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Abstract

Let R be a finite chain ring (e.g. a Galois ring), K its residue field and C a linear code
over R. We prove that d(C), the Hamming distance of C, is d((C : a)), where (C : a) is a
submodule quotient, « is a certain element of R and ~  denotes projection to K. These
two codes also have the same set of minimal codeword supports. We explicitly construct a
generator matrix/polynomial of (C : &) from the generator matrix/polynomials of C. We show
that in general d(C) < d(C) with equality for free codes (i.e. for free R-submodules of R™)
and in particular for Hensel lifts of cyclic codes over K. Most of the codes over rings described
in the literature fall into this class.

We characterise MDS codes over R and prove several analogues of properties of MDS codes
over finite fields. We compute the Hamming weight enumerator of a free MDS code over R.

Keywords: Finite chain ring, Galois ring, Hamming distance, MDS code.

1 Introduction

It is now known that important families of binary non-linear codes are in fact images under a Gray
map of linear codes over Zy; see [6] and the references cited there. Consequently codes over finite
rings have received renewed attention in the recent literature. For codes over Zg, it is usually the
Lee distance which is studied, due to the fact that it coincides with the Hamming distance of the
image of the code under a Gray map.

However, the Hamming distance of (linear) codes over finite rings is still important for a number of
reasons. For codes over Zy. with a > 2 the Lee distance is no longer equal to the Hamming distance
of the image of the code under a Gray map. (For example the elements of Zg have Lee weights
ranging from 0 to 4, whereas their images under any Gray map are elements of Z3 which can have
Hamming weight at most 3.) Consequently it is not clear which metric is the most appropriate
in this case. Most of the well-known algebraic decoding algorithms for codes over finite fields use
Hamming distance. Some of these algorithms can be generalised to codes over finite rings. For
example analogues of Berlekamp-Massey algorithm were devised for Z,, in [17], for Galois rings
in [7] and more generally for any finite chain ring in [12, 13]. There are many results on the exact
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value or lower bounds for the Hamming distance of codes over finite fields. Thus it is useful to
have a simple mechanism to transfer all these results to codes over finite rings. Finally, let us note
that the Hamming distance is obviously a lower bound for the Lee distance of the code.

We work with codes over finite chain rings. A finite chain ring is a finite ring whose ideals can
be linearly ordered by inclusion or equivalently, a finite local ring with principal maximal ideal.
Examples of finite chain rings are Galois rings, and in particular Zp. where p is a prime and a > 1.
Section 2 reviews finite chain and Galois rings and recalls several basic results from [14]. Galois
rings are a natural setting for Reed-Solomon and generalised Reed-Muller codes. BCH codes can
also be defined over finite chain rings ([13]), in analogy to BCH codes over Galois fields ([8, Chapter
7))-

The results of this paper (in particular Sections 4 and 5) depend on the structure theorems for
linear and cyclic codes over a finite chain ring which are proved in [14]. These structure theorems
generalise and extend results of [4] and are recalled in Subsection 3.2 for the convenience of the
reader.

Let R be a finite chain ring, K its residue field, v a fixed generator of the maximal ideal of R and
v the nilpotency index of 7. We put a = v”~1. The canonical projections from R[X] to K[X] and
from R™ to K™ will be denoted by .

The main result of the paper is in Subsection 4.1, where we show that the (Hamming) distance of
a linear code C over R is equal to the distance of (C : a), where for r € R, (C : r) is the submodule
quotient {e € R™| re € C'}. These two codes also have the same set of minimal codeword supports.
We show that in general the distance of a linear code C' over R is at most the distance of C.
Hence we cannot increase distance by working over finite chain rings rather than over finite fields.
More precisely, for a given length and distance, the best rate of linear codes over R is the same
as the best rate of linear codes over K; see Corollary 4.7. For free codes (i.e. codes which are
free R-submodules of R™) the distance of C is the same as the distance of C. In particular, the
(extended) Hensel lift of a cyclic code has the same distance as the original code over the finite
field K. Hence the classical BCH, Hartmann-Tzeng, Roos etc. bounds for cyclic codes over a
finite field also hold for their Hensel lifts. The BCH bound was stated in [18, Theorem 4] with an
incorrect proof; see Remark 4.4(ii).

In Subsection 4.2 we construct a generator matrix/polynomial for the code (C : ), given a gener-
ator matrix/polynomials of C. In Subsection 4.3 we examine a number of codes over Galois rings
described in the literature and apply our results to either determine or give lower bounds for their
distance.

Finally, Section 5 deals with MDS codes over a finite chain ring. We characterise these codes: a
code C over R is MDS if and only if (C : ) is an MDS code over K. For free codes, this means
that C is MDS if and only if C' is MDS. We prove a number of properties of MDS codes over R
analogous to properties of MDS codes over finite fields. We determine the weight enumerator of a
free MDS code.

When R is a Galois field our results are either straightforward or reduce to classical results.

2 Preliminaries

2.1 Finite chain rings and Galois rings

We begin with the definition and some properties of finite chain rings and continue with Galois
rings, following mainly [10]. For more details and proofs we refer the reader to [14].

DEFINITION 2.1 A finite commutative ring with 1 # 0 is called o finite chain ring if its ideals are
linearly ordered by inclusion.



A simple example of a finite chain ring is the ring Zp. of integers modulo p®, for some prime p and
a > 1. A finite chain ring is a local ring. It is well known, and not difficult to prove, that a ring is
a finite chain ring if and only if it is a finite local principal ideal ring. Let v be a fixed generator
of the maximal ideal of R. Then < is nilpotent and let v be its nilpotency index i.e. the smallest
positive integer such that v = 0. Denote by K the residue field R/yR, which is finite. The
cardinality of R is |R| = |K|"; see for example [14, Lemma 2.4]. Throughout this paper, R denotes
a finite chain ring with 1 # 0, v a fixed generator of the mazimal ideal of R, v the nilpotency index
of v and K the residue field of R. We set o = "1,

The ideals of R are v'R, i = 0,...,v. All the elements of the maximal ideal YR are zero-divisors
and the elements of R \ yR are units. There is a form of unique factorisation in R:

LEMMA 2.2 ([10, p. 340]) For any r € R\ {0} there is a unique integer i, 0 < i < v such that
r = uy', with u a unit. The unit u is unique modulo v*~* only.

