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Abstract. 'We present an exact quantum treatment of intracavity parametric four-wave mixing
accompanied by self- and cross-phase modalation effects. A steady-state selution of the Fokker—
Planck equation in a generalized P-representation is found for a generated sipnal rmode. A
general expression for arbitrary moments of the signal field operators is obtained and qualitative
effects caused by non-linear treatruent of quantum fluctuations are discussed. The behaviour of
the exact steady-state intensity, as well as of the second-order comrelation function and of the
photon number fluctuations of the signal mode, is studied. A sub-Poissonian photon statistic is
found in the above-threshold region and a critical increase in the photon number Ructuations
is shown in the trapsition region for the case of relatively small non-linearitics. Characteristic
properties of the threshold behaviour are discussed in the case of large non-linearities.

1. Intiroduction

Current research on non-tinear phenomena in quantum optics is known to be of fundamental
and practical importance. Quantum optical non-linear systems are usually described within
the framework of stochastic equations of motion for the field amplitudes with the use of a
linearization procedure about the stable steady-state classical solutions. Such an approach
was applied to studies of basic non-linear optical processes including intracavity four-
wave mixing [1,2], sub- and second-harmonic generation [1,3-6], and optical bistability
[7] (see also [8-11] and references therein). It made it possible to find in a semiclassical
approximation the amplitudes of generated modes of a radiation field, to carry out a stability
analysis and to find the operating regimes, as well as to study the effects of quantum
fluctoations in the lowest approximation. However, the linearized theories have a limited
range of applications: in particular, they are not valid in the regions of critical (threshold,
turning, etc) points, where the quantum fluctuations increase dramatically.

An exact treatment of quantum fluctuations can be achieved via a solution of the
Fokker-Planck equation for quasiprobability distribution functions. This approach gives the
possibility of refining the results of linearized theories quantitatively, as well as predicting
new qualitative phenomena for several non-linear optical systems [4,7,12]. However, the
derivation of a quasiprobability distribution function is a difficult problem, which is actually
equivalent to derivation of the density operator for the system.

In this paper we study an intracavity parametric interaction in a x®-medium, and
we show that non-linear treatment of the quantum fluctuations is successful. We present

t Also at: Yerevan State University, Yerevan, Republic of Amnenia, 7

1355-5111/95/060965+09519.50  © 1995 IOP Publishing Ltd 965



966 G Y Kryuchkyan et al

an exact quantume theory for the realistic model of four-wave mixing, which incorporates
the effects of self-phase modulation and cross-phase modulation. These phase modulation
effects would normally arise in a x ®)-medium. However, they are usually neglected, Our
aim is to find an exact steady-state solution of the Fokker—Planck equation for a generalized
P-representation. Using this solution we calculate the operator moments for the generated
signal field and study the behaviour of the signal field intensity, as well as of the second-
order correlation function and of the photon number flucteations.

The paper is organized as follows.- In section 2 the model Hamiltonian is written and
some of the previously obtained [13] semiclassical resukts are presented for convenience and
for further comparison. In section 3 an exact steady-state solution of the Fokker—Planck
equation in a generalized P-representation is derived and a general expression is obtained
for arbitrary moments of the signal-mode amplitude operators. In sections 4 and 3 the results
of calculation of the signal-mode intensity and of the second-order correlation function are
presented and discussed.

2. The model Hamiltonian and semiclassical resulés

The system under consideration consists of a xm-m_edium placed in a single-mode ring
cavity with resonant frequency &, and damping constant ¥. The non-linear medium is
pumped by two copropagating monochromatic light beams of different frequencies vy and
wp. As a result of four-wave mixing (FWM) parametric interaction the pump fields excite an
intracavity signal mode w.. The exact phase matching consideration determines a frequency
wy = %(wl +@2)(wo = w,), which will appear (see section 3) as a rotating frame frequency
for the signal field. In the general case we allow for a cavity demning A = wp — w,. The
w1 and w> frequencies are considered to be located away from the cavity resonance, i.e. the
cavity is transparent for the pump beams, which makes the single-pass effects in the pumps
irrelevant. In this case we can neglect the pump depletion and treat the complex amplitudes
Ey and E; of the pump fields as fixed classical constants.

In addition to the parametric FWM we take into account the phase modulation effects.
This is achieved naturally by consideration of the full x‘®-interaction Hamiltonian:

Him_ &« X(S)(a+eiwc: + E?eiw’t—]- Egeianr)Z(ae—iwgt +Ele—-iwlt 4+ Eze-m:)z (1)

where at and & are creation and annihilation operators for the signal mode w.. Taking
into account the phase-matching condition @y 4 w2 >~ 2w, and employing the rotating-
wave approximation, we then neglect in (1) all fast oscillating terms, namely the terms
containing exponents of the type exp(i{w. — w12)) and exp(i{wy — w7)). This implies
in fact that we assume a fulfillment of the following conditions: |w, — @y 2] 3> Jwy — e,
fwy = wal > |ws — we]. Thus the interaction Hamiltonian, which governs the evolution of
the a* and a operators, becomes

Hyy = 30x(a° E E3e™ + a2 E 1 Epe ™) + Inxa™a® + hx (Ei* + |E2lDa™a )

where x is the resulting coupling constant, proportional to the third-order susceptibility
x®, and A = wp — @, is the cavity detuning. The first term in (2) is responsible for
the parametric FWM coupling, while the second and the third terms describe processes of
self-phase modulation and cross-phase modulation, respectively.

Accounting for decay of the cavity mode we write the full Hamiltonian of the system
as follows

H =howa’a+ Hp+a'T +alt. ©)
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Figure 1. The normalized cavity output intensity of the signal field (x /4y2)/°* plotted against
the intensity parameter J = (x fy} of the pump fields for d = 3 (a) and £ = 5 (&). Curves (1)
represent the semiclassical result (the broken parts of the curves are related to the unstable
solution), while curves (2) represent the exact quantum-mechanical result and they are plotted
for § = 0.025. -

Here the first term is the free part of the Hamiltonijan, and the Jast two terms describe the
coupling of the signal mode with the reservoir, where