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Bell inequality violation with momentum-entangled massive particles
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Bell’s theorem revealed the fundamental incompatibility between the predictions of quantum
mechanics and local realism. Bell inequality violations have since demonstrated quantum nonlocality
using photons and the internal states of massive particles, but never using their motional states.
Here we report the first Bell inequality violation in the motional states of massive particles. Using
momentum-entangled pairs of metastable helium atoms manipulated by matter-wave interferometry,
we measure a Clauser—-Horne—Shimony—Holt (CHSH) Bell parameter of S = 2.52 + 0.17, violating
the CHSH-Bell inequality (S < 2). Our work completes a long-standing objective in quantum atom
optics by extending Bell tests from internal quantum variables to the external degrees of freedom
of massive particles, opening a new regime for exploring quantum nonlocality in matter waves and
for investigating the interplay between quantum mechanics and gravity.

Bell’s theorem established that no theory based on
local realism can reproduce all predictions of quantum
mechanics, transforming the debate over the complete-
ness of quantum theory into an experimentally testable
question [1-4]. Over the past five decades, Bell inequal-
ity violations have become one of the defining demon-
strations of quantum nonlocality, first with entangled
photons [5-8] and later with a wide range of massive
quantum systems, including trapped ions [9], neutral
atoms [10], superconducting circuits [11], and solid-
state spin qubits [12]. However, previous Bell inequal-
ity violations involving massive particles have encoded
the measurement observables in spin or internal de-
grees of freedom. The translational motion of mas-
sive particles—the defining external degree of freedom
of matter waves—has nevertheless remained conspic-
uously absent from this catalogue, despite decades of
progress in atom optics and matter-wave interferome-
try [13-16].

Addressing this longstanding experimental challenge
is important because the motion of a massive parti-
cle is fundamentally different from an internal qubit-
like state. Rather than acting as an internal quan-
tum label, a motional state governs how matter propa-
gates through space and responds to accelerations, rota-
tions, and gravitational fields. Demonstrating quantum
nonlocality in such states therefore extends Bell tests
from internal quantum variables to the external dynam-
ical degree of freedom of massive particles. Such tests
establish the matter-wave analogue of the pioneering
path- and momentum-entanglement Bell experiments
that helped shape modern quantum optics [17, 18], and
open new opportunities for precision atom interferom-
etry [19, 20] and future tests of gravity with massive
quantum systems [21, 22].
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Realizing such a test, as demonstrated here, has
posed a long-standing experimental challenge, as it re-
quired combining several experimental capabilities that
have only recently become available. A matter-wave
Bell test requires the coherent generation of momentum-
entangled atom pairs, high-fidelity atomic mirrors and
beam splitters, phase-stable interferometry, and single-
particle detection with sufficient three-dimensional mo-
mentum resolution to reconstruct the relevant correla-
tions. Momentum-entangled pair generation, coherent
Bragg manipulation, and momentum-resolved atom de-
tection have each been demonstrated [23-25], and Bell
correlations in motional states have been observed [26].
The decisive remaining challenge was the independent
implementation of local measurement bases for the two
spatially separated momentum modes. Conventional
Bragg lattices address resonant momentum modes glob-
ally and therefore impose a common interferometric
phase. As a result, a single Bragg lattice cannot realise
the independently selectable local measurement bases
(local phases) required for a Bell inequality test in mo-
tional states.

In this work we overcome this limitation using a
dual-resonant Bragg interferometer that enables inde-
pendent control of the local phases for spatially sepa-
rated momentum modes. We thereby realize the first
matter-wave Bell test in which the nonlocal observ-
ables are encoded entirely in the motional states of
massive particles. Using momentum-entangled pairs
of ultracold metastable helium atoms manipulated by
coherent matter-wave interferometry, we measure a
Clauser—Horne—-Shimony—Holt (CHSH) Bell parameter
[3] of S =2.52+0.17, violating the local realistic bound
by three standard deviations.

The generation of momentum-entangled atomic pairs
in our experiment begins with the preparation of a
Bose-Einstein condensate (BEC) containing approx-
imately ~10° “He* atoms magnetically trapped [27]
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FIG. 1. Experimental schematic and Rarity-Tapster atom interferometer sequence. (a) A Bragg collision pulse
at to coherently splits the 4He* (mgy = 0) condensate into momentum orders 0, —2fiko, and —4hko. The 0 and —2hko
components (red), and the —2hko and —4hko components (blue), collide to produce two spherical s-wave scattering halos
of entangled atom pairs. Within each halo, region A denotes the torus-shaped region above the halo equator and contains
the modes {p} and {q}, while region B denotes the corresponding torus-shaped region below the halo equator and contains
the modes {p'} and {q'}. The pairs (p,p’) and (q,q’) are entangled through momentum conservation of the underlying
collision process. (b) Experimental timing sequence. A BEC in the mj = 1 sublevel is released from a magnetic trap and
transferred to the mj; = 0 sublevel by a Raman pulse, before a magnetic-field gradient pushes away the remaining my = 1
atoms. After allowing the magnetic field to stabilise, a Bragg pulse at tp generates entangled atom pairs through s-wave
collisions. The Rarity-Tapster atom interferometer sequence comprises a mirror pulse at ¢t; and a beamsplitter pulse at s,
with ¢1 — to = t2 — t1 = 350 us. Following a free-fall for ¢ ~ 0.416s, the scattered atoms arrive at a multichannel plate
and delay-line detector (MCP-DLD). (c) Schematic of the Rarity-Tapster interferometer. (i) The entangled momentum
modes {p,p’,q,q’} propagate from the —2%ko center-of-mass momentum component. (ii) A Bragg mirror pulse transfers
a momentum of 2hko, redirecting each mode toward its interferometric partner. (iii) A Bragg beam-splitter pulse is applied
when the momentum modes {p,q} and {p’,q’} overlap, coherently mixing the modes while imprinting the Bragg-beam
phases ¢4 and ¢p onto the two halves of the atomic superposition. (iv) The four output ports of the interferometer,
Dy1,2,3,43, are detected on the MCP-DLD and measure the two-particle momentum correlations between the spatially
separated regions A and B.