The following result will be used throughout the paper:

COROLLARY 2.3 If 1 <i < j <v and y'c € ¥ R, then c € v7~'R. In particular, if v'c = O then
c €Y' R.

There is a canonical projection homomorphism from R to K which extends naturally to a projection
R[X] — K[X]; for any f € R[X] we denote by f its image under this projection; also, for a set
C C R[X] we define C' = {f| f € C}.

For any [ > 1, one can construct a Galois extension ring of Z,« as GR(p*,1) = Zp«[X]/(f) with p a
prime number, @ > 1 and f € Zp«[X] a monic basic irreducible polynomial of degree . (Recall that
anon-unit f € R[X] is called basic irreducible if f and f are irreducible.) There are basic irreducible
polynomials of degree [ for all [ > 1, see e.g. [14, Lemma 2.5]. The ring GR(p®,1) is called a Galois
ring. For | = 1 we obtain the ring Z,.. For a = 1 we obtain the finite field with p' elements,
GF(p'). For any multiple m of I there is an inclusion homomorphism GR(p®,1) C GR(p®, m).

A Galois ring GR(p%,1) is a finite chain ring. We fix p as the generator of its maximal ideal. The
nilpotency index of p is a and the residue field is GF(p'). In fact, any finite chain ring is a certain
homomorphic image of a polynomial ring GR(p®,!)[X], see [10, Theorem XVIIL.5].

For any two elements a and b of a ring, we will write a|b for “a divides b”.

We also extend the projection of R to K to a projection of R" to K. For any element ¢ € R" we
denote by ¢ its image under this projection. For a set C C R™, we define C = {¢| ¢ € C}.

For any constant r € R and any ¢ € R™ we denote by rc the usual multiplication of a vector by a
scalar. Also, for a set C C R™ we write rC for the set {rc| ¢ € C'}. We will say that a vector ¢ € R"
is divisible by a constant r € R, and write r|c, if all entries of ¢ are divisible by r. Lemma 2.2
implies that for any ¢ € R™ there is a unique i such that ¢ =y, 0<i<v —1,e € R" and v fe.

The R-submodule aR™ also has the structure of K-vector space, with multiplication of a vector
ac € aR™ by b € K defined to be aac where a € R is an element for which @ = b. As in [14,
Lemma 2.9] we obtain the following:

LEMMA 2.4 The map ¢ : aR™ — K" given by ¢(ac) = € is an isomorphism of K-vector spaces.

2.2 Linear algebra over R

For solving linear systems over a commutative ring, the McCoy rank of a matrix ([9, p. 159]) plays
a role similar to that of rank in the case of fields. It is not hard to see that the McCoy rank of a
matrix over a finite chain ring R is equivalent to the following:

DEFINITION 2.5 The McCoy rank of a matriz M over R is the largest number t such that at least
one of the t X t minors of M is a unit. If none of the minors of M is a unit the McCoy rank is 0.



Clearly the McCoy rank of an m x n matrix is at most min{m,n}.

We examine now linear dependence in R™. Note that if v € R™ and «y|v then v is linearly dependent,
as av = 0.

THEOREM 2.6 Let v1,...,v, € R*\ yYR™. Then vi,...,vy are linearly dependent if and only if
Vi,...,Um are linearly dependent.

PRroOOF. Let vy,...,v,, be linearly dependent i.e. suppose that there are puq,...,u, € R, not all
zero, such that 37" | p;v; = 0. Let j be maximal such that 77|y, for 1 <i < m. Write p; = v pl.
Then 47 37, plv; = 0 implies v| Y1t ptv;. Hence Y7, pulw; = 0, which means that o1, .., T,
are linearly dependent, since by the maximality of j, at least one of the y!} is not divisible by ~.

Let @y, ...,Um be linearly dependent i.e. Y :", 3;0; = 0, for some §; € K, not all zero. Let u; € R
be such that @; = ;. Then | > 1" | p;v;, hence > | apv; = ay o piv; = 0. At least one of the
14; is a unit i.e. at least one of the au; is not zero. Therefore vy, ..., v,, are linearly dependent. O

COROLLARY 2.7 The following assertions are equivalent:

(1) the McCoy rank of M is t.

(ii) the rank of M is t.

(#i) M has t linearly independent rows and any t + 1 rows are linearly dependent.

(iv) M has t linearly independent columns and any t + 1 columns are linearly dependent.

A system of linear equations for which the McCoy rank of the matrix equals the number of equations
can be solved in the usual way:

PROPOSITION 2.8 (CRAMER’S RULE, [11, P. 80]) Let M be an n X n matriz with McCoy rank
equal to n. Then a system of equations Mz'" = b has the unique solution z; = det(M;)/ det(M),
fori=1,...,n, where M; is the matriz M with the i-th column replaced by b.

COROLLARY 2.9 Let M be an m x n matriz over R, with m < n. If the McCoy rank of M is m
then |{x € R"| Mz'" = 0}| = |R|"™™.

3 Codes over a finite chain ring

3.1 Definitions

Let n > 1 be a fixed natural number. By a (block) code of length n over R we will mean a non-
empty subset of R™. We will only consider codes different from {0} and n will always denote the
length of the code. The code is called linear if it is an R-submodule of R™.

