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Fate of the vacuum point and of gray solitons in dispersive quantum shock waves
in a one-dimensional Bose gas
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We continue the study of dispersive quantum shock waves in a one-dimensional Bose gas beyond the mean-
field approximation. In a recent work by Simmons et al. [Phys. Rev. Lett. 125, 180401 (2020)], the oscillatory
shock wave train developing in this system from an initial localized density bump on a uniform background was
interpreted as a result of quantum mechanical self-interference, wherein the interference contrast would diminish
with the loss of matter-wave phase coherence. Such loss of coherence, relative to the mean-field Gross-Pitaevskii
description, occurs due to either quantum or thermal fluctuations, as well as in the strongly interacting regime. In
this work we extend the analysis of dispersive quantum shock waves in this context to other dynamical scenarios.
More specifically, the scenarios studied include evolution of a sufficiently high-density bump, known to lead to
the so-called “vacuum point” in the mean-field description, and evolution of an initial density dip, known to
shed a train of gray solitons in the same mean-field approximation. We study the fate of these nonlinear wave
structures in the presence of quantum and thermal fluctuations, as well as at intermediate and strong interactions,
and show that both the vacuum point and gray solitons cease to manifest themselves beyond the mean-field
approach. On the other hand, we find that a vacuum point can occur in an ideal (noninteracting) Bose gas
evolving from a ground state of a localized dimple potential. Due to the ubiquity of dispersive shock waves in
nature, our results should provide useful insights and perspectives for a variety of other physical systems known
to display nonlinear wave phenomena.
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I. INTRODUCTION

During the last two decades there has been a keen interest,
which has peaked again just recently, in the study of the for-
mation and propagation of dispersive quantum shock waves in
ultracold atomic gases and Bose-Einstein condensates [1–27].
This is, in part, due to the high degree of experimental con-
trol that we have over these systems, making them an ideal
platform to realize scenarios best suited to understand the
rich out-of-equilibrium phenomena that arise in interacting
quantum many-body systems. Exploring these phenomena
in one-dimensional (1D) Bose gases has an added benefit
that comes with the integrability of the underlying Lieb-
Liniger model and the availability of various theoretical tools
that make dynamical many-body simulations computationally
tractable.

The focus on dispersive quantum shock waves in ultrald
Bose gases originates largely through the use of the mean-field
Gross-Pitaevskii equation (GPE). Such a mean-field treat-
ment, however, ignores the effects of quantum fluctuations
and correlations, despite the fact that the phenomenon under
investigation is referred to as a “quantum” shock wave. On
the other hand, the 1D GPE is a specific form of the widely
applicable nonlinear Schrödinger (NLS) equation [28] and is
closely related to the Korteweg–de Vries (KdV) equation [29],
both of which are staple foundations used in the hydrody-
namic description of wave breaking in dispersive media and
soliton formation in nonlinear media [23,27,30,31]. Moreover,

in the Thomas-Fermi or weakly dispersive regime of the GPE,
Whitham modulation theory [32] provides an approximate
analytic description [27] of the formation, shape, and internal
structure of dispersive shock waves, allowing for deep analyt-
ical insights to be obtained in these matter-wave systems.

In this work, we continue the study of quantum shock
wave scenarios in a 1D Bose gas that extend beyond the
weakly dispersive, mean-field GPE regime. More specifically,
we study the dissolution of a localized density bump on
an otherwise uniform background through dispersive shock
waves and extend the analysis of Ref. [25] to the case of a
relatively large bump amplitude. At the mean-field GPE level,
this scenario is known to lead to the formation of a vacuum
point wherein the fluid density becomes zero at some point
inside the shock wave train. Here we go beyond the mean-field
GPE description by incorporating the effects of quantum or
thermal fluctuations using, respectively, the truncated Wigner
(TWA) or classical-field stochastic Gross-Pitaveskii (SPGPE)
[33–35] approaches. Additionally, we treat the regimes of
intermediate and strong interactions using infinite matrix
product states (iMPS). We show that all these beyond-mean-
field effects lead to the disappearance of the vacuum point. On
the other hand we find that the vacuum point can exist in the
limit of a noninteracting (ideal) Bose gas at zero temperature.

In addition to the density bump scenario, we also study
the dynamics of the dissolution of a localized density dip.
This scenario is known to lead to a train of gray soli-
tons at the mean-field GPE level; however, we show that
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incorporating the effects of quantum and thermal fluctua-
tions, as well as strong interparticle interactions, can strongly
modify the shape of the solitons or indeed cease their very
formation.

In all scenarios, apart from analyzing the dynamics of the
mean particle number density ρ(x, t ) as in Ref. [25], we also
monitor the evolution of the mean current density j(x, t ). The
current density arises naturally in the context of the mean-field
superfluid hydrodynamic equations [see Eqs. (9) and (10)
below], which are mathematically equivalent to the GPE, and
serves as an important and fundamental tool in the field of
transport and nonequilibrium physics. In particular, it has been
used to characterize the dynamics of ultracold Bose gases
in scenarios where shock waves are generated by pushing a
homogeneous gas against a hard wall boundary [21,26]. In
this situation the gas sloshes back and forth against the two
walls and the current density can be used to identify and
characterize the velocity of the generated wave fronts. For
such a purpose, the rich oscillatory features of the current that
reside in the shock front can be ignored. Here, however, we
examine those features explicitly and focus on the insights
they provide into our understanding of the fluid dynamics
in dispersive shock scenarios. Moreover, we highlight the
fact that whilst this discussion takes place in the context of
ultracold Bose gases, a broad range of physical systems and
dynamical situations are known to produce these types of
shock waves [11–17,19,23,36–46] (which have been recog-
nized for their fundamental and ubiquitous nature [23]), and
any system governed by the nonlinear Schrödinger equation or
GPE is likely to benefit from a number of the insights we
obtain here as well.

II. MODEL

We start by recalling the Lieb-Liniger Hamiltonian for a
uniform 1D Bose gas, in the second quantized form, describ-
ing a system of N particles free to move along a 1D ring (i.e.,
with periodic boundary conditions) of length L and interacting
via repulsive contact interactions [47]:

Ĥ1D = − h̄2

2m

∫
dx �̂†(x)

∂2

∂x2
�̂(x)

+ g1D

2

∫
dx �̂†(x)�̂†(x)�̂(x)�̂(x). (1)

Here �̂(x) is the bosonic field operator, m is the mass of the
particles, and g1D is the interaction strength, with g1D > 0 for
repulsive interactions. Away from confinement induced reso-
nances, the interaction strength is given by g1D � 2h̄aω⊥ [48],
where a is the three-dimensional s-wave scattering length and
ω⊥ is the frequency of the transverse trapping potential, which
is assumed harmonic.

We study shock waves that are generated from an initial
density bump or dip on top of a nonzero uniform background.
During evolution, the initial density gradients steepen, and a
shock front forms. We monitor the fate of this shock front
at a range of interaction strengths and initial equilibrium
temperatures. In addition to analyzing the evolution of the

mean particle number density

ρ(x, t ) = 〈�†(x, t )�(x, t )〉, (2)

as in our previous work Ref. [25], here we also present and
discuss the results for the mean current density,

j(x, t ) = h̄

2mi

〈
�̂†(x, t )

∂�̂(x, t )

∂x
− �̂(x, t )

∂�̂†(x, t )

∂x

〉
. (3)

The current density provides a useful probe in shock wave
dynamics, since it offers a measure of the flow of particles and
allows one to discern the motion of particles inside the shock
region. The local sign of the current determines the direction
of density flow in that region, where a positive (negative) sign
indicates that particles are moving to the right (left) and zero
current indicates that there is no net flow at that position in the
fluid.

In all shock wave scenarios simulated below, the dynamics
are initiated from an initial (t = 0) density profile of the form

ρ(x, 0) = Nbg
(
1 + βe−x2/2σ 2)2/

L. (4)

Such a density profile can be prepared prior to time t = 0,
either exactly or approximately [49], as the ground state (at
zero temperature T = 0) or a thermal equilibrium state (at
nonzero temperature T �= 0) of a suitably chosen trapping
potential. The trapping potential is then suddenly removed
at time t = 0, and the system with the above initial density
profile is evolved under the Lieb-Liniger Hamiltonian, i.e.,
in a uniform potential of length L with periodic boundary
conditions. The above initial condition in the superfluid hy-
drodynamic description (see below) also assumes a zero initial
current density j0(x, 0) = 0, or equivalently a zero initial
velocity field v0(x, 0). In the mean-field and ideal Bose gas
descriptions, on the other hand, we assume that the initial
wave functions are given by �0(x, 0) = �(x, 0) = √

ρ(x, 0)
(i.e., we assume that they are real valued, without loss of
generality). In all cases, σ in Eq. (4) controls the width of the
density profile and Nbg =|ψbg|2L=ρbgL denotes the number
of particles in the homogeneous background, related to the
total number of particles via N =Nbg(1 +

√
πβσ

L [β erf ( L
2σ

) +
2
√

2 erf ( L
2
√

2σ
)]). Furthermore, β provides the height or depth

of the initial density perturbation, and we place no restriction
on the sign of β so as to explore both density bump situations
where β > 0, and additionally density dip situations where
−1 < β < 0.

