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Atomic twin beams and violation of a motional-state Bell inequality
from a phase-fluctuating quasicondensate source
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We investigate the dynamics of atomic twin beams produced from a phase-fluctuating source, specifically
a one-dimensional Bose gas in the quasicondensate regime, motivated by the experiment reported in Bücker
et al. [Nat. Phys. 7, 608 (2011)]. A short-time analytic model is constructed, which is a modified version
of the undepleted pump approximation widely used in quantum and atom optics, except that here we take
into account the initial phase fluctuations of the pump source as opposed to assuming long-range phase
coherence. We use this model to make quantitative and qualitative predictions of how phase fluctuations of the
source impact the two-particle correlations of scattered atom pairs. The model is benchmarked against detailed
numerical simulations using stochastic phase-space methods, and is shown to validate the intuitive notion that
the broadening of momentum-space correlation functions between atoms scattered from a quasicondensate is
driven by the broadened momentum width of the source compared to a true phase-coherent condensate. Finally,
we combine these theoretical tools and results to investigate the effect phase fluctuations of the twin-beam
source can have on a proposed demonstration of a violation of a Bell inequality, which intrinsically relies on
phase-sensitive pair correlations.
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I. INTRODUCTION

The creation, manipulation, and application of correlated
twin atoms is a topic of interest across a range of cold-
atom experiments. This is driven by their potential utility in
quantum technologies such as precision atom interferometry
[1–5] and quantum simulation [6–8], as well as fundamental
tests of quantum mechanics such as atomic EPR entangle-
ment [9–11], the atomic Hong-Ou-Mandel effect [12–14], and
demonstrations of a Bell inequality using motional degrees of
freedom and massive particles [15–19]. Essential to each of
these applications has been the ability to well characterize,
both theoretically and experimentally, the nature of these atom
pairs as well as their intrinsic correlations [12,20–33].

Recent experiments involving atom pairs have relied on
protocols which can be reduced to the archetypal process
of four-wave mixing: A pair of atoms in a coherent Bose-
Einstein condensate (BEC) interact and are scattered into a
distinct pair of modes (in terms of either spatial, motional, or
internal degrees of freedom) outside the condensate. Conse-
quently, the vast majority of theoretical work in the literature
pertaining to twin-atom production has focused on this case
of scattering from a coherent source [14,19,20,24,25,27]. In
particular, the coherent source is often replaced by a classical
field to make the resulting model more tractable. However,
a series of recent experiments have evolved this paradigm by
utilizing Bose gases in the quasicondensate regime as a source
for the scattered pairs [2,16,34]. A quasicondensate lacks the
long-range order and phase coherence of a BEC, and so is
not immediately amenable to the same approximations, such

as replacement by a classical field. This presents a motivation
to construct more detailed and sophisticated models of pair
production which can specifically account for the phase fluc-
tuations of a quasicondensate source [2,26,29,35].

Here, we construct a simple analytic theory which de-
scribes the short-time limit of pair production from a phase-
fluctuating one-dimensional (1D) Bose gas source. The choice
of a 1D quasicondensate source is motivated specifically by
the experiment of Ref. [2] wherein correlated atomic twin
beams were produced using a parametrically excited 1D
quasicondensate. Our theoretical analysis enables quantitative
and qualitative insight into second-order (density-density)
correlations between the twin beams, specifically the scaling
of the peak correlation strength and correlation widths as a
function of the temperature of the source quasicondensate. As
a consequence of this analysis, we quantitatively establish the
connection between the broadening of the correlation width
and the width of the momentum distribution of the source qua-
sicondensate, a result which was previously experimentally
observed in Ref. [16] for the related example of two quasicon-
densates in the three-dimensional (3D) collisional regime. As
a benchmark, we compare the predicted results to numerical
simulations using stochastic phase-space methods and find
excellent agreement with respect to the scaling of correlations
with the temperature of the source quasicondensate. Further-
more, we demonstrate that some qualitative predictions of the
analytic model remain a useful guide beyond the short-time
limit of the theory.

Our ultimate interest in the properties of twin beams
produced via phase-fluctuating sources is motivated by their
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possible utility for fundamental tests of quantum mechanics
such as violation of a Bell inequality [18,19,23]. Demonstra-
tion of a Bell inequality violation intrinsically relies on phase-
sensitive measurements of pair correlations with respect to
well-defined relative phase settings of the underlying interfer-
ometric setup [18,36]. For ultracold atoms, this was shown to
be theoretically possible using a phase-coherent BEC source
[19]. The question of whether a similar violation is possible
with a phase-fluctuating quasicondensate source is far from
trivial, and naive arguments might suggest an a priori negative
answer given that the relative phase fluctuations of the source
may degrade or completely destroy the necessary phase-
sensitive correlations between the twin beams. However, our
detailed calculations instead indicate that whereas the phase
fluctuations of the quasicondensate do indeed degrade the
amplitude of the phase-sensitive pair correlations (relative to
a coherent source), they remain sufficiently strong to enable
Bell inequality violation for a sufficiently cold quasiconden-
sate source.

The derivations of the analytic models and numerical cal-
culations in this paper are tailored toward the specific experi-
mental setup of Ref. [2]. However, our results can be general-
ized to related models of atom-pair production. In particular,
our analytic model and proposed protocol to demonstrate
a Bell inequality violation could be readily adapted to de-
scribe s-wave scattering from elongated 3D quasicondensates
[16,29,37].

The paper is structured as follows. First, we outline the
effective model of the pair-production process from a quasi-
condensate source in Sec. II. Next, in Sec. III we use a per-
turbative treatment to derive approximate analytic expressions
for the momentum-space pair correlation functions of the twin
beams. In Sec. IV we then validate these analytic expressions
by comparing to detailed numerical calculations based on the
positive-P stochastic phase-space method, while also investi-
gating beyond the short-time validity of the analytic treatment.
Finally, we build on the preceding results and investigate the
feasibility of demonstrating a violation of a Bell inequality
with a quasicondensate source in Sec. V. We conclude the
paper with summarizing remarks in Sec. VI.

II. MODEL

A. Pair-production process

Our theoretical model of the pair-production process be-
gins from the generic Hamiltonian describing a dilute 3D
degenerate Bose gas trapped in a potential V (r) with s-wave
contact interactions

Ĥ =
∫

dr
{
ψ̂†(r)

[−h̄2

2m
∇2 + V (r)

]
ψ̂ (r)

+ g

2
ψ̂†(r)ψ̂†(r)ψ̂ (r)ψ̂ (r)

}
. (1)

Here, g = 4π h̄2as/m characterizes the strength of interactions
with s-wave scattering length as and atomic mass m.

The Hamiltonian (1) can be simplified by the physical
considerations of the experimental setup of Ref. [2]. In par-
ticular, the Bose gas is trapped in an elongated cylindri-
cally symmetric harmonic potential with sufficiently large and

equal trapping frequencies in the transverse directions (here
taken to be along y and z, with ωy = ωz ≡ ω⊥) so that we
may derive an effective one-dimensional (1D) model of the
system involving only explicit spatial dependence along the
weakly confined direction x. The experimental sequence of
Ref. [2] entails parametrically driving the trapping potential
along y according to optimal control theory [38] such that the
quasicondensate formed initially in the transverse ground state
(ny, nz ) = (0, 0) is coherently transferred to the first excited
state (ny, nz ) = (1, 0) of the transverse trapping potential.
Here, ny,z denotes the energy levels of the transverse harmonic
potential. The dynamics of the preparation protocol was pre-
viously investigated in detail in Ref. [38]. For simplicity,
we ignore this transfer stage in our model and assume that
the quasicondensate, with the same equilibrium configuration
along x as before, is simply formed in the (ny, nz ) = (1, 0)
transverse state.

We continue by expanding the field operator as ψ̂ (r) ≡∑
mx,ny,nz

âmx,ny,nzϕmx (x)φ(ho)
ny

(y)φ(ho)
nz

(z). Here, φ(ho)
ny

(y) [φ(ho)
nz

(z)] is the harmonic oscillator basis function of the nyth
(nzth) mode of the trapping potential, ϕmx (x) are a set of
basis functions along the x dimension labeled by independent
indices mx, and âmx,ny,nz is the corresponding bosonic creation
operator for the mode.