A code is called cyclic if it is linear and invariant with respect to cyclic shifts. As usual, by
identifying the entries of a vector in R™ with the coefficients of a polynomial in R[X] of degree less
than n, cyclic codes are precisely the ideals of R[X]/(X™ — 1). We will denote by id(S) the ideal
generated by a set S C R[X]/(X™ — 1) and write id(f1, ..., fs) for id({f1,-.., fs})-

When working with cyclic codes we will always assume that n is not divisible by the characteristic
of K, so that X™ — 1 has no multiple factors in K[X]. Then for any monic factor f € K[X] of
X™ — 1 there is a unique monic g € R[X] such that g = f and g|X™ — 1. This is a consequence of
Hensel lifting, see for example [14, Theorem 2.7].



DEFINITION 3.1 (HENSEL LIFT OF A CYCLIC CODE) Let f € K[X] be monic such that f|X™ —1
and let g € R[X] be the unique monic polynomial such that g|X™ — 1 and g = f. Then the cyclic
code id(g) is called the Hensel lift of the cyclic code id(f).

It is easy to check that the Hensel lift of a cyclic code E over K is a free cyclic code over R whose
projection is E.

3.2 The structure of linear and cyclic codes over R

In this subsection we recall some results on the structure of linear and cyclic codes over R. We
will use the approach introduced for the ring Zp. in [4] and developed in greater detail for finite
chain rings in [14].

For k > 0, I}, denotes the k x k identity matrix.

DEFINITION 3.2 (GENERATOR MATRIX) Let C be a linear code over R. A generator matrix G for
C is said to be in standard form if after a suitable permutation of the coordinates,

I, Aor Aoz Aoz ... Ay Ao,
0 Ik, vA12 YAz ... 7YAi,-1 YA
G = 0 0 Iy, Y*Ass ... YAy, V2 Az, (1)
0 0 0 0 cer YL, AL
say, where the columns are grouped into blocks of sizes ko, k1,...,ky,_1,n — Z;:Ol k; with k; > 0.
We associate to G the matriz
I, Agr Aox Aoz ... Aop—1 Aoy
0 Iy, A Az ... A1 A
A= 0 0 Ip, A ... Ay A, ) 2)
0 0 0 0 ... In_, A1y

The following results generalize [4, p. 22-23]. For proofs, see [14, Section 3].

THEOREM 3.3 Any non-zero linear code C has a generator matriz in standard form. All gener-
ator matrices in standard form for a code C have the same parameters ko, ..., k,—1 and |C| =
K |20 =ik,

This theorem justifies the following notation.

DEFINITION 3.4 Let C be a linear code. We denote by k(C) the number of rows of a generating
matriz G in standard form for C, and for i =0,...,v —1 we denote by k;(C) the number of rows
of G that are divisible by ~v* but not by *+1.

Clearly, k(C) = Z;}:_ol ki(C).

THEOREM 3.5 Let C be a code with generator matriz G in standard form as in (1). Then

(i) If for 0<i<j<w, Bij=—Y4_i 1 BixAV ,, , — A7 ., then
By, By, 1 ... Bo,1 I k) By
vB1,, YBiv-1 o Yk_i(©) 0 7B
H= ) ) ) ) = ) (3)
Y By 10 YT ko) - 0 0 v B, 1



is a generator matriz for C+ and a parity check matriz for C.

(i) For i = 0,...,v —1, (CL:~%) = ((C : y*~1=i))Lt. We have k(C+) = n — ko(C), ko(C*) =
n—k(C) and k;(Ct) = k,—;(C), fori=1,...,v—1.

(iii) (CH)*t = C.

A code is called free if it is a free R-submodule.

COROLLARY 3.6 Let C be a linear code. The following assertions are equivalent:

(1) C is a free code.

(i4) Any generator matriz in standard form for C' is of the form (Iycy M) for some matriz M.
(111) k(C) = ko(C).

(iv) C* is free.

DEFINITION 3.7 (GENERATING SET IN STANDARD FORM) We say that S = {7 gae, Y*'9a1s - - - »
Y% gq,} i a generating set in standard form for the cyclic code C = id(S) if

(i)0<s<v,0<ay<a;<as<...<as <V,
(%) ga; € R[X] are monic for i =0,...,s.

(1) 9a,19a.—1| - - - 19ao|X™ — 1 and

(iv) deg (gq;) > deg (9a;y,) fori=0,...,5—1.

The following is [14, Theorem 3.18] and generalizes [4, Theorem 6].

THEOREM 3.8 Any non-zero cyclic code C' over R has a unique generating set in standard form.
In the notation of Definitions 3.4 and 3.7, we have k(C) = n — deg (ga,)-

COROLLARY 3.9 The code C is the Hensel lift of a cyclic code if and only if there is a monic
g € R[X] such that {g} is the generating set in standard form for C.

Recall that the reciprocal of a non-zero polynomial f is f*(X) = X9 (f) f(1/X). For a polynomial
f € R[X] whose constant term is a unit, we define f# to be equal to f* divided by the leading
coefficient of f*. Clearly, the constant term of any divisor of X™ — 1 is a unit.

THEOREM 3.10 Let C be a cyclic code over R with {Y* gag,Y* 9ars--->Y* 9o, } @ generating set
in standard form. Put asy1 = v and for j = =1, go; = X" —1. For j =0,...,5+1, let b; =
v—asp1—j and hy, = (X™ —1)/ga,_;)*. Then {y%hyo, " by, ..., 7 =+ hy, ., } is the generating
set in standard form for C*.
3.3 Related code constructions
For any code C C R™ and r € R we define the code (C : r) by

(C:r)={e€ R"ree C}.

When C is linear, (C : r) is a submodule quotient and it is a linear code. When C is cyclic, (C : r)
is an ideal quotient and it is a cyclic code.

The following properties will provide a characterization of free codes.

PRrOPOSITION 3.11 Let C be a code. The following assertions are equivalent:



(i) CN~R™ = 4C for alli=0,...,v—1.
(ii) For all i = 0,...,v — 1 and for all e € (C : 4%) there is a ¢ € C such that e = ¢ mod " .
(iii) There is a D C R™ \ yR™ such that C = DU~yDU...Uy" 'D.