Within the Lieb-Liniger model, a uniform system can be
characterized by the dimensionless interaction parameter γ =
mg1D/h̄2ρ, which provides the ratio of interaction energy to
kinetic energy within the system. In the nonuniform density
bump and dip scenarios under consideration, we choose to
characterize the initial state of the gas using the value

γbg = mg1D

h̄2ρbg
(5)

at the background density ρbg.
The weakly interacting regime of the 1D Bose gas is re-

alized when γbg � 1 [47], and at zero temperature (T = 0)
the dynamics of this system can be well approximated by the
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Gross-Pitaevskii equation (GPE) [50],

ih̄
∂

∂t
�0 =

(
− h̄2

2m

∂2

∂x2
+ g1D|�0|2

)
�0, (6)

for the complex mean-field amplitude �0(x, t ), given by
�0(x, t ) = 〈�̂(x, t )〉 in the spontaneously broken symmetry
approach.

Performing a Madelung transformation on the GPE to a
set of real valued density and phase variables, �0(x, t )=√

ρ0(x, t )eiS0(x,t ), and then defining the fluid velocity via
v0(x, t )= h̄

m
∂
∂x S0(x, t ), leads to the superfluid hydrodynamic

equations

∂ρ0

∂t
= − ∂

∂x
(ρ0v0), (7)

∂v0

∂t
= − ∂

∂x

(
1

2
v2

0 + g1Dρ0

m
− h̄2

2m2

1√
ρ0

∂2

∂x2

√
ρ0

)
. (8)

While these equations are written in terms of the fluid density
and velocity, it is much more natural from a hydrodynamic
perspective to consider equations for the conserved “charges”
of the system. For a Bose gas at zero temperature one would
consider these to be the fluid density ρ0(x, t ) and the fluid
“momentum” or current density j0(x, t ). Hence, the current
density arises naturally in the conservative form of the super-
fluid hydrodynamic equations which are given by

∂ρ0

∂t
= − ∂

∂x
j0, (9)

∂ j0
∂t

= − ∂

∂x

(
1

ρ0
j2
0 + P

m

)
+ ρ0

∂

∂x

(
h̄2

2m2√ρ0
∇2√ρ0

)
,

(10)

where the current density j0(x, t ) [51] and the pressure of the
gas P(x, t ) are given by

j0 = ρ0v0 = h̄

2mi

(
�∗

0
∂�0

∂x
− �0

∂�∗
0

∂x

)
(11)

and

P(x, t ) = g1Dρ0(x, t )2

2
, (12)

respectively.
The last term in Eq. (10) represents the so-called quantum

pressure, which is responsible for the formation of the inter-
ference patterns that are produced in quantum shock waves
[25]. This term does not behave like the usual pressure P(x, t )
but rather it acts like a source term or effective Bohm potential
[52] in the dynamics of the Bose gas, generating forces based
on spacial variations in the density.

We note that Eq. (3) simplifies to the mean-field expres-
sion j0 = ρ0v0 of Eq. (11) under the spontaneous symmetry
breaking assumption 〈�̂〉 = �0. In the ideal Bose gas regime
(see below) one uses the same expression of Eq. (11) but
with the mean-field amplitude �0(x, t ) replaced by the actual
Schrödinger wave function �(x, t ). Expressions to compute
the current density within the other approaches we employ
in this work can be found in their respective appendices.
Hereafter we denote the current density and particle number

density within any approach simply as j and ρ, respec-
tively, with the understanding that different expressions apply
depending on the interaction regime and approach used to
calculate these quantities.

III. DENSITY BUMP SCENARIOS

We begin our analysis by examining situations where β >

0, i.e., for scenarios with an initial density bump that then
expands into the nonzero background during evolution.

A. Ideal Bose gas and weakly interacting regimes

In the ideal (noninteracting) Bose gas regime at T = 0,
the dynamics are governed by the standard time-dependent
Schrödinger equation for the wave function evolving from
the ground state �(x, 0) = √

ρ(x, 0) = ψbg(1 + βe−x2/2σ 2
).

In the single-particle case, the wave function is normalized
to one, whereas in the many-particle case, considered here,
it is normalized to N , and therefore |ψbg|2 = Nbg in order to
give the initial density profile of Eq. (4). The time-dependent
solution to the Schrödinger equation for this problem can be
derived analytically and is given by [25]

�(x, t ) = ψbg

(
1 + βσ√

σ 2 + ih̄t/m
e−x2/2(σ 2+ih̄t/m)

)
(13)

or alternatively �(x, t )=ψbg[1+B(x, t )eiϕ(x,t )] with ampli-
tude

B(x, t ) ≡ βσ

(σ 4 + h̄2t2/m2)1/4
e−x2σ 2/2(σ 4+h̄2t2/m2 ) (14)

and phase

ϕ(x, t ) ≡ h̄tx2

2m(σ 4 + h̄2t2/m2)
− 1

2
arctan

(
h̄2t2

m2σ 4

)
. (15)

This allows for the density of the gas to be written as

ρ(x, t ) = |�(x, t )|2

= Nbg[1 + B(x, t )2 + 2B(x, t ) cos ϕ(x, t )]/L, (16)

where it becomes clear from the form of Eq. (16) that the
oscillations which arise dynamically are the result of quantum
mechanical interference.

Furthermore, one can determine that the current density in
the ideal gas regime, j(x, t ) = ρ(x, t )v(x, t ), is given by (see
Appendix A)

j(x, t ) = h̄Nbg

mL
{B′(x, t ) sin ϕ(x, t )

+ ϕ′(x, t )[B(x, t ) cos ϕ(x, t ) + B2(x, t )]}, (17)

with

B′(x, t ) = ∂B(x, t )

∂x
= − βσ 3x

(σ 4 + h̄2t2/m2)5/4

× e−x2σ 2/2(σ 4+h̄2t2/m2 ), (18)

ϕ′(x, t ) = ∂ϕ(x, t )

∂x
= h̄tx

m(σ 4 + h̄2t2/m2)
. (19)
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FIG. 1. Shock waves generated (from an initial density bump)
in an ideal and weakly interacting 1D Bose gas at zero temper-
ature (T = 0). The gas begins with density profile ρ = Nbg(1 +
βe−x2/2σ 2

)2/L and evolves in a box of length L with periodic bound-
ary conditions. (a) The dimensionless particle number density ρ̄ =
ρL for an ideal gas (γbg = 0) of N = 50 particles, with β = 1 and
σ/L = 0.02 (leading to Nbg � 44.03), at dimensionless times τ =
t h̄/mL2. The dimensionless position ξ is scaled by the box length L
so that ξ = x/L. (b) The dimensionless current density j̄ = jmL2/h̄
corresponding to the same situation and times as in (a). (c) Both
the dimensionless number density (dotted lines) and current density
(solid lines) for select times of (a) and (b). While (a) and (b) provide
a clear visualization of the shock wave scenario, hereafter we display
results as in (c) to reduce space and provide clarity of detail with the
recognition that the number density is an even function and current
density an odd function. (d) The same as in (c) but now for a weakly
interacting Bose gas with γbg = 0.1.

In Fig. 1(a) we show the dynamics of the dimensionless
density ρ̄(ξ, τ ) = ρ(x, t )L (where the dimensionless position
and time are defined, respectively, according to ξ = x/L and
τ = t h̄/mL2) and in (b) the dimensionless current j̄(ξ, τ ) =
j(x, t ) mL2/h̄ of a shock wave generated in an ideal Bose gas,
with γbg = 0 and a total of N = 50 particles (where N = 50
is chosen for comparison with other interaction regimes; see
below). For clarity of detail and ease of interpretation we here-
after plot only the region ξ = x/L � 0 at select dimensionless
times τ , with the recognition that the particle number density
ρ(x, t ) is an even function ρ(x, t )=ρ(−x, t ), whereas the
current density j(x, t ) is an odd function j(x, t )=− j(−x, t )
of x. Accordingly, in Fig. 1(c) we replot some of the data in
Figs. 1(a) and 1(b), where it becomes more clear that the oscil-
lations, which arise in the shock wave train, have a period that
is on the order of ∼2σ [25]. We also observe a tell-tail sign
that reinforces our interpretation from Ref. [25] of the shock
wave oscillations as a self-interference pattern: Adjacent os-
cillations in the current density are commensurate with those
in the particle number density and the oscillations alternate
in sign. This indicates there are local counterflows throughout
the fluid, where for one interference fringe (any of the local
density peaks) there is particle flow to the right, and for the
next (any of the local density troughs) there is particle flow to
the left, and so on. This implies there are counterpropagating
fluid flows, which is similar to the mechanism of matter-wave
interference occurring in counterpropagating BECs set by
Bragg pulses (see, e.g., [53]). Overall, however, there is a net
positive flow of particles to the right for ξ � 0, indicative of
the expansion of the initial bump into the background.

