reducible wrt. G = {2z + y,3z + 1}. For finite-chain rings
however we do have equivalence:

Proposition 3.2 Let R be a finite-chain ring, let G C R[x1,...,z,] \ {0} be a finite set and
f,h € Rlxy,...,z,]. Then f is reducible wrt. G if and only if f is strongly reducible wrt. G.

PRrROOF. Let f be reducible wrt. G as in Definition 3.1. Proposition 2.2 implies that there is a j
such that lc(g;)|1c(g;) for 1 <4 < k. Then Im(g;)|Im(f) i.e. f is strongly reducible wrt. G. O

See also Corollary 5.9(iv) below.

Remark 3.3 Strong reduction is called D-reduction in [2, Definition 10.1] when A is a principal
ideal domain. Strong reduction is computationally more efficient than reduction. When A is
Noetherian, strong reduction is in general not sufficient for computing Grébner bases and reduction
needs to be used. It will turn out that in the case when A is a principal ideal ring we can always
avoid reduction and use only strong reduction to compute a ‘strong Grébner basis.’

We denote the ideal generated by a set F' C A[zy,...,2,] by (F) and write (fi,..., fr) for
{f1,---, fe})- Next we generalise the notions of standard representation and t¢-representation
of [2, p.218-219] to polynomials over a ring.

Definition 3.4 (Standard representation) Lett € T and 0 ¢ G C A[z1,...,z,]. We define

k
Rep,(G) = {Zcitigi : i €G,c;€ A\{0},t; €T, and t;1t(g;) <t fori= 1,...,k}
i=1

and similarly for Rep,(G). If f € RepSlt(f)(G) we say that f has a standard representation wrt.
G. We write Std(G) for the polynomials which have a standard representation w.r.t G.

Note that in the preceding definition the g; € G need not be distinct. One can easily check that if
f =% hor f»ghthen f—h € Std(G). It is also clear that Std(G) C (G). We easily have:

Lemma 3.5

(i) If t1 <tz then Rep<,, (G) C Rep4, (G).

(i) If f € Repy, (G) then there is ty < t1 such that f € Rep<,(G).
(iii) If f € Rep<4(G) then rt1 f € Rep<;,+(G) for anyr € A andt, € T.



3.2 Definitions of Grobner Bases and Strong Grobner Bases

The following two theorems generalise some of the well-known equivalent definitions of Grébner
bases over fields.

Theorem 3.6 ([1, Theorem 4.1.12]) Let I be a non-zero ideal of Alzi,...,z,] and let G be a
finite subset of I\ {0}. The following assertions are equivalent:

(i) (Im(G)) = (Im(I \ {0}))

(it) f € I if and only if f =% 0

(i1i) I = Std(G).

Theorem 3.7 ([1, Ezercise 4.5.1]) Let I be a non-zero ideal of A[z1,...,z,] and let G be a finite
subset of I\ {0}. The following assertions are equivalent:

(i) any f € I is strongly reducible wrt. G

(it) f € I if and only if f—¢0.

Note that when A is a field, Theorems 3.6 and 3.7 are equivalent, but in general the conditions of
Theorem 3.7 are strictly stronger than those of Theorem 3.6.

Definition 3.8 (Grébner basis, strong Grobner basis) ([1, Definitions 4.1.13 and 4.5.6])
Let I be a non-zero ideal of A[z1,...,x,] and let G be a finite subset of I\ {0}. Then:

(1) G is called a Grébner basis for I if it satisfies any of the equivalent conditions of Theorem 3.6.

(i) G is called a strong Grobner basis for I if it satisfies any of the equivalent conditions of
Theorem 3.7.

By Theorems 3.6 and 3.7, if G is a (strong) Grébner basis for I then I = (G). We will often just
say ¢ G is a (strong) Grébner basis’, meaning that G is a finite subset of R[z1,...,z,], 0 ¢ G and
G is a (strong) Grobner basis for (G). (In [2, p. 462] strong Grébner bases are called D-bases and
remainders are called D-normal forms.)

Over a Noetherian ring, any non-zero ideal has a Grobner basis, [1, Corollary 4.1.17]. It is clear
that a strong Grobner basis is a Grébner basis, but the converse fails in general (see [1, Example
4.5.7]). We will show that when A is a principal ideal ring any non-zero ideal has a strong Grébner
basis. Proposition 3.2 yields:

Proposition 3.9 Let R be a finite-chain ring. Then G is a Grébner basis if and only if G is a
strong Grébner basis.

3.3 Strong Grobner bases of cardinality one

When g € A[z1,...,2,] and A has zero-divisors, {g} is not necessarily a Grébner basis:

Example 3.10 Let g = pz® +z + 1 € Zy2[z]. Since lt(pg) < lt(g), {g} is not a Grébner basis.
Likewise {222 + 3z + 1} C Zg[z] is not a Gribner basis.

We characterise the polynomials g for which {g} is a (strong) Grobner basis.

Theorem 3.11 Let g € A[z1,-..,2,] \ {0}. The following assertions are equivalent:
(i) {9} is a strong Grobner basis

(i1) {9} is a Grébner basis

(#i) zg = 0 for all z € Ann(lc(g)).



ProoF. (ii) = (iii) Assume {g} is a Grobner basis and let z € Ann(lc(g)). If zg # O then
lt(zg) < 1t(g). Since {g} is a Grobner basis, 1t(g)|1t(zg) and so lt(g) < 1t(zg), for a contradiction.