PROOF. (ii)= (i) Let ¢ € CN+'R™ and e € R™ be such that ¢ = y'e. Then e € (C : 4!) and there
is a ¢’ € C such that e = ¢’ mod 7~ i.e. ¢ =~%e =~ic. So ¢ € vC.

(i)= (iii) Take D = C \ yR". If ¢ € C and i is maximal such that ~|c, then ¢ € C N y*R™ = 4iC.
Hence ¢ = e for some e € C. By the maximality of i, v fe, so e € D and ¢ € ¥'D.

The other parts are left as an exercise. a

Note that the property (ii) of Proposition 3.11 implies that (C : v¢) = C, for i = 0,...,v — 1.

COROLLARY 3.12 A code is free if and only if it is linear and it satisfies any of the equivalent
properties in Proposition 3.11.

PROOF. Let C be a free code and let G = (Iy(c) M) be a generator matrix in standard form for
C. We show that for 0 <i <v—1, CN+*R" C~!C. Let ¢ = vG = (v vM) € C N+*R" for some
v € RMY), Then v = y%u for some u € R¥®) and ¢ = y*uG € ¥'C, as required.

Let C be a linear code satisfying Proposition 3.11(ii). Then C' = (C : 4%) for i = 0,...,v — 1 and

50 ko(C) = dim(C) = dim((C' : 4%)) = ko(C) +...+k;(C) by [14, Lemma 3.4]. Thus k1 (C) =... =
ky,—1(C) =01i.e. C is free. O

Note that codes satistying any of the equivalent properties of Proposition 3.11 are closed under
multiplication by 7, but they need not be linear. Examples of such non-linear codes can easily be
constructed using part (iii) of Proposition 3.11 .

For any code C we will denote by CT the code obtained by extending C' by an overall parity check
symbol.

PROPOSITION 3.13 For any code C and any r € R, we have (C+:7) = (C:r) .

The proof is straightforward. In particular, the case r = 1 yields C+ = o'

4 The Hamming distance of linear codes over R

4.1 The main result

For ¢ € R™ we denote by wt (¢) the (Hamming) weight of c. The (minimum) distance of a code
C will be denoted by d(C). The support of ¢ = (c1,...,c,) € R™ is the set supp(c) = {i| ¢; # 0}.
For a code C' we define supp(C) = {supp(c)| ¢ € C,c # 0}. We will denote by S(C) the set of
minimum supports of elements in C i.e. the elements of supp(C) which are minimal with respect to
inclusion. Obviously d(C) = min{|A| | A € S(C)} so if C and D are codes such that S(C) = S(D)
then d(C) = d(D).

LEMMA 4.1 The isomorphism ¢ : aR™ — K" defined in Lemma 2.4 preserves the support and
weight of codewords i.e. supp(ac) = supp(p(ac)) = supp(¢) and wt (ac) = wt (€).

ProOF. The codeword ac has zero entries exactly on those positions where ¢ has entries divisible
by 7. These are, on the other hand, exactly the positions where ¢ has zero entries. O



THEOREM 4.2 Let C be a linear code over R. Then:

(i) S(C) = S(CN+*R") and d(C) = d(C N~'R"™) for all0 <i<v—1.
(i) S(C) = S((C : a)) and d(C) = d((C : @)) for all0<i <v —1.
(iii) If C # {0} then d(C) < d(C).

(iv) S(CT) =S((C : a))*) and A(CT) = d(((C: a))™).

such that supp(c) € S(C). We have supp(c) D supp(yc) D supp(y%c) D ... D supp(y’~le). If j
is maximal such that y/c # 0, then supp(c) = supp(y’c), due to the mlnlmality of supp(c). By
Corollary 2.3, v9*1c = 0 implies 77c € D. Since D C C and supp(y’c) is minimal in supp(C),
it is also minimal in supp(D). Hence S(C) C S(D). For the converse inclusion, let ¢ € D be
such that supp(c) is minimal in supp(D). Since D C C, we have supp(c) € supp(C). Assume
for a contradiction that supp(c) is not minimal in supp(C). Then there is an e € C such that
supp(e) € S(C) and supp(e) C supp(c) with strict inclusion. We showed S(C') C S(D), so there is
an e’ € D such that supp(e) = supp(e') C supp(c) contradicting the fact that ¢ € S(D).

For 0 < j < v — 2 we apply the preceding result to the code C N y/R™ i.e. S(CN~'R") =
S(CNyR*N~*~'R™) = S(C Nny”~'R™) = S(C).

(ii) Let ¢ be the isomorphism defined in Lemma 2.4. One can easily verify that CNaR"™ = o(C : «)
and therefore (C N aR™) = (C : ). By Lemma 4.1, S(C N aR™) = S(p(C NaR™)) = S((C : a)).
(iii) Using (i), C # {0} and (C : %) C (C : v*+1) for i =0,...,»—2, we have d(C) = d((C : o)) =
d((C: 1) <d((C iy 2)) - < d((C:7°)) = d(0).

(iv) Use the fact that (C+ :«a) = ((C : a))t by Proposition 3.13. O

PROOF. (i) We prove first the equality S(C) = S(D) where D = C Ny”"1R". Let ¢ € C be
)
) =

COROLLARY 4.3 If C is a free code (in particular, if C is the Hensel lift of a cyclic code) then
S(C) = S(0), d(C) = d(T), S(C*+) =S(C) and d(C*+) = d(C ™).

PROOF. Apply Theorem 4.2 (ii) and (iv) using the fact that for a free code C = (C: a), by
Corollary 3.12. O

By Corollary 4.3 above, all the classical lower bounds for the distance of cyclic codes over finite
fields (BCH, Hartmann-Tzeng, Roos etc.) also apply to their Hensel lifts.

REMARKS 4.4 (i) Theorem 4.2 holds more generally for non-linear codes closed under multiplica-
tion by vy, as can be seen from the proof. Corollary 4.8 is also valid for non-linear codes that satisfy
any of the properties of Proposition 3.11.