As there are no dynamics along the z dimension we restrict
the expansion to nz = 0 throughout the remainder of the
paper and suppress the associated subscript. Moreover, we
assume that only the levels ny = 0, 1 are involved in the state
preparation and deexcitation process, motivated by the exper-
imental inclusion of a small anharmonicity in the trapping
potential along y. Such anharmonicity ensures that excitation
to higher-energy levels is energetically suppressed, so that the
levels with ny � 2 are never significantly populated and can
be ignored in our model. Substitution of the expansion of the
field operator back into Eq. (1) under these conditions allows
us to integrate out the y and z dimensions to yield an effective
1D Hamiltonian. Specifically, defining the new field opera-
tors ψ̂i(x) = ∑

mx
âmx,i,0ϕmx (x), with i ≡ ny = {0, 1}, the 1D

Hamiltonian can be expressed as Ĥ = Ĥ0 + Ĥint , where

Ĥ0 =
∫

dx
∑
i=0,1

ψ̂
†
i (x)

[−h̄2

2m

∂2

∂x2
+ V (x) + δi,1h̄ωy

]
ψ̂i(x)

(2)

is the single-body Hamiltonian, and

Ĥint =
∫

dx

{
g00

2
ψ̂

†
0 (x)ψ̂†

0 (x)ψ̂0(x)ψ̂0(x)

+ g11

2
ψ̂

†
1 (x)ψ̂†

1 (x)ψ̂1(x)ψ̂1(x)

+ 2g01ψ̂
†
0 (x)ψ̂0(x) ψ̂

†
1 (x)ψ̂1(x)

+ g01

2

[
ψ̂

†
1 (x)ψ̂†

1 (x)ψ̂0(x)ψ̂0(x) + H.c.
]}

(3)

is the interaction Hamiltonian, where H.c. refers to the
Hermitian conjugate. As the oscillator basis states can
be taken to be real-valued functions, the effective 1D
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coupling strengths are determined by gi j = ∫
dz[φ(ho)

0 (z)]4 ×∫
dy[φ(ho)

i (y)]2[φ(ho)
j (y)]2. Thus, we have g00 = g/(2πLyLz ),

g01 = g/(4πLyLz ), and g11 = 3g/(8πLyLz ) where Ly(z) =√
h̄/(mωy(z) ) is the harmonic oscillator length in the y (z)

direction.
We can identify the last line of the interaction Hamiltonian

Ĥint, Eq. (3), as describing the well-known process of bosonic
pair production via four-wave mixing:

ĤFWM = g01

2

∫
dx ψ̂

†
1 (x)ψ̂†

1 (x)ψ̂0(x)ψ̂0(x) + H.c. (4)

This effective Hamiltonian ĤFWM encapsulates the physics of
the collisional deexcitation process, by which two atoms in
the transverse excited state (ny = 1) relax to the transverse
ground state (ny = 0). In this conversion process, the excess
potential energy 2h̄ωy from the strongly confining trap along y
is converted into kinetic energy along the weakly trapped lon-
gitudinal direction x [see Eq. (2)]. The remaining three terms
of Eq. (3) describe elastic scattering and can be interpreted as
spatially and time-dependent mean-field potentials which the
scattered atoms move in [28]. As the energetic contributions
of the elastic scattering and the weak trapping potential along
x are small relative to the excess potential energy 2h̄ωy, we can
assume that these terms remain approximately constant and
hence amount to a constant phase shift which can be ignored.
Under this assumption, and due to conservation of energy and
approximately the momentum, the atom pairs scattered from
the initial transverse excited state ny = 1 (where the atoms
are at rest longitudinally) into ny = 0 state will then have
counterpropagating longitudinal momenta kx ≈ ±k0 where
k0 = √

2mωy/h̄.

B. Correlation functions

In the simplest case of a true condensate source in the unde-
pleted pump approximation, the Hamiltonian (4) describes the
widely studied phenomena of spontaneous optical parametric
down-conversion. This process is known to produce the two-
mode squeezed vacuum state [39,40], which exibits strong
correlations between the down-converted particles. While this
simplification is not valid in the system under investigation,
due to the absence of a true condensate in 1D, we still expect
strong, nontrivial correlations in the down-converted field due
to the pairwise nature of the scattering process.

The correlations between the atoms scattered into the trans-
verse ground state ny = 0 according to Eq. (4) can be char-
acterized via Glauber’s normalized second-order correlation
function [41]

g(2)(k, k′, t ) = 〈â†(k, t )â†(k′, t )â(k′)â(k, t )〉
〈â†(k, t )â(k, t )〉〈â†(k′, t )â(k′, t )〉 , (5)

which describes normally ordered density-density correla-
tions between momentum modes k and k′. Here, â(k, t )
[â†(k, t )] is the Fourier transform component of the down-
converted field ψ̂0(x, t ) [ψ̂†

0 (x, t )] at time t , corresponding
to the annihilation (creation) operator for an atom in mo-
mentum mode k. The normalization of Eq. (5) is introduced
to imply that the result g(2)(k, k′, t ) = 1 corresponds to the
absence of any correlation between the modes k and k′.

Due to energy and approximate momentum conservation in
the scattering process, we expect a nontrivial “back-to-back”
(BB) correlation, g(2)(k, k′, t ) > 1 for k′ ≈ −k [20]. Similarly,
we also characterize the autocorrelation of the beams by the
“collinear” (CL) correlation for k′ ≈ k.

C. Quasicondensate source

In Ref. [2] it was reported that the initial cloud (before
excited-state transfer) was characterized as a 1D quasicon-
densate of temperature T � 40 nK. To model this initial
condition for atoms in the excited state as well (owing
to the coherent nature of the transfer protocol), we em-
ploy a Luttinger-liquid approach wherein ψ̂1(x, 0) ≡ ψ̂1(x) =√

ρ(x)exp[iφ̂(x)] [42,43]. Here, we ignore density fluctua-
tions and so ρ(x) = ρ0(1 − x2/R2

x ) (for |x| � Rx) is the initial
density profile of the quasicondensate in the Thomas-Fermi
(TF) approximation with TF radius Rx = (2g11ρ0/mω2

x )1/2

and peak density ρ0, and φ̂(x) characterizes the phase profile
of the quasicondensate [44].

In contrast to a true BEC, an equilibrium 1D qua-
sicondensate at temperature T is characterized by a
lack of long-range order, with the one-body density ma-
trix given by G(1)(x, x′) ≡ 〈ψ̂†

1 (x)ψ̂1(x′)〉 = √
ρ(x)ρ(x′) ×

exp[−〈(δφ̂xx′ )2〉/2] where δφ̂xx′ ≡ φ̂(x) − φ̂(x′). At experi-
mentally relevant temperature scales, the phase fluctuations
are dominated by the thermal contribution of low-energy
phonon excitations [44] and are given by

〈(δφ̂xx′ )2〉 
 A
2

ln

∣∣∣∣ (1 − x′/Rx )(1 + x/Rx )

(1 + x′/Rx )(1 − x/Rx )

∣∣∣∣, (6)

where A = (2g11kBT )/[Rx(h̄ωx )2]. In the limits of x, x′ �
Rx or |x − x′| � Rx this expression can be approximated
by the simpler form 〈(δφ̂xx′ )2〉 
 |x − x′|/lT , where the ther-
mal phase-coherence length lT = h̄2ρ0/(mkBT ) = Rx/A is
equivalent to the result for a uniform 1D quasicondensate at
density ρ0.

A second important feature of the quasicondensate, and
which is important to the pair-production process discussed
in this article, is the broadening of the momentum distribution
with temperature. The momentum distribution for a trapped
quasicondensate can be evaluated within the local density
approximation (LDA) as [45]

n1(k) 
 1

π

∫
dx

2lT (x)ρ(x)

1 + [2lT (x)k]2
, (7)

where lT (x) ≡ h̄2ρ(x)/(mkBT ) is the local phase-coherence
length. The LDA assumes that each infinitesimal slice of the
trapped gas behaves locally like a uniform gas of fixed density
ρ(x), and the momentum distribution of the total trapped gas
is then given by the summation of the uniform result for
each slice of the gas, characterized by the Lorentzian inte-
grand. While this integral cannot be solved exactly when ρ(x)
is given by the Thomas-Fermi approximation, by assuming
that the dominant contribution will be from the center of
the cloud with ρ(x) 
 ρ0, then we may use the result of a
uniform quasicondensate to estimate the half-width at half-
maximum (HWHM) wk of n(k) to scale with temperature as
wk ∼ 1/lT ∝ T .