(iii) = (i) Assume that zg = 0 for all z € Ann(lc(g)). Let f € (9)\ {0} and let h € A[z1,...,z,] be
such that f = gh and lt(h) is minimal among all polynomials with this property. If lc(g) lc(h) = 0,
then lc(h)g = 0. Putting hy = h — lm(h), we have 0 # gh = glm(h) + gh1 = ghy and lt(h1) <
1t(h) contradicting the minimality of 1t(h). Hence lc(g)lc(h) # 0 so Im(gh) = lm(g)lm(h) i.e.
Im(g)|lm(f), as required. O

Thus if A is a domain, any {f} C A[z1,...,2,] \ {0} is a strong Grobner basis. Also, if R is a
finite-chain ring and g € Ry, ..., ,] is monic, then for any r € R\ {0}, {rg} is a strong Grobner
basis. More generally, we have the following easy consequence of Theorem 3.11.

Corollary 3.12 Let a € A\ {0} and g € A[z1,...,2,] \ {0}. If lc(g) is not a zero-divisor, then
{ag} is a strong Gribner basis.

See Proposition 4.2 for a converse to Corollary 3.12.

4 Characterisation of Grobner bases over R

Buchberger’s characterisation of a Grobner basis over a field was generalised to the case of a
Noetherian ring by generalising S-polynomials to certain polynomial combinations obtained from
the generators of the syzygy modules of leading monomials (see [1, Theorem 4.2.3]). We simplify
this characterisation for the case of R, a principal ideal ring, as a first step towards characterising
strong Grobner bases over R. We begin with some additional results on divisibility in R.

4.1 Divisibility in a principal ideal ring

If a,b € R are such that b|a, then a = be does not of course specify ¢ uniquely, but the following
proposition provides a ‘natural choice’ for c:

Proposition 4.1 (i) Let a,b € R be such that bla. There is an element ¢ € R, unique up to
associates, such that a = bc and (c)r = ((a)r : {(b)Rr). In particular, if (a)r = (b)r then there is a
unit u € R such that a = ub.

(i) Any element r € R can be written as v = bc where b is not a zero-divisor and ¢ such that
Ann(Ann(c)) = (¢)g. The elements b and ¢ are unique up to associates.

PROOF. (i) The result is trivial if R is a domain. Assume that R is a finite-chain ring but not a
field and let a = uy?, b = v/ with » and v units. Since bla, we have j < i. Put ¢ = uv~ 1y,
Obviously ({a)g : (bYr) = (¥*77)r = (c)r- For the general case, decompose R using Theorem 2.3.
Then use the fact that the operations are component-wise and that the assertion holds in each
component.

(ii) By Theorem 2.3, R is isomorphic to [];-, R; with R; either a domain or a finite-chain ring.
For r € R, define b,c € R by m;(b) = m;(r) if m;(r) is not a zero-divisor and m;(b) = 1 otherwise
and m;(c) = m;(r) if m;(r) is a zero-divisor and 7;(¢) = 1 otherwise, where ¢ = 1,...,m. The rest
of the proof is a simple exercise. O

An application of the foregoing is a converse to Corollary 3.12:

Proposition 4.2 Let g € R[z1,...,2,] \ {0} and let {g} be a strong Grébner basis. Then g = cg'
for some c € R, ¢' € R[z1,...,2y] for which 1c(g") is not a zero-divisor.



PRrOOF. Let {g} be a strong Grobner basis. By Proposition 4.1(ii), lc(g) = be where Ann(Ann(c)) =
{¢)r, b is not a zero divisor and Ann(lc(g)) = Ann(c). It suffices to prove that for any t € T', g; # 0
implies c|g:. Let z generate Ann(lc(g)). Then, by Theorem 3.11, zg = 0 i.e. zg: =0forallt € T
i.e. g1 € Ann(z) = Ann(Ann(c)) = (¢)r. O

As usual, for £ > 1 and rq,...,rx € R\ {0}, we say that » € R\ {0} is a greatest common
divisor of r1,...,rg if r|r; for all i = 1,...,k and for any ' € R with the property that 7'|r; for
i=1,...,k, we have r'|r. A least common multiple of 1, ... 7 is similarly defined. We denote
by ged(r1,-..,7x) and by lem(ry, ..., ) the set of greatest common divisors and the set of least
common multiples of rq, ..., rg, respectively. If S = {ry,...,7,} we also write gcd(S) and lem(S)
for ged(ry, - -.,7k) and lem(ry, ..., 1), respectively. The following result is straightforward:

Lemma 4.3 Let k> 2 and r,71,...,7 € R. Then
(i) r € ged(r1,--.,7x) if and only if (PYr = (r1,-..,Tk)R
(i) r € lem(ry,...,7rg) if and only if (rYr = (r)rN...N{r)r

(#i) Any two greatest common divisors of r1,...,7 are associate. Likewise for any two least
common multiples of r1,...,7%.
Note that we can have 0 € lem(ry,...,rg) for rq,...,7x € R\ {0}, in which case lem(ry,...,r) =

{0}and ry- -7, =0.

4.2 Syzygies over a principal ideal ring
Syzygies of elements of R will play an important role in computing strong Grébner bases. We
generalise some of the results presented in [1, Section 4.5] from principal ideal domains to principal

ideal rings.

Definition 4.4 Let k > 1 and let (r1,...,r) € R*. The set of syzygies of (r1,...,r) is
k
Syz(rla"-;rk):{(Cl,...,ck) GRk | Zczrz:()}

It is trivial that Syz(ry,...,7,) is a finitely generated submodule of R¥, but we are interested in
finding explicit generators. We first need the following lemma;:

Lemma 4.5 (¢f. [1, Lemma 4.5.2]) If r,r1,...,7 € R, ({r1,...,Tk)r:7) = E;c:l((rj)R ir).
PRroOF. If R is a principal ideal domain, the assertion is proved in [1, Lemma 4.5.2]. If R is a
finite-chain ring, write 7 = uy! and r; = u;y", where u,u; are units and [,i; € {0,...,v — 1} and

j=1,...,k Then:

((Tla . ;Tk>R . 7_) — (<,ymin{i1,...,z'k}>R . ,Yl) — <,Ymax{0,min{i1,...,z'k}fl}>R7

k k
Z T‘J R: 7. Z max{0, zJ—l} _ <,7min{max{0,i1—l},...,max{O,ik—l}}>R
j=1 j=1
and max{0, min{i1,...,ix} — !} = min{max{0,i; —I},...,max{0,i; — I}} is a simple exercise.



