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Thermalization of a quantum Newton’s cradle in a one-dimensional quasicondensate
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We study the nonequilibrium dynamics of the quantum Newton’s cradle in a one-dimensional (1D) Bose gas
in the weakly interacting quasicondensate regime. This is the opposite regime to the original quantum Newton’s
cradle experiment of [Kinoshita et al., Nature 440, 900 (2006)], which was realized in the strongly interacting
1D Bose gas. Using finite temperature c-field methods, we calculate the characteristic relaxation rates to the
final equilibrium state. Hence, we identify the different dynamical regimes of the system in the parameter
space that characterizes the strength of interatomic interactions, the initial temperature, and the magnitude of
the Bragg momentum used to initiate the collisional oscillations of the cradle. In all parameter regimes, we
find that the system relaxes to a final equilibrium state for which the momentum distribution is consistent
with a thermal distribution. For sufficiently large initial Bragg momentum, the system can undergo hundreds of
repeated collisional oscillations before reaching the final thermal equilibrium. The corresponding thermalization
timescales can reach tens of seconds, which is an order of magnitude smaller than in the strongly interacting
regime.
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I. INTRODUCTION

The question of how isolated quantum systems relax after
a disturbance [1,2] and reach a seemingly thermal equilibrium
state [3] has been a topic of much interest in recent years
(for reviews, see Refs. [4–8]). The experimental realization of
a quantum Newton’s cradle [9]—a strongly interacting one-
dimensional (1D) Bose gas undergoing repeated collisions in
a harmonic trap—was one of the first demonstrations of an
isolated quantum system that did not thermalize over observ-
able timescales, which were on the order of tens of seconds,
corresponding to thousands of collisions. It was conjectured
at the time that the lack of thermalization was due to the
fact that the system is well approximated by an integrable
Lieb-Liniger model [10]. Such integrable systems are now un-
derstood to generally relax to non-thermal states described by
a generalized Gibbs ensemble [2,5,11–14], which puts further
constraints on the system dynamics compared to those present
in generic (nonintegrable) systems described by conventional
ensembles of statistical mechanics.

On the other hand, an experiment performed by Hoffer-
berth et al. [15], studying the relative phase dynamics of a
coherently split 1D quasicondensate [16], i.e., a phase fluc-
tuating 1D Bose gas in the weakly interacting regime, have
initially suggested that these dynamics relax over millisecond
timescales. This is orders of magnitude smaller than in the
quantum Newton’s cradle, despite the fact that the strictly 1D
quasicondensates can be well approximated by the same inte-
grable Lieb-Liniger model, with the proviso that the harmonic
trapping potential breaks the exact integrability (just as it does
in the strongly interacting Newton’s cradle case). Hence, it
was a question of interest whether the stark difference in

characteristic relaxation times in these two experiments was
caused by the proximity of the system to the integrable regime
or the specifics of the dynamical scenario being considered.

Since these early experiments, there has been significant
progress in the theoretical understanding of these seemingly
contradictory results. The fast relaxation to a seemingly ther-
mal state in the experiments with split quasicondensates
can be understood as a result of purely phase dynam-
ics and the phenomenon of prethermalization: The system
dephases to a prethermalized state on a short timescale,
where certain observables (in this case interference con-
trast [17]) of a nonequilibrium, long-lived transient state
become indistinguishable from those of a thermal equilibrium
state [18–20]. Relaxation to a final equilibrium state at a
higher final temperature than the prethermalized state takes
much longer and depends on the evolution of the quasicon-
densate density [18,20]. The splitting of the initial equilibrium
quasicondensate here creates two initially phase-coherent
samples, which are in a nonequilibrium (excited) state of the
underlying trapping potential, and while the relative phase
relaxes rather quickly, the density profiles of the two quasicon-
densates start to undergo breathing-mode oscillations which
take much longer to damp out. A single 1D quasicondensate
undergoing damping of this kind, excited by an alternative but
equivalent [21] confinement quench, has been observed exper-
imentally in Ref. [22] and was also evident in the theoretical
study of Ref. [23]. However, a detailed understanding of such
damping is yet to be developed. We further note that even
without excitation of the breathing-mode oscillations, which
can be suppressed by an adequate optimum control protocol,
the work of Stimming et al. [24] indicates that the temperature
of the final true equilibrium state will likely differ from that of
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the intermediate prethermalized state due to the subexponen-
tial decay of coherence between the split quasicondensates.

The question of how long would it take a strictly 1D quasi-
condensate, i.e., a weakly rather than strongly interacting 1D
Bose gas, to relax in the quantum Newton’s cradle setting of
Ref. [9] remains unanswered. Here we address this question
by performing a numerical experiment of the quantum New-
ton’s cradle setup in a finite-temperature 1D quasicondensate
in the quantum degenerate regime. The relaxation in this sce-
nario involves both phase and density dynamics right from the
onset of oscillations, unlike the split quasicondensate case. We
find that such a quasicondensate can take several seconds (cor-
responding to hundreds of oscillations) to thermalize, which
is somewhat shorter compared to the equivalent experiment
in the strongly interacting regime but still much longer than
relaxation due to purely phase dynamics in the split quasicon-
densate. We emphasize that this estimate is based on purely
1D dynamics governed by the 1D Gross-Pitaevskii equation
(GPE) in the classical c-field approach. It ignores the effect
of interactions on the radial width of the quasicondensate,
which could potentially be taken into account via an effective
1D nonpolynomial GPE of Ref. [25], although the validity
of applying a c-field approach to this equation of motion is
unclear. Any significant radial dynamics would likely further
reduce the thermalization timescales compared to those re-
ported here.