043615-3



R. J. LEWIS-SWAN AND K. V. KHERUNTSYAN PHYSICAL REVIEW A 101, 043615 (2020)

III. SHORT-TIME ANALYTIC TREATMENT
OF PAIR PRODUCTION

To gain a better understanding of how the phase fluctua-
tions of the quasicondensate source affect the pair-production
process and impact the resulting atom-atom correlations, we
treat the system using a short-time analytic model previously
outlined in Ref. [27] in the context of spontaneous four-
wave mixing via collisions of pure 3D condensates. We note
that a key difference to the previous implementation of this
technique is that it would be unjustified to make the usual
mean-field replacement ψ̂1(x) → 〈ψ̂1(x)〉 in the Hamiltonian
of Eq. (3) due to the absence of true long-range order in
1D. As such, the intrinsically phase-fluctuating nature of the
source will prove to have important consequences.

First, we assume that, for sufficiently short times and suffi-
ciently high population, depletion of the transversely excited
quasicondensate source (due to conversion to the transverse
ground state) may be ignored. This means that the only time
dependence of the field operator ψ̂1(x, t ) is the trivial accrual
of a spatially independent phase ψ̂1(x, t ) = ψ̂1(x)e−iωyt , due
to the excitation energy in the transverse excited state (where
we ignore the zero point energy). The stationary component
ψ̂1(x) is treated as in the Luttinger-liquid approach, as spec-
ified earlier, wherein we ignore the quasicondensate density
fluctuations, while retaining its phase fluctuations, so that
ψ̂1(x, t ) = √

ρ(x)eiφ̂(x)−iωyt . This is somewhat similar to the
conventional undepleted pump approximation frequently used
in quantum and atom optics, where the field operator describ-
ing a true condensate source is replaced by a static c number
corresponding to the mean field. Here, however, we relax the
mean-field approach and instead retain an operator description
in order to correctly account for the phase fluctuations. This
assumption is crucial to our model and serves as an extension
of the undepleted pump formalism beyond the coherent BEC
paradigm.

Next, the transverse excitation energy 2h̄ωy of the source
(or the pump mode) atoms is assumed to be the dominant
contribution to the energy of the scattered (down-converted)
atom pairs. Accordingly, we can also ignore the energy shifts
due to elastic s-wave interactions in Ĥint [first three lines
of Eq. (3)] as small contributions that are not relevant to
the dynamics of the down-converted field ψ̂1(x). Finally, for
developing the approximate analytic model of the current
section, we ignore for simplicity the longitudinal trapping
potential V (x) as well. (In the full numerical simulations of
Sec. IV, we keep this trapping potential term.) Collectively,
these approximations mean that the dynamics of the field op-
erator describing the scattered pairs, ψ̂0(x, t ), is governed by
the kinetic energy term from the noninteracting Hamiltonian
(2), plus the effective four-wave mixing Hamiltonian Ĥ4WM

(4), with the substitution of ψ̂1(x, t ) = √
ρ(x)eiφ̂(x)−iωyt .

We can now proceed to solve for the dynamics of the scat-
tered atoms. Specifically, the Heisenberg equation of motion
describing the field operator of the scattered atoms ψ̂0(x, t ) is
given by

∂ψ̂0(x, t )

∂t
= ih̄

2m
∇2ψ̂0(x, t ) − iĝ(x)e−2iωyt ψ̂

†
0 (x, t ), (8)

where we have introduced an effective phase-fluctuating cou-
pling

ĝ(x) ≡ g01

h̄
[ψ̂1(x)]2 = g01

h̄
ρ(x)e2iφ̂(x), (9)

describing the inelastic scattering of atoms from the ny = 1
excited (pump) state to ny = 0 ground (down-converted) state.

Moving to a rotating frame ψ̂0(x, t ) → ψ̂0(x, t )eiωyt , we
can cast this equation in the form

∂ψ̂0(x, t )

∂t
= i

(
h̄

2m
∇2 + ωy

)
ψ̂0(x, t ) − iĝ(x)ψ̂†

0 (x, t ), (10)

which we note is equivalent [except for the phase-fluctuating
nature of the effective coupling ĝ(x)] to the equation of motion
describing the production of pair-correlated atoms through a
collision of two coherent BECs [27], or through dissociation
of a BEC of molecular dimers [46], in the undepleted pump
approximation. In those processes, the role of the effective
detuning h̄ωy is taken by the collisional kinetic energy per
atom h̄2Q2/2m (where Q is the collision momentum), or half
the energy mismatch 2h̄|
| between the free two-atom state
in the dissociation threshold and the energy of the bound
molecular state.

Transforming next to Fourier space, with ψ̂0(x, t ) =∫
dk â(k, t )eikx/

√
2π , one can write the corresponding equa-

tion of motion for the Fourier component â(k, t ) as

dâ(k, t )

dt
= −i
kâ(k, t ) − i

∫
dq√
2π

ˆ̃g(q + k)â†(k, t ), (11)

where 
k = h̄k2/(2m)−ωy and ˆ̃g(k)= 1√
2π

∫
dx ĝ(x)e−ikx is

the Fourier transform of the effective coupling.
Following Ref. [27], we write â(k, t ) in terms of a Taylor

expansion in t ,

â(k, t ) = â(k, 0) + ∂ â(k, t )

∂t

∣∣∣∣
t=0

t + O(t2), (12)

which is valid for t � h̄/[g01ρ(0)] [27]. Evaluation of the
relevant correlation functions then proceeds by substitution
of this expansion into, e.g., Eq. (5), and use of the equal-
time bosonic commutation relations [â(k, t ), â†(k′, t )] =
δ(k − k′).

A. Momentum-space density of the twin-atom beams

Following this procedure the first-order correlation
n(k, k′, t ) ≡ 〈â†(k, t )â(k′, t )〉 is then, to lowest order in t ,

n(k, k′, t ) 
 t2
∫

dq

2π
〈 ˆ̃g†(q + k) ˆ̃g(q + k′)〉

= t2
∫

dx

2π
e−i(k−k′ )x〈ĝ†(x)ĝ(x)〉. (13)

Here, 〈ĝ†(x)ĝ(x)〉 ≡ [g01ρ(x)/h̄]2 is insensitive to the phase
fluctuations of the quasicondensate and is equivalent to the
result for a true BEC in the undepleted pump approximation
[27]. We are naturally interested in the case k′ ≈ k, for which
n(k, k′ = k, t ) describes the momentum-space density of the
scattered atoms n(k, t ). Thus, considering k ≈ k′ we define
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k = k′ − k and evaluate the integral in Eq. (13), yielding

n(k, k′ = k + 
k, t ) 

[

g01ρ(0)t

h̄

]2 Rx√
π

J5/2(
kRx )(

kRx

2

)5/2 , (14)

where Jα (x) is a Bessel function of the first kind of order α.
The momentum-space density profile of the scattered atoms is
found by simplifying to the case k = k′, giving

n(k, t ) = Rx

�(7/2)
√

π

[
g01ρ(0)t

h̄

]2

, (15)

which indicates that for short times the scattered atoms uni-
formly populate all possible momentum components.

B. Atom-atom correlations in the short-time approximation

In prior work, such as Ref. [27], the calculation of second-
order correlation functions was simplified by the use of
Wick’s theorem, wherein the factorizability of second-order
correlations means that they can be constructed as products of
first-order correlations 〈â†(k, t )â(k′, t )〉 and 〈â(k, t )â(k′, t )〉.
However, Wick’s theorem is only strictly valid in the case
where the Hamiltonian driving the dynamics is no more than
quadratic in creation and annihilation operators. While this
is true in the conventional undepleted pump approximation,
where the pump mode is replaced by a c number [27], in our
case an operator description of the pump mode is retained
to describe the phase fluctuations and so the Hamiltonian (4)
remains quartic and hence Wick’s factorization scheme does
not apply. This means that second-order correlations should be
calculated by directly substituting the expansion (12) into the
definition of Eq. (5). We emphasize this point as calculation
of only first-order correlations and subsequent application of
Wick’s theorem in our case would lead to a misleading and
incorrect result for the BB correlation.