If R = [[;%, R; with each R; a principal ideal domain or finite-chain ring, then using the fact that
the theorem holds in each R;, we have:

k m m k
D rdr:r) = D T[Wmitr))r s mi(r)) = [T Do ((miCri)) s = milr))
j=1 j=1i=1 i=1j=1

I
3
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I
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E}
)
5
—
E}
=
5

The result for an arbitrary principal ideal ring now follows easily from Theorem 2.3. O

Theorem 4.6 (cf. [1, Proposition 4.5.3] Let (r1,...,rx) € RF. For each i, 1 <i <k, leta; € R
be such that (a;)r = Ann(r;). For any pair i,j with 1 <i < j <k let r;; € lem(r;,7;). Ifry; #0,
let b;,j,b; ; € R be such that r;b; ; = rjb; ; = rij. Then

S = {aiei 1< < k‘} U {b,-,jei — bLjej :1<i<y < k,lcm(r,-,rj) # {0}}

generates Syz(r1,...,Tk).

Proor. It is easy to check that S C Syz(ri,...,rs). Now let ¢ = (c1,...,¢,) € Syz(ri,...,rk)-
We have to prove that ¢ can be written as a linear combination of the elements of S. We induct
on the number [ of non-zero components of c.

For I =1, ¢ = ¢;e; for some i. We have ¢;r; = 0, so ¢; € Ann(r;) = (a;)r. Hence there is an
r € R such that ¢; = ra; i.e. ¢ = rase;. Forl =2, ¢ = c;e; + cje; for some 1 < ¢ < j < k. The
syzygy c;r; + ¢jr; = 0 implies that ¢;r; € (r;))r N (rj)r = (rij)r- K r;; = 0 then ¢;r; = ¢jr; =0
and we can apply case [ = 1 to the syzygies c;e; and c¢;je;. Otherwise, ¢;r; = rr;; = r(r;b; ;) for

some r € R. Also, ¢jrj = —¢iry = —rry; = —r(r;b] ;). We have ri(c; —rb; ;) = rj(c; + b} ;) =0,
so ¢; —rb;j € Ann(r;) = (a;)r and ¢; + rb;; € Ann(r;) = (aj)r- If ¢; = rbi; + sa; and
cj = —rb; ; + s'a;, then ¢ = r(b; je; — b; ;e;) + sa;e; + s'aje;.

Now let I > 2. Without loss of generality assume that ¢ = 2221 cie;. The syzygy 22:1 ciri =0
implies that ¢; € ((r1,...,71—1)r : 71) = Eé;}((H)R : r7), by Lemma 4.5. We can then write
¢ =dy + -+ di—1 with d; € ({r;)r : r) i.e. dyr; = vir; for some v; € R. This means that

die; — vie; € Syz(ry,...,rE) and we can write

-1 -1 -1 -1
c= Z cie; + Z die; = Z(cz +v;)e; + Z(diel —v;e;).
i=1 i=1 i=1 i=1
Since ¢ and each d;e; — v;e; are in Syz(ry,...,7t), sois ¢ = Zé;}(ci + v;)e;. By the inductive
hypothesis, ¢’ and all the d;e; — v;e; are linear combinations of elements of S, as they have strictly
less than [ non-zero components. Hence c is a linear combination of elements in S. O

The reader may check for example that {(5,0,0),(0,0,2),(1,-8,0),(0,10,—1)} is a basis for
Syz(4,3,10) C Z3,.

4.3 S-polynomials and A-polynomials

We first adapt the definition of S-polynomials to polynomials over R.



Definition 4.7 (S-polynomial) Let g1,92 € R[z1,...,2,] \ {0} be distinct polynomials. An S-
polynomial of g1 and go is any polynomial cit19; — catags where

c1le(gr) = cale(gz) € lem(le(gr),le(g2)) # {0},

¢i € R and t; = lem(1t(g1),1t(g2))/ 1t(g:). If lem(le(g1),lc(g2)) = {0}, we define 0 to be the only
S-polynomial of g1,g2. We write Spol(g1,g2) for the set of S-polynomials of g1 and gs.

Note that if h € Spol(g1, g2) then 1t(h) < lem(1t(g1),1t(g2)). If R is a domain, two S-polynomials
of g1 and g differ by multiplication with a unit of R, so we can safely speak of ‘the’ S-polynomial
of g1 and g». This is no longer the case when R has zero divisors.

Example 4.8 Let g; = 22° + 3z + 1 and g2 = 5zy + 2y + 1 in Zog[z,y]. We have 10 € lem(2,5).
Consider the S-polynomials hy = byg, — 2xgs = llxy + 18z + 5y and hy = 5yg, — 10xgs =
15zy + 10z + 5y. If there were a unit u € Zygy such that he = uhy then 15 would be a unit in Zyg.

We will see that our results do not depend on which S-polynomial is chosen. The main additional
difficulty encountered when trying to construct Grobner bases over rings with zero divisors is that
we do not necessarily have lt(g) = 1t(cg) for all ¢ € R and so {g} is not necessarily a Grébner basis,
as we saw in Example 3.10. This motivates the following definition:

Definition 4.9 (A-polynomial) Let g € R[zy,...,z,]\ {0}. An A-polynomial of g is any poly-
nomial of the form ag where a € R is such that (a)r = Ann(lc(g)). We write Apol(g) for the set
of A-polynomials of g.