While the long relaxation times of the original Newton’s
cradle experiment can indeed be understood by the proxim-
ity of the system to integrability, the said proximity here is
twofold. The first is the proximity to a uniform 1D Bose
gas that can be described by the integrable Lieb-Liniger
model [10] of bosons interacting via a pairwise contact in-
teraction. Even though the harmonic trap (in which the two
momentum components of the gas repeatedly collide) breaks
this integrability [26], the breakdown can be considered weak
because the longitudinal trapping is relatively weak. Accord-
ingly, the apparent lack of relaxation to a conventional thermal
state (i.e., one described by a conventional grand-canonical
ensemble) can be understood as a quantum analog of the
Kolmogorov-Arnold-Moser (KAM) theorem [5,27] and the
approximate applicability of the generalized Gibbs ensemble.
The second aspect of the proximity to the integrability point is
that the experiments of Ref. [9] were performed in the strongly
interacting regime, which is closer to the Tonks-Girardeau
gas of impenetrable (or hard-core) bosons [28]. The strictly
Tonks-Girardeau gas corresponds to the limit of infinitely
strong interactions of the Lieb-Liniger model and is integrable
even in a harmonic trap [29–32] (theoretical modeling of the
quantum Newton’s cradle in the Tonks-Girardeau regime can
be found in Refs. [32,33]). Therefore, a harmonically trapped
1D Bose gas with large but finite interaction strength (which is
the case in practice) is closer to being integrable in this sense
compared to a similarly trapped but weakly interacting 1D
quasicondensate. Accordingly, such a gas might be expected
to relax on longer timescales than a quasicondensate, which is
what our results demonstrate.

Additional practical matters can compromise integrability
and affect relaxation pathways and timescales. Such factors
include deviations of interparticle interactions from pointlike
character, deviations of the trapping potential from being

purely harmonic or truly 1D [9,34], and virtual transverse
excitations that can lead to effective three-body collisional
relaxation. For example, Refs. [35,36] show that such virtual
three-body collisions result in dramatically different relax-
ation rates in the weakly and strongly interacting quasi-1D
Bose gases, hence providing an alternative explanation of
the comparatively shorter relaxation times in the experiments
with split quasicondensates. In light of this situation, the
question of how 1D quasicondensates in a quantum Newton’s
cradle setup relax in a harmonic trap is a different scenario to
those considered previously. It is also within reach of being
addressed experimentally [37], hence the motivation for the
present paper.

Finally, we would like to mention some recent closely
related work by Bland et al. [38], who have also studied the
integrability of the weakly-interacting 1D Bose gas in a har-
monic trap with the GPE. Even though Bland et al. concluded
that the harmonically trapped 1D Bose gas in the GPE regime
is quasi-integrable and hence does not relax to a thermal state,
we show here that this conclusion does not hold true for
effective nonlinearities larger than the ones considered in their
work. We also note the recent work by Bastianello et al. [39]
who consider the relaxation of a 1D harmonically trapped
Bose gas using a generalized hydrodynamics approach, which
has a different conceptual foundation to our approach. They
also find that the system thermalizes at long times, giving us
further confidence in our conclusions.

This paper is organized as follows. In Sec. II, we de-
scribe the c-field method used in the numerical simulations
of the quantum Newton’s cradle in a 1D quasicondensate and
parametrize the system in terms of the relevant dimensionless
parameters. In Sec. III A, we present examples of relaxation
dynamics in three typical regimes. In Sec. III B, we analyze
the power spectrum of the population of the lowest energy
harmonic oscillator mode for the quantum Newton’s cradle
simulations, as in Ref. [38]. In Sec. III C, we discuss simple
physical considerations required for observing persistent col-
lisional oscillations in certain parameter regimes. In Sec. III D,
we characterize the system dynamics in terms of relaxation
rates and identify the three different dynamical regimes of
the system in the relevant space of dimensionless parameters.
Finally, in Sec. IV, we summarize our findings and discuss
their implications.

II. THE C-FIELD METHOD FOR SIMULATING
THE QUANTUM NEWTON’S CRADLE

The c-field (or classical field) method [40–42] is a widely
used approach for studying equilibrium and nonequilubrium
properties of finite temperature Bose gases, including a
weakly interacting 1D Bose gas in the quasicondensate
regime [23]. The essence of the method is to treat the low-
energy coherent band of the quantum Bose field as a classical
field ψC (x, t ), thus ignoring all quantum fluctuations and the
discrete nature of the particles that make up the field. In
this approach, finite-temperature equilibrium configurations
are sampled by integrating the stochastic projected Gross-
Pitaevskii equation (SPGPE) for sufficiently long times that
the memory of the initial trial state is lost. These are then
used to establish the initial state of a harmonically trapped 1D
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quasicondensate. The subsequent real-time dynamical evolu-
tion, which is set by applying a Bragg pulse that initiates the
Newton’s cradle collisions, is then described by evolving an
ensemble of individual realizations from the SPGPE accord-
ing to the projected GPE.

A. Parameterization of the model

To write down the c-field equations using an effi-
cient parametrization, we recall from the works of Lieb-
Liniger [10] and Yang-Yang [43] that the properties of
a uniform 1D Bose gas, with linear (1D) density ρ and
temperature T , can be completely characterized by two di-
mensionless parameters [44,45]: the dimensionless interaction
strength γ = mg/(h̄2ρ) and dimensionless temperature T =
2h̄2kBT/(mg2), where m is the mass of the particles, kB is
the Boltzmann constant, and g is the 1D interaction strength,
which can be expressed via the 3D scattering length a and
the frequency of the transverse harmonic potential ω⊥ as g ≈
2h̄ω⊥a far away from confinement induced resonances [46].

In this paper, we restrict ourselves to the study of a weakly
interacting (γ � 1) 1D Bose gas in a phase-fluctuating quasi-
condensate regime. This corresponds to a quantum degenerate
gas in which the interparticle interactions play a nonper-
turbative role. The observable that we use to characterize
the relaxation dynamics is the momentum distribution of
the gas. Accordingly, as long as the (low-momentum) bulk
of the momentum distribution is concerned, the quasicon-
densate regime is defined by the condition gρe−2π/

√
γ �

kBT � √
γ h̄2ρ2/m [47,48]. At these temperatures, the highly

occupied, low-momentum modes are dominated by thermal
fluctuations rather than vacuum fluctuations, ensuring the ap-
plicability of the c-field method. Vacuum fluctuations become
important at temperatures kBT � gρe−2π/

√
γ , which are expo-

nentially small in the regime of weak interactions, γ � 1, and
are beyond the reach of current ultracold atom experiments.
Thus, for all practical purposes, the quasicondensate regime
corresponds to kBT � √