In Fig. 1(d) we move into the weakly interacting regime
(with γbg = 0.1 and the same N = 50 as before), where the so-
lution is given by the numerical integration of the mean-field
GPE or superfluid hydrodynamic equations. The dynamics
of the dissolution of the initial density bump here is simi-
lar to the ideal Bose gas case; however, we point out that
the interactions cause an overall increase in the strength of
the currents produced and that the initial bump begins to
separate into two distinct traveling wave packets in this case
(one to the left, not shown, and one to the right, shown),
indicated by the decrease in the density at x = 0 closer to
the background level. This is consistent with the expectation
that the now nonzero pressure P = g1Dρ2

0/2 is helping to push
particles out of any local density bumps. In addition, we note
that the trailing edge of the shock wave now travels at the
speed of sound in the background cbg =

√
g1Dρbg/m (whereas

in the T = 0 ideal Bose gas, the speed of sound was zero).
We next investigate situations where the initial bump height

β is comparatively large (β � 1), so that the initial peak den-
sity ρ(0, 0) is much larger than the background density ρbg.
For the sake of analytical insight we present results again in
the ideal Bose gas regime and note that the situation remains
very similar for weak interactions. In the case of large β, we
investigate a so-called vacuum point scenario [54] where the
density of an interference fringe touches zero during evolution
and the fluid velocity becomes undefined at that location.
Despite the singularity that occurs at the vacuum point in the
fluid velocity, the current density (or fluid momentum) at this
location remains finite and is well defined.
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The vacuum point scenario is well known to the hy-
drodynamic community in the weakly dispersive Thomas-
Fermi regime of a weakly interacting 1D Bose gas
[10,15,23,27,44,45,54], yet we are unaware of its identifica-
tion in the noninteracting, strongly dispersive ideal Bose gas
regime. Due to the analytics we have readily available here, it
is possible to determine the minimum or critical height βcr

required for the vacuum point to occur at time tvac during
evolution, and this depends on the initial bump width σ .
By considering the lower envelope of the density (16) one
finds that the critical height can be determined using (see
Appendix B),

β (n)
cr = 1

σ

(
σ 4 + h̄2t2

vac/m2
)1/4

e
mσ2

h̄tvac
[π (2n−1)+ 1

2 arctan( h̄2t2
vac

m2σ4 )], (20)

where n = 1, 2, 3, . . . denotes the fringe number (increasing
from the trailing to leading edge) that will become a vacuum
point, and tvac the time(s) that this will occur.

As opposed to the case for a steplike initial density profile,
which is most often considered in the literature [10,23,54],
for the initial (raised) Gaussian squared profile that we con-
sider here it is possible for the vacuum point to occur more
than once at a given interference fringe during the system’s
evolution. The times at which the vacuum point occurs are
marked by the disappearance (or reappearance) of sign al-
ternation in the corresponding fringe of the current density
j(x, t ). Figure 2(a) provides snapshots of the density and
current for an example where a vacuum point occurs twice
at the trailing (n = 1) interference fringe. Figs. 2(b) and
2(c) trace the time evolution of the corresponding heights
at the minimum of the trailing interference fringe, whose
spatial location we label with ξ1(τ ). For the parameters
used here, β = 5 and σ/L = 0.01, Eq. (20) predicts that
the vacuum point will occur at the trailing fringe at dimen-
sionless times τvac = tvach̄/mL2 � 0.479 × 10−3 and 1.45 ×
10−3, which are marked in Figs. 2(b) and 2(c) with vertical
dashed lines. At these times, the current at ξ1(τ ) changes sign,
providing a transient regime between the occurrences of the
vacuum points where the current is no longer sign alternating
for that interference fringe.

B. Weakly interacting Bose gas in the Thomas-Fermi limit

Considering now a much larger number of particles in
the system (N = 2000) at γbg = 0.01 brings us into the
Thomas-Fermi regime of the weakly interacting 1D Bose gas
(i.e., where the mean-field interaction energy of the particles
dominates their kinetic energy). In this regime, we start by
exploring the shock wave densities and currents that arise in
the previously examined situation of Fig. 1(c) from Ref. [25]
with β = 1, and then investigate those that emerge in a weakly
dispersive vacuum point scenario for β = 5. In both cases
we complement the mean-field solution with results from the
truncated Wigner approach (which we initialize as the Bo-
goliubov ground-state of a suitably chosen trapping potential;
see Appendix C) and the classical-field stochastic projected
Gross-Pitaevskii equation (SPGPE; see Appendix D). These
alternative approaches go beyond the mean-field GPE de-
scription and allow us to discuss, respectively, the effect of
quantum fluctuations and finite temperature in these scenarios.
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FIG. 2. A vacuum point scenario in an ideal 1D Bose gas of N =
50 particles at T = 0, for β = 5 and σ/L = 0.01. One of the number
density fringes touches zero density during the evolution, due to a
sufficiently large initial bump height β. (a) The dimensionless num-
ber density (dotted lines) and current density (solid lines) at different
times τ . The appearance of a vacuum point in the number density is
marked by the disappearance (or reappearance) of sign alternation in
the current density at that location. We refer to this location as ξ1, and
it is denoted by the arrowheads in (a). (b) Magnitude of the minimum
in the trailing number density fringe over the course of the dynamics.
This fringe touches zero twice during the dynamics, and the times at
which this occurs can be determined from Eq. (20). (c) Magnitude of
the minimum in the trailing current density fringe over the course of
the dynamics. The vertical dashed lines in (b) and (c) show the times
at which a vacuum point occurs at the trailing interference fringe. The
horizontal dashed line in (c) helps guide the eye to highlight where
j̄(ξ1, τ ) changes sign, i.e., at the same time as ρ̄(ξ1, τ ) = 0.

In the Thomas-Fermi regime, the pressure P = g1Dρ2/2 of
the gas is greater than in the nearly ideal situation of Fig. 1(d),
and this causes the left (not shown) and right moving wave
trains to separate from each other quickly; see Figs. 3(a) and
3(d), which are for a bump height of β = 1. Moreover, the
oscillations in this case have a period on the order of the heal-
ing length in the background lh = h̄/

√
mgρbg = L/Nbg

√
γbg

[25], which is now smaller than σ and is the shortest relevant
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FIG. 3. Shock waves generated (from an initial density bump) in the Thomas-Fermi regime of a 1D Bose gas. Blue (shades of gray, at
different times) lines indicate the mean-field solution, yellow (light gray) dotted lines indicate the results of the truncated Wigner approach
(TWA; see Appendix C for details), and black dashed lines provide the prediction of the SPGPE for which the initial state is characterized by
a dimensionless temperature of T = T/Td , where Td = h̄2ρ2

bg/2mkB is the temperature of quantum degeneracy at the background density (see
Appendix D for further details). Panels (a) and (d) show the particle number density and current density, respectively, for the situation with
β = 1 and σ/L = 0.02 explored previously in Ref. [25]; the SPGPE results shown in these panels are for T = 0.05. Panels (b) and (e) show
the same, but for a situation with β = 5 and σ/L = 0.01 which causes a vacuum point to occur in the mean-field solution; the SPGPE results in
this case are for T = 0.5. In (b) the height of the initial profile is cropped so as to display more detail in the density at subsequent times. Panels
(c) and (f) trace the respective height of the trailing interference fringe over the course of the mean-field GPE dynamics, which remains initially
at the background value until the wave breaks and a dispersive shock occurs. The vertical dashed lines denote the times τvac ≈ 0.30 × 10−4

and 2.67 × 10−4 that this fringe becomes a vacuum point (determined numerically), with the horizontal dashed line in (f) used to guide the
eye. All TWA and SPGPE results presented in this work are ensemble averages over 100 000 stochastic trajectories.

length scale in the system. Here the current affords a similar
interpretation as in the preceding section, and the oscillations
are sign alternating and therefore produce counterflows be-
tween adjacent peaks and troughs. Again, such an insight
gained from the current density provides a reinforcement of
the conclusion that these oscillations can be interpreted as
interference fringes across the phase coherent gas.