Note that if h € Apol(g) then lt(h) < lt(g) and that any two A-polynomials of g differ by mul-
tiplication by a unit of R. Of course if R is a principal ideal domain, then Apol(g) = {0} for all
g € R[z1,...,2,]\ {0}

4.4 Characterisation of Grobner Bases over R

We characterise Grobner bases over R using Theorem 4.6 to obtain generators for a syzygy module
of leading coeflicients.

Theorem 4.10 Let G C R[z1,...,z5] \ {0}, |G| < 0o. Then G is a Grébner basis if and only if
(A) for any 91,92 € G with g1 # g2, there is an h € Spol(g1, g2) such that h =%, 0 and
(B) for any g € G, there is an h € Apol(g) such that h —¢, 0.

Proor. (Cf. [1, Theorem 3.2.5]) The necessity of conditions (A) and (B) is obvious. Let G =
{91,---,9r} and put r; = lc(g;) for i = 1,...,k . First we give a basis for Syz(ry,...,rg). For
each i, let h; = a;g; € Apol(g;) N Std(G). For each 1 < i < j < k with lem(r;,r;) # {0}, let
hi,j € Spol(g;, g;) N Std(G) be given by

hij = bijgilem(1t(g:), 16(g;))/ 1t(g:) — b5 ;95 lem(lt(g:), 1t (g;)) / 16(g;)-
Applying Theorem 4.6 and the definitions of S-polynomials and A-polynomials, we see that

S:{aiei : lgifk}U{bi’jei—b e; : 1§i<j§k,lcm(ri,rj)7é{0}}

/

2%}
generates Syz(ri,...,r;). Now let f € (G) \ {0} = U;cr Rep<(G). We need to prove that
f € 5td(G) ie f € Rep<yy(5)(G). Let f € Rep<,(G) with ¢ minimal, and assume that ¢ > 1t(f).
Write f = h + Y\ ci;ti;g;; where h € Rep,(G), I < k, 1 < iy < --- < iy < k, ¢;; € R,



ti; €T, t;;1t(g;;) =t and ¢;;ry; # 0 for j = 1,...,1. Then Z;:l ci;ri; = 0 ie. Zé.:l ci;eq; €
Syz(ri,...,rr). We have It(g;,)|t, for j = 1,...,l. So by Theorem 4.6, there are u;;,v;,;; € R such
that l .
f—h= Zcijtijgij = Zui]- ti; hi; + Z Vipi;tii; Pi iy s
j=1 j=1 1<i<j<i

where t; ;; = t/lem(lt(g;,),1t(gi;)). Obviously, t;; It(h;;) < t and t; ;, 1t(hs ;) < t. Conditions
(A), (B) and Lemma 3.5 imply that all the summands are in Rep_;(G), so f € Rep,(G). By
Lemma 3.5 again, f € Rep<, (G) for some ' < ¢, which contradicts the minimality of ¢. O

In particular, {g} C R[z1,...,z,]\ {0} is a strong Grobner basis if and only if Apol(g) = {0}, ¢f.
Corollary 3.12 and Proposition 4.2.

5 Characterisation of Strong Grobner Bases over R

We have seen that over a field, the notions of strong Grébner basis and Grébner basis coincide.
Thus the classical effective characterisation of Grobner bases in terms of S-polynomials holds for
strong Grobner bases as well. Over a principal ideal domain however, a strong Grébner basis G
can be characterised by: for any pair of polynomials in G (i) their S-polynomial reduces to 0 wrt.
G and (ii) their ‘G-polynomial’ is strongly reducible to 0 wrt. G; see [2, Section 10.1] and the
references therein. We generalise this to principal ideal rings in Corollary 5.12 below.

5.1 G-polynomials

Let us recall the definition of a G-polynomial (see [2, Definition 10.9]).

Definition 5.1 (G-polynomial) Let F' = {fi,..., fx} C R[z1,...,2,]\ {0}. A G-polynomial of
F is any polynomial Ele citi fi where

k
3 ailo(f) € ged(le(F)),
i=1
¢i € R and t; = lem(It(F))/1t(f;). We write Gpol(F) or Gpol(fi,...,fr) for the set of G-
polynomials of {f1,..., fx}

Note that f € Gpol(f) and that if h € Gpol(F) then 1t(h) = lem(lt(F)) and lc(h) € ged(le(F)).
Hence by Proposition 4.3, if hy, ha € Gpol(F') then Im(h;) = ulm(hs) for some unit v € R. If R is
a domain, any two G-polynomials of f; and f> differ by multiplication with a unit, so we can safely
speak of ‘the’ G-polynomial of f; and f,. This is no longer the case when R has zero divisors, but
we will see that our results do not depend on which G-polynomial is chosen.

Example 5.2 For f1, fo € Zao|z,y] as in Example 4.8, h1 = zfs — 2yfi = 2%y — 4oy +z — 2y

and hy = 5xfs — 2y fi = 2%y + 4oy + 5z — 2y are G-polynomials of fi and fo. If there were a unit
u € R such that hy = uho then 5 would be a unit in Zoyg.

5.2 A first construction of strong Grobner bases over R

We begin by generalising the construction of strong Grébner bases over principal ideal domains
given in [1, Theorem 4.5.9] to principal ideal rings.
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Definition 5.3 (Saturated subset) (c¢f. [1, Definition 4.2.4]) Let S,S’ be finite sets and () #
S'CScT. We say that S’ is saturated wrt. S if

S'={tes : t|lem(S")}.

Theorem 5.4 (cf. [1, Theorem 4.5.9]) Let I be a non-zero ideal of R[x1,...,z,] and let G be a
Grébner basis for I. For each F C G choose an hr € Gpol(F). Then the set

{hp : F CG and t(F) is saturated wrt. 1t(G)}

is a strong Grébner basis for I.