γ h̄2ρ2/m [49]. Moreover, as dis-
cussed in Refs. [23,40,47], in the c-field approach the system
(a uniform quasicondensate) can be completely characterized
by a single dimensionless parameter, χ = 1

2γ 3/2T , which is a
combination of γ and T and which satisfies χ � 1 (according
to kBT � √

γ h̄2ρ2/m).
For a harmonically trapped (nonuniform) 1D quasiconden-

sate with longitudinal potential V (x) = 1
2 mω2x2, one needs an

additional parameter—the trap frequency ω—to completely
characterize the system. In this nonuniform case, the linear
density becomes position dependent and describes the den-
sity profile of the gas ρ(x). Accordingly, the dimensionless
interaction strength also becomes position dependent, γ (x) =
mg/(h̄2ρ(x)), while the dimensionless temperature T con-
tinues to serve as the global equilibrium temperature of the
system. For a given chemical potential μ, which fixes the total
number of particles N in the system, the density profile ρ(x)
is unique. Therefore the peak density ρ0 ≡ ρ(0) in the trap
center x = 0 can be used to define a dimensionless interac-
tion strength γ0 = mg/(h̄2ρ0) that plays the role of a global
interaction parameter for the trapped system.

The essence of the efficient parametrization of the trapped
1D quasicondensate lies in the fact that, apart from the depen-

dence on the longitudinal trapping frequency ω, it can still be
completely characterized by a single dimensionless parame-
ter, which is a combination of the dimensionless interaction
strength in the trap center, γ0, and the global dimensionless
temperature T :

χ0 = 1
2γ

3/2
0 T . (1)

Explicitly, χ0 is given by χ0 ≡ kBT/[h̄ρ0
√

gρ0/m]; similar
to χ it must satisfy χ0 � 1 in the quasicondensate regime
and we note that its definition is related to the dimensionless
parameters A and χ [C], used, respectively, in Refs. [23,40]
(see also Ref. [47]). In particular, in Ref. [40], χ [C] [see,
Eq. (77)] is defined in terms of a product of ratios of char-
acteristic energy- and length-scales of the uniform problem,
χ [C] = 1

2π
( gρ

kBT )(ρλ)2, where λ=
√

2π h̄2/mkBT is the thermal
de Broglie wavelength, and our χ is related to χ [C] via χ =
1/

√
χ [C], whereas our χ0 is defined similarly but in terms of

the peak density ρ0.

B. Dimensionless c-field equations in 1D

To arrive at the dimensionless form of the SPGPE and GPE
using this parametrization, we introduce the dimensionless
coordinate ξ = x/x0, time τ = t/t0, and dimensionless field
ϕC (ξ, τ ) = ψC (x, t )/ψ0, using the respective length, time,
and field scales introduced according to

x0 = h̄4/3

m2/3g1/3(kBT )1/3
, (2)

t0 = mx2
0

h̄
= h̄5/3

m1/3g2/3(kBT )2/3
, (3)

ψ0 = h̄

x0
√

mg
=

(
m(kBT )2

h̄2g

)1/6

. (4)

With these scaled variables, the dimensionless time-
dependent GPE reads

∂ϕC (ξ, τ )

∂τ
= −iLϕC (ξ, τ ), (5)

where the nonlinear operator L is defined via

L ≡ −1

2

∂2

∂ξ 2
+ |ϕC |2 + 1

2
ω̄2ξ 2, (6)

whereas the dimensionless SPGPE reads

dϕC (ξ, τ )= [−iL + κ̄th(μ̄−L)]ϕCdτ +
√

2κ̄thdW . (7)

Here, ω̄ = ωt0 is the dimensionless trap frequency, μ̄ =
μt0/h̄ is the dimensionless chemical potential, and κ̄th =
h̄κth is the rescaled growth rate with a numerical value that
has no consequence for the final equilibrium configurations
and can be chosen for numerical convenience [23]. Addi-
tionally, dW is a complex delta-correlated noise satisfying
〈dW

∗
(ξ, τ )dW (ξ ′, τ )〉 = δ(ξ − ξ ′)dτ . We point out that even

though we are referring to Eq. (7) as the SPGPE, for the
results presented here the actual projection operator, which
sets up the high-energy cutoff for the classical field region,
is effectively imposed by the choice of numerical grid for
simulations. Apart from this, we have performed a range of
simulations in the harmonic oscillator basis with a strictly

023315-3



THOMAS, DAVIS, AND KHERUNTSYAN PHYSICAL REVIEW A 103, 023315 (2021)

controlled cutoff, and found that our results are essentially
unchanged. Due to the strictly 1D nature of the problem at
hand, the actual cutoff dependence of the dynamics is very
weak (see Ref. [23] for further details).

In the above dimensionless form, the nonlinearity constant
in the GPE is always equal to unity, and the normaliza-
tion condition that gives the total number of particles in
the system reads N = ∫ |ψ (x, t )|2dx = ψ2

0 x0N̄ , where N̄ =∫ |ϕ(ξ, τ )|2dξ .
In the Thomas-Fermi (TF) limit of an inverted parabolic

density profile, the chemical potential of a harmonically
trapped quasicondensate is given by μ = gρ0, and thus the
dimensionless chemical potential μ̄ can be expressed in terms
of, and interchanged with, the earlier introduced dimension-
less parameter χ0 as

μ̄ = χ
−2/3
0 . (8)

Given that ρ0 = (9mω2N2/32g)1/3 in the TF limit, χ0 itself can
be expressed as χ0 =4

√
2kBT/(3Nh̄ω) [using N =ψ2

0 x0N̄ and
N̄ =4

√
2μ̄3/2/(3ω̄)=4

√
2/(3χ0ω̄)]. Beyond the TF limit, the

dimensionless chemical potential μ̄ can still be traded off
with χ0 as an input parameter, with the understanding that the
simple relationship μ = gρ0 between μ and the peak density
ρ0 is now only approximate, whereas the exact relationship
has to be determined numerically a posteriori.