in the long-lived 23S; metastable state [28, 29]. A  and —2hkg, resulting in the coherent splitting of the

rapid switch-off of the trap allows the BEC to free-
fall under gravity in a stable uniform magnetic field
By ~ [0.5(x+2)—0.8y] G, which is maintained through-
out the experimental sequence (Fig. 1(b)). Atomic mo-
mentum and internal-state manipulation are achieved
using two orthogonal laser beams propagating along the
(%X £ 2)/+/2 direction, which drive resonant two-photon
Raman and Bragg transitions [24, 26, 27]. To suppress
momentum distortions arising from residual magnetic-
field gradients during free fall, a Raman—-Bragg pulse is
first applied. This pulse transfers more than 80% of the
condensate population into the magnetically insensitive
my = 0 Zeeman sublevel while simultaneously impart-
ing a two-photon recoil momentum of —2hkg in the 2-
direction. Here ko = koz, kg = K/\/§ based on our
beam geometry, K = 27/) is the wavenumber of the
laser beam and A=1083.19 nm denotes the wavelength
of the incident laser beams.

Subsequently, a Bragg diffraction pulse [26, 30] is
applied to the moving mj; = 0 condensate. The
pulse couples momentum states separated by +2hkg

condensate into three distinct momentum components
with momenta 0, —2hky, and —4hky. These mo-
mentum components contain approximately 25%, 50%,
and 25% of the atomic population, respectively. As
these momentum-diffracted condensate packets propa-
gate through each other, spontaneous s-wave scattering
events [31, 32] between momentum modes (0,—2/kg)
and (—2hkg,—4kk,) generate pairs of atoms with equal
and opposite momenta, forming two spatially sepa-
rated spherical scattering halos in momentum space

(Fig. 1(a)).

The collision process conserves both momentum and
energy, leading to the creation of momentum-entangled
atom pairs occupying diametrically opposite modes on
the scattering halo [26]. In the double-halo configu-
ration, coherent scattering occurs simultaneously into
two spatially separated halos, providing two indepen-
dent sources of correlated atom pairs [24]. By operat-
ing in the low-gain regime, where the mean occupation
number per scattered momentum mode satisfies n < 1,
the probability of generating multiple atom pairs within



the same mode is strongly suppressed [33]. In our exper-
iment, we estimate 7 to be on the order of ~ 0.02 [27].
Under these conditions, the scattering process produces
a set of well-defined two-particle momentum-entangled
states of the form [24, 34]:

1
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(1)
where (p,p’) and (q,q’) correspond to correlated mo-
mentum modes in the top (red) and bottom (blue) ha-
los, respectively (as illustrated in Fig. 1(a)), and satis-
fying, p+ p’ = —2ko, a+q' = —6ko, p — 2ko = q
and p’ — 2ky = q’. Equation (1) represents a coherent
superposition of two indistinguishable pair-production
pathways and is directly analogous to the maximally
entangled Bell state %(|HH> +|VV)), in the horizon-
tal/vertical (H/V') polarization basis [24, 34, 35].

Atom detection is performed using a microchannel
plate and delay-line detector system [36, 37|, enabling
reconstruction of the full three-dimensional momentum
of each atom and measurement of momentum-space
correlations [33]. Characterisation of the double-halo
source via the second-order back-to-back correlation
function [26, 33| reveals strong intra-halo correlations
and negligible cross-halo correlations, confirming spon-
taneous four-wave mixing [31] while suppressing contri-
butions from higher-order scattering processes. These
observations validate the two-particle Bell-state approx-
imation of Eq. (1) [27, 34].

Previous studies employed the double-halo geometry
to demonstrate Bell correlations between momentum-
entangled atom pairs using a Rarity-Tapster-type in-
terferometer [26, 38]. As discussed in the introduction,
these implementations relied on conventional single-
frequency Bragg lattices, which couple all resonant mo-
mentum modes globally and therefore preclude inde-
pendently selectable local measurement bases. Here we
overcome this limitation using a dual-resonant Bragg
lattice [25, 39, 40]. By selectively addressing dis-
tinct momentum classes within the two halves of the
scattering halos and imprinting independently tunable
interferometric phases on these halves (illustrated in
Fig. 1(c)), the local measurement settings required for
a CHSH Bell test can be realized [34, 41, 42].