Furthermore, Figs. 3(b) and 3(e), which are for a bump
height of β = 5, provide similarly the density and current for a
scenario during which a vacuum point occurs. In this situation,
the location of the vacuum point drifts (from left to right) into
the middle of the shock wave during evolution and multiple
interference fringes touch zero density throughout the mean-
field dynamics. Moreover, for the initial Gaussian squared
profile we consider, the vacuum point eventually drifts back
out of the shock front (from right to left) at longer times, and
by the end of the simulation shown here (at τ = 0.0003), each

fringe minimum that at some point became a vacuum point
has retouched zero density again. This behavior is captured
in Figs. 3(c) and 3(f) which trace the minimum height, ac-
cording to the mean-field prediction, of the trailing fringe in
the density and current, respectively. We see that this fringe
minimum quickly becomes a vacuum point and returns to
zero density again late in the dynamics. The times at which
this interference fringe becomes a vacuum point can be deter-
mined numerically and are approximately τvac ≈ 0.30 × 10−4

and 2.67 × 10−4. To the best of our knowledge, this is the first
time such behavior of the vacuum point has been reported.

When one includes the effect of quantum fluctuations using
the truncated Wigner approach (see yellow lines in Fig. 3),
the visibility of the interference pattern (i.e., the amplitude of
the density oscillations), along with the strength of the cur-
rents produced, is diminished compared with the mean-field
GPE result. This reduction can be credited to shot-to-shot
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fluctuations in the position of the oscillations around their
mean [25]. Moreover, in Figs. 3(b) and 3(e) we see that the
quantum fluctuations prevent an actual vacuum point from
occurring, i.e., the mean density never touches zero. Hence
we conclude that the vacuum point observed in the GPE is
a strictly mean-field effect, i.e., it is an artifact of the mean-
field approximation, and it disappears once the effects of
quantum fluctuations are taken into account [55]. This was
conjectured in Ref. [54]: “in the vicinity of the vacuum point
the NLS-approximation can fail and a more complex model
should be evolved.” We have thus confirmed this conjecture
here through the simulation of both the truncated Wigner and
SPGPE models.

The effect of thermal fluctuations, that we simulated for
finite temperature systems through the SPGPE approach, is
similar to that of quantum fluctuations; see black dashed
lines in Fig. 3, which are predictions of the SPGPE for di-
mensionless temperatures of T = T/Td = 0.05 and 0.5 (see
figure caption for details). The thermal fluctuations cause such
a reduction in the visibility of the interference contrast, or
in the strength of the currents which are produced, that the
oscillatory wave train disappears entirely. As such, thermal
fluctuations also prevent the vacuum point from occurring in
the mean density; see Fig. 3(b). We point out, however, that
the vacuum point may still occur in individual stochastic tra-
jectories, which themselves can be thought of as representing
the outcomes of individual experimental runs [35].

C. Strongly interacting and Tonks-Girardeau regimes

Here we reconsider the scenario initiated from the same
density profile as in Fig. 2(a) for N = 50 particles and β = 5,
but we now sweep the interaction strength into the weakly
interacting γbg � 1, intermediate γbg ∼ 1, strongly γbg > 1,
and Tonks-Girardeau (TG) γbg → ∞ regimes. The density
and current in these situations are shown in Figs. 4(a) through
4(d). Here the solutions for γbg = 0.1, γbg = 1, and γbg = 10
are obtained using matrix product state methods (similarly
to Ref. [25], see Appendix VI of that work), whereas for
γbg → ∞ we use Fermi-Bose mapping [56,57] and exact di-
agonalization of the free fermions problem (see Appendix E).

It has already been identified in Ref. [25], and can be
seen again here, that the interference contrast in the density
disappears as the interaction strength is increased. This is due
to a decrease in coherence length of the system, which reduces
down to the size of the mean interparticle separation 1/ρbg in
the TG limit. In this limit the initial state itself is not smooth
but rather contains small-scale Friedel oscillations [58] whose
period is on the order of 1/ρbg, and which are not visible
initially on the scale plotted in Fig. 4(d). During evolution,
the oscillations that appear towards the front of the shock are
simply deformations of the preexisting Friedel oscillations,
whereas the irregular peaks that develop dynamically toward
the rear of the shock can be interpreted as Friedel-type oscil-
lations between different branches of the Fermi momentum
(in phase space) [59]. In either case, with the increase of
interaction strength, these density modulations shift towards
occurring predominantly above the level of the background
density rather than around it, which is unlike the density
oscillations in the dispersive shock-wave interference fringes.
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FIG. 4. Shock waves generated (from an initial density bump) in
a 1D Bose gas at weak (γbg = 0.1), intermediate (γbg = 1), strong
(γbg = 10), and infinitely strong (γbg → ∞) interactions. (a) through
(d) show the particle number densities and currents for the same ini-
tial situation as in Fig. 2(a) i.e., for N = 50, β = 5, and σ/L = 0.01,
except now for nonzero interaction strengths. The initial peak density
in these plots is approximately ρ(0, τ = 0) � 1060; however, the
vertical axis is cropped here to make the details more visible in the
time-evolved densities at later times.

Through Figs. 4(a) to 4(c), which are for N = 50, we show
that the crossover between interference and the lack thereof is
easily identifiable by examining the oscillations in the current
density, which lose their sign-alternating and large oscillatory
nature at higher interaction strengths, indicating that there are
no longer any counterflows, or interference, in the fluid. All
these features imply that any vacuum point that may have ex-
isted for weak or zero interaction under a certain combination
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FIG. 5. Shock waves generated (from an initial density bump) in
a 1D Bose gas in the TG limit (γbg → ∞), for N = 4, β = 5, and
σ/L = 0.005. In this scenario, the width of initial density bump σ is
much smaller than the period of preexisting Friedel oscillations in the
initial density profile. The initial peak density here is approximately
ρ(0, τ = 0) � 70; however, the vertical axis is cropped to make the
details more visible in the time-evolved density at later times.

of parameters would cease to exist as the interaction strength
is increased.

In the TG limit for N = 4 (rather than N = 50), when the
initial bump is much narrower than the mean interparticle
separation (σ � 1/ρbg) (see Fig. 5) one again observes the
emergence of interference fringes. They are, however, con-
tained within a single Friedel oscillation period (which are
visible in the initial state of this scenario) over which the
gas is coherent. Indeed, the phase coherence length in the
TG regime is on the order of the mean interparticle sep-
aration, 1/ρbg [60], which is also the characteristic period
of Friedel oscillations [58]. As such, an initial bump with a
width that is much smaller than 1/ρbg expands into a locally
phase coherent background—hence the interference fringes
that we see in this regime. The current density in Fig. 5 at
times τ = 1.75 × 10−4 and τ = 7 × 10−4 shows clearly this
containment of sign-alternating counterflows to the order of
the mean interparticle separation. We thus conclude again that
the interference fringes are phenomena produced when the
local phase coherence length of the gas is much larger than
the width of the initial bump.

IV. DENSITY DIP SCENARIOS

Shifting our focus to situations where β < 0, the initial
density profile now contains a dip, which the background den-
sity subsequently evolves to fill. Here we consider scenarios
that mimic their density bump counterpart and choose whole
total particle numbers N which provide the closest value of
Nbg to the respective density bump situation.

A. From the ideal Bose gas to the strongly interacting regime

We first explore the effect of interparticle interactions for
relatively small atom numbers (N = 42) as we vary the in-
teraction strength from the ideal Bose gas regime at T = 0
through to the TG regime of infinitely strong interactions.
The resulting snapshots of the density and current in these
examples are shown in Figs. 6(a) through 6(c).

While density dip scenarios are usually well known for
producing trains of gray solitons [1,2,8,9,17,27], here in the
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FIG. 6. Shock waves generated (from an initial density dip) in
a zero-temperature (T = 0) 1D Bose gas for a range of interac-
tion strengths. The particle number densities and current densities
are shown for (a) N = 42, γbg = 0 [the density dip equivalent
of Fig. 1(c)]; (b) N = 42, γbg = 0.1 [the density dip equivalent of
Fig. 1(d)]; (c) N = 42, γbg → ∞ [the density dip equivalent of
Fig. 4(c)]; and (d) N = 4, γbg → ∞ [the the density dip equivalent
of Fig. 4(d)].

ideal Bose gas regime (which does not support solitons) we
see that this situation results purely in self-interference. Sim-
ilar to the equivalent bump scenario of Fig. 1(c), the current
remains sign alternating with counterflows across the fluid, yet
the sign of these oscillations themselves is flipped, indicating
a change in direction of net particle flow which is now towards
the center of the system such that the background is filling in
the initial density dip.