(i) The inequality d(C) > d(C) contained in Corollary 4.3 was stated for Hensel lifts of cyclic
codes in [18, Proof of Theorem 4] but the proof given there is incorrect. Namely for a word c € C
of minimum weight it is inferred that d(C) = wt (¢) > wt (€) > d(C), but the last inequality fails
when ¢ = 0.

4.2 Determining (C : ) and its distance

We saw in Theorem 4.2(ii) that finding d(C) reduces to finding d((C : «)). We will determine the
latter code using the generator matrix/polynomials of the code C described in Subsection 3.2.

THEOREM 4.5 (i) Let C be a linear code. Let G be a generator matriz in standard form for C as
in (1), A the matriz associated to G as in (2) and Bo as in Theorem 3.5. Then A is a generator
matriz and By a parity check matrix for the code (C : y*—1).



(i) If C is a cyclic code with generating set in standard form {Y*°gao, Y**9ars - --» Y**Ja. |, then
the generator polynomial of (C': vv~1) is g, .

(iii) (C: )t = C*.

ProOF. Part (i) follows from Theorem 3.5 and [14, Lemma 3.4], part (ii) from [14, Lemma 3.17]
and part (iii) from Theorem 3.5(ii). O

COROLLARY 4.6 (i) Let C be a linear code with generator matriz in standard form G as in (1)
and A associated to G as in (2). If D is the linear code over K generated by A, then S(C) = S(D)
and d(C) = d(D).

(1) A(C) = d iff any d — 1 columns of By are linearly independent and some d columns of By are
linearly dependent.

(i) If C is a cyclic code with generating set in standard form {¥*°ga,Y* 9ays---» Y**Ga.} and
D =id(g,,) C K[X]/(X™—1), then S(C) = S(D) and d(C) = d(D). Also, S(CT) = S(D*) and
d(Ct) =d(D).

PRrROOF. Apply Theorem 4.5 to Theorem 4.2. O

Recall that the rate of a code C over R is p(C) = (log g |C|)/n. If C is a linear code, using
the expression for |C| given in Theorem 3.3 and the fact that |R| = |K|*, we obtain p(C) =
(z;’:—()l(l/ —1)k;(C))/(nv). If C is free then p(C) = k(C)/n, by Corollary 3.6.

COROLLARY 4.7 (i) Let C be a linear code which is not free. There is a free code D of the same
length such that d(D) = d(C), k(D) = k(C) and |D| > |C].

(i) Let C be a linear code. Then p(C) < p((C : @)), with equality if and only if C is free. When

C s free, p(C) = p(C).
(iii) max{p(C)|C C R™,C linear,d(C) = d} = max{p(C)|C C K",C linear,d(C) = d}.

PROOF. (i) Let G be a generator matrix in standard form for C' and A the matrix associated to
G as in (2). Take D to be the free code generated by A. By Corollary 4.6, d(C) = d(D), and by
Theorem 3.3, |D| > |C|, as ko(D) = k(D) = k(C). (We remark that if C is a cyclic code given by a
generating set in standard form {Y*°ga.,Y**gays-- -7 ga, }, this amounts to taking D = id(g,,);
see [14, Theorem 3.19].)

(if) Use the fact that p((C : a)) = dim((C : @))/n = k(C)/n, as dim((C : a)) = k(C), by Theo-
rem 4.5(i).

(iii) The “< part” follows from (ii). For proving the “> part”, let E be a linear code over K with
d(E) = d and p(E) maximal. Let G be a matrix over R such that G is a generator matrix of E.
The code C over R generated by G is free and it has the same distance and rate as C = E. O

Hence, from the point of view of Hamming distance, it is always better to work with free codes
(which includes Hensel lifts of cyclic codes).

REMARKS 4.8 (i) All the results on cyclic codes we proved so far in this paper also hold when we
replace X™ — 1 by any polynomial f € R[X] such that f has no multiple factors in K[X]. The
codes thus obtained have a structure similar to that of cyclic codes, see [14, Remark 8.26]. For the
particular case f = X™ + 1 we obtain negacyclic codes and for f = X™ + ¢, ¢ € R\ {0} we obtain
constacyclic codes.



(i) There are codes C of length n > 2 for which the difference d(C) — d(C) is as large as the
distance between two non-zero codes of length n can be i.e. n — 1. For example if C has generator

matriz
1 1 ... 1
0 ’Ylnfl
then d(C) = 1 but d(C) = n.

(i1i) In [4, Corollary to Theorem 6] it is proved that any ideal C in Zy.[X]/(X™ — 1) is principal.
One might be tempted to apply Corollary 4.6(iii) to the unique generator g of C and conclude
(wrongly) that d(C) = d(id(g)) = d(id(g)) = d(C) for any cyclic code C. For the unique generator
of C does not necessarily divide X™ — 1, as can be seen from [4, loc. cit.] so it is not necessarily a
generating set in standard form for C. Indeed {g} cannot be a generating set in standard form for
C unless C' is the Hensel lift of a cyclic code over K, see Corollary 3.9. This situation is illustrated
in Example 4.10 below.

Cyclic codes over Galois rings can also be described in terms of roots of X™ — 1. The following
theorem determines their distance in this case.

THEOREM 4.9 Let R = GR(p*,1) and let m € N be such that llm and n|p™—1. Let £ € GR(p®,m)
be a primitive root of X™—1 such that € is primitive as well and let U be a system of representatives
for the conjugacy classes of the roots of &. Finally, let 0 < s<a—-1,0<a<...<a;<a-—1
and let Lj, for j = 0,...,s be pairwise disjoint subsets of U. Then

d({c € Rn| pPc(€9) = 0,5 =0,...,s,i; € L;}) = d({c € K| ¢(E") = 0,i0 € Lo}),

where R, = R[X]/(X™ —1) and K, = K[X]/(X™ - 1).