Thus, a harmonically trapped 1D quasicondensate can be
completely characterized by just two dimensionless param-
eters, μ̄ and ω̄, or by χ0 � 1 and ω̄. Each choice of χ0

can be realized with a range of values of the dimensionless
interaction γ0 and temperature T according to Eq. (1). The
condition that the density profile is well approximated by the
TF inverted parabola, RTF � lho, is equivalent to ω̄� μ̄. This
implies that for each choice of χ0 � 1, the dimensionless trap
frequency ω̄ must further satisfy ω̄�χ

−2/3
0 . Furthermore, ω̄

can be expressed via the ratio of the length scale x0 and the
harmonic oscillator length lho = √

h̄/mω as

ω̄ =
(

x0

lho

)2

, (9)

or explicitly ω̄ = h̄5/3m1/2ω/[g2/3(kBT )2/3]. Therefore,
rewriting this as ω̄−3/2 = mgkBT/(m3/2ω3/2 h̄5/2), one can see
that for a specific atomic species (with given m and a) and
any particular choice of the trap frequencies ω and ω⊥ (the
latter setting the value of the coupling constant g = 2h̄ω⊥a),
fixing the temperature of the gas T is equivalent to fixing
the value of ω̄ and vice versa. With ω̄ constant, the value of
the dimensionless parameter χ0 is now governed only by the
choice of the total number of atoms N or equivalently the
peak density ρ0.

C. Choice of simulation parameters

For the numerical simulations, we have chosen ω̄ = 0.0696
and varied χ0 ∈ [0.01, 0.1], a range corresponding from deep
within the thermal quasicondensate to a near-degenerate ideal
Bose gas regime (see Refs. [45,50,51] for further details on
the regimes of an interacting 1D Bose gas). The lower (upper)
bound in χ0 corresponds to higher (lower) atom number N
and hence to conditions that are effectively deeper in the

low-temperature quasicondensate regime (or are further away
from the degenerate ideal Bose gas regime). Considering 87Rb
atoms (m  1.44 × 10−25 kg, a  5.31 nm) in a harmonic
trap of frequency ω/2π = 3 Hz as an example, these choices
of dimensionless parameters can be realized with ω⊥/2π =
6 kHz, T = 13 nK, and by varying the atom number N ∈
[8.5 × 102, 8.5 × 103], which is typical of current experi-
ments on 1D quasicondensates. Note that while this is just
one choice of dimensionless parameters, the same ω̄ and χ0

can be realized with other combinations of trap frequencies,
temperatures, atom numbers, and atomic species.

To initiate the Newton’s cradle dynamics, we model the
application of a sequence of Bragg pulses [52] which split
the initial equilibrium quasicondensate into two counter-
propagating wave packets with momenta ±2h̄k0 correspond-
ing to the lowest diffraction orders of Bragg scattering.
Ideally, this initializes the c-field configuration denoted
ψC (x, t =0+) into a superposition of the form

ψC (x, t = 0+) = ψC (x, t = 0−)√
2

(ei2k0x + e−i2k0x ), (10)

where ψC (x, t = 0−) is the finite temperature equilibrium
configuration. This state is then evolved in real time according
to the GPE. This idealized form of the Bragg pulse is a good
approximation to a realistic experimental implementation of
a sequence of Bragg pulses tuned to operate in the Bragg
regime [52], which corresponds to the condition that the Brag
momentum 2h̄k0 is much greater than the width of the mo-
mentum distribution of the quasicondensate. A comparison of
the numerical implementations of the above idealized Bragg
pulse and the more realistic pulse presented in Ref. [52]
showed small differences in our results during the initial col-
lisional oscillation cycles (see also the discussion of Figs. 6
and 7 below), however, no appreciable differences were found
in the approach to the final relaxed state for all parameter
regions.

In our simulations, we considered momentum kicks of k0 ∈
[106, 107] m−1. For 87Rb atoms and other relevant parameter
choices as above (namely, ω⊥/2π = 6 kHz and T = 13 nK),
this corresponds to a dimensionless momentum q0 = k0x0

in the range q0 ∈ [1.16, 11.6]. In harmonic oscillator units,
q0 can be converted to a dimensionless momentum q(ho)

0 ≡
k0lho = q0/

√
ω̄, and for ω̄ = 0.0696 this range of q0 would

correspond to q(ho)
0 ∈ [4.4, 44]. From a practical point of view,

considering momentum kicks significantly beyond the consid-
ered range of q0 ∈ [1.16, 11.6] would be either of no physical
interest in terms of producing (for smaller q0) the collisional
dynamics that we are interested in or would be computation-
ally too demanding (for larger q0) in terms of the numerical
grids required to capture the relevant physics at high momenta
with sufficient resolution in both the momentum and position
spaces.

III. RESULTS AND DISCUSSION

A. Examples of relaxation dynamics

Typical examples of c-field simulations of the quantum
Newton’s cradle for a 1D quasicondensate are illustrated
in Fig. 1, where we show the relaxation dynamics of the
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FIG. 1. Evolution of the position-space (left) and momentum-space (right) density distributions in the quantum Newton’s cradle setup
of a harmonically trapped 1D quasicondensate, generated from c-field simulations. The three examples displayed all have parameter values
of ω̄ = 0.0696 and χ0 = 0.0562 for the initial thermal equilibrium state, whereas the wave number for the Bragg pulse varies as follows:
(a) q0 = 1.16, (b) q0 = 2.06, and (c) q0 = 3.67.

real-space density profile and the momentum distribution of
the gas following the Bragg pulse. Figure 1(a) represents an
example of fast relaxation, occurring in the regime where
the clouds are extremely wide compared to the maximum
spatial separation due to the weak momentum kick, and hence
are always overlapped to some extent. This causes the sys-
tem to relax without developing any appreciable collisional
oscillations. Figure 1(b) is an example in the intermediate
quasiperiodic regime with a stronger momentum kick; the
clouds separate completely but the momentum kick is still
not large enough to lead to persisting collisions and peri-
odic oscillations. Finally, Fig. 1(c) illustrates an example in
the periodic regime, with the momentum kick larger than in
Fig. 1(b); the collisional oscillations persist in this system with
no noticeable damping for many (tens to a hundred) periods
and take over a hundred oscillations to fully dampen.