In the regime of weak interactions the physical picture re-
mains much the same as in the equivalent bump case Fig. 1(d),
where the oscillations in the density are still the result of
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FIG. 7. Particle number densities (top row) and currents (bottom row) that form from an initial density dip in a 1D Bose gas in the
Thomas-Fermi regime. Solid lines represent the mean-field solution, open circles provide the result of the truncated Wigner approach (see
Appendix C for details) and black dashed lines indicate the prediction of the SPGPE at a dimensionless temperature of T = T/Td = 0.01
where Td = h̄2ρ2

bg/2mkB is the temperature of quantum degeneracy at the background density (see Appendix D for further details). The initial
bump width increases from left to right where one generates more solitons for larger σ . In each case the total number of particles N is chosen
to be a whole number that gives the closest Nbg to that of Fig. 3(a); Nbg � 1761, which leads to lh/L � 0.0057.

quantum interference, and the initial dip, as it begins to fill,
splits into two counterpropagating oscillatory waves due to a
nonzero pressure P = g1Dρ2

0/2.
As one reaches the infinitely interacting TG limit, we ob-

serve small-scale Friedel oscillations in the initial state of
this scenario [58] [see Fig. 4(c)], but the large density ripples
present for weak interactions disappear. In these density dip
situations, the actual shock itself occurs on the inside (or left)
edge of the propagating wave, where in this TG limit there
emerges some intriguing large scale (wavelength) oscillations
that span several Friedel oscillations, and whose correspond-
ing oscillations in the current show weak sign-alternating
counterflows.

We note that for large particle numbers N density ripples,
that we refer to as Bettelheim-Glazman oscillations (see Ap-
pendix F and [61–63]), exist across the shock front; these
larger wavelength oscillations span numerous Friedel oscil-
lations and their frequency is chirped toward the center of the
wave packet.

The oscillations which emerge here at small N , however,
do not appear to posses this same style of chirp, and it does
not seem appropriate to identify them as Bettelheim-Glazman
oscillations, which are known to appear only in the limit of
large N [61,62]. In fact, their true origin is quite unclear;
they emerge dynamically on the opposite side of the shock
wave compared to the usual interference pattern generated in
the weakly interacting regime, and they posses a much more

periodic nature compared with the usual density peaks that
arise as a result of Friedel-type oscillations between different
Fermi-momentum branches [59]. Nevertheless, determining
their true cause is beyond the scope of this paper and we leave
the identification of their origin for future work.

For even smaller N , however, where the initial bump
width is smaller than the mean interparticle separation, as
in Figs. 6(d), we again observe interference fringes that are
contained within single Friedel oscillations, where the sign of
the alternating currents is similarly flipped compared with the
equivalent bump case from Fig. 4.

B. Shedding of gray solitons in the weakly interacting
Bose gas in the Thomas-Fermi limit

Finally, we explore the fate of an initial density dip in the
weakly dispersive Thomas-Fermi regime, which is achieved
for much larger values of N than in previous subsection. It
is in this limit that the generation of gray soliton trains is
possible, and we identify the role that the initial dip width
plays in the production of these solitons. We first consider the
mean-field GPE solution and the insights it has to offer, before
discussing the effects of quantum and thermal fluctuations in
these scenarios.

For small widths, see Fig. 7(a), where σ/L = 0.005 is
becoming comparable to the healing length lh � 0.0057, two
gray solitons are shed from the initial density profile (one
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propagating in each direction) and a clearly identifiable inter-
ference chirp that precedes them in time is generated, which
expands away from the solitons and reduces in visibility.
These observations are reinforced by the current density in
Fig. 7(d) which shows sign-alternating currents in the inter-
ference region and a clear peak marking the location of the
rightward moving soliton, whose propagation is supported
due to particle flow towards the left.

As the dip width is increased and one goes deeper into
the Thomas-Fermi regime, the interference pattern diminishes
and the number of generated solitons grows. For a width
σ/L = 0.02, see Fig. 7(b) [equivalent to the bump case of
Fig. 3(a)], the initial dip sheds a total of six solitons with three
traveling in each direction, and minimal interference is gener-
ated in front of the leading solitons, which can be confirmed
from the current density in Fig. 7(e). Due to their increas-
ingly (to the right) shallower depths and therefore increasingly
faster propagation velocities [64], the solitons separate from
each other as the system continues to evolve.

With twice larger width σ/L = 0.04 [see Fig. 7(c)] five or
more solitons are shed on either side of the initial profile and
interference fringes no longer appear in front of the soliton
train. We note then that one can use the initial dip width σ

to precisely control and generate specific numbers of solitons
on demand. On top of this, a sweep from interference fringes
to controllable soliton generation can be achieved via any
means that shift the system away from the strongly dispersive
ideal gas regime into the weakly dispersive Thomas-Fermi
limit, i.e., any change that decreases the healing length lh =
h̄/

√
mg1Dρbg = L/Nbg

√
γbg compared with σ . In particular,

with a deeper initial profile (controlled by β) or increased Nbg,
or γbg, it is possible to generate longer trains of numerous well
separated solitons. These findings are consistent with results
presented in Ref. [27] that indicate the number of solitons
generated from an initial density dip profile depends only on
the initial distribution of the local speed of sound c(x, 0) =√

g1Dρ(x, 0)/m. For clarity, in Appendix G we provide details
around the identification of solitons in the mean-field GPE
solution.

When quantum fluctuations are introduced (see open cir-
cles in each panel of Fig. 7), they act to weaken or destroy
the large-amplitude features present in the mean-field solu-
tion. For the interference present in Figs. 7(a) and 7(d) the
situation is the same as for the density bump; the interference
contrast is reduced due to a reduction in the strength of sign-
alternating counterflows in the fluid, which itself is due to
shot-to-shot fluctuations in the position of oscillations about
their mean. This same shot-to-shot averaging has a somewhat
more dramatic effect on the solitons—namely, on reducing
the amplitude and broadening the soliton width—to the extent
that, without the mean-field solution, it would be very difficult
to identify that the density dips in the truncated Wigner result
were remnants of solitons from single shots. Furthermore,
the effect of thermal fluctuations on these features, for an
initially finite-temperature system, is similar yet even more
pronounced (see black dashed lines in each panel of Fig. 7).
So much so that for the situations of Figs. 7(b) and 7(e), and
7(c) and 7(f), there remains little trace of any local density dip
features, and the SPGPE result provides almost a smoothed
average of the truncated Wigner dips or oscillations.

V. SUMMARY

In summary, we have explored quantum shock wave sce-
narios in 1D Bose gases for a broad range of initial density
perturbations and interaction strengths, including those far
outside the commonly studied weakly dispersive Thomas-
Fermi regime. Through the use of the current density j(x, t ),
in addition to particle number density ρ(x, t ), we have consol-
idated further the interpretation and understanding of quantum
interference and soliton generation in these systems. More-
over, the ubiquitous nature of the shocks that we consider
allows other fields of physics to obtain a useful perspective
on the interesting and rich dynamics of these scenarios.

For Bose gases in initial density bump situations, the dis-
persive shock waves are the result of quantum interference
and their visibility is reduced as the phase coherence length
of the gas decreases, i.e., for increasing interaction strengths
or the introduction of quantum or thermal fluctuations [25].
Here we have shown that this reduced visibility is accom-
panied by reduced sign-alternating currents across the fluid.
Furthermore, we have identified the possibility of vacuum
points in the strongly dispersive ideal Bose gas regime and
shown that such vacuum points can occur more than once at
a given interference fringe, where the times that they occur
are marked by the disappearance or reappearance of sign-
alternating currents at that location. In the weakly dispersive
Thomas-Fermi limit of a weakly interacting 1D Bose gas we
have shown that quantum and thermal fluctuations reduce the
visibility of interference fringes and prevent an actual vacuum
point from occurring in the mean density.

In density dip situations, the generation of both interfer-
ence and mean-field gray solitons is possible in the weakly
interacting regime where γbg < 1. We have shown that the
number of solitons produced in the Thomas-Fermi limit can be
effectively controlled through the width and depth of the ini-
tial density dip. We have also shown that quantum and thermal
fluctuations each diminish the visibility of the aforementioned
phenomena so that the remnant (in the average density) of the
mean-field soliton core becomes broader and shallower.