We proceed to calculate the momentum-space atom-atom
correlations by evaluating the numerator of Eq. (5) with the
expression (12) and retaining terms up to O(t4) to obtain

G(2)(k, k′, t ) 
 t2

2π
〈 ˆ̃g†(k + k′) ˆ̃g(k + k′)〉

+ t4

(2π )2

∫∫
dq dq′〈 ˆ̃g†(q + k) ˆ̃g(q + k)

× ˆ̃g†(q′ + k′) ˆ̃g(q′ + k′)〉

+ t4

(2π )2

∫∫
dq dq′〈 ˆ̃g†(q + k) ˆ̃g(q + k′)

× ˆ̃g†(q′ + k′) ˆ̃g(q′ + k)〉, (16)

where G(2)(k, k′, t ) = 〈â†(k, t )â†(k′, t )â(k′)â(k, t )〉 is the un-
normalized second-order correlation. Note that here we have
assumed that at t = 0 the pump and scattered modes are
uncorrelated, i.e., 〈 ˆ̃g(k)â(k′, 0)〉 = 〈 ˆ̃g(k)〉〈â(k′, 0)〉.

By direct substitution of ˆ̃g(x) = √
ρ(x)eih̄φ̂(x) the expres-

sion for G(2)(k, k′, t ) may be simplified to two nontrivial
cases, specifically relating to the previously defined BB

(k′ ≈−k) and CL (k′ ≈ k) correlations that we are most
interested in. In particular, Eq. (16) can be rewritten as

G(2)(k, k′, t ) 
 n(k, t )n(k′, t ) + |n(k, k′, t )|2

+
(

g01t

2π h̄

)2∫∫
dx dx′e−i(k+k′ )(x−x′ )ρ(x)ρ(x′)

× e−2〈(δφ̂xx′ )2〉. (17)

For the CL correlation we consider k′ ≈ k and restrict our-
selves to momenta |k| ≈ k0. In this case, the second line of
Eq. (17) will not contribute (see Appendix A for details and
later discussion of the BB correlation) and the CL correlation
simplifies to

G(2)
CL(k, k′, t ) 
 n(k, t )n(k′, t ) + |n(k, k′, t )|2. (18)

Using Eqs. (14) and (15) the normalized CL correlation is
then given by

g(2)
CL(k, k′, t ) 
 1 +

∣∣∣∣�(7/2)J5/2(
kRx )

(
kRx/2)5/2

∣∣∣∣
2

, (19)

where 
k = k′ − k. Again, this result is unchanged to that
of a true 1D condensate source in the undepleted pump
approximation [27] and so phase fluctuations play no role in
the CL correlation as the phase operators cancel each other.
Specifically, the peak (above unity) of the normalized correla-
tion hCL and the half-width at half-maximum (HWHM) wCL

of the CL correlation (above the background value of unity)
are, respectively,

hCL ≡ g(2)
CL(k, k) − 1 = 1, (20)

wCL 

√

7

2

1

Rx
. (21)

Both results are consistent with the observations of Ref. [16].
In particular, the 1/Rx scaling supports the observation that
the width of the collinear correlation is related to the spa-
tial density profile of the source cloud [27], while the peak
hCL is driven by the Hanbury-Brown-Twiss effect [47], with
g(2)

CL(k, k, t ) = 2.
For the BB correlation, on the other hand, we have that k′ ≈

−k and we again consider |k| ≈ k0. Under these conditions
the correlation n(k, k′, t ) is negligibly small and hence the BB
correlation reduces to

G(2)
BB(k, k′, t ) 
 n(k, t )n(k′, t ) +

(
g01t

2π h̄

)2 ∫∫
dx dx′

× e−i(k+k′ )(x−x′ )ρ(x)ρ(x′)e−2〈(δφxx′ )2〉 (22)

for k′ ≈ −k. In contrast to the previous result for the CL
correlation, the second line of Eq. (22) indicates that this
correlation is sensitive to the phase fluctuations of the
source.

An exact evaluation of the integral in Eq. (22) is not possi-
ble, however, by introducing the aforementioned approxima-
tion 〈(δφxx′ )2〉 
 |x − x′|/lT [44] and considering sufficiently
high temperatures such that lT � Rx [or kBT � h̄ωx/

√
2γ0,
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where γ0 = mg11/(h̄2ρ0) is the Lieb-Liniger dimensionless
interaction strength] the integral may be evaluated analytically
(see Appendix A for details). We find that the normalized
correlation is Lorentzian,

g(2)
BB(k, k′, t ) 
 1 + hBB

1 + (
k/wBB)2 , (23)

where 
k = k′ + k, and the peak height and HWHM of the
correlation function are given, respectively, by

hBB = 4

15π

[
�(7/2)h̄

g01ρ(0)t

]2 lT
Rx

, (24)

wBB = 2

lT
. (25)

Equations (23)–(25) are the key result of the short-
time analytic model. Insight can be gained by contrasting
the HWHM of the BB correlation against the momentum
width of the source quasicondensate wk ∼ 1/lT . The result
wBB ∼ wk explicitly illustrates the expectation that the width
of the BB correlation is proportional to the momentum width
of the source, agreeing with previous discussions in Ref. [16]
pertaining to the related process of collisions of elongated
3D quasicondensates. Moreover, this result remains consis-
tent with the result for a T = 0 true condensate reported in
Ref. [27], wherein wBB ∼ 1/Rx ∼ wk . Lastly, we highlight
that Eqs. (23)–(25) predict that the net (integrated) correlation
of the scattered pairs is preserved as the effective measure of
the area under the correlation curve hBBwBB remains constant
independent of temperature.

IV. NUMERICAL SIMULATION
OF TWIN-BEAM PRODUCTION

As a benchmark of the analytic theory we compare the
predictions to stochastic numerical simulations based on
the positive-P representation. In contrast to previous work
[14,16,19,28,33,48], our stochastic simulations do not depend
on the implementation of a Bogoliubov linearization scheme
for the phase-space variables. Moreover, unlike Sec. III we
do not invoke any undepleted pump approximation for the
quasicondensate source. Instead, we model the dynamics of
the complete system governed by Eqs. (2) and (3) using the
positive-P representation as in Refs. [20,30,49–51], where
stochastic averages of the products of phase-space variables
correspond, up to high-energy momentum cutoff errors in
the modeling of the initial quasicondensate [specifically, the
phase-space representation of the phase operator φ̂(x)], to the
exact quantum mechanical expectation values in the limit of
an infinite number of trajectories. We direct the interested
reader to Appendix D for the full details of the numerical
model, including the treatment of the phase operator.

In our simulation example, we model the twin beams pro-
duced from a quasicondensate source as reported in the exper-
iment of Ref. [2]. Specifically, we model a phase-fluctuating
quasicondensate of approximately 700 87Rb atoms and ignore
density fluctuations. We do not model the initial preparation of
the quasicondensate in the excited state, which is achieved by
parametrically shaking the trap [38], and instead assume that
it is initially transferred to the ny = 1 trap level with perfect
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FIG. 1. (a) Momentum-space density profile n(k) of the scattered
atoms at t = 0.48 ms for T = 0 nK (blue line) and T = 40 nK
(red line). In the inset we plot the initial momentum-space density
profiles of the source n1(k) for T = 0 nK (true BEC, blue line) and
T = 40 nK (quasicondensate, red line). (b) Example of second-order
correlation functions g(2)

BB,CL(
k) at t = 0.35 ms. We compare the
BB correlation for a T = 0 nK true BEC (blue squares) and T =
40 nK quasicondensate (red circles) to demonstrate the broadening
and reduction of the correlation due to phase fluctuations. The CL
correlation is unchanged for T = 0 nK (green diamonds) and T =
40 nK (black triangles) thus not affected by the sources’ phase
fluctuations. The solid lines are fits based on Eqs. (23) and (19),
with widths given by the short-time analytic results (see text) and
peak values rescaled to numerical data for better comparison of
the functional form. The straight gray line indicates the background
(uncorrelated) level of g(2)(k, k′) = 1.

fidelity. The confining trap is modeled as a harmonic potential
with frequencies (ωx, ωy, ωz )/2π = (16, 1830, 2580) Hz.

A. Twin beams

In Fig. 1(a) we plot the results of the positive-P cal-
culation for (i) a pure (T = 0 nK) condensate and (ii) a
T = 40 nK quasicondensate (the estimated temperature of the
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quasicondensate of Ref. [2]) at time t = 0.48 ms1 (for com-
parison, t0 
 0.5 ms is the time before which we expect the
analytic model of the previous section to be valid). The twin
beams are clearly identifiable and centered at k ≈ ±0.96k0,
with the discrepancy from the exact value of k = ±k0 being
due to the mean-field shift from the elastic scattering terms
in Eq. (3) [24]. The marginal broadening of the density
profile of the scattered atoms in the quasicondensate case
is due to the increased momentum width of the source. In
qualitative agreement with the invariance of Eq. (15) of the
short-time model with temperature, we observe that the total
number of scattered atoms in the twin beams is independent
of temperature.