The dual-resonant lattice is generated through ampli-
tude modulation of the two-photon Bragg coupling. Un-
like a conventional single-frequency Bragg pulse, which
uniformly addresses all resonant momentum modes,
the modulated lattice produces two phase-coherent fre-
quency components that can be tuned to select only
distinct classes of momentum states within the scatter-
ing halos. The effective two-photon Rabi frequency is
given by:

Q
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FIG. 2. Characterization of the dual-resonant Bragg
pulse. (a) Transfer fraction as a function of vertical velocity
v.. (i) For wm = 0, the Bragg pulse is a standard single-
frequency pulse with a single resonance at the halo equator
(vz = 0). (ii) For wy = 27w x21 kHz, the dual-resonant Bragg
pulse exhibits two resonances at v, = +0.016 ms~", corre-
sponding to the off-equatorial halo regions A and B. The
peak transfer efficiency is 92(4)%. (b) Two-dimensional his-
togram of the Ramsey-like interferometer [27] output, plot-
ted as vertical velocity v, versus transverse velocity v: (inte-
grated over the z-y plane) for the ‘Top’ and ‘Bottom’ halos.
Interference fringes are observed in the two spatially sep-
arated halo regions A and B dependent on the imprinted
phase ¢,,. (c) Population fraction as a function of v, in
regions A and B for modulation phases ¢,, = 0 (red) and

m = m/4 (orange). The fringe phases ¢4 and ¢p are ex-
tracted from sinusoidal fits. Insets: extracted phases ¢4 and
¢p as functions of ¢,,. Error bars represent the standard
deviation of the histogrammed bin counts.

where Q(t) = Qg exp[—t?/(20?)] is a Gaussian pulse en-
velope of amplitude 25 and temporal width o, w,, is the
modulation frequency, and ¢,, is the modulation phase.
In the frequency domain, this modulation generates two
phase-coherent sidebands at frequencies

WA,B = Wo & W,

where wy denotes the two-photon frequency difference
between the Bragg laser beams. For sufficiently long
pulse durations, these sidebands correspond to two
Bragg resonances with effective detunings shifted by



+w,, relative to the carrier resonance wy. By appropri-
ately choosing w,,, the two sidebands can be brought
into resonance with distinct momentum classes within
the scattering halo, allowing a single optical pulse to si-
multaneously drive two independent Bragg transitions.

This spectral selectivity arises from the momentum
dependence of the Bragg resonance condition. The
Doppler-shifted two-photon detuning is given by d(v) =
wo—2kg-v, where v is the velocity of the atom. Since the
Doppler shift depends on the projection of the atomic
momentum along the lattice direction, the Bragg res-
onance frequency varies across the scattering halo. In
particular, atoms occupying off-equatorial regions ex-
perience distinct resonance frequencies, enabling differ-
ent momentum classes to be spectrally resolved. By
selecting the modulation frequency appropriately, the
two sidebands w4 and wp become resonant with atoms
propagating toward opposite regions of the halo. Con-
sequently, each atom in an entangled pair is coupled by
different frequency components of the same optical lat-
tice. In our implementation, atoms occupying momen-
tum modes (p,q) are resonantly driven by w4, whereas
atoms occupying modes (p’,q’) are resonantly driven by
wp (see Fig.1(a)). The phase imprinted by each Bragg
transition is determined by both the optical phase dif-
ference between the Bragg laser beams and the modula-
tion phase. Denoting the optical phase difference by ¢q
and modulation phase by ¢,,, the two sidebands drive
transitions with effective interferometric phases

¢A :¢0+¢ma QSB :¢0 7¢m~ (3)

As a result, atoms addressed by the two resonances
acquire distinct interferometric phases despite interact-
ing with the same optical lattice. Thus, ¢,, provides
direct control over the relative measurement basis while
referencing a common optical phase ¢y between the two
Bragg transitions. The independent variations of phases
¢4 and ¢p thus constitute the independently selectable
local measurement settings required for the implemen-
tation of a CHSH Bell test.

The spectral selectivity and transfer efficiency of the
dual-resonant Bragg pulses are characterised using a
single scattering halo [27]. Figure 2(a) shows the mo-
mentum transfer fraction for Bragg coupling between
the momentum modes (p,p’) and (q,q’). Figure 2(a, i)
corresponds to an unmodulated pulse (w,, = 0), equiv-
alent to a conventional single-frequency Bragg pulse,
which couples only a single resonant pair of momen-
tum modes [24, 26]. Figure 2(a, ii) corresponds to
a modulated pulse (w,, = 27 x 21kHz), where cou-
pling is restricted to off-equatorial modes displaced by
~ £0.016 m/s from the halo equator, demonstrating the
spectral selectivity of the dual-resonant pulse.