The generation of soliton trains also disappears as the
interaction strength of the gas is increased into the strongly
interacting regime, where, for large particle numbers, we
instead observe the emergence of Bettelheim-Glazman oscil-
lations [61–63] on top of a broad density depletion, similar to
those predicted for a density bump scenario. We note that
these oscillations have a different origin to Friedel oscilla-
tions, as they occur on different (larger) length scales. In
the examples presented here (see Appendix F), which were
for N > 800, we have been able to discriminate between
the Friedel oscillations, which have a period of 1/N , and
the Bettelheim-Glazman density ripples, which have a larger
oscillation period. This was not possible in the prior work of
Ref. [25], which treated a much smaller number of particles
(N = 50) in the Tonks-Girardeau regime. We also note that
Bettelheim-Glazman oscillations are chirped towards the cen-
ter of the overall density depletion (which propagates away
from the origin). This is different from the interference oscil-
lations that occur in the weakly interacting regime, which are
chirped towards the front of the shock wave envelope. Overall,
the mechanism behind the formation of Bettelheim-Glazman
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oscillations is yet to be understood, and we expect that such
oscillations should be present also at very large but finite
interaction strengths, i.e., away from the strictly TG limit of
infinitely strong interactions.
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APPENDIX A: CURRENT DENSITY
FOR AN IDEAL BOSE GAS

Given the time-dependent wave function, Eq. (13), for
the ideal Bose gas, which is of the form �(x, t )=ψbg[1+
B(x, t )eiϕ(x,t )], the current density

j(x, t ) = ρ(x, t )v(x, t ) = ρ(x, t )
h̄

m

∂S(x, t )

∂x
(A1)

can be determined using the phase

S(x, t ) = 1

2i
ln

[
�(x, t )

�∗(x, t )

]
= 1

2i
ln

[
1 + B(x, t )eiϕ(x,t )

1 + B(x, t )e−iϕ(x,t )

]
. (A2)

The velocity is thus given by

v(x, t ) = h̄

m

∂S(x, t )

∂x

= h̄

m

{
B′(x, t ) sin ϕ(x, t )

1 + 2B(x, t ) cos ϕ(x, t ) + B2(x, t )

+ ϕ′(x, t )
[
B(x, t ) cos ϕ(x, t ) + B2(x, t )

]
1 + 2B(x, t ) cos ϕ(x, t ) + B2(x, t )

}
,

(A3)

leading to Eq. (17)

j(x, t ) = ρ(x, t )v(x, t )

= h̄Nbg

mL
{B′(x, t ) sin ϕ(x, t )

+ ϕ′(x, t )[B(x, t ) cos ϕ(x, t ) + B2(x, t )]} (A4)

with B′(x, t ) and ϕ′(x, t ) defined in Eqs. (18) and (19).

APPENDIX B: CRITICAL HEIGHT FOR A VACUUM
POINT TO OCCUR IN THE IDEAL BOSE GAS

Here we wish to identify, for a given bump width σ , the
necessary height βcr required for a vacuum point to occur in
the mean-field GPE approximation, i.e., for the minimum of
an interference fringe in the particle number density to touch
zero at a given time tvac. The location of each fringe minimum
is difficult to find generally, however, we can determine the
location of a fringe if it were to touch zero density by con-
sidering the function which envelopes the density from below.

This is given by

ρenv− (x, t ) = Nbg

L
[1 − 2B(x, t ) + B2(x, t )]

= Nbg

L
[1 − B(x, t )]2, (B1)

where one simply sets cos ϕ(x, t )=−1 in the actual density
[Eq. (16)],

ρ(x, t ) = Nbg

L
[1 + 2B(x, t ) cos ϕ(x, t ) + B2(x, t )]. (B2)

In general, the density oscillations do not necessarily touch
the enveloping function ρenv− (x, t ) at exactly the location
of the fringe minimums. This means that the fringe mini-
mums do not correspond exactly with the minimum locations
of cos ϕ(x, t ). However, when a vacuum point occurs, the
density at that location and time is exactly ρ(xvac, tvac)=
ρenv− (xvac, tvac) = 0. Hence, at the vacuum point itself, it must
be true that the fringe minimum occurs at exactly the corre-
sponding minimum of cos ϕ(x, t ). This allows one to express
the location of a vacuum point using the following steps:

−1 = cos ϕ(xvac, tvac),

π (2n − 1) = ϕ(xvac, tvac),

π (2n − 1) = h̄tvacx2
vac

2m
(
σ 4 + h̄2t2

vac/m2
) − 1

2
atan

(
h̄2t2

vac

m2σ 4

)
,

x2
vac =

[
π (2n − 1) + 1

2
atan

(
h̄2t2

vac

m2σ 4

)]

× 2m
(
σ 4 + h̄2t2

vac

/
m2

)
h̄tvac

, (B3)

where n = 1, 2, 3, . . . denotes the fringe number (increasing
from the trailing to leading edge) of the shock wave.

Additionally, the requirement ρ(xvac, tvac)=
ρenv− (xvac, tvac) = 0 implies that one has

ρenv− (xvac, tvac) = Nbg

L
[1 − B(xvac, tvac)]2 = 0 (B4)

at the location of the vacuum point [according to Eq. (B1)]
and therefore,

B(xvac, tvac) = 1. (B5)

This then provides a means of determining the value β nec-
essary to generate a vacuum point. One uses the requirement
that

1 = B(xvac, tvac)

= βσ(
σ 4 + h̄2t2

vac/m2
)1/4 e−x2

vacσ
2/2(σ 4+h̄2t2

vac/m2 ) (B6)

and substitutes in the vacuum point location (B3). Rearrang-
ing the resulting expression then allows one to find the critical
value of β required for a vacuum point to occur at fringe n at
time tvac;

β (n)
cr = 1

σ

(
σ 4 + h̄2t2

vac

/
m2

)1/4
e

mσ2

h̄tvac
[π (2n−1)+ 1

2 arctan( h̄2t2
vac

m2σ4 )]
.

(B7)
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This is the formula given in the main text as Eq. (20).

APPENDIX C: THE TRUNCATED WIGNER APPROACH

For the results presented in this work that incorporate
quantum fluctuations, the truncated Wigner approach (TWA)
[35,65,66] is used with Bogoliubov initial conditions. Specif-
ically, the 1D version of the Bogoliubov–de Gennes (BdG)
equations for the mode amplitudes u j (x, 0) and v j (x, 0)
[50,67–69]

μ�0 =
(

−h̄2

2m

∂2

∂x2
+ V + g1D|�0|2

)
�0, (C1)

Eju j =
(

−h̄2

2m

∂2

∂x2
+ V − μ + 2g1D|�0|2

)
u j + g1D�2

0v j,

(C2)

−Ejv j =
(
−h̄2

2m

∂2

∂x2
+ V − μ + 2g1D|�0|2

)
v j + g1D(�∗

0 )2u j

(C3)

(where μ is the chemical potential of the condensate mode
�0, and Ej the energy of the jth Bogoliubov mode) are solved
simultaneously using the trapping potential [25]

V (x) = h̄2β

2mσ 4
(x2 − σ 2)

(
ex2/2σ 2 + β

)−1

− g1DNbg

L

(
1 + βe−x2/2σ 2)2

(C4)

in order to obtain the initial state of the system, which in-
cludes both the condensate ( j = 0) and noncondensate ( j =
1, 2, 3, . . .) modes.

We note that the BdG equations admit both positive
and negative energy solutions. Specifically, for each solu-
tion with positive energy, Ej , there is an equivalent solution
with negative energy, −Ej , that provides an equivalent
physical description. In practice then, one need only work
with, say, the positive solutions. Since the number of par-
ticles in the noncondensed Bogoliubov field is given by
Nnc = ∫ 〈δψ̂†(x, 0)δψ̂ (x, 0)〉 dx = ∫ ∑

j�1 |v j (x, 0)|2 dx, the
total number of particles in the system can be computed us-
ing N = N0 + Nnc = ∫

(|�0(x, 0)|2 + ∑
j�1 |v j (x, 0)|2) dx. In

practice, the sum over excited states used to compute Nnc must
be truncated to some finite number of modes M.

The trapping potential (C4) was originally derived in Ap-
pendix II of Ref. [25], but we now allow β < 0 in order
to generate initial density dips as well. This trap produces
exactly the desired density ρ0(x, 0) = Nbg[1 + βe−x2/2σ 2

]2/L
as the ground-state solution to the GPE (C1). Therefore, the
population of the excited Bogoliubov modes does cause small
deviations from this desired initial density. Provided the total
number of noncondensed atoms Nnc remains sufficiently small
compared with the total number of condensed atoms N0, this
deviation should be negligible. This is the case for the scenar-
ios we examine in this work, i.e., Nnc � N0.