PRroOF. Use Corollary 4.6(iii) and [14, Theorem 3.28]. O

4.3 Examples

Using the results of the previous two subsections we will determine or give lower bounds for the
distance of several codes over finite rings described in the literature.

ExAMPLE 4.10 ([4, EXAMPLE 5]) Let R = Z4 and n = 7. The factorisation of X” — 1 over Z:
X"-1=(X-1)(X*+X+1)(X*+X>+1)
lifts to Z4[X] giving
X"—1=(X -1)(X®+2X?+ X +3)(X®+3X? +2X +3).

Let g1 = X3 +2X%2+ X +3 and go = (X —1)g1. Consider the cyclic code C = id(go,291), which is
code number 22 in Table 1, loc.cit. By Corollary 4.6(ii), d(C) = d(id(g7)) = d(id(X3+X+1)) = 3.
On the other hand, by [4, Corollary to Theorem 6], the ideal C is principal with generator g =
go + 2g1. The reader might be tempted to apply Corollary 4.6(iii) to this generator and conclude
that d(C) = d(C) = d(id(g)) = d(id(go)) = 4. However, g X" — 1, so it is not a generating set in
standard form for C. (See also Remark 4.8(iii).)

Similarly we can determine the distance for the other codes of [4, Example 5], obtaining distance
1 for the codes 8,9,11,14,18,25, distance 2 for codes 7,10,20, distance 3 for codes 5,12,22,26,
distance 4 for codes 3,16 and distance 7 for codes 2,24. Note that the distances in [, Table 1] are
Lee distances, whereas we obtain Hamming distances.
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Many of the codes over rings described in the literature are (extended) Hensel lifts of cyclic codes.
By Corollary 4.3, these codes have the same distance as the original (extended) cyclic codes over
K. We now present some examples of this fact.

EXAMPLE 4.11 (THE [8,4] HAMMING CODE) In [{, Ezample 1] an extended Hamming code of
length 8 over Zsa is constructed by extending the Hensel lift of the code generated by X3 + X +1
over Zs. It is proved, loc. cit. that this code has distance 4, which also follows from Corollary 4.3.

ExaMPLE 4.12 (BCH coODES, [18]) The BCH code over R = Z,. of designed distance d is the
Hensel lift of the BCH code over Z, of designed distance d. By Corollary 4.3, the two codes have
the same distance.

EXAMPLE 4.13 (KERDOCK AND PREPARATA CODES, [6]) In [6] it is proved that both Kerdock
and Preparata codes are the image under a Gray map of certain extended cyclic codes over Z,
denoted K and P, respectively. We will show that d(K) = 2™~ ! and d(P) = 4.

Let R = Z4, m be odd, m > 3 and n = 2™ — 1. Let h € Z4[X] be a primitive basic irreducible
polynomial of degree m such that h|X™ — 1. Let g be the reciprocal of (X™ —1)/((X — 1)h). Note
that g|X™ — 1. As in [6], let K = id(g)*. By Corollary 4.6(ii), d(K) = d(id(g)*"). Without loss
of generality we may assume that h is the minimal polynomial of a primitive n-th root of unity
¢ € GR(4,m) and that € is a primitive n-th root of unity in GF(2™). The code id(g) is a cyclic
code defined by the roots (€)2" 1, ()27 7' +2, ... (£)2"~2, hence it is a BCH code with designed
distance 2™ 1 —1. By [8, Ch. 9, Theorem 5], this is the actual distance of the code. The extended
code has distance 2™ 1. Hence d(K) = 2m 1.

Now let P = id(h)*. By Corollary 4.6(iii), d(P) = d(id(h)*). The code id(h) is the Hamming
code with distance 3. Hence d(P) = 4.

EXAMPLE 4.14 (GENERALISED REED-MULLER CODES) It is well-known that for 0 < r < m(p! —
1) the generalised Reed-Muller code GRM (r,m) over GF(p') is an extended BCH code [1, Section
5.5]. It follows that we can define GRM (r,m) over GR(p®,l) as an extension of a Hensel lift, and
by Corollary 4.3 that these codes will have distance equal to the distance of their projections over
GF(p") given in [1, Corollary 5.5.4]. In fact Example 4.13 is the case p = a = 2 and | = 1 with
r=1for K andr =m —1 for P since KX =P, [6].

EXAMPLE 4.15 (GOETHALS, GOETHALS-DELSARTE CODES [6]) Let m be odd, n = 2™ — 1 and
1<r < (m—1)/2. In [6, Theorem 24] it is shown that the Goethals-Delsarte code GD(m+1,7+2)
(and for the particular case r = 1, the Goethals code) has the same weight distribution as the image
under a Gray map of the code GD = {c € Z4[X]/(X" = 1) | ¢(€) = 2¢(£®) = ... = 2¢(£'F?) =
0}F, where & is a primitive n-th root of unity such that £ is primitive as well. By Theorem 4.9,
d(GD) = d({c € Zu[X]/(X" = 1) | (&) = 0}F) = 4.

EXAMPLE 4.16 (QUADRATIC RESIDUE CODES) Quadratic residue codes over Zya are constructed
in [4, 3, 16, 2] as Hensel lifts of quadratic residue codes over Z,. By Corollary 4.3, their distance
is the same as the distance of the original codes over Z,.

ExAMPLE 4.17 (GOLAY CODES) The Golay codes of length 24 over Zaa and of length 12 over Zza
are constructed in [4, Example 2 and 3] by lifting the generator polynomial of the respective Golay
codes over Zy and Zs, then appending a 1 to each row of the generator matrixz. By Corollary 4.3
the lifted codes have the same distance (8 and 6, respectively), as the original Golay codes. This
result is stated (without proof) in loc. cit.

EXAMPLE 4.18 In [5] a cyclic code which is not a Hensel lift is studied, namely C = Dt with
D = {c € Z4X]/(X™ = )| c(&) = c(€3) = 2¢(€°) = 0}, where n = 2™ — 1 for some m and & is
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a primitive n-th root of unity such that € is primitive as well. By Theorem 4.9, D has the same

distance as the code {c € Zo[X]/(X™ —1)| ¢(§) = ¢(€") = 0}, a BCH code of designed distance 5.
Hence d(C) > 6.