We verify that we can achieve independent phase con-
trol through Ramsey-like interferometry [25, 27, 43].

Using dual-resonant Bragg pulses, we realise two paral-
lel interferometers within a single scattering halo, cor-
responding to the mode-selected regions A and B ad-
dressed by frequency components w, and wpg, respec-
tively. The resulting interference fringes are shown in
Fig.2(b). The extracted interferometric phases exhibit
a linear dependence on the applied modulation phase,
with ¢4 X ¢y, and ¢pp x —dyy, as shown in Fig. 2(c) [27].

Having established independent control of the mea-
surement settings, we implement a Rarity—Tapster-type
matter-wave interferometer [17, 24] to probe the nonlo-
cal correlations of the momentum-entangled atom pairs.
Following the collision pulse at time ¢y, dual-resonant
Bragg mirror and beam-splitter pulses are applied at
ty, = to + 350 us and to = t; + 350 us, respectively,
as illustrated in Fig. 1(b, c¢). The independently con-
trolled phases ¢4 and ¢p of the beam splitter pulse
define the measurement settings for the two atoms
occupying the selected off-equator momentum modes.
The interferometer coherently recombines the two pair-
production pathways associated with Eq. (1), causing
the joint atom detection probabilities at the output
ports Dy 234y (Fig.1(c)) to oscillate as a function of
the interferometric phases [27].

We quantify the joint atom detection probabilities or
atom-atom correlations at the output ports Dy 234y
through the four distinct joint probability distributions
Py, where k € {p,q} and k' € {p’,q'}. From these
probabilities we construct the Bell correlation function

E(¢Av ¢B) [42]7

Pp,p’ + Pq,q' - Pp,q’ - Pq,p’
Pp,p/ + Pq,q’ + Pp,q’ + Pq,p’

E(¢a,¢B) = (4)

which takes the general form [42]

E(¢a,¢B) = —V cos(da + ¢B), (5)

where V is the interference visibility.

To display the cosine phase dependence of E—the
hallmark of coherent two-particle interference—we per-
form complementary measurements in which one inter-
ferometer phase is held fixed while the other is varied.
Figure 3(a) shows the measured correlation function for
several combinations of ¢4 and ¢p. Fitting the data
to Eq. (5) yields an average visibility of V' = 0.93(2),
consistent across all measurement configurations and in
good agreement with the expected visibility of V' = 0.95
obtained from a model incorporating higher-order Fock-
state contributions in the entangled pair generation pro-
cess and path-phase averaging over the finite detection-
port integration windows [27]. The reduction from the
ideal value (V = 1) is therefore well accounted for by
these experimental imperfections.

From these measurements, we extract E for four pairs

of phase settings ¢4 € {(;5541), qbff)} and ¢p € {gbg), ¢§§)},
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FIG. 3. Bell correlation measurements and CHSH-
Bell parameter. (a) Measured Bell correlation function
E(pa,dB) for three phase configurations. The red, blue,
and green data sets correspond to (¢a,¢dn) = (—1.44,¢),
(—3.01,¢), and (¢, —4.58), respectively. The data are fit-
ted with sinusoidal functions of the form given in Eq.(5),
yielding an average visibility of V' = 0.93(2). Error bars
are estimated using a binomial proportion estimator [44].
The data are obtained from 38,300 experimental shots. (b)
CHSH-Bell parameter S as a function of detector bin size, in
units of the back-to-back momentum correlation length opg.
Grey points show the measured values, with the red point in-
dicating the maximum nonlocality violation S = 2.5240.17.
Error bars show the sinusoidal fit uncertainties of the Bell
correlation functions. The purple line shows the Gaussian
analytical model of Ref. [24, 34] using experimental param-
eters. The blue shaded region shows the uncertainty of the
model from the measured correlation amplitudes.

for evaluation of the CHSH-Bell parameter [17, 41]

S=|E(¢Y, )~ B¢, ¢

+ E(0F, 65+ EGD, 69|, (6)

$a ¢B E(¢pa,¢B)
—1.436 —0.652 0.385 +0.093
—1.436 0.919 —0.818 & 0.076
—3.007 —0.652 0.601 + 0.087
—3.007 0.919 0.714 + 0.089

TABLE I. Measurement phase settings for the CHSH
violation. The four phase combinations (¢4, ¢r) and cor-
responding Bell correlation values E(¢4, ¢5) extracted from
Fig.3(a) are used to determine the CHSH-Bell parameter S.
Uncertainties in E are from the binomial proportion estima-
tor.

for which all local hidden variable (LHV) theories sat-
isfy S < 2. The four phase settings and the results of
the Bell correlation measurements obtained with them
are given in Table I, based on approximately 11,500
experimental shots. Each term is determined from in-
dependently acquired datasets under identical (apart
from ¢4 p) experimental conditions, ensuring statistical
independence between the different measurement set-
tings. The uncertainties in E are estimated using a bi-
nomial proportional estimator [27, 44] and propagated
to obtain the uncertainty in S. Combining these data
through Eq. (6), we obtain

S =252+0.17, (7)

corresponding to a violation of the CHSH-Bell in-
equality by approximately three standard devia-
tions and demonstrating nonlocal correlations between
momentum-entangled pairs of massive particles.