B. Atom-atom correlations

For a detailed comparison to the qualitative predictions of
the short-time analytic model, we also extract the relevant
second-order correlations from the positive-P simulations. To
reduce the sampling error from the stochastic simulations
we integrate the correlation functions over a fixed region in
momentum space and so define the averaged second-order
correlation function [20]

ḡ(2)
BB(
k) ≡

∫
�

dk G(2)
BB(k,−k + 
k)∫

�
dk n(k)n(−k + 
k)

(26)

and similarly for ḡ(2)
CL(
k). Here, the relevant region of inte-

gration in momentum space � is centered on one of the twin
beams, e.g., at k = k0, with the width taken to correspond to
the characteristic extent ∼0.5k0 of the highly occupied region
of the twin beam, such that we integrate over k0 − 0.5k0 <

k < k0 + 0.5k0. The results are plotted in Fig. 1(b) for the
same initial sources as Fig. 1(a) and t = 0.35 ms. As predicted
by the analytic theory, the strength and width of the CL cor-
relation is unaffected by the phase fluctuations and resultant
broadening of the source momentum distribution. In contrast,
we find the BB correlation is substantially suppressed and
broadened in the case of a quasicondensate, as expected
from the analytic model. For comparison to the predictions
of the short-time analytic model we plot Eqs. (19) and (23)
with widths as predicted by Eqs. (21) and (25), respectively
(see Appendix B for the corresponding T = 0 expressions).
However, as the t = 0.35 ms is close to the cutoff time t0 ∼
0.5 ms for the validity of the short-time analytic model, we do
not expect the correlation strengths to quantitatively match.
Consequently, we artificially fix the peak height to match
those of the positive-P results and first focus on the correlation
widths predicted by the two approaches. We find excellent
agreement with the functional forms predicted by the analytic
model, despite not satisfying the condition t � t0 for these
results, suggesting that the short-time predictions remain a
useful qualitative guide with respect to the correlation widths,
even beyond their explicit regime of validity.

To gain further insight, we compare the predicted scaling of
correlation strengths and widths with temperature in Fig. 2 for

1The positive-P calculations remain stable until t 
 0.65 ms or

 2.5% depletion.
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FIG. 2. Properties of BB correlation as a function of quasi-
condensate initial temperature at t = 0.05 ms (blue circles), t =
0.175 ms (red squares), and t = 0.3 ms (green diamonds). We com-
pare the correlation width wBB (main plot) extracted from numerical
simulations to the prediction of the short-time model [Eq. (25),
dashed black line]. Also plotted in the inset is the normalized
peak correlation strength hBB(T )/hBB(0) calculated from numerical
simulations, compared to a 1/T fit (dashed black line) motivated by
the analytic prediction of Eq. (24). In both plots we find excellent
(qualitative) agreement for t = 0.05 ms and T � 15 nK. For longer
times the peak correlation strength no longer follows the 1/T scaling,
however, the correlation width remains relatively unchanged.

a range of time: t = 0.05 ms, t = 0.175 ms, and t = 0.3 ms.
We find excellent quantitative agreement between the short-
time analytic and positive-P numerical results for the widths
of the BB correlation for T � 15 nK and across the range of
time samples. We observe clear linear scaling with T , agree-
ing with the short-time analytic prediction of Eq. (25) [and
given that lT = h̄2ρ0/(mkBT )]. The minor disagreement for
T � 15 nK is attributable to the poor fulfillment of the condi-
tion lT � Rx used in the derivation of Eq. (23) (see Appendix
A) which translates to kBT � h̄ωx

√
h̄2ρ0/2mg11, or T � 7

nK in our numerical example. In the inset of Fig. 2 we plot the
peak BB correlation strength, normalized by the T = 0 result.
This normalization is used as the results of the positive-P
calculations do not quantitatively match the short-time model
for explicit values of hBB(T ), due to the combination of the
inhomogeneity of the twin beams compared to the simple
uniform scattering predicted by Eq. (15) (which is only a
reasonable characterization for extremely short times t � t0),
and the use of averaged correlation functions [Eq. (26)]. For
times up to t 
 0.3 ms, we find good agreement with the
analytic prediction hBB(T ) ∝ 1/T of Eq. (24) for T � 15 nK.

V. APPLICATIONS TO TESTS OF BELL’S INEQUALITY

A potential application for the twin beams produced
by collisional deexcitation is in tests of entanglement [23]
and fundamental tests of quantum mechanics, specifically a
demonstration of a violation of a Bell inequality with massive
particles using motional degrees of freedom [18,19]. Such a
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FIG. 3. (a) Illustration of twin beams with (example) targeted
pairs of momenta (k1, k2) (indicated in blue) and (k3, k4) (indicated
in red). Arrows indicate which momenta are coupled by the Bragg
pulses. (b) Illustrative schematic of the Rarity-Tapster interferometer.
The multimode source (S) correlated atom pairs in the twin-atom
beams which travel through the left and right arms of the atomic
interferometer. Application of a standing-wave light field realizes a
π Bragg pulse which couples momenta k1 and k3 (k2 and k4), before
a phase shift φR (φL) is applied to the momentum component k3 (k2).
After a period of free propagation (such that the atomic wave packets
overlap in position space), a π/2 Bragg pulse is applied, coupling the
same momenta. Atom-atom correlations are then measured between
detectors Di (i = 1, 2, 3, 4), corresponding to coincidence counts
Ci j (see main text) from which the CHSH-Bell parameter is then
constructed.

scheme has previously been studied in detail by the authors
in Ref. [19], utilizing the related process of twin-atom pro-
duction via collisions of pure phase-coherent Bose-Einstein
condensates in combination with a Rarity-Tapster interfero-
metric scheme. However, a crucial question is whether using
a phase fluctuating source to produce the correlated atom
pairs will fundamentally affect any violation of the inequality.
Specifically, a test of a Bell inequality generically requires
measuring and characterizing phase-sensitive correlations,
which may be altered by phase fluctuations in the 1D source.
In this section we investigate this question in detail, using
the extensive characterization of the G(2) correlation functions
in Sec. III to understand how any possible violation scales
with the phase-coherence length and thus temperature of the
quasicondensate.

While we point the interested reader to Ref. [19] for a
detailed description of the atomic Rarity-Tapster scheme, we
include a simple illustration of the protocol in Fig. 3. The
protocol requires choosing two pairs of momentum-correlated
components (k1, k2) and (k3, k4) from the scattered twin
beams. These are chosen so that k2 = −k1 and k4 = −k3 and
thus each pair will have a significant BB correlation due to

the pairwise scattering process. However, we choose the pairs
such that they are independent and uncorrelated: This requires
|k1 − k4| � wCL and |k2 − k3| � wCL to avoid any undesired
CL correlation between the pairs (k1, k4) and (k2, k3). More-
over, we also require |k1 + k3| � wBB and |k2 + k4| � wBB

to avoid any residual BB correlation between (k1, k3) and
(k2, k4).

The Rarity-Tapster interferometric scheme is realized by
coupling the modes k1 and k3 (k2 and k4) via a Bragg π

pulse (the atomic equivalent of an optical mirror) to reverse
their motion in position space and bring the atomic wave
packets together such that they spatially overlap. During the
ensuing free propagation of the wave packets (and before they
recombine spatially), we imprint variable phase shifts of φL

and φR in the “lower arm” of the interferometer, i.e., on modes
k2 and k3. Upon recombination of spatially overlapping wave
packets, we mix the modes k1 and k3 (k2 and k4) with a Bragg
π/2 pulse (atomic equivalent of a 50-50 optical beam splitter).
Finally, we measure atom-atom cross correlations between the
modes at the time designated t f .

The Clauser-Horne-Shimony-Holt (CHSH) version of a
Bell inequality is constructed from this interferometric proto-
col by measurement of a set of atom-atom correlations Ci j ≡
G(2)(ki, k j, t f ) at time t f (the output of the interferometer)
between detectors Di and Dj (see Fig. 3) for specific choices
of the phase settings (φL, φR). From these, one constructs the
(phase-sensitive) correlation coefficient [52,53]

E (φL, φR) ≡ C14 + C23 − C12 − C34

C14 + C23 + C12 + C34

∣∣∣∣
φL,φR

. (27)

The CHSH-Bell parameter S is then defined as [52]

S = |E (φL, φR) − E (φL, φ′
R) + E (φ′

L, φR) + E (φ′
L, φ′

R)|.
(28)

The CHSH-Bell inequality then dictates that any local hidden-
variable theory of quantum mechanics must satisfy S � 2
[52]. However, certain states in quantum mechanics, such as
the idealized twin-atom state [19], are known to be strongly
correlated such that S > 2, and thus they are said to violate
the CHSH form of a Bell inequality. The twin-atom state, in
particular, maximally violates the CHSH-Bell inequality by
saturating the quantum bound S = 2

√
2 [54].