In Fig. 2, we show the momentum distributions of the
initial (t = 0−) and the final relaxed states for the examples
of Fig. 1, and compare the final distributions with those of
an equilibrium thermal state at a certain (higher) temperature.
The best-fit thermal state, in which the temperature serves
as a fitting parameter, is generated using the same SPGPE
equation as the one used to initialize the quantum Newton’s

cradle, Eq. (7). As we see, in all these examples the quantum
Newton’s cradle eventually relaxes to a thermal-like state at
a higher temperature (furthermore, this observation holds for
all other tested parameter combinations). This conclusion is
further supported by the observation (see Fig. 3) that the
increase in the internal energy of the relaxed state relative
to the initial state generally matches the total kinetic energy
added to the system by the Bragg pulse.

B. Power spectrum

In this subsection, we perform a power spectrum analy-
sis of the dynamics of the population of the lowest energy
harmonic oscillator mode for the quantum Newton’s cradle
examples of Fig. 1 to connect our results with related work by
Bland et al. [38].

Bland et al. [38] also studied the integrability of the weakly
interacting 1D Bose gas in a harmonic trap within the GPE ap-
proximation in addition to a suitably truncated expansion over
harmonic oscillator eigenmodes, also known as the Galerkin
approximation. More specifically, Bland et al. considered a
small mode number Galerkin expansion of the GPE mean field
in both a hard-wall box potential and a harmonic potential and
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FIG. 2. Momentum distributions of a harmonically trapped 1D
quasicondensate in the quantum Newton’s cradle setup. In each ex-
ample, we show the initial (blue, dotted line), relaxed (red, full), and
thermal fitted distributions (black, dashed). The initial and relaxed
distributions displayed in (a)–(c) are, respectively, for the same pa-
rameters as in Fig. 1, i.e., for (χ0, ¯ω) = (0.0562, 0.0696) initially
and three different values of q0 as shown, whereas the thermal fit-
ted distributions, plotted for comparison with the relaxed ones, are
for the following fitting parameters: (a) (χ0, ω̄) = (0.250, 0.045),
(b) (χ0, ω̄) = (0.238, 0.0462), and (c) (χ0, ω̄) = (0.500, 0.150).

compared the results of the time-dependent integration within
this approximation to those of the full 1D GPE integration
for these two situations. They considered a scenario where
the lowest M = 16 modes are populated with random phases
and amplitudes in the two traps, which mimics the effect of
thermal fluctuations in a finite-temperature system (here, es-
sentially an infinite temperature sample). They then analyzed
the power spectrum of the Galerkin expansion coefficient of
the lowest energy mode. They found that the harmonic trap
power spectra was quasidiscrete, “with no visible continuous
component,” whereas the box trap spectra gave a continuous
spectrum. These findings suggest a “slow onset of chaoti-
zation” [38] and a lack of “a necessary manifestation of
ergodicity” [38] in the harmonic trap. On this basis, Bland
et al. concluded that a harmonically trapped, weakly interact-
ing 1D Bose gas in the GPE regime is quasi-integrable and is
not ergodic.
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FIG. 3. Comparison of the total internal energy difference per
atom (circles) between the initial and relaxed states with the kinetic
energy per atom (dashed line) of h̄2(2k0 )2/2m [or 4q2

0, in units of
h̄2/(2mx2

0 )], transferred by the symmetric Bragg momentum kick
of ±2h̄k0, as functions of the dimensionless momentum q0, for
(χ0, ω̄) = (0.0562, 0.0696). The data points represent the numer-
ically calculated values of the average internal energy, averaged
over 128 stochastic realizations, with the error bars indicating one
standard deviation from the average; the points labeled (a)–(c) cor-
respond to the examples of Fig. 1. All energies have been scaled by
h̄2/(2mx2

0 ); when multiplied by the total number of atoms N , this
translates to Nh̄2/(2mx2

0 ) = 1
2 kBT N̄ , where N̄ = ∫ |ϕ(ξ, τ )|2dξ =

4
√

2/(3χ0ω̄) and T is the initial temperature.

This conclusion is in contradiction with our results for the
quantum Newton’s cradle. Instead, we find that for the param-
eters of our simulations the system is not quasi-integrable, and
that it does relax to a higher energy state that appears to be in
thermal equilibrium. To further support our findings, we have
performed the same power spectrum analysis as Bland et al.
for the Newton’s cradle collisional dynamics of Fig. 1. The
power spectrum is determined by calculating the amplitude
of the harmonic oscillator ground state φ0(x) making up the
classical field ψ (x, t ) of a single trajectory

a0(t ) =
∫

dxφ∗
0 (x)ψ (x, t ), (11)

and then calculating the Fourier transform of the population
|a0(t )|2. The results are shown in Fig. 4, where it can be
seen that the power spectra of the simulations are essentially
continuous, rather than quasidiscrete as was the case for Bland
et al. [38]. We have established that this difference is due
the fact that Bland et al. only considered systems with rela-
tively weak nonlinearities, such that the power spectrum is not
strongly broadened from the integrable noninteracting (ideal
Bose gas) case. We have reproduced the results of Bland
et al., and we find that as the normalization of the initial state
is increased, the quasi-discreteness of the power spectra for
the 1D harmonic trap in their setup turns into a continuous
spectrum. We present these results in full in the Appendix.

In support of our findings, we also note the recent work by
Bastianello et al. [39], who consider the relaxation of a 1D
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FIG. 4. Power spectra of the population of the lowest energy
harmonic oscillator mode for a single realization of the simulations
of Figs. 1(a)–1(c), respectively. We have used �τ to denote the
dimensionless Fourier frequency component of the dimensionless
time τ and expressed it in units of the dimensionless trap frequency
ω̄. It can be seen that all spectra are continuous.

harmonically trapped Bose gas using a generalized hydrody-
namics approach. They simulated a related quantum Newton’s
cradle experiment in a 1D quasicondensate that was initialized
in a longitudinal double-well potential and then released into a
single harmonic well [53]. Bastianello et al. also find that the
system thermalizes at long times. This is in agreement with
our conclusions, rather than those of Bland et al. [38].

C. Candidate dynamical regimes

The qualitatively different types of dynamical behavior
illustrated in Sec. III A ultimately depend on the pair of
intrinsic dimensionless parameters of the initial equilibrium
quasicondensate, (χ0, ω̄), and the Bragg momentum 2h̄k0

imparted onto each half of the split cloud. The interplay
between these three parameters can, in the first instance, be
analyzed using simple geometric considerations. This will
allow us to construct a qualitative overview of the expected
different types of dynamical behavior, which can be broadly
classified as (I) aperiodic—displaying fast thermalization;
(II) quasiperiodic—displaying intermediate to slow thermal-
ization timescales, and (III) periodic—in which case the
Newton’s cradle collisional oscillations persist for many os-
cillation periods and the thermalization is the slowest.