ProoF. The proof is similar to [1, Theorem 4.5.9]. O

For an alternative proof, see Remark 5.11(i) below.

5.3 Gpol-closure

If f is reducible wrt. G, it is easy to see that there is an F' C G and an h € Gpol(F) such that f
is strongly reducible wrt. G U {h}. This suggests the following definition.

Definition 5.5 (Gpol-closed, Gpol-closure) Let G be a finite non-empty subset of
Rlzy,...,z,]\ {0}. We say that

(i) G is Gpol-closed if for all g1, g2 € G with g1 # ga, there is an h € Gpol(g1, g2) which is strongly
reducible wrt. G.

(1) G is a Gpol-closure of G' C G if G is Gpol-closed and
Gc |J Gpol(F). 1)

P£F' CG

Note that any strong Grobner basis is Gpol-closed, if G is a Gpol-closure of G' then (G) = (G')
and if G' is Gpol-closed then G’ is a Gpol-closure of itself.

Proposition 5.6 If R is a finite-chain ring, any non-empty subset of R[x1,...,x,]\ {0} is Gpol-
closed.

Proor. Let G C R[z1,...,2,] \ {0} and let g1, g2 € G be distinct. If h € Gpol(g, g2), then h is
reducible wrt. {g1, g2}, so by Proposition 3.2, h is strongly reducible wrt. G. O

The following properties of G-polynomials follow easily from the definition:

Lemma 5.7 Let F = {fi,..., fe}, F' = {fi,-.., fis} be subsets of R[z1,...,z,] \ {0} and let
h € Gpol(F'), h' € Gpol(F"). Then:

(1) Gpol(h, h') = Gpol(F U F").
(it) If k = k' and lm(f;)|1m(f}) for i =1,...,k then Im(h)|lm(h’).

Proposition 5.8 Let G,G' C R|z1,...,zn] \ {0} be finite sets satisfying condition (1). The
following assertions are equivalent:

(i) G is a Gpol-closure of G’
(1) for all non-empty F' C G', there is an h € Gpol(F") which is strongly reducible wrt. G
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(%) for all non-empty F' C G' such that Wt(F") is saturated wrt. 1t(G"), there is an h € Gpol(F")
which is strongly reducible wrt. G.

() for all f € R[x1,...,24,], [ is reducible wrt. G' if and only if f is strongly reducible wrt. G.

ProOOF. We will prove the equivalence of (ii) with the other assertions, starting with (ii) < (i).
For the forward implication we need only show that G is Gpol-closed, so let hy,hy € G. From
condition (1), there are F" | F' C G’ such that h; € Gpol(F") and hy € Gpol(F"). By (ii), there is
an h € Gpol(F' U F") which is strongly reducible wrt. G. By Lemma 5.7, h € Gpol(hy, h2), so G
is Gpol-closed.

We prove (i) = (ii) by induction on the cardinality of F' = {f1,..., fr}. For kK =1,2 it obviously
holds. Assume that k > 3 and that (i) = (ii) for subsets of cardinality less than k. Then by the
inductive hypothesis, there are h; € Gpol(fi, f2) and hy € Gpol(fs,..., fr) which are strongly
reducible wrt. G i.e. there are g; € G such that lm(g;)|lm(h;) for i = 1,2. Since G is Gpol-
closed, there is a g € Gpol(g1,g2) which is strongly reducible wrt. G. Let h € Gpol(hy, h2). By
Lemma 5.7, h € Gpol(F') and Im(g)|1m(h), so h is strongly reducible wrt. G.

For (iii) = (ii), let F' C G’ and h € Gpol(F'). Let F" = {f € G' : It(f)|lem(1t(F"))}. Trivially
1t(F") is saturated wrt. 1t(G'), so there is a g € Gpol(F"') which is strongly reducible wrt. G.
Since F' C F", lc(g)|1lc(h) and by construction 1t(g)|1t(h), so Im(g)|1lm(h) and h is also strongly
reducible wrt. G.

We prove now (i) = (iv). Assume first that f is reducible wrt. G’. Then there is an F' =
{fi,---, fr} C G' such that It(f;)|1t(f) for s = 1,...,k and lm(f) = Zle cit; lm(f;) for some
¢; € R and t; € T. Hence lem(1t(F"))|1t(f) and lc(f) is divisible by any element of gcd(1c(F")) so
lm(h)|lm(f) for all h € Gpol(F"). By (ii), there is an h € Gpol(F') which is strongly reducible
wrt. G, so f is strongly reducible wrt. G.

Next assume that f is strongly reducible wrt. G. There is then an h € G such that Im(h)|lm(f).
We know from condition (1) that h € Gpol(F") for some F' C G'. It can be easily checked that f
is reducible wrt. F'.

For (iv) = (ii), let F' C G' and h € Gpol(F"). From the definition of a G-polynomial, we see that
h is reducible wrt. G'. Hence, by (iv), h is strongly reducible wrt. G. O

For the particular case G' = G, Proposition 5.8 yields:

Corollary 5.9 Let G C R[z1,...,z,]\ {0} be a finite set. The following assertions are equivalent:
(i) G is Gpol-closed
(i) for all non-empty F C G, there is an h € Gpol(F) which is strongly reducible wrt. G

(#i) for all non-empty F C G such that 1t(F) is saturated wrt. 1t(G), there is an h € Gpol(F)
which is strongly reducible wrt. G

() for all f € R[x1,...,24,], f is reducible wrt. G if and only if f is strongly reducible wrt. G.

5.4 Characterisation of strong Grobner bases over R
Our first characterisation does not use Theorem 4.10.

Proposition 5.10 Let G C R[z1,-..,2,) \ {0} be a finite set. The following assertions are equiv-
alent:

(i) G is a strong Grobner basis
(i) G is a Grébner basis and G is Gpol-closed
(#i) G is a Gpol-closure of some Grébner basis G' C G.