The dependence of the atom-atom correlation functions Ci j

and thus the correlation coefficient E (φL, φR) on the phase set-
tings φL, φR is crucial to the CHSH-Bell inequality. A priori,
one might be concerned as to whether the phase fluctuations
of the source destroy any possibility of a violation, primarily
because the sensitivity to the phase settings φL,R might be
destroyed if the scattered pairs (k1, k2) and (k3, k4) do not have
a well-defined phase relationship. To elucidate this statement
and gain some simple intuition into the role of the phase
fluctuations of the quasicondensate, we make a momentary
diversion in order to develop a toy model that clarifies the
question at hand.

A. Toy model

Our toy model begins by considering a simplified descrip-
tion of the collisional deexcitation process, ignoring spatial
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structure and elastic collisions, and is described by the few-
mode Hamiltonian

Ĥ = h̄g(b̂†Ab̂†Aâ1â2 + b̂†Bb̂†Bâ3â4 + H.c.). (29)

This Hamiltonian can be considered as a simplification of the
four-wave mixing Hamiltonian ĤFWM [Eq. (4)] in which we
further assume the deexcitation process is restricted to scatter
particles into only two pairs of momentum modes which we
label (1,2) and (3,4) (rather than many momentum modes
within the twin beams). Moreover, by assuming each pair of
modes is populated from an independent source mode [b̂A and
b̂B], we are effectively considering the case where particles
scattered from the quasicondensate are created in distinct
spatial regions.2 To simplify the following analysis we then
invoke an undepleted pump approximation and replace the
source mode bosonic operators with c numbers, b̂B → β and
b̂A → βeiϕ . The relative phase difference ϕ encapsulates the
fact that differing spatial regions in the quasicondensate will
not be phase coherent (in contrast to a BEC which possesses
true long-range order).

Assuming an initial vacuum condition for the modes (1,2)
and (3,4), then in the limit of very weak scattering g|β|2t � 1
the output state of this model in the Schrödinger picture can
be approximated in the Fock basis as [14,55]

|ψ (t )〉 ≈ |01, 02, 03, 04〉 − igβ2t (e2iϕ |11, 12, 03, 04〉
+ |01, 02, 13, 14〉). (30)

The average mode occupation here is n ≡ 〈â†
j â j〉 ≈ g2|β|2t2

for j = 1, 2, 3, 4.
Treating the Bragg π and π/2 pulses in the Rarity-Tapster

interferometric scheme as a sequence of linear transforma-
tions [19] we can evaluate the atom-atom correlations Ci j with
respect to the state (30). As an example, let us consider C12

which can be expressed as

C12 = 1
4

[〈â†
1â†

2â2â1〉 + 〈â†
3â†

4â4â3〉 + 〈â†
1â†

4â4â1〉
+ 〈â†

2â†
3â3â2〉 + 〈â†

4â†
3â2â1〉ei(φL−φR )

+ 〈â†
1â†

2â3â4〉e−i(φL−φR )]. (31)

Of note is that the phase dependence of the atom-atom
correlations, which are key to the violation of the CHSH-
Bell inequality, stem from the last two lines which involve
interference of the two scattered pairs. Evaluation of each
contributing term with respect to the state (30) leads to

〈â†
1â†

2â2â1〉 = 〈â†
3â†

4â4â3〉 = g2β4t2, (32)

〈â†
1â†

2â2â1〉 = 〈â†
3â†

4â4â3〉 = 0, (33)

〈â†
4â†

3â2â1〉 = g2β4t2e2iϕ, (34)

〈â†
1â†

2â3â4〉 = g2β4t2e−2iϕ, (35)

which finally yields

E (φL, φR) = cos(φL − φR + 2ϕ). (36)

2This is a reasonable assumption if we consider only very weak
scattering such that approximately only one or zero pairs are scat-
tered, and the quasicondensate is sufficiently hot so that lT is much
smaller than the spatial extent of the quasicondensate.

Here, we find the phase difference of the source modes
feeds directly into the phase dependence of the correlation
coefficient in the last two terms in Eq. (31). For a fixed phase
difference ϕ the oscillating fringe of the correlation coefficient
is simply shifted. In particular, the CHSH-Bell inequality may
still be nearly maximally violated by appropriately shifting
the optimal phase settings, which for ϕ = 0 are given by
(φL, φR, φ′

L, φ′
R) = (0, π/4, π/2, 3π/4) and yield S = 2

√
2.

On the other hand, treating the phase difference as stem-
ming from the thermal phase fluctuations of a quasicondensate
leads to ϕ being best described as a Gaussian random variable
from shot to shot. Evaluation of the correlation functions Ci j

then leads to an exponential suppression of the correlation
coefficient

〈E (φL, φR)〉fluct = e−2(
ϕ)2
cos(φL − φR), (37)

where 〈. . . 〉fluct indicates stochastic averaging over the phase
fluctuations for which ϕ is a real Gaussian random variable
with zero mean and variance (
ϕ)2. Here, the decay of the
correlation coefficient due to the phase fluctuations implies
that the CHSH-Bell parameter is also unavoidably suppressed
as Sfluct = 2

√
2e−2(
ϕ)2

, implying that for a violation to be
preserved, Sfluct > 2, the phase fluctuations must be limited
to (
ϕ)2 < (1/2) ln(

√
2).

This simplified toy model then captures the essential effect
of phase fluctuations in an intuitive way: The phase-sensitive
correlations, which are required to demonstrate a violation of
the CHSH-Bell inequality, are washed out when the scattered
pairs do not possess a well-defined phase relationship, i.e.,
when they are produced by a source which lacks phase coher-
ence. We can then expect that if the pairs are produced by a
quasicondensate with large phase fluctuations, the possible vi-
olation will be markedly reduced if not completely destroyed.
Building on this qualitative result, in the next section we
present a more detailed semianalytic calculation based on the
short-time analytic formalism of Sec. III in combination with
positive-P simulations.

B. Numerical model

As a better approximation to experimentally realistic sys-
tems, we first generalize our analysis by introducing inte-
grated correlation functions (to account for finite experimental
detector resolution) Ci j = 〈:N̂iN̂ j :〉 for i, j = 1, 2, 3, 4, where
N̂i ≡ ∫

�i
n̂(k)dk is the integrated momentum-space atomic

density in the region �i (or the detection bin size, which we
denote via K and is centered at momentum ki), and the double
columns stand for normal ordering of the respective creation
and annihilation operators â†(k) and â(k). Substitution of Ci j ,
which can be parametrized in terms of the amplitudes and
widths of the BB and CL correlations (see Appendix C for
details), into the correlation coefficient E , as in Eq. (27),
allows us to then define a generalized multimode CHSH-Bell
parameter S [19]:

S = 2
√

2
hBBBBB

hBBBBB + 2K2
, (38)
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where

BBB = 2KwBB atan

( K
wBB

)

−w2
BB ln

[
1 +

( K
wBB

)2
]
. (39)

It is useful to compare Eqs. (38) and (39) to the previously
derived results of Ref. [19], which were computed in the con-
text of pair production from collisions of T = 0 Bose-Einstein
condensates. There, the functional form of the CHSH-Bell
quantity S remains equivalent to Eq. (38), but the functional
dependence of BBB on the detection bin length in momentum
space K differs. The difference is because the form of the
BB correlation, which for a T �= 0 quasicondensate is given
by a Lorentzian [Eq. (23)], is approximately Gaussian for
atom pairs scattered from a phase-coherent T =0 condensate
[19,27]. Furthermore, and despite this formal analogy, our
present result of Eqs. (38) and (39), which ultimately depend
on the temperature T through the peak height (hBB) and width
(ωBB) of the BB correlation, cannot be extrapolated to the
zero-temperature result by taking the limit T → 0. This is
because the Lorentzian form of the BB correlation is in itself
an approximation, valid when the phase fluctuations in the
quasicondensate are dominated by thermal and not vacuum
contribution [42,44], which is violated as T → 0.3

We investigate the behavior of Eq. (38) with temperature
T (and thus implicitly the thermal phase-coherence length) by
substituting values of hBB and wBB extracted from positive-P
calculations. Parameters are chosen the same as those listed
in Sec. IV. In Fig. 4(a) we plot our results as a function
of temperature T and integration width l at a fixed duration
t = 0.23 ms.