The first of the simple geometric considerations is the
requirement that in order to set the initial quasicondensate into
a well-defined Newton’s cradle collisional regime and observe
persisting oscillations over many periods, the two momentum
components of the cloud must be well separated in momen-
tum space. This means that the difference between the Bragg
momenta ±2h̄k0 must be much larger than the characteristic

momentum width of the cloud, which we denote via σk:

4k0 � σk . (12)

The second consideration is that, even if the initial classical
field components are well separated in momentum space, the
two clouds will relax quickly, within the a few oscillation
cycles if the respective position-space density distributions
remain largely overlapping and thus do not separate well in
position-space. Thus, the second requirement for setting the
initial quasicondensate into a a well-defined Newton’s cra-
dle collisional regime is that the maximum separation of the
clouds xmax is much larger than the characteristic width of
the cloud in position space, σx: xmax � σx. Given that for a
simple harmonic motion with a maximum momentum 2h̄k0,
the maximum displacement is given by xmax = 2h̄k0/mω, this
condition can be approximated via

2k0 � σx/l2
ho, (13)

Equations (12) and (13) can be further simplified and
rewritten in terms of our dimensionless parameters if we
approximate the characteristic size of the quasicondensate
σx by the TF radius, RTF =

√
2μ/mω2 and the momentum

width of the cloud by the inverse of the temperature-dependent
phase coherence length in the trap center [23], σk  1/lφ , with
lφ = h̄2ρ0/mkBT . Introducing the dimensionless Bragg mo-
mentum q0 ≡ k0x0, Eqs. (12) and (13) can now be rewritten,
respectively, as

q0 � 1

4μ̄
= χ

2/3
0

4
, (14)

q0 �
√

μ̄

2
= 1√

2 χ
1/3
0

, (15)

where we note that the quasicondensate regime requires χ0 �
1, and the condition that the density profile is well approxi-
mated by the TF inverted parabola, RTF � lho, is equivalent to
ω̄� μ̄=χ

−2/3
0 .

Using the right-hand sides of Eqs. (14) and (15) as
crossover boundaries of different types of behavior we can
now construct a candidate diagram of the dynamical regimes
(see Fig. 5) for observing different relaxation scenarios of
the quasicondensate Newton’s cradle. This will be verified
numerically in the next section. In regions I and II, we expect
fast thermalization due to the fact that the two momentum
components of the split quasicondensate do not separate well
in momentum (region I) or in position spaces (region II); the
example in Fig. 1(a) corresponds to conditions from region II.
Region III corresponds to quasiperiodic behavior and inter-
mediate thermalization timescales, and this is when, despite
the fact that the two components are well separated in both
momentum and position spaces, the dephasing during the first
few collisions due to the strong nonlinearity acts as a strong
perturbation to persistent periodic behavior; the examples in
Figs. 1(b) and 1(c) correspond to conditions from region III.

D. Characteristic relaxation rate

The observable we use to characterize the relaxation rate
of the system is the rms momentum width, for the momentum
distribution averaged over each (mth, m = 1, 2, 3, ...) period
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FIG. 5. Diagram of the dynamical regimes for the quasiconden-
sate Newton’s cradle in the χ0 versus q0 parameter space, with
ω̄ = 0.0696. The crossover boundaries (solid and dashed lines) be-
tween the different regimes, corresponding to fast (regions I and
II) and slow (region III) relaxation, equate to the right-hand sides
of Eqs. (14) and (15). The circles labeled (a)–(c) represent, respec-
tively, the parameter combinations used in the examples displayed
in Figs. 1, 2, and 8 (see text). The colored rectangle corresponds to
the scanned parameter space of χ0 and q0, for which we extracted
the dimensionless decay rate � from the numerical simulations (see
Sec. III D). As we see, the crossover boundary between the regions II
and III predicted from simple arguments is in good agreement with
the quantitative picture emerging from the simulations of the decay
rate.

of Newton’s cradle collisional oscillations:

Wm =
√∫

dk k2 nm(k)∫
dk nm(k)

, (16)

where

nm(k) = 1

Tω

∫ Tω×m

Tω×(m−1)
dt n(k, t ) (17)

is the momentum distribution averaged over the mth oscilla-
tion and Tω = 2π/ω is the oscillation period. Here, averaging
over an oscillation period separates the oscillatory dynamics
and the internal structure of instantaneous momentum distri-
butions from the gradual net relaxation and the approach of
Wm to a stationary value.

Examples of the momentum distributions nm(k) averaged
over the mth oscillation period, for m = 1, 30, 100, 200, 300
and the parameter values of Fig. 1(c), are shown in Fig. 6. It
is interesting to see that the three peaked structure present in
the equivalent averages found experimentally in Ref. [9] and
theoretically in Ref. [32] are not present in Fig. 6. To explain
this discrepancy, we performed a simulation with equivalent
parameters to those in Fig. 6, however, rather than applying
an idealized Bragg pulse of Eq. (10), we initialize the system
with ten percent of particles remaining in the zero momentum
state, i.e., unperturbed. This more closely resembles the phys-
ical Bragg pulse implemented in Refs. [9,32]. As can be seen
in Fig. 7, using this initialization the three-peaked distribution
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FIG. 6. Momentum distributions averaged over one (mth) os-
cillation period, nm(k), for parameter values corresponding to
(χ0, q0, ω̄) = (0.0562, 3.67, 0.0696), i.e., example (c) in Fig. 1. Dis-
tributions for m=1, 30, 100, 200, and 300 are shown. The average
distributions for the earlier oscillations, m = 1 and 30, still have two
separate peaks at the initial momentum kicks ±2q0 and a smaller
third peak at q = 0, indicating there is still some oscillatory dy-
namics present in the system, while the large-m averages approach
stationary thermal distributions as those in Fig. 2.

does occur initially, implying that this feature occurs experi-
mentally due to the imperfect nature of the Bragg pulse.