12



Proor. For (iii) = (i), let f € (G) = (G'). Since G’ is a Grobner basis, f is reducible wrt. G, so
f is strongly reducible wrt. G by Proposition 5.8(iv). O

Remark 5.11 The implication (iii) = (i) of Proposition 5.10 together with Proposition 5.8(iii)
yields another proof of Theorem 5.4.

Theorem 4.10, Proposition 5.10 and Proposition 5.6 easily yield:

Corollary 5.12 Let G C R[z1,...,z,] \ {0} be a finite set. Then G is a strong Grobner basis if
and only if

(A) for any 91,92 € G with g1 # g2, there is an h € Spol(g1, g2) such that h—»§0,
(B) for any g € G, there is an h € Apol(g) such that h—»,0 and

(C) for any g1, 92 € G with g1 # go there is an h € Gpol(g1, g2) which is strongly reducible wrt. to
G.

Corollary 5.13 Let R be a finite-chain ring and G C R[z1,...,z,] \ {0} be a finite set. Then G
is a strong Grébner basis if and only if

(A) for any 91,92 € G with g1 # g2, there is an h € Spol(g1, g2) such that h—»§0 and
(B) for any g € G, there is an h € Apol(g) such that h—»,0.

6 Strong Grobner Basis Algorithms

6.1 The principal ideal ring case

We say that R is computable if there are algorithms which compute: sums; negation; products; an
lcm; a generator of the annihilator ideal of an element; for any r1,72 € R there is an algorithm
which computes ¢, ¢y such that ¢;71 + cors € ged(rq, r2); for any r1,r2 € R, there is an algorithm
which decides whether r4|r; and in the affirmative case, produces an 73 € R such that r, = rors.

Examples of computable principal ideal rings are Z and Z,,. If K is a computable field then K[X]
is a computable. Also, a quotient ring of a computable principal ideal ring and a finite product
of computable principal ideal rings are computable. When R is a finite-chain ring in which v
and v are given and there are algorithms which compute sums, negations and products, then R is
computable (see Proposition 2.2). For example GR(p*,n) is computable . Throughout this section
we will assume that R is computable.

Theorem 4.10 enables us to compute a Grobner basis as follows:

Algorithm 6.1 (Grébner basis)
G + GB-PIR(F)

Input: F a finite subset of R[z1,...,2,], where R is a computable principal ideal ring.

Output: G a Grobner basis for (F).

Notes: B is the set of pairs of polynomials in G' whose S-polynomials still have to be computed.
C' is the set of polynomials in G’ whose A-polynomials still have to be computed.

begin

G+ F
B« {{fi,f2} : fi,f2 €G, f1 # f2}
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C+F
while BUC # () do
if C # 0 then
select f from C
C«C\{f}
compute h € Apol(f)
else
select {f1, f2} from B
B « B\ {{f1,2}}
compute h € Spol(fi, f2)
end if
compute g € Rem(h,G)
if g # 0 then
B+ BU{{g,f} : f€G}
C+ Cu{g}
G+ GU{g}
end if
end while
return(G)
end

Proposition 6.2 Algorithm GB-PIR . is correct and terminates.

PrOOF. We first show that the algorithm terminates. Any new polynomial g to be added to
G is not reducible wrt. G i.e. lm(g) € (Im(G)). Thus (Im(G)) increases strictly each time a
new polynomial is added to G. Such a strictly ascending chain of ideals has to be finite because
R[z1,...,z,] is Noetherian and so eventually no new polynomials are added to G, as required.

Let I = (F'). We have (G) = I on initialising and all polynomials subsequently added to G are in I,
so the property I = (G) is preserved. Any polynomial in G\ C has an A-polynomial which reduces
to 0 wrt. G and any pair of polynomials g1, g2 € G with {g1,92} ¢ B has an S-polynomial which
reduces to 0 wrt. G. Thus on termination, G satisfies conditions (A) and (B) of Theorem 4.10 and
G is therefore a Grobner basis. O

Each iteration of Algorithm GB-PIR computes either an A-polynomial or an S-polynomial. For
the correctness of the algorithm, it does not matter which one is done first. We have preferred the
former whenever possible since A-polynomials are easy to compute, have lower degree and can be
used in subsequent reductions. Thus computing A-polynomials first is likely to be more efficient.

A first method for computing a strong Grobner basis G for an ideal (F) could be based on
Proposition 5.10(iii). Namely, we compute a Grobner basis G' for (F') and then compute a Gpol-
closure G of G' using the algorithm below.

Algorithm 6.3 (Gpol-closure)
G + Gpol-closure(G')

Input: G’ a finite subset of R[z1,...,z,]\ {0}.
Output: G a finite subset of R[x1,...,z,] which is a Gpol-closure of G'.

begin

G+ @G
for all F' C G' do
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if 1t(F") is saturated wrt. 1t(G') then
compute h € Gpol(F")
if h is not strongly reducible wrt. G then G + G U {h}
end if
end if
end for
return(G)
end

However, reduction is less efficient than strong reduction and in each reduction step we basically
compute a G-polynomial and then discard it. Thus to compute a strong Grobner basis as above
we would have to recompute the discarded G-polynomials. The following algorithm, also based on
Theorem 4.10 and Proposition 5.10, maintains a Gpol-closure G of the current basis G' and only
uses strong reduction wrt. G rather than reduction wrt. G' (see Proposition 5.8(iv)).

Algorithm 6.4 (Strong Grobner basis)
G < SGB-PIR(F)

Input: F a finite subset of R[z1,...,2,] \ {0}, where R is a computable principal ideal ring.

Output: G a strong Grébner basis for (F').