The rapid decay of S with increasing T can be attributed to
the suppression of the phase-sensitive correlations in Eq. (31)
due to the increased phase fluctuations of the quasicondensate
source with temperature, parametrized here by the depen-
dence on hBB ∝ 1/T in the top line of Eq. (38).

Moreover, S is found to decay as the integration region
is increased. While this has been discussed previously in
Ref. [19] in the context of a phase-coherent BEC source, we
highlight that it contrasts to prior tests of nonclassical phase-
insensitive correlations, such as the Cauchy-Schwarz inequal-
ity [16], with a quasicondensate source. The Cauchy-Schwarz
inequality violation is highly dependent on the strength of the
BB correlation, and it was found that the suppression of the
correlation amplitude hBB ∼ 1/T was offset by taking into
account the broadening of the correlation function wBB ∝ T
as the “net BB correlation” hBBwBB = const was insensitive
to T . However, in the context of the Bell inequality increasing
the size K of the integration region is dominated by the
increased number of uncorrelated (in the sense of phase-

3In addition to neglecting vacuum fluctuations, our short-time
analytic model assumes that lT � Rx , which can be rewritten as
h̄ωx

√
h̄2ρ0/2mg11 � kBT , implying that one has a lower bound on

the temperature of the quasicondensate and hence the T → 0 limit
cannot be taken.

FIG. 4. (a) CHSH-Bell S parameter as a function of temper-
ature T and width K of integration region at fixed deexcitation
duration t = 0.125 ms. Results are for Eq. (38) evaluated with hBB

and wBB extracted from positive-P simulations. Black line denotes
crossover from a violation of the CHSH-Bell inequality (S > 2) to
results consistent with a local hidden variable (LHV) theory (S � 2).
(b) CHSH-Bell S parameter as a function of temperature with fixed
integration width K ≡ K(T ) = 2wBB. Similar to (a), results are for
Eq. (38) evaluated with hBB and wBB extracted from positive-P
simulations for t = 0.1 ms (blue squares), t = 0.23 ms (red circles),
and t = 0.35 ms (green triangles).

sensitive correlations) atoms in the detection region and thus
does not increase S .

The issue of introducing additional phase-uncorrelated
particles into the integration region is illustrated in a com-
plementary manner in Fig. 4(b), wherein we fix the size of
the integration region to match the temperature-dependent
correlation width K ≡ K(T ) = 2wBB such that the net BB
correlation ∝ hBBwBB is preserved. Here, although K(T ) now
increases with temperature to compensate for the drop in peak
correlation strength hBB such that hBBBBB ∝ T , the number
of (phase) uncorrelated particles in the integration region now
increases, which is captured via the term 2K2 ∝ T 2 in the
denominator of Eq. (38).
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Overall then, a demonstration of a CHSH-Bell inequality
violation requires the preservation of strong phase-sensitive
correlations. In the context of the pair-production process
this can be cast as requiring a high-peak BB correlation
strength achieved via either (i) ensuring the quasicondensate
source possesses sufficient phase coherence (by, e.g., cooling
to low enough T ), or (ii) by reducing the duration of the
pair-production process [19].

VI. CONCLUSION

In summary, we have shown that the key effect of the
phase fluctuations of a 1D quasicondensate source is to lead
to broadening of the back-to-back pair correlation of the
twin-atom state. This is most clearly identified from a short-
time analytic theory, which demonstrates that the broaden-
ing of the momentum distribution of the finite-temperature
quasicondensate leads to a broadening of the BB correlation
width between scattered atoms and an associated suppression
of the peak BB correlation strength. Specifically, the width
wBB is found to scale linearly with temperature T . We have
validated these results via comparison to numeric calculations
using the positive-P stochastic phase-space method for short
times, and we also demonstrated that the qualitative predic-
tions of the analytic model remain valid for longer times
beyond the direct regime of validity of the model. Whereas the
details of our model are focused on the collisional deexcitation
of atom pairs from a 1D quasicondensate, we expect the
formalism to be broadly applicable to 1D quasicondensate
systems and may be easily adapted to accommodate quasicon-
densation in 3D Bose gases [16,34]. Moreover, our treatment
of the phase fluctuations in the short-time analytic model
demonstrates that the undepleted pump approximation can be
adapted to systems which lack coherence, and only requires
us to assume the absence of density fluctuations.

We have directly applied the insights gained from the
analytic model to demonstrate the impact of using a phase-
fluctuating 1D source for a proposed violation of a motional-
state Bell inequality. Unlike other, previously demonstrated,
measures of nonclassicality such as number squeezing [15]
and the Cauchy-Schwarz inequality [16], we find that the
phase fluctuations of the source have important implications
that can degrade and eventually destroy any violation of
a CHSH-Bell inequality. These insights will have a direct
impact on future tests of Bell inequalities for motional degrees
of freedom of massive particles based on the utilization of
twin atoms from similar pair-production processes.
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APPENDIX A: EVALUATION OF BB CORRELATION
IN SHORT-TIME APPROXIMATION

In this Appendix we outline the solution of the BB correla-
tion in the short-time analytic theory. We begin from Eq. (22)

in the main text. Adopting the approximation 〈(δφxx′ )2〉 
 −
|x − x′|/lT , we focus on the unsolved integral which, ignoring
prefactors, is

I ≡
∫ Rx

−Rx

dx
∫ Rx

−Rx

dx′e−i(k+k′ )(x−x′ )ρ(x)ρ(x′)e− 2|x−x′ |
lT . (A1)

Transforming to sum and difference coordinates, u = (x +
y)/(

√
2Rx ) and v = (x − y)/(

√
2Rx ), the integral may be

rewritten as

I = R2
x

∫ √
2

0
dv

{
e−i

√
2Rx (k+k′ )v

[
e− 2

√
2Rx

lT
v

∫ −v+√
2

v−√
2

du f (u, v)

+ e
2
√

2Rx
lT

v

∫ v+√
2

−v−√
2

du f (u, v)

]}
, (A2)

where

f (u, v) = ρ2
0

[
1 − (u − v)2

2

][
1 − (u + v)2

2

]
(A3)

is the transformed product of the Thomas-Fermi density pro-
files.

The integral over u can be evaluated to give

I = 8R2
xρ

2
0

15

∫ √
2

0
dv

{
e− 2

√
2Rx

lT
vcos[
kRx

√
2v]

× (−v5 + 10v3 − 10
√

2v2 + 4
√

2)
}
,

(A4)

where we have introduced 
k ≡ k + k′ for k′ ≈ −k. For
sufficiently high temperature, such that the spatial phase-
coherence length is much smaller than the condensate size
lT /Rx � 1, the exponential decay of the first term in the
integral means we may extend the upper limit of integration
to infinity. The integral is subsequently evaluated to give

I = 2R2
xρ

2
0

15

{
lT
Rx

1

1 + (

klT

2

)2 + O

([
lT
Rx

]3
)}

, (A5)

where lT /Rx is a small parameter.
Substitution of this result in Eq. (22) and subsequent

normalization by the atomic density [Eq. (15)] then gives the
BB correlation as per Eq. (23), which is valid up to small
corrections of O([lT /Rx]3).

APPENDIX B: BB CORRELATION FUNCTION FOR T = 0

For clarity, we also present the short-time prediction for
the BB correlation where the source is a true 1D condensate
(i.e., T = 0 and the above derivation is invalid). This was
previously addressed in Ref. [27] for a 3D system, however, it
is trivial to generalize the results to 1D. The BB correlation in
this case is

g(2)
BB(k, k′, t ) 
 1 + hBEC

BB

∣∣∣∣∣�(5/2)J3/2(
kRx )(

kRx

2

)3/2

∣∣∣∣∣
2

, (B1)

where

hBEC
BB =

[
5h̄

2�(5/2)g01ρ0t

]2

, (B2)
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and 
k = k + k′ as previously. The HWHM is found to be

wBEC
BB 


√
5

2

1

Rx
. (B3)

APPENDIX C: INTEGRATED CHSH-BELL INEQUALITY

As outlined in Sec. V, a semianalytic model of the CHSH-
Bell quantity similar in form to Eq. (38) has previously been
derived in Ref. [19]. However, beyond the trivial reduction
to 1D, there exist key differences for the case of a quasicon-
densate source, particularly that Wick’s theorem may not be
applied to the expectation values of creation and annihilation
operators, which limit its applicability to our scheme. In
this Appendix, we follow a similar procedure to Ref. [19]
and use physical insight gained via the short-time analytic
model of Sec. III to derive Eq. (38) for a quasicondensate
source.