Following diagonalization of the BdG equations, each
stochastic trajectory is then initialized according to the

Bogoliubov prescription [35,65,66]

ψW (x, 0) = �0(x, 0) +
M∑

j=1

[η ju j (x) + η∗
j v

∗
j (x)] (C5)

and evolved according to the time-dependent GPE (6). Here η j

is a complex Gaussian noise term with zero mean, 〈η j〉stoch =
0, and variance 〈η∗

j ηk〉stoch = 1
2δ jk . Moreover, �0(x, 0) is the

ground state of the time-independent GPE (C1) which we
renormalize to the occupation of the condensate mode N0

so that the total number of atoms N = N0 + Nnc remains the
same as in the mean-field GPE simulations with which we
compare the TWA results to in the main text.

We note that, for the simulation presented in Figs. 3(a) and
3(d) the mode population used in the TWA was N/M ≈ 5.
Similarly, for Figs. 3(b) and 3(e), N/M ≈ 1; for Figs. 7(a)
and (d), N/M ≈ 3.4; for Figs. 7(b) and 7(e), N/M ≈ 3.3; and
for Figs. 7(c) and 7(f), N/M ≈ 3.2. While some of these may
seem rather small, it has been made known in the literature
that the effect of varying the mode occupation for TWA in
one dimension has a very limited effect (if any at all) on the
results [70–73].

Furthermore, in the truncated Wigner approach, stochastic
averages over phase-space variables correspond to symmetri-
cally ordered expectation values of their respective operators
such that one would have, for example,

〈�̂†(x, t )�̂(x, t )〉sym = 1
2 〈�̂†(x, t )�̂(x, t ) + �̂(x, t )�̂†(x, t )〉

= 〈ψ̃W (x, t )ψW (x, t )〉. (C6)

This means that, to compute observables which are normally
ordered, one needs to employ the Bose commutation relations
to correctly represent the symmetrically ordered operator ex-
pectation values of the Wigner approach. For the density itself,
this results in

ρ(x, t ) = 〈�̂†(x, t )�̂(x, t )〉 (C7)

= 〈ψ∗
W (x, t )ψW (x, t )〉 − 1

2δc(x, x), (C8)

where 1
2

∫
δc(x, x) dx = 1

2 M represents the half quantum of
vacuum noise per mode M included in the Wigner formalism,
which must now be subtracted off to obtain the mean density
of the gas.

Using an appropriate computational grid, which has spac-
ing �x = L/Nx, with Nx being the number of grid points,
the projected delta function δc(x, x) of Eq. (C8) is simply
δc(x, x) = M/(Nx�x) = M/L [35]. In this case one can com-
pute the density in the TWA approach using

ρ(x, t ) ≡ 〈�̂†(x, t )�̂(x, t )〉

= 〈|ψW (x, t )|2〉 − M

2L
. (C9)

On the other hand, the current density can be computed
using [74],

j(x, t ) = h̄

2mi

〈
�̂†(x, t )

∂�̂(x, t )

∂x
− �̂(x, t )

∂�̂†(x, t )

∂x

〉
(C10)
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= h̄

2mi

〈
ψ∗

W (x, t )
∂

∂x
ψW (x, t ) − ψW (x, t )

∂

∂x
ψ∗

W (x, t )

〉
(C11)

= h̄

m
Im

〈
ψ∗

W (x, t )
∂

∂x
ψW (x, t )

〉
. (C12)

APPENDIX D: THE STOCHASTIC PROJECTED
GROSS-PITAEVSKII EQUATION (SPGPE)

Simulations of shock wave dynamics initiated from a
thermal equilibrium state at a nonzero initial temperature
are performed using the stochastic Gross-Pitaevskii approach
[33–35]; here we follow the prescription detailed in Ap-
pendix III of Ref. [25]. The essence of this approach is to
treat the highly occupied modes of the Bose field operator
as a classical field. The initial thermal equilibrium state of
this classical field is determined using the simple growth
stochastic projected Gross-Pitaevskii equation (SPGPE) [35]
in which the field is coupled to a thermal reservoir (the
low-occupancy modes) at temperature T . This initial thermal
equilibrium state is prepared in the trapping potential given by
Eq. (C4) and the stochastic field realizations are then evolved
in time according to the standard GPE (6), with V (x) = 0,
in order to determine the actual shock wave dynamics. The
current density can be computed according to Eq. (C12) above
where the Wigner field ψW (x, t ) is replaced by the classical
field of the SPGPE prescription.

We note that the SPGPE is valid for degenerate 1D Bose
gases with temperatures in the range γ � T � 1, where T =
T/Td and Td = h̄2ρ2/2mkB is the temperature of quantum de-
generacy (kB is Boltzmann’s constant). For nonuniform gases
like we consider here, one should ensure that the temperature
T (x) remains within these bounds across the entirety (or at
least the majority) of the system, since ρ and therefore γ vary
spatially across the gas. One way to do this is to consider
the spatially invariant temperature τ = kBT/(mg2

1D/2h̄2) =
T /γ 2 and choose temperatures according to the bounds
γ −1 � τ � γ −2. This is what we have done in this work. For
further discussion on these regimes of validity we refer the
reader to Appendix A of Ref. [75].

APPENDIX E: EXACT DIAGONALIZATION
IN THE TG LIMIT

In the TG limit we employ the Fermi-Bose mapping
of Refs. [56,57] that allows us to describe the many-body
dynamics of the TG gas in terms of single-particle wave
functions of a free-fermion system. In particular, the N-body
wave function � of the TG gas can be obtained via

�(x1, . . . , xN ; t ) = A(x1, . . . , xN )� (F )(x1, . . . , xN ; t ), (E1)

where � (F ) represents a spin-less free fermion N-body
wave function for the same dynamical scenario, and the
unit antisymmetric function is given by A(x1, . . . , xN ) =∏

1� j<i�N sgn(xi − x j ) which ensures the correct symmetriza-
tion of the bosonic wave function. Moreover, the N-body
fermionic wave function itself can be constructed using the

Slater determinant

� (F )(x1, . . . , xN ; t ) = 1√
(N − 1)!

N
det

i, j=1
[φi(x j, t )], (E2)

where the single-particle wave functions φi(x, t ) evolve ac-
cording to the Schrödinger equation from their initial states
φi(x, 0), which are eigenstates of the initial trapping potential
V (x, 0) with eigenenergies Ei such that the total energy of the
N-body wave function is ETG = ∑N

i=1 Ei. For further details
regarding the construction of the TG solution, as well as the
required initial trapping potential V (x, 0) for the shock wave
scenarios we consider; see Refs. [25,56,57,76].

While it is known that the mean particle number density of
the TG gas can be computed using

ρ(x, t ) =
N∑

i=1

|φi(x, t )|2, (E3)

here we provide a derivation of how one can construct the
mean probability current j(x, t ) from free-fermion wave func-
tions.

We begin by first writing this quantity in terms of the Slater
determinant of single-particle wave functions,

j(x1; t ) = h̄

m
Im

(∫
�∗(x1, x2, . . . , xN ; t )

× ∂�(x1, x2, . . . , xN ; t )

∂x1
dx2 . . . dxN

)
= h̄

m
Im

(∫
�∗(F )(x1, x2, . . . , xN ; t )

× ∂� (F )(x1, x2, . . . , xN ; t )

∂x1
dx2 . . . dxN

)
= h̄

m
Im

(
1

(N − 1)!

∫
N

det
i, j=1

[φ∗
i (x j ; t )]

× ∂ detN
k,l=1[φk (xl ; t )]

∂x1
dx2 . . . dxN

)
, (E4)

where we have used A2(x1, x2, . . . , xN ) = 1. At this point it is
possible to significantly simply the result by considering the
terms which will arise in the integrand.

Since any single-particle wave function with φk (xl �=1; t )
can be pulled out of the derivative ∂/∂x1, we note that the inte-
gral over x2 . . . xN will kill any cross terms for which the index
pairs (k, l ) don’t match (i, j), due to the orthonormality of the
single-particle wave functions. Moreover, this orthonormality
will leave a summation of many other terms, each of which
can be written as φ∗

i (x1; t ) ∂
∂x1

φi(x1; t ), where the prefactors
of these remaining terms will integrate to one. In fact, there
will be precisely (N − 1)! of these terms for each i. That is,
there will be (N − 1)! of the terms above for each of the N
single-particle wave functions, and this leads to∫

N
det

i, j=1
[φ∗

i (x j ; t )]
∂ detN

k,l=1[φk (xl ; t )]

∂x1
dx2 . . . dxN

= (N − 1)!
N∑

i=1

φ∗
i (x1; t )

∂

∂x1
φi(x1; t ). (E5)
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FIG. 8. Shock waves generated in the TG regime of a zero-temperature 1D Bose gas. The probability densities (top row) and currents
(bottom row) are shown for (a) and (c)—a density dip scenario with N = 844, γbg → ∞, β = −0.5, σ/L = 0.02, leading to Nbg = 880.3;
(b) and (d)—a density bump scenario with N = 1000, γbg → ∞, β = 1, σ/L = 0.02, leading to Nbg = 880.5. In (a) identifiable longer-
wavelength Bettelheim-Glazman oscillations appear on the left edge of the shock, whereas the inset in (b) shows more clearly the appearance
of many such oscillations (that span numerous Friedel oscillations) in the scenario plotted there.