Notes: G' C @G, so G is a Gpol-closure of G'; on termination, G’ will be a Grobner basis for (F).
B is the set of pairs of polynomials in G' whose S-polynomials still have to be computed.
C' is the set of polynomials in G' whose A-polynomials still have to be computed.

begin
G' '« F
B+ {{g1,92} : 91,92 € G', 91 # g2}
C+F
G + Gpol-closure(G')
while BUC # () do
if C' # () then
select g from C
C« C\{g}
compute h € Apol(g)
else
select {g1,92} from B
B« B\ {{g1,0:}}
compute h € Spol(gi, g2)
end if
compute g € SRem(h,G)
if g # 0 then
B+ BU{{g, f}If € G'}
C+ Cu{g}
G + Gpol-closure-update(G’, g, G)
G'+ G'"U{g}
end if
end while
return(G)
end

The auxiliary algorithm Gpol-closure-update is described below.
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Algorithm 6.5 (Gpol-closure update)
G + Gpol-closure-update(G’, g,G")

Input: G’ a finite subset of R[z,...,z,] \ {0}
gER['Tl:"'awn]\Gla 9750
G" a Gpol-closure of G'.
Output: G a finite subset of R[z1,...,z,] which is a Gpol-closure of G' U {g}.

begin

G+ G"U{g}

for all ¢" € G" do
compute h € Gpol(g, g")
if h is not strongly reducible wrt. G then G + G U {h}
end if

end for

return(G)

end

Example 6.6 Let g; = 22% + 3z + 1 € Zg[z] and F = {g1}. We will compute a strong Grébner
basis for (F). We have go = 3z +3 € Apol(g1), Spol(g1,g2) = {0} and hy = 2> — 1 € Gpol(g1, g2)-
Then G = {g1,92,h1} is Gpol-closed and so G is a strong Grébner basis for (F).

Example 6.7 (cf. [1, Example 4.2.12]) Let F = {g1,92} C Z2o[x,y], where g1 = dzy+x and g5 =
3z2 +y. We will compute a strong Gribner basis for (F) wrt. the lezicographical order with x > y.
Initially G' = F. The new polynomials introduced in G' will be denoted g3, g4 etc. A Gpol-closure
of F will be G = {g1, g2, h1} where hy = 2®y +xy —y?> € Gpol(g1, g2). We have 5z € Apol(g,) and
5z is not strongly reducible wrt. G, so we put g3 = 5x. We update G by introducing gs and adding
ho = zy — x € Gpol(g1,g3) to G. We compute 322 — 4y?> € Spol(g1,g2) which strongly reduces
to g4 = 4y®> +y. Updating G will result in adding g4 to G only. We have g5 = 5y € Apol(gs).
The updated G will be G = {4zy + x,32% + y, 2%y + zy — y?, 52,7y — x,4y> + y,5y,y*> — y}, the
last polynomial being hs = y? —y € Gpol(gs, gs). This is also a final strong Grébner basis, as any
further A-polynomials and S-polynomials strongly reduce to 0 wrt. G.

We prove now the correctness and termination of the algorithms.
Theorem 6.8 Algorithms Gpol-closure and Gpol-closure-update are correct and terminate.

PrOOF. The termination of both algorithms is obvious. The correctness of Algorithm Gpol-
closure follows from Proposition 5.8. To prove the correctness of Algorithm Gpol-closure-
update, let F' C G' U {g}. We have to show that there is an h € Gpol(F’) which is strongly
reducible wrt. G. If F! C G', this follows from the fact that G" is a Gpol-closure of G' and
G" C G. Otherwise, write F' = F" U {g} where F' C G'. Since G" is a Gpol-closure of G', there
is an hy € Gpol(F") and a g" € G" such that lm(¢")|1m(h,), and we have Gpol(g, h1) = Gpol(F")
by Lemma 5.7(1). Algorithm Gpol-closure-update computes an hy € Gpol(g,g”) and upon
termination hy is strongly reducible wrt. G. Thus if h € Gpol(g, h1), then h € Gpol(F') and
Im(h2)|lm(h) by Lemma 5.7(ii), as required. O

The following lemma is an easy consequence of the definitions.

Lemma 6.9 Let G be a Gpol-closure of G' C R[x1,...,2z,] \ {0} and let f € R[z1,...,z,). If
f—&h then f =5, h.
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Theorem 6.10 Algorithm SGB-PIR is correct and terminates.

ProoOF. We first show that the algorithm terminates. The calls to Gpol-closure and Gpol-
closure-update ensure that G is a Gpol-closure of G' throughout the algorithm. Now any new
polynomial g to be added to G’ is not strongly reducible wrt. G and so g is not reducible wrt. G’
by Proposition 5.8(iv). In other words, if g is to be added to G', then lm(g) ¢ (Im(G')). Thus
(Im(G")) increases strictly each time a new polynomial is added to G' and as above, eventually no
new polynomials are added to G', as required.

Let I = (F). We have (G') = I on initialising and all polynomials subsequently added to G' are
in I, so the property I = (G') is preserved.

For any polynomial g € G'\ C, there is an h € Apol(g) which strongly reduces to 0 wrt. G. Hence
by Lemma 6.9, h reduces to 0 wrt G'. For any pair of polynomials g1, g2 € G', if {g1,92} & B then
there is an h € Spol(gi1, g2) which strongly reduces to 0 wrt. G. Again, h reduces to 0 wrt. G’
and on termination of the algorithm, G’ satisfies properties (A) and (B) of Theorem 4.10 and is
therefore a Grobner basis. Finally, G will be a strong Grébner basis by Proposition 5.10(iii). O

Remarks 6.11 (i) The efficiency of Algorithm SGB-PIR can be improved by adapting the usual
techniques used for computing Grobner bases for polynomials over fields (e.g. avoiding unneces-
sary S-polynomials, strongly reducing the polynomials in the basis wrt. each other, processing the
polynomials in a ‘favourable’ order) and possibly devising new techniques specifically for principal
ideal rings. We will not investigate these issues here.