To derive an expression for S we first consider the inte-
grated pair-correlation functions after the application of the
π/2 Bragg pulse (see Ref. [19] for full details):

Ci j (φL, φR) =
∫ ki+K/2

ki−K/2
dk

∫ k j+K/2

k j−K/2
dk′G(2)(k, k′, t f ), (C1)

where K is length of the detection bin in momentum space
centered at ki( j) and t f is taken to be after the final π/2 Bragg
pulse. For simplicity, we focus on the case of C12(φL, φR) in
the following, with the generalization to the remaining corre-
lations trivially accomplished. Equation (C1) can be written
entirely in terms of correlations after the initial deexcitation
(specified by t = tc) and, treating the Bragg pulses as ideal
mirrors and beam splitters [19], the integrand is given by

G(2)(k, k′, t f ) = 1
4

[
G(2)(k, k′, tc) + G(2)(k + 2kL, k′ − 2kL, tc)

+ n(k, tc)n(k′ − 2kL, tc) + n(k′, tc)

× n(k + 2kL, tc) + 〈â†(k + 2kL, tc)â†

× (k′ − 2kL, tc)â(k, tc)â(k′, tc)〉ei(φL−φR )

+ 〈â†(k, tc)â†(k′, tc)â(k + 2kL, tc)â

× (k′ − 2kL, tc)〉e−i(φL−φR )
]
, (C2)

where 2kL = k3 − k1 is the Bragg vector characterizing the
momentum transfer of the Bragg pulse. The first line can be
readily simplified by making the replacement

G(2)(k, k′, tc) ≡ n̄2 + n̄2 hBB

1 + (

k
wBB

)2 , (C3)

where 
k ≡ k + k′ as previously and we have assumed that
the population in the relevant integration regions is approxi-
mately uniform with n(k) ≈ n̄.

For the case of a true condensate source, as in Ref. [19],
the expectation values of the second and third lines could
be simplified by a factorization using Wick’s theorem. For
a quasicondensate, however, we use the short-time analytic
model to show that

〈â†(k + 2kL, tc)â†(k′ − 2kL, tc)â(k, tc)â(k′, tc)〉
≡ n̄2 hBB

1 + (

k
wBB

)2 , (C4)

and identically for 〈â†(k, tc)â†(k′, tc)â(k + 2kL, tc)â(k′ −
2kL, tc)〉, where again 
k ≡ k + k′. For completeness, we
note that the derivation of Eq. (C4) can be performed by
following similar logic and steps to the BB correlation (as per
Appendix A).

Substitution of Eqs. (C3) and (C4) into Eq. (C2) enables a
straightforward evaluation of the integral in Eq. (C1) and thus
the integrated pair-correlation function is found to be

C12(φL, φR) = n̄2 K2

2
+ n̄2hBB

2
BBB[1 + cos(φL − φR)], (C5)

where BBB is defined as per Eq. (39) in the main text.
It is then straightforward to follow the remainder of

Ref. [19] and arrive at the result

S = 2
√

2
hBBBBB

hBBBBB + 2K2
. (C6)

The final key factor differentiating this result to that of
Ref. [19] is the ignorance of any overall complex phase in
the general form of Eq. (C4). The presence of this phase
factor is known to significantly degrade the predicted S due
to an effective drift from the optimal set of phases (φL, φR)
if not correctly compensated for in the timing of the inter-
ferometric scheme. For the case of a BEC, this problem is
known to increase with the size of the integration regions.
Given that the typical size of integration region will likely
be large (relative to the total size of the twin beams in
momentum space) to compensate for the broadening of the
BB correlation function, this issue is expected to be important.
However, improved characterization of this phase factor will
require more sophisticated (analytic) models of the collision
process, similar to the perturbative technique [25] applied in
Ref. [19].

APPENDIX D: POSITIVE-P METHOD

As a comparison to the short-time analytic model we
simulate the dynamics of the system using the positive-P
representation [56]. This effectively amounts to mapping the
quantum field operators to corresponding complex stochas-
tic fields ψ̂i(x, t ) → ψi(x, t ) and ψ̂

†
i (x, t ) → ψ̃i(x, t ), which

evolve according to the Ito stochastic differential equations:

dψ0

dt
= ih̄

2m
∇2ψ0 − i

h̄
[g00ψ̃0ψ0 + 2g01ψ̃1ψ1]ψ0 − ig01

h̄
ψ̃0ψ

2
1 +

√−i

h̄

(
g00ψ

2
0 + g01ψ

2
1

)
ξ1 +

√−ig01

2h̄
ψ0ψ1η1,

dψ1

dt
= ih̄

2m
∇2ψ1 − i

h̄
[g11ψ̃1ψ1 + 2g01ψ̃0ψ0 + h̄ωy]ψ1 − ig01

h̄
ψ̃1ψ

2
0 +

√−i

h̄

(
g11ψ

2
1 + g01ψ

2
0

)
ξ2 +

√−ig01

2h̄
ψ0ψ1η

∗
1,
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dψ̃0

dt
= − ih̄

2m
∇2ψ̃0 + i

h̄
[g00ψ0ψ̃0 + 2g01ψ̃1ψ1]ψ̃0 + ig01

h̄
ψ̃2

1 ψ0 +
√

i

h̄

(
g00ψ̃

2
0 + g01ψ̃

2
1

)
ξ3 +

√
ig01

2h̄
ψ̃0ψ̃1η2,

dψ̃1

dt
= − ih̄

2m
∇2ψ̃1 + i

h̄
[g11ψ̃1ψ1 + 2g01ψ̃0ψ0 + h̄ωy]ψ̃1 + ig01

h̄
ψ̃2

0 ψ1 +
√

i

h̄

(
g11ψ̃

2
1 + g01ψ̃

2
0

)
ξ4 +

√
ig01

2h̄
ψ̃0ψ̃1η

∗
2 . (D1)

Here, ξ j (x, t ) is a source of real Gaussian noise such that
〈ξ j (x, t )〉 = 0 and 〈ξ j (x, t )ξk (x′, t ′)〉 = δk jδ(x − x′)δ(t − t ′),
while η j (x, t ) is a source of complex Gaussian noise such that
〈η j (x, t )〉 = 0 and 〈η∗

j (x, t )ηk (x′, t ′)〉 = δk jδ(x − x′)δ(t − t ′).
The initial condition for the excited quasicondensate can

be modeled within the positive-P representation as ψ1(x, 0) =√
ρ(x)eiϕ(x) and ψ̃1(x, 0) = √

ρ(x)e−iϕ(x). Here, we have ig-
nored density fluctuations such that ρ(x) is the usual Thomas-
Fermi density profile for a harmonic trap with s-wave inter-
actions characterized by g11, while the phase ϕ(x) is sampled
stochastically via

ϕ(x) ≡
∞∑
j=1

√
( j + 1/2)g11

2Rxε j
Pj

(
x

Rx

)
(α j + β j ). (D2)

This form is based off the form of the phase operator derived
in Refs. [44,57] where in the positive-P representation the

bosonic excitation operators are replaced by complex Gaus-
sian random variables α j and β j [58] such that 〈α j〉 = 0
(〈β j〉 = 0) and 〈α∗

i α j〉 = δi jn j (〈β∗
i β j〉 = δi jn j). The thermal

mode occupation n j = 1/(eε j/kBT − 1) is the usual Bose-
Einstein distribution for phononic excitations at temperature
T . For practical purposes, we truncate the sum for nj < 1,
implying that the positive-P results will only be strictly valid
at temperatures such that the low-energy phonon modes are
highly occupied.

Quantum mechanical expectation values are then ob-
tained by appropriate averaging of the stochastic fields
over a sufficiently large number of trajectories. For the
positive-P representation, averages over the stochastic
fields correspond to normally ordered expectation values
of the field operators, such that 〈(ψ̂†

i )m(ψ̂ j )n〉 ≡ 〈(ψ̃i )m

(ψ j )n〉stoch.
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