To investigate the robustness of the violation, we fur-
ther examine the dependence of the extracted Bell pa-
rameter on the detector integration volume. Figure
3(b) shows the measured CHSH-Bell parameter S as
a function of the detection-bin size, expressed in units
of the back-to-back momentum-correlation length ogpg
[33, 45]. The measured values are consistent, within
uncertainties, with the Gaussian analytical model de-
veloped in [24, 34], validating its applicability as a pre-
dictive tool for pair-correlated scattering experiments
in ultracold atom interferometers.

Our results establish the combination of the double-
halo momentum-entangled source and dual-resonant
Bragg control as a powerful platform for momentum-
space quantum-atom optics. The double-halo geome-
try provides a scalable source of momentum-entangled
atom pairs, while the dual-resonant Bragg lattice en-
ables independent and coherent manipulation of rela-
tive phases of distinct pairs of well-separated momen-
tum modes. Together, these capabilities provide the es-
sential resources required for controlled investigations



of nonlocal quantum correlations in systems of massive
particles.

Beyond Bell tests, the independent phase control en-
abled by the dual-resonant Bragg lattice supports mea-
surements in arbitrary interferometric bases, providing
a route to full quantum-state tomography [46] and com-
prehensive characterization of entanglement and other
non-classical properties. Together with the momentum-
entangled double-halo source, this establishes a versatile

platform for studies of quantum nonlocality [47], mul-
tipartite entanglement [48], and quantum-information
protocols [49] with motional degrees of freedom of mas-
sive particles. Looking forward, the platform also
enables matter-wave Bell tests involving momentum-
entangled isotopes, particularly *He* and *He* [38].
This would provide a unique testbed for exploring the
interplay between quantum nonlocality, gravity, and
massive-particle entanglement [21, 22].
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Supplementary material for
Bell inequality violation with momentum-entangled massive particles

I. EXPERIMENTAL APPARATUS AND ATOM-OPTICAL CONTROL

We prepare a Bose-Einstein condensate (BEC) of metastable *He* atoms in a harmonic magnetic trap formed
by a bi-planar quadrupole-Toffe configuration [50], with characteristic trapping frequencies (wg,wy,w,)/2m =
(15,25,25) Hz. The vertical Z-direction defines the collision axis for the subsequent s-wave scattering process
[31, 32] and the direction of Bragg momentum transfer.

The coherent manipulation of the atomic internal and momentum states is achieved using a combination of
Raman and Bragg transitions [24, 26]. Two orthogonal laser beams, propagating along the (% +2)/v/2 directions,
are frequency locked and blue-detuned by 2.3 GHz from the 23S;—23P transition (Fig.S1(a)), thereby suppress-
ing unwanted single-photon excitation. Sequences of Raman and Bragg pulses are used to coherently transfer
populations between selected internal and momentum states, as described in the main text and illustrated in the
experimental timing sequence (Fig. 1(b)).

A Gaussian amplitude-modulated Raman pulse with duration 10 us transfers population from the my; = +1
to the my; = 0 internal state while imparting a momentum transfer of —2hky. A subsequent Bragg diffraction
pulse with duration 5 us couples momentum states (0, —2hkg, and —4hkg) within the m; = 0 manifold during the
collision process. These atom-optical control sequences prepare and manipulate the momentum modes forming
the input states for the dual-resonant Bragg interferometer described below.

II. DUAL-RESONANT BRAGG INTERFEROMETERY AND CHARACTERISATION
A. Dual-resonant Bragg lattice and momentum-mode addressing

The optical potential generated by a conventional single-frequency Bragg lattice [51] is given by
V(z,t) = Vo(t) cos(Akz — wot + ¢o) (S.1)

where V;(t) is the pulse envelope, Ak = |Ak| = 2k( is the momentum transfer, wp is the two-photon frequency
difference between the Bragg beams, and ¢q is their relative optical phase. This potential couples momentum
states satisfying the Bragg resonance condition [52],

mAE)? R

w= (AK) + —k- Ak. (5.2)
2m m

In contrast to previous implementations of our matter-wave Rarity—Tapster interferometer [24, 26|, here we imple-

ment a dual-resonant Bragg lattice [25, 39, 40], which simultaneously addresses two distinct pairs of momentum

modes in the scattering halo. This is achieved by applying a sinusoidal amplitude modulation to the Bragg lattice,

V(z,t) = Vo(t) cos(Akz — wot + ¢o) cos(wmt + ¢um). (S.3)

Using the trigonometric identity cos(a) cos(b) = 1[cos(a + b) cos(a — b)], this can be written as

Vix,t) = VOT(t)[cos(Ak:Z: — (wo + wm)t + (P + &) + cos(Akz — (wo — Wi )t + (do0 — dm))]- (S.4)