5 MDS codes over R

5.1 The Singleton bound over R

We begin by recalling three possible proofs of the Singleton bound for a linear code C over a
field with ¢ elements. The first proof consists of deleting d(C') — 1 coordinates in the code and
obtaining |C| distinct words, which gives |C| < ¢" 4+ (for any code, not necessarily linear).
If C is linear, |C| = ¢@™(©) implies that d(C) < n — dim(C) + 1, as required. The second proof
looks at a generator matrix of C' in standard form. Any row of this matrix is a codeword of weight
n — dim(C) + 1. The third proof uses the fact that any d(C) — 1 columns of a parity check matrix
for C are linearly independent, otherwise there would be a word of weight d(C) — 1 in the code.
On the other hand the parity check matrix has n — dim(C') rows, so it can have no more than
n — dim(C) linearly independent columns.

Let us apply similar arguments to a linear code C over the finite chain ring R, omitting the trivial
case C = R™. The first argument gives |C| < |R|*~ )+ (for any code). Recall that |R| = |K|”,
and that |C| = |K|={% (*=9ki(©) by Theorem 3.3. Hence, for a linear code

d(C) <n - % > k() +1 )

Secondly, in a generator matrix in standard form, the last row is a codeword of weight n—k(C)+1,
hence
d(C) <n-—-k(C)+1. (5)

Thirdly, any d(C) — 1 columns of the parity check matrix are linearly independent. Only the
rows which are not divisible by v in the standard form of the parity check matrix may be linearly
independent, i.e. at most ko(C*) = n — k(C) rows. By Corollary 2.7 this is also the maximum
number of linearly independent columns. We obtain again the inequality (5).

Note that (5) implies (4). The two inequalities coincide if and only if C is a free code, by Corol-
lary 3.6. As in [4], we will call inequality (5) the Singleton bound over R.

5.2 MDS codes

DEFINITION 5.1 ([4, P.28]) A linear code C for which d(C) = n — k(C) + 1 is called an MDS
(maximum distance separable) code.

Clearly when R is a finite field we have k(C) = dim(C) and we obtain the usual definition of
an MDS code. By Corollary 4.7(i) we could restrict our attention to free MDS codes. However,
whenever possible, the results of this section are proved for MDS codes which are not necessarily
free.

For the rest of this section, we put k£ = k(C) and d = d(C).

Since any codeword of C' provides a linear dependency between the columns of any parity check
matrix, the following is immediate.

THEOREM 5.2 Let C' be a linear code over R. Then C is MDS if and only if any n — k columns
of a parity check matriz of C are linearly independent.

12



Note that for codes over finite fields, C' is MDS if and only if any k columns of the generator matrix
of C are linearly independent (see [8, Corollary 3, Ch. 11]). This assertion does not hold over R.
For if C is an MDS code which is not free and k columns of G are linearly independent, then all &
rows of G are linearly independent, which is impossible since some of them are divisible by ~.

The following theorem gives an important characterisation of MDS codes over finite chain rings.

THEOREM 5.3 A linear code C is MDS over R if and only if (C : &) is MDS over K.

PrOOF. By Theorem 4.5(i) we have dim((C : @)) = k(C) and by Theorem 4.2(ii), d((C : a))
d(C).

On

For codes over finite fields, a code is MDS if and only if its dual is MDS. (See for example [8,
Theorem 2, Ch. 11].) This is not, in general, the case over R. There is however the following
characterization:

THEOREM 5.4 A code C is MDS if and only zfﬁ is MDS.

ProoF. By Theorem 5.3, C is MDS if and only if (C':«) is MDS. From Theorem 4.5(iii),
((C : a))* = CL, hence (C : @) is MDS if and only if CL is MDS. O

COROLLARY 5.5 Let C be a free code. The following assertions are equivalent.
(i) C is MDS.

(ii) C is MDS.

(iii) C+ is MDS.

(v) Any k columns of a generator matriz G of C are linearly independent.

(v) ¥3C is MDS for all j € {0,...,v —1}.

(vi) ¥3C is MDS for some j € {0,...,v —1}.

PROOF. For a free code we have C = (C :a) and C Ny/R™ = 4/C by Proposition 3.11 and
Corollary 3.12.

For (i) < (ii) use Theorem 5.3.

For (i) < (iii) use the fact that, by Theorem 5.4, C' is MDS if and only if C+ is MDS. Applying
the the already proved equivalence (i) < (ii) to the free code C*, we have that C+ is MDS if and
only if C* is MDS.

For (ii) < (iv) use the fact that since C is free, G has k non-zero rows and C' is MDS if and only
if any k columns of G are linearly independent. Then apply Theorem 2.6.

For (i) & (v) and (i) & (vi) use the fact that d(C) = d(C N v/ R™) by Theorem 4.2(i), and
k(yiC) = k(C). O

The only known non-trivial MDS codes over finite fields are Reed-Solomon codes and their exten-
sions (see [8, §5, Ch. 11]). Using Theorem 5.3 and Corollary 5.5 we will construct MDS codes over
Galois rings.