To extract the relaxation rate � from the c-field simulation
results, we fit an exponential decay of the form

Wm = A exp(−�m) + B (18)
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FIG. 7. Momentum distributions averaged over one (mth) os-
cillation period, nm(k), for parameter values corresponding to
(χ0, q0, ω̄) = (0.0562, 3.67, 0.0696) as in Fig. 6. However, here we
initialize the system with 10% of particles remaining unperturbed by
the Bragg pulse (see text). We see that in this case the distinct three-
peaked distribution, observed in Refs. [9,32], does occur initially
(m = 1), in contrast to Fig. 6, however, the three peaked structure
eventually dampens out as can be seen from the example for m = 30.
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FIG. 8. Relaxation of the rms width Wm of the average momen-
tum distribution over the mth oscillation period as a function of
oscillation number m. The symbols correspond to the numerically
evaluated values of the width Wm, for the same parameters as in
Fig. 1, whereas the solid, dashed, and dash-dotted lines are based
on exponential fits of Eq. (18); the widths are rescaled by their
respective values of W1 to be easily visible on the same graph. Note
that the exponential fits begin after the respective prethermalization
periods which are are not well approximated by a single exponential.
The long-time relaxation rates � extracted from these fits are as
follows: (a) � = 0.06, (b) � = 0.025, and (c) � = 0.0065.

to the numerically computed values of Wm. Here, � = �Tω is
the dimensionless relaxation rate, m is the oscillation number,
and the numerical constants A and B fix the initial and final
(relaxed) values of Wm.

In Fig. 8, we plot examples of relaxation of Wm for param-
eter values corresponding to Figs. 1(a)–1(c). As we can see,
after the initial fast prethermalization stage [4,12,18–20,54]
during which the phase dynamics damps out, the subsequent
decay of the rms width Wm toward the final thermal distri-
bution, characterized in Fig. 2, is well approximated by an
exponential.

By repeating the fitting procedure for a range of parameter
values of (χ0, q0, ω̄) and extracting the respective relaxation
rates �, we can verify the proposed nonequilibrium dynamical
regimes of Fig. 5. This is illustrated through the color plot
embedded in Fig. 5, where we show a density plot of � over
(χ0, q0) parameter space for a fixed value of ω̄ = 0.0696. As
we see from these results, for an experimentally feasible range
of parameters, the relaxation rate � typically ranges within
� ∈ [0.002, 0.2], and the crossover boundary between regions
II and III, evident at �̄ ∼ 0.1, is in good agreement with the
boundary predicted in Sec. III C.

Taking the trap frequency of ω/2π = 150 Hz as an exam-
ple (corresponding to the values used in the original quantum
Newton’s cradle experiment in a strongly interacting 1D Bose
gas [9]), this range of the dimensionless � corresponds to
� ∈ [0.3, 30] s−1, and hence the characteristic relaxation time
for the quasicondensate Newton’s cradle is expected to be in
the range of 0.033 to 3.3 s, depending on the actual inter-
action strength and temperature of the gas. For comparison,

for ω/2π = 5 Hz, which is the typical value used in the
coherently split quasicondensate experiments [15], our results
convert approximately to typical relaxation times of 1 to 100 s.
This is at least three orders of magnitude larger than the
millisecond timescale of relaxation of phase dynamics in a 1D
quasicondensate [15]. At the same time, this is comparable to
the relaxation times scales observed in the Newton’s cradle
setup of a strongly interacting 1D Bose gas. We thus predict
that for an equivalent quantum Newton’s cradle experiment
in a weakly interacting 1D Bose gas the relaxation rate is of
similar order of magnitude as in the strongly interacting case.

IV. CONCLUSION

In conclusion, we studied the collisional dynamics of a har-
monically trapped weakly interacting 1D quasicondensate in
the same quantum Newton’s cradle setting as the experiment
performed by Kinoshita et al. [9] in the strongly interacting
(near-Tonks-Girardeau) regime. By parametrizing the system
in terms of just two (for any given trap frequency) dimension-
less parameters, χ0 and q0, which encompass the interaction
strength, the temperature of the gas, and the magnitude of
the Bragg momentum, we identify the different dynamical
regimes of the system in terms of its relaxation rate to the
final equilibrium state.

We find that the final relaxed state of the system can be
well characterized by a thermal distribution, where the kinetic
energy imparted to the system by the initial Bragg pulse is dis-
tributed amongst the internal degrees of the system and results
in a higher equilibrium temperature of the final state. Relax-
ation to this thermal state, rather than to a state which would
require characterization via a generalized Gibbs ensemble,
implies that harmonic confinement here cannot be regarded
as a weak perturbation from integrability of the respective
uniform 1D Bose gas. Accordingly, a 1D quasicondensate in
this nonequilibrium scenario does not offer itself as a system
to which a quantum analog of the KAM theorem could be
applied.

The characteristic relaxation timescales are predicted to
be of the order of tens of seconds for typical experimental
parameters, which in turn correspond to hundreds of repeated
collisions taking place before equilibrium is reached. This is
similar to, and only an order of magnitude shorter than, the
typical relaxation timescales observed in the strongly interact-
ing quantum Newton’s cradle. The difference can be explained
by the effect of repulsive interactions in the system, which
strongly reduce the two-body correlations and hence suppress
the two-body collisional rates in the Tonks-Girardeau regime.

Our system can be realized using currently available ex-
perimental techniques of creating equilibrium 1D Bose gases,
except that one has to maintain an additional, dynamical 1D
condition of h̄2(2k0)2/2m � h̄ω⊥, which is required for elim-
inating transverse excitations of the gas due to the (large)
longitudinal kinetic energy imparted onto the atoms by the
Bragg pulse and hence could be challenging. The nonequilib-
rium scenario that we studied represents a directly comparable
counterpart of the original quantum Newton’s cradle setup,
except that the collisional dynamics now takes place in a
weakly interacting gas. A similarly comparable scenario,
which could provide further insight into thermalization in
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strongly and weakly interacting 1D Bose gases, would be to
perform Hofferberth et al.’s experiment [15] in the strongly
interacting regime.
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APPENDIX: SPECTRAL ANALYSIS OF THE 1D GPE
IN THE HARMONIC OSCILLATOR BASIS

In this Appendix, we reproduce the results of Bland
et al. [38] for randomized initial conditions. The Galerkin ex-
pansion used in the simulations of Bland et al. [38] is identical
to using a restricted harmonic oscillator basis for numerically
solving the projected GPE in 1D. We find that the conclusions
drawn based on the results reported by Bland et al. cannot
be generalized to systems with effective nonlinearities much
larger than the ones considered in Ref. [38]. We demonstrate a
transition from quasidiscrete to continuous power spectra with
increasing normalization of the field.