Substituting Eq. (E5) back into Eq. (E4) shows that it
is possible to compute the probability current of a zero-
temperature TG gas using

j(x, t ) = h̄

m
Im

(
N∑

i=1

φ∗
i (x, t )

∂

∂x
φi(x, t )

)
, (E6)

which is nothing more than a summation over the single-
particle currents [26,77],

ji(x, t ) = h̄

m
Im

(
φ∗

i (x, t )
∂

∂x
φi(x, t )

)
. (E7)

In order to actually compute the particle number density
and current density, we use the same methodology as in
Ref. [25]. Specifically, we obtain the initial and time-evolved
wave functions φi(x, t ) using the trapping potentials and pro-
cedures outlined in the Supplemental Material of that work,
where we use β > 0 to generate traps which create initial den-
sity bumps, and β < 0 to generate traps which create initial
density dips. We use Eq. (S33) of Ref. [25] for scenarios with
N � 40 and Eq. (S9) [with ḡ = 0] for scenarios with N = 4.

APPENDIX F: BETTELHEIM-GLAZMAN OSCILLATIONS
IN THE TG LIMIT

In the TG limit, for large particle numbers N , Bettelheim-
Glazman oscillations [61,62] are present in the shock wave
envelope and we identify them in this Appendix. In Figs. 8(a)
and 8(c) we show the same scenario as in Fig. 6(c) (which was
for N = 42) but now for N = 844 particles and with Nbg �
880. In this density dip scenario, we identify Bettelheim-
Glazman oscillations as density modulations in the shock
wave envelope whose wavelength becomes larger towards
both the leading (right) and trailing (left) edges of the enve-
lope. That is to say, the frequency of oscillations is chirped
toward the middle of the shock. This is in contrast to the chirp
direction of the interference pattern seen in the Thomas-Fermi
regime of a weakly interacting system, which is towards the
leading edge of the shock wave.

In an equivalent density bump scenario, with Nbg � 880
but now N = 1000, shown in Figs. 8(b) and 8(d), we see
the same Bettelheim-Glazman oscillations: their frequency is
chirped in the same way as before, i.e., from the trailing and
leading edges of the shock wave envelope towards the middle.
The inset of Fig. 8(b) shows these oscillations more clearly in
the leading edge of the shock wave envelope. They span many
of the barely visible Friedel oscillations whose amplitude is
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on the order of the linewidth, and whose period ∼1/ρbg is
also not visible on the scale of the figure.

Bettelheim-Glazman oscillations were first predicted in
Ref. [61] by considering leading order quantum corrections
in the Wigner function representation of an ideal Fermi gas,
whose particle number density can be mapped to the density
of a bosonic TG gas. The results presented here confirm the
existence of these oscillations in an exact quantum many-body
calculation. By going to a larger total number of particles
compared with the cases considered in Ref. [25] we have
thus been able to discern between Bettelheim-Glazman and
Friedel-type oscillations, as the characteristic period and am-
plitude of the former are now much larger than those of Friedel
oscillations.

We should point out that our simulations are not strictly
in the regime considered in Ref. [61,62], where the density
bump should be small compared to the background density,
yet still contain many particles itself. As such, our results pos-
sess some of the Friedel-type oscillations between different
branches of the Fermi momentum (in phase-space) which are
described in Ref. [59]. These oscillations cause the irregular
peaks which are visible across the shock front. Neverthe-
less, we still see the clear signature of longer-wavelength
Bettelheim-Glazman oscillations appearing on top of these
features.

APPENDIX G: IDENTIFICATION OF SOLITONS IN THE
MEAN-FIELD GPE

Here we explain how we identified rigorously the presence
of solitons in the results of Fig. 7.

In the variables used throughout this work, the analytic
profile of a gray soliton whose minimum is initially (t = 0)
positioned at the origin and then proceeds to travel to the right
can be written as [50]

�s =
√

Nbg

L

[
i

v

cbg
+

√
1 − v2

c2
bg

tanh

(
x − vt

lh

√
1 − v2

c2
bg

)]
,

(G1)

where we have the background particle number Nbg, speed of
sound in the background cbg = √

g1Dρbg/m = h̄Nbg
√

γbg/mL,
and the healing length in the background lh = h̄/

√
mg1Dρbg =

L/Nbg
√

γbg. Additionally, the velocity with which the soliton
propagates (undisturbed) through the fluid can be computed
using [50]

v2 = c2
bg

ρmin

ρbg
= c2

bg
Nmin

Nbg
, (G2)

which requires us to determine the density at the minimum of
the soliton.

Hence, in order to determine the presence of solitons we
first determine the minimum density of any solitons that are
shed from the initial density dip. Along with the knowl-
edge of Nbg and γbg this then allows us to calculate the
solitons velocity and construct the density profile (G1), that
we manually shift to the location of the respective soliton
minimum, x0, using x − vt → x − x0. As an example we
choose the situation of Fig. 7(b) and show the outcome of
such a fitting procedure in Fig. 9(a)—for all three density
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FIG. 9. Mean-field GPE density and phase profiles at time τ =
0.002 for the dynamical situation of Fig. 7(b). Panel (a) pro-
vides the dimensionless density where the dashed lines correspond
to fits of soliton profiles for each of the density dips (shifted
so that the minimums match). The soliton fits match the den-
sity profile extremely well, indicating that it is correct to identify
these structures as solitons. Panel (b) shows the phase pro-
file where the vertical dashed lines correspond to the position
of density minimums of panel (a), and the horizontal dashed
lines denote the predicted soliton phase shifts across each dip.
Again, the predicted phase shifts match very well with the phase
drops across each dip, further confirming that these structures are
solitons.

dips in the soliton train that can individually be identified as
a gray soliton. As we see, the agreement is excellent, even
for the solitons which have not yet completely separated from
each other.

In addition to the profile of Eq. (G1), solitons also have a
well-defined phase shift across their profile [50],

�S = 2 arccos

(
v

cbg

)
, (G3)

and we calculate this across each soliton in the example pro-
vided here.

From left to right in Fig. 9(a) the minimum density
of each soliton is ρ

(1)
minL � 662.6, ρ

(2)
minL � 1137.7, ρ

(3)
minL �

1520.7. Using Nbg � 1761 and γbg = 0.01 leads to a dimen-
sionless background speed of sound cbgmL/h̄ � 176.1, and
therefore the dimensionless velocity (v̄ = vmL/h̄) of each
soliton is v̄1 � 108.0, v̄2 � 141.5, v̄3 � 163.6. Substituting
these into Eq. (G3) gives the predicted phase shifts across
the solitons: �S1 � 1.821, �S2 � 1.274, and �S3 � 0.756
radians. In Fig. 9(b) we plot the actual phase profile of
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FIG. 10. Evolution of the entire density profile for the situation
given in Fig. 7(b). The slope of the dashed lines are given by the cal-
culated soliton velocities v̄1 � ±108.0, v̄2 � ±141.5, v̄3 � ±163.6,
where each line is shifted so as to match with the location of each
soliton at the final time τ = 0.002.

the Bose gas from the mean-field GPE simulations at the
same simulation time τ = 0.002 as the density in Fig. 9(a).
Here we determine the “global” phase of the gas from the
center of the box (x = 0), and starting at this value we
subtract off consecutively the calculated phase shifts and
denote each of those values with horizontal dashed lines.
We see that these analytically predicted phase shifts agree
extremely well with the actual drops in the phase pro-
file of the gas, further confirming that these structures are
solitons.

Finally, in Fig. 10 we show that these solitons form and
become stable very quickly after being shed from the initial
density dip. We plot the density profile over the entire domain
x/L ∈ [−0.5, 0.5] as a function of time, which allows us to
identify that the density dips travel with a preserved shape and
constant velocity almost immediately after the initial density
dip separates into left and right moving parts. The slope of the
dashed lines indicate the velocities calculated above and they
are given by x = ±v̄Lτ + x0, where each is shifted by some
different amount x0 so that they match with the location of the
solitons at time τ = 0.002.
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