Thus, a single amplitude-modulated pulse generates two frequency components symmetrically displaced around
the carrier frequency, wy+w,,. These components are independently resonant with the Doppler-shifted momentum
classes located in regions A and B of the halo. The modulation phase therefore produces opposite phase shifts
in the two resonant channels, providing independent control of the interferometric phases while maintaining an
identical pulse envelope.
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Fig. S1. Raman-Bragg transitions and interferometer phase calibration. (a) Raman and dual-resonant Bragg two-
photon transitions used in the experiment. The lasers are blue-detuned by A = 2.3 GHz from the 23S; — 23Py transition.
(b) Schematic of the Ramsey-type sequence used to calibrate the interferometer phase imparted by the dual-resonant Bragg
pulses, applied to a single halo containing the (p, p’) momentum modes. Two 7/2 Bragg pulses, carrying optical phases ¢1
and ¢9, are separated by an interrogation time Tj,; = 250 us. The first pulse creates a 50/50 superposition of momentum
states {p,p — 2hko} and {p’,p’ — 2fiko}, while the second pulse recombines the momentum pathways. Atoms with the
same final momenta (p or p’) interfere upon detection after a fall time ¢; ~ 0.416s. The resulting detector output, shown
as a 2D histogram of vertical velocity v, versus transverse velocity v¢, exhibits interference fringes in regions A and B,
corresponding to momentum modes p and p’, respectively.

Equivalently, the dual-resonant lattice can be described as two phase-controlled optical fields,

E4(t) oc e7iwattea) - (i) oc e i @ntton) (S.5)
where
WA =wo+Wm,  WB=Wo—Wn, (5.6)
and
ba = ¢o + Om, ¢B = 0 — Om. (S.7)

In our experiment, the modulation frequency is set to w,, = 27 x 21 kHz, which separates the two resonantly
coupled momentum classes by approximately 0.032m/s, corresponding to offsets of £0.016m/s from the halo
equator. For pulse durations satisfying 7 > m/w,,, the sideband separation exceeds the Fourier-limited spectral
width, enabling independent coupling of the two momentum classes with negligible overlap.

B. Bragg transfer characterisation and interferometer phase calibration

The dual-resonant Bragg w- and 7/2-pulse operations are characterised by measuring population transfer as
a function of pulse duration, amplitude, detuning, and timing [26]. To isolate the transfer between the coupled
momentum modes, we first prepare a single halo containing either the (p,p’)-Top halo, or (q,q’)-Bottom halo,
momentum modes and apply the Bragg pulse to transfer population between the counter-propagating momentum
pairs, (p,p’)—(q,q9’) or (q,q")—(p,p’). Optimising both the pulse duration and intensity in each operation, we
obtain mirror and beamsplitter pulse durations of 7, = 75.2 us and 7,2 = 71.7 us, respectively, with the slightly
shorter 7/2 operation reflecting its lower optimized intensity and thus reduced effective Rabi frequency compared
to the 7 pulse. The corresponding peak transfer efficiencies are 92(4)% for the mirror operation and 50(2)% for
the beamsplitter operation. The measured transfer profiles are centred at +0.016 m/s from the halo equator and
exhibit approximately Gaussian momentum widths of 0.0025m/s. The transfer peaks are equal and symmetric
in the two coupled momentum regions A and B. Figure 2(a) shows the transfer fraction profile achieved by the
optimised mirror pulse in our setup.

The interferometric phase control is calibrated using a Ramsey-type sequence consisting of two dual-resonant
7/2-pulses separated by an interrogation time Tj,; [25, 43] (Fig. S1(b)). The two pulses are identical except for
their optical phases. The first pulse has phase ¢1, while the second pulse has phase ¢-. Starting from a halo
containing the (p,p’) momentum modes, the two pulses create interference fringes after a time Tj,; = 250 us.

For the first pulse, the modulation phase is set to zero,

i = ot = oo, (8:8)
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while for the second pulse,

05 = ¢o — bm. (S.10)
Therefore,
¢5 — 01 = 6, and @7 — O = —m, (8.11)

resulting in opposite phase shifts of the interference fringes from regions A and B. The final interferometric phase
is

q)Ramsey = _¢1 + ¢2 + ¢gra'u + ngthinta (812)

where ¢g4rq, accounts for the constant gravitational phase accumulated by the interferometer arms between the
Bragg pulses and ¢y is the subsequent fall time to the detector (~ 0.4165s). The resulting Ramsey fringes, obtained
by averaging over 1000 experimental shots (Fig. S1(b), Detector Output), are used to extract the phase response
of each momentum-selected region, demonstrating independent and stable phase control of the two dual-resonant
Bragg channels.

C. Interferometer model and joint detection probabilities

Following the formalism of Refs.[24, 26], the dual-resonant Rarity—Tapster interferometer is modelled as two
independent Bragg coupling channels, each channel resonant with the selected momentum modes in regions A or
B. Since the two frequency components are spectrally resolved, each coupling channel is described by the same
two-mode Bragg Hamiltonian,

N hQ 0 i
H—2Qw%), (5.13)

where () is the two-photon Rabi frequency and ¢ is the phase of the Bragg lattice. Using the unitary evolution oper-
ator U(t, ¢) = e~/ we model the Rarity-Tapster interferometer consisting of the m-pulse mirror (U (7/Q,7/2))
and 7/2-pulse beamsplitter (U(7/25, ¢4.5)) operations.