(ii) When R is a field, our algorithm reduces to the classical Buchberger algorithm. Hence the
complexity of Algorithm SGB-PIR. for principal ideal rings is at least as high as the complexity
of the classical algorithm over fields.

6.2 Two special cases

If R is a finite-chain ring, Algorithm SGB-PIR simplifies as Algorithms Gpol-closure and Gpol-
closure-update are not needed in view of Corollary 5.13 i.e. in Algorithm SGB-PIR we can
delete ‘G < Gpol-closure(G')’, ‘G + Gpol-closure-update(G’, g, G)’ and replace G' by G. See
[9, Algorithm 3.9] for complete details.

Example 6.12 Let p be a prime and g1 = px +y € Z,2[x,y] with a term order such that x > y.
We have g» = py € Apol(g1) and y? € Spol(g1,g2). Any further A-polynomial and S-polynomial is
reducible to 0, so a strong Grébner basis for (g1) is {px +y,py,y>}.

Example 6.13 As in Ezample 3.10, let gy = pz*> + z + 1 € Zy2[z]. We have g» = pr +p €
Apol(g1) and (1 —p)x + 1 € Spol(g1,92). As 1 —p is a unit, we put g3 = = + (1 + p). Since
S-polynomials of g1 and gs and of g2 and g3 strongly reduce to 0, a strong Grébner basis for (g1)
is {x + 1+ p,pr +p,pz’ +x + 1}.

If R is a principal ideal domain, Algorithm SGB-PIR simplifies since A-polynomials are not
needed. So all instructions concerning C or Apol can be deleted. Algorithms Gpol-closure and
Gpol-closure-update are unchanged. The algorithm thus obtained is similar to [2, Algorithm
D-Groébner, p. 461]. However, our algorithm is more efficient since it computes the S-polynomials
of pairs of polynomials in G' rather than in G and in general G' C G.
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7 Minimal strong Grobner bases

7.1 Characterisation

We recall the definition of minimal strong Grébner bases in A[zy,...,z,] and give a new charac-
terisation.

Definition 7.1 (minimal strong Grobner basis) A strong Grobner basis G is called minimal
if mo proper subset of G is a strong Grobner basis for (G).

The following equivalent definition of minimal strong Grébner bases is well-known over a field and
holds over A by the same argument.

Proposition 7.2 Let G be a strong Gribner basis in A[z1,...,x,]. Then G is minimal if and
only if for all distinct g,9' € G, lm(g) flm(g').

Given a strong Grobner basis G we can obtain a minimal strong Grébner basis by the usual
algorithm, viz. as long as there are distinct g, g’ € G such that lm(g)|lm(g'), remove ¢’ from G.

Example 7.3 For (pz® + z + 1) C Zy[z] of Ezample 6.13, a minimal strong Gribner basis is
{z+1+p}. For (22°>+3x+1) C Zg[z] we obtain a minimal strong Grébner basis {3(z+1), z2+3z+2}
using the strong Grobner basis computed in FExample 6.6. A minimal strong Grébner basis for
(4zy + z,32% + y) C Zaolx,y] is {zy — z,32 + y,y*> — y, 5z, 5y} using the strong Grébner basis
computed in Example 6.7.

The following characterisation seems to be new:

Theorem 7.4 Let R be a principal ideal ring which is not a field and let G be a strong Grébner
basis in R[z1,...,x,]. Then G is minimal if and only if for all distinct g,9' € G, 1t(g)|1t(g")

implies 1t(g) # 1t(g") and (lc(9))r C {lc(g')) -

PROOF. Assume that G is a minimal strong Grdbner basis, g, g’ € G are distinct and 1t(g)|1t(g").
If 1c(g)|le(g’) then lm(g)|lm(g’), which is impossible by Proposition 7.2. We now show that
le(g')|1c(g)- Let h € Gpol(g, g'). Then lc(h)|1c(g), lc(h)|1lc(g') and 1t(h) = 1t(g') i-e. Im(h)|1m(g").
Since h € I, there is a ¢" € G such that lm(g")|lm(h). Therefore lm(g")|1m(g’), which can
only happen if ¢" = ¢' by Proposition 7.2. Hence lc(g')|lc(h)|le(g) and if 1t(g") = lt(g) then
Im(g")|lm(g) which again contradicts Proposition 7.2. Thus lt(g) # 1t(¢9') and (lc(g))r C (Ic(9'))r
as claimed.

The converse is an immediate consequence of Proposition 7.2. O

7.2 Leading monomials

Although minimal Grébner bases are not unique, we can say something about their leading mono-
mials:

Theorem 7.5 Let F = {f1,...,frx} and G = {g1,...,q:} be minimal strong Grébner bases for
the same ideal of A[x1,...,2,]. Then k =1 and after renumbering if necessary, 1t(f;) = 1t(g;) and
{e(fi)a = (c(gi)ya fori = 1,..., k. If in addition A is a principal ideal ring, there are units
u; € A such that lm(f;) = u;lm(g;) fori=1,...,k.

PROOF. As in [1, Proposition 1.8.4], we obtain k = [ and after renumbering if necessary, lm(f;)

and Im(g;) divide each other for i = 1,..., k. This gives the first part. The second part now follows
from Proposition 4.1(i). O
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Corollary 7.6 If {9} C R[z1,...,%y,] is a strong Grébner basis, then any minimal strong Gribner
basis of (g) is of the form {ug} for some unit u € R.

PRrOOF. Let {f} be another minimal strong Grobner basis for I = {g). By Theorem 7.5, there
is a unit v € R such that lm(f) = ulm(g). Hence if f — ug # 0 then It(f — ug) < lt(g). This is
impossible since f —ug € I and so lm(g)|1m(f — ug). O
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