The conclusion of Bland et al. is that the quasi-
integrability—as observed in simulations of dark soliton
oscillations in a 1D GPE in a harmonic trap—is due to the
observation that (from Bland et al. abstract) “the finite-mode
dynamics always produces a quasi-discrete power spectrum,
with no visible continuous component, the presence of the latter
being a necessary manifestation of ergodicity. This conclusion
remains true when a strong random-field component is added
to the initial conditions.” This conclusion is based on perform-
ing two sets of simulations:

(1) Oscillations of a dark soliton in a harmonic trap, using
both the full GPE, as well as the M = 16 mode Galerkin
truncation. The power spectra of the first and second Galerkin
amplitudes are found to be discrete (Fig. 2, left column, of
Ref. [38]).

(2) The dynamics of an initial condition with random
amplitude and phase, for both the M = 16 mode Galerkin
truncation as well as the full GPE. Bland et al. claim that the
results of their power spectra for the first Galerkin component
in their Fig. 3 for the harmonic trap are sufficiently similar to
the discrete case that the conclusion can be generalized, i.e.
quasi-integrable behavior should always occur for the full 1D
GPE in a harmonic trap.

In this Appendix, we focus on the results and conclusions
drawn from the second set of simulations with randomized ini-
tial conditions, as these are most relevant for our paper on the
thermalization of Newton’s cradle for 1D quasicondensates.
We numerically solve the dimensionless GPE

i
∂ψ

∂ t̃
= −1

2

∂2ψ

∂ x̃2
+ |ψ |2ψ + 1

2
ω̃2x2ψ, (A1)

as in Ref. [38], where x̃ = x/lh t̃ = tμ/h̄, and ψ =√
2|as|mω/h̄2� are the dimensionless quantities with lh =

h̄/
√

mμ being the healing length. As we fix ω̃ = 1, the
only free parameter in Eq. (A1) is the normalization of the
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FIG. 9. Comparison of the power spectra of |a0(t )|2 for GPE sim-
ulations with M = 16 for increasing normalization, corresponding to
the infinite temperature simulations as described by Bland et al. [38].
Note we have used �t̃ to denote the corresponding Fourier dimen-
sion of the dimensionless time t̃ . The normalizations are (a) N =
15, (b) N = 30, (c) N = 50, and (d) N = 150. For N = 15, the
spectra is quasidiscrete, but for larger values of N the spectra are
continuous.

dimensionless field N = ∫ |ψ |2dx̃. In the TF approximation,
we have

N ≈ 8

3

1

χ
2/3
0 ω̄

= 8μ

3h̄ω
. (A2)

In this Appendix, we integrate the GPE using a Galerkin
method and represent ψ on a finite basis of harmonic oscil-
lator basis states. We have performed simulations with M =
16 modes and the same randomized initial conditions, but
with increasing normalization. Our results show that quasi-
integrable behavior does not occur for systems sizes much
larger than those corresponding to the normalization of N =
15 considered by Bland et al.

In Fig. 9, we reproduce the results presented in Fig. 3 of
Bland et al. for randomized initial conditions with M = 16
modes but with varying normalization. As in the main text, the
power spectrum is determined by calculating the amplitude
of the harmonic oscillator ground state φ0(x) making up the
classical field ψ (x, t ) of a single trajectory

a0(t ) =
∫

dxφ∗
0 (x)ψ (x, t ), (A3)

and then calculating the Fourier transform of the population
|a0(t )|2. The results for the case of normalization N = 15
corresponding to those of Bland et al., Fig. 9(a), do in-
deed show a quasidiscrete spectrum. However, doubling the
normalization to N = 30, Fig. 9(b), entirely changes the char-
acter of the spectra—there is no hint of discreteness. As the
normalization is further increased to N = 50 and N = 150,
Figs. 9(c) and 9(d), it can clearly be seen that the quasidiscrete
spectrum is no longer apparent. In comparison, the equiva-
lent normalization for the simulations presented in the main
text of this paper is N  261. We further note that since
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FIG. 10. Comparison of different randomized initial conditions
for the same normalization of N = 15, with M = 16. Left: Compar-
ison of the power spectra of |a0(t )|2 for two different randomized
initial conditions (black and grey lines) as described by Bland et al.,
with normalization N = 15. Right: Comparison of the respective
initial densities (top) and phases (bottom).

the random initial condition used in the Bland et al. simu-
lation [38] is effectively at infinite temperature, the system
being simulated is in the nearly classical ideal gas regime for
sufficiently low N which can be analyzed using perturbation
theory [44,45,51,55]. This implies that it is the proximity to
the ideal Bose gas regime that is responsible for the apparent
quasi-integrable behavior in Bland et al. simulations. Increas-
ing the interaction strength (or effectively the normalization)
leads, on the other hand, to the broadening of the power
spectra and eventually to the continuous spectrum.

Finally, in Fig. 10 we demonstrate that even for N = 15
the discreteness of the calculated power spectra can vary con-
siderably for different samples of random initial conditions.
The spectrum of the grey curve in the left panel of Fig. 10 is
almost continuous, whereas the black curve is quasidiscrete,
yet both initial states were sampled in the same manner. There
is no easily discernible qualitative difference in the initial
conditions of the field density and phase as shown on the right
of the figure.

In summary, our numerical results show a continuous
power spectra for the coefficient |a0(t )|2 for 1D GPE dy-
namics in a harmonic trap in 1D for sufficiently large
nonlinearities. This suggests that for the scenarios we consider
in this paper, we can expect ergodic dynamics and thermaliza-
tion, in contrast to the conclusions drawn by Bland et al. [38].
These observations are also supported by by the work of
Bastianello et al. [39].
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