EXAMPLE 5.6 (REED-SOLOMON CODES AND THEIR EXTENSIONS) Reed-Solomon codes over Ga-
lois rings were introduced in [18] as Hensel lifts of Reed-Solomon codes. In this example R =
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GR(p*,1). Take n|p' — 1 and let a« € R be a primitive n-th root of unity such that @ is a primi-
tive n-th root of unity in K. Then the Reed-Solomon code over R with distance d is generated by
g=(X—-0a)(X —a?)...(X —a? 1) and has parity check matriz:

1 a a? am

-1
H = . . . .
1 ad*l (ad71)2 . (adfl)nfl
This is a free MDS code over R, by Corollary 5.5. We can extend this code as in [8, §5, Ch.11]
and obtain other MDS codes. Namely, the codes of length n + 1 and n + 2 with distance d+ 1 and
d + 2 respectively, defined by the parity check matrices

1 1 1 ... 1 1
1 o a? a1 0
H =
1 Otd_l (ad—l)Q (ad—i)n—l 0
and

1 1 1 1 1 0
1 «a o? ant 00
H” = . .
1 ol (a2 ... (@@ Hm1 0 0
1 af (@h? ... (@dHt 0 1

are MDS. This can be easily checked using Corollary 5.5 since the codes are free and H' and H"
are parity check matrices of MDS codes over K. Also for p = 2 the extended code with parity check

matric:
1 1 1 ... 1 1 00
H"=| 1 « o2 ... a™! 010
1 a2 (@®)? ... @™t 0 0 1

and its dual code are MDS.

Actually any other free code over R whose parity check matriz coincides modulo p with H, H " H"
or H'" above is MDS. Also, any code C which is not necessarily free, but for which Bo equals
H,H',H" or H" (where By is as defined in Theorem 3.5) is MDS by Theorems 4.5 and 5.3.

In the following example we construct an MDS code C such that neither C' nor C* is MDS. This
means Corollary 5.5 fails if we drop the assumption that C is free.

EXAMPLE 5.7 Let R = Z49 and n = 6. Then a = 31 is a primitive sizth root of unity in R. Also,
@ = 3 is a primitive sizth root of unity in K = Zy. Put go = (X — a)(X — o?)(X — a*) and
g1 = (X — a)(X — o?). Define the cyclic code C =id(go,7g1) (which is not free). Since (C :7) =
id(g7) is an MDS (Reed-Solomon) code, C is an MDS code over R, by Theorem 5.3. The code C is
generated by go = (X —a)(X —a?)(X —a?) = (X -3)(X —2)(X —4) = X3+5X2+5X +4 € Z;[X].
Now the codeword (X +2)go = X* 4+ X2 + 1 has weight 3 and dim(C) = n — deg (gg) = 3, so C is
not MDS.

By Theorem 3.10, C*+ = id(hg, 7h1) where hg = (X®—1)/g1)# = (X —1)(X —a)(X —a?)(X —a®)
and hy = (X8 —1)/go)# = (X — 1)(X — a)(X — a®). The code (C+ :7) is generated by hy =
X3 4+4X2 4+ 6X + 3 and contains the codeword (X + 3)hy = X* + 4X2% + 2 of weight 3. Hence
(CL:7) and consequently C* are not MDS codes. Note however that C+ = id(ho) is MDS.

THEOREM 5.8 (CF. [8, THEOREM 4, CH. 11]) An MDS code C has a word of weight d in any d
coordinates.
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PROOF. Let H be a parity check matrix for C. The codewords ¢ € C must satisfy the system of
equations: v'B;c!” =0 for i =0,...,a — 1, where the B; are as in Theorem 3.5.

The code (C :a) is MDS, by Theorem 5.3, and By is a parity check matrix for this code, by
Theorem 4.5. So any n — k columns of By are linearly independent. By Theorem 2.6 this means
any n — k columns of By are linearly independent.

Let i1,...,%q € {1,...,n} be d distinct coordinates. We put ¢; = 0 for j & {i1,...,4q} and ¢;, =1
in the system Boc'” = 0 and solve for the d—1 = n—k unknowns ¢;, , . .., c;,_, using Proposition 2.8.
The solution ¢ we obtain need not be a solution of the whole system Hc'" = 0, but 4/c with j
maximal such that v/¢ # 0 will be, since 4*B;yc” = 0 trivially for ¢ > 1. Hence y/c € C. Since
0 # supp(v’c) C supp(c) C {i1,---,ia} and wt (yc) > d, we conclude supp(y’c) = {i1,...,iq} as
required. O

For free MDS codes, we can determine the weight enumerator, as for MDS codes over a finite field.
Our proof follows [15, §3.9].

LEMMA 5.9 Let C be a free MDS code, 1 < iy < ... < iy, <n and Z(iy,...,is) = {c € C| ¢; =
0 for j =41,...,45}. Then

. . RF— s<k-1
260l = { 7 2SR

ProoF. If s > k and ¢ € Z(iy,...,is) then wt (¢) <n —s < d, hence c =0. Now let s < k — 1.
Since C' is free, H has n — ko(C) = n — k rows. Denote by H' the (n — k) x (n — s) matrix
obtained from H by deleting columns iy,...,is. For any ¢ € R™ denote by ¢ the vector obtained
from ¢ by deleting the coordinates iy,...,45. Then ¢ € Z(i1,...,is) if and only if H'(c')'" = 0
and ¢;; = ... =c¢;, = 0. Since C' is MDS, by Theorem 5.2 any n — k columns of H are linearly
independent, hence by Corollary 2.7 the McCoy rank of H' is n — k. By Corollary 2.9, the number
of solutions of the system H'(¢')t" = 0 is |R|("—#)=(n—k) = |R|k—5, O

THEOREM 5.10 Let C be a free MDS code over R. For d < w < n, denote by A,, the number of
words of weight w in C. Then

= (1) §<—1)i (7) amperisi—,

ProOOF. The proof is similar to [15, §3.9]. It uses Lemma 5.9 and combinatorial arguments which
are independent of the algebraic structure of the finite alphabet. O

COROLLARY 5.11 (CF. [8, COROLLARY 7, CHAPTER 11]) Let C' be an MDS code over R. If k >
2 then |R|>n—k+1. Ifk<n—2then |R| > k+1.

ProoF. If C is free then from Theorem 5.10, the condition A, 2 > 0 and a similar condition
for the weight distribution of C*, imply the desired inequalities as in the proof of [8, Corollary 7,
Chapter 11]. If C is not free, then using Corollary 4.7(i) we construct a free MDS code D with the
same parameters d and k. We then apply the previous argument to D. O
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