The two resonant channels correspond to the momentum regions A and B, with beamsplitter phases ¢4 and
¢, respectively. Applying the interferometer transformation to the entangled input state (Eq. (1)) gives joint
detection probabilities between the output momentum modes. Defining Py i/ as the probability of detecting a
correlated pair in output modes k and k', where k € {p,q} and k' € {p’,q'}, the resulting probabilities are

1 1
Popr = Paq = 5 sin’ <¢A JQF ¢B) . and Ppg = Pog = 5 cos’ (¢A ; ¢B> : (S.14)
Thus, the interference depends on the sum of the two Bragg phases rather than their relative phase. This distinction
arises from the slightly different, yet physically equivalent, geometry of our Rarity-Tapster interferometric scheme
[17, 24].

Experimentally, the joint detection probabilities are extracted from the two-particle momentum correlation
function [26, 33|,

@ Wy - e ) P
g% (k, k) ) )~ () ()

where 7y (7 ) is the momentum-space occupation of mode k(k’). Integrating the correlated atom counts over the
selected momentum-space detection volumes associated with the four output ports Dy 5 3 4} yields the coincidence
probabilities P, pr, Pq,q/s Pp,q/» and Py p/, providing direct measurement of the interferometric phase dependence.

(S.15)
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III. MOMENTUM-RESOLVED DETECTION AND MODE SELECTION

Following the detection and analysis procedures outlined in Ref.[26], individual metastable *He* atoms are
detected using a microchannel plate (MCP) and delay-line detector (DLD) system located 848 mm below the trap.
This system takes advantage of the approximately ~19.8 eV internal energy of the metastable helium atoms, which
is released upon detection. The detector has an estimated quantum efficiency of 20(2)% [36], with spatial and
temporal resolutions of 120 um and 3 us, respectively [37]. These resolutions correspond to momentum resolutions
of approximately ~ (4.5 x 1073)kg in the transverse directions and ~ (4.6 x 107%)kq along the vertical direction.

Atomic momenta are reconstructed from the measured arrival positions and times and subsequently transformed
into the centre-of-momentum (COM) frame of each scattering halo. Owing to the relatively small number of
scattered atoms per halo, the COM is instead determined from the corresponding parent condensates, which
contain approximately 5 x 10% atoms and thus provide a more accurate estimate of the collision centre. This
transformation is performed independently for each experimental realisation, thereby minimising broadening of
the momentum distributions due to shot-to-shot fluctuations such as in-trap oscillations of the BEC. In addition,
calibration runs are performed in which the initial double-halo state is generated, and the measured ¢(® correlations
across the halo are used to apply minor adjustments to the COM positions, yielding optimised estimates of the
halo centres for each dataset. The datasets are further filtered based on the number of detected scattered atoms
to ensure approximately constant mode occupancy and correlation amplitudes.

For the dual-resonant Bragg interferometer, detection windows are selected around the resonantly coupled
momentum doublets in regions A and B of the scattering halo. The coupled momentum modes are centred
approximately £0.016 m/s from the halo equator, with each detection window extending 0.005m/s around the
corresponding mode centre. These detection ranges are chosen to maximise the detected pair signal while limiting
averaging of the interferometric phase across the finite momentum acceptance of each output port. Across the
selected detection windows, the phase variation arising from different particle trajectories is approximately 0.42
radians, resulting in only a small reduction of the measured interference contrast (see section V for details).

The selected atoms satisfy the radial velocity constraint 0.9 < v/v,. < 1.1, where v, &~ 65mm/s is the velocity
radius of the scattering halo. The four interferometer output ports Dq, Do, D3, D4 correspond to the selected
momentum-mode regions in halos A and B. Joint detection probabilities are obtained by integrating correlated
atom counts over the corresponding momentum-space detection volumes. Each scattering mode is defined by a
cubic integration volume with side length approximately 0.025 x k,., where k, = mw,./h, which provides a mode
size sufficiently small to preserve momentum correlations while allowing several independent momentum modes to
be sampled within each detection window.

IV. TWO-PARTICLE CORRELATIONS OF THE DOUBLE HALO SOURCE

The double-halo source is characterised through measurements of the second-order momentum correlation func-
tion [33],

g?(Ak) = ¢ (k, —k + Ak), (S.16)

evaluated within the momentum-space detection windows defined above (sectionIII). Figure S2 shows the mea-
sured back-to-back correlations for the initial double-halo state prior to the application of the dual-resonant
Bragg interferometer. These measurements characterise the momentum-correlated atom-pair source produced by
spontaneous four-wave mixing [31, 32] and determine the mean mode occupancy relevant to the Bell-correlation
measurements.

The measured intra-halo correlation functions exhibit pronounced peaks at |Ak| = 0, with fit amplitudes of
g (0) = 50.5(4) and 50.9(7) for the top(red) and bottom(blue) halos, respectively. Using the relation g(*)(0) =~
2 + 1/7|33], the corresponding mean mode occupancy is estimated to be i ~ 0.02 for both halos, confirming
operation well within the spontaneous, low-gain regime [53].

The cross-halo correlation function, shown in the inset of Fig. S2, remains close to the uncorrelated background
level, ¢ ~ 1, demonstrating negligible correlations between atoms originating from different halos. Together,
these measurements confirm that correlated atom pairs are generated predominantly within individual halos, while
simultaneous independent pair production across both halos is strongly suppressed.



60 ¢  Top halo
¢  Bottom halo
1
50 \“ 4
\ ®  Cross Halos
407 34
A \ ~
< ¢ <,
=30 * =2 oot .
x | € P o -
= ¢! ST 3 ?
20 \‘ ¢
%0 0.1 02
10 ‘e ' ' ’
Q\ |Ak|/ko
.\ @
0 P B S e e S RO Tl Sy
0.00 0.05 0.10 0.15 0.20 0.25
|Ak|/ko

Fig. S2. Back-to-back correlations of the double halo source. Measured second-order correlation functions g

for the initial double-halo state. The main panel shows the intra-halo correlations for the ‘Top’(red) and ‘Bottom’(blue)
halos, with dashed curves showing Gaussian fits to the correlation peaks. The inset displays the cross-halo correlations,
which remain close to the uncorrelated background, with a constant fit yielding g<2> ~ 1.3(2). Error bars denote shot-noise
uncertainties.

V. VISIBILITY REDUCTION OF THE BELL CORRELATION FUNCTION

The Bell correlation function [41] is constructed from the measured joint detection probabilities as

P, p T P, q — P, q — P, P’
E(¢A,¢B) = Ppp +qu + qu +Pqp , (S.l?)
p.p’ .9’ p.q’ a.p’

which yields the expected phase dependence;

E(¢a,¢5) = =V cos(¢pa + é5),

(S.18)
where V is the Bell correlation interference visibility. For an ideal maximally entangled state and infinitesimal

detection modes, the visibility is expected to approach unity. In the present experiment, the measured visibility

is reduced by two dominant effects: higher-order Fock-state contributions to the generated atom-pair state and
phase averaging arising from the finite momentum acceptance of the detection ports.

The reduction due to higher-order Fock-state (HOF) components is given by [34, 53],

1+n

_ 1
Vior 1430 (S.19)

where 71 is the mean mode occupancy. Using the measured value i = 0.02 obtained from the two-particle correlation
measurements (sectionIV) yields

VHOF =~ 0.962. (820)

A second contribution arises from integrating over the finite momentum extent of each detection port. Atoms
within a given detection window acquire slightly different interferometric phases due to their distinct momentum
trajectories, resulting in a small reduction of the observed fringe contrast. Following the treatment of [54], this
effect gives

Vwindow = 0.992.

(S.21)
Assuming these two effects are independent, the expected visibility is

Vexpected = VHOFVWindow ~~ 0.962 x 0.992 =~ 0.95 (8.22)
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This agrees well with the experimentally measured visibility of V' = 0.93(2), indicating that the observed reduction
from the ideal value of unity is quantitatively accounted for by higher-order pair production and finite detection-
port integration.

VI. STATISTICAL ERROR ANALYSIS

The Bell correlation function is estimated from repeated experimental realizations of the dual-resonant interfer-
ometer. The low mode occupancy of the double-halo source results in the majority of experimental realizations
containing at most a single detected correlated atom pair within the selected momentum detection windows. Con-
sequently, each experimental realization contributes a binary outcome to the Bell correlation measurement, with
the measured value of the correlation function £ (Eq.(S.17)) taking either +1 or —1. This binary outcome is a
natural consequence of operating in the spontaneous low-gain regime and does not rely on any additional post-
selection based on the detected atom number. The statistical uncertainty is therefore evaluated using a binomial

proportion estimator [44]. The standard error of the measured proportion is calculated as SE = 4/ W, where
p is the measured proportion of one of the two outcomes and N is the sample size.

The same binary-outcome statistics apply to the measurements of the joint detection probabilities Px x’, where
each realization corresponds to the detection or absence of a pair within a specified pair of output ports. Therefore,
the uncertainties in both the Bell correlation function and the joint detection probabilities are evaluated using the
corresponding binomial standard errors.

The visibility is extracted by fitting the measured Bell correlation function to the expected sinusoidal dependence,
as in Eq.(S.18). The uncertainty in V is determined from the covariance matrix of the least-squares fit, thereby
incorporating the statistical uncertainties of the individual correlation measurements.

The CHSH-Bell parameter S is evaluated from the four measured Bell correlation values [17, 41],

1 2 2 2 2
S =B, %) — E@Y,05) + E(6D. 65)) + (6}, 5. (S-23)

Assuming the four correlation measurements are statistically independent, the corresponding uncertainty is ob-
tained by standard error propagation,

os =\/0p, +0p, +0p, + 0%, (S.24)

where o, are the binomial uncertainties associated with the individual correlation measurements. The resulting
uncertainty is reported for the experimentally measured CHSH-Bell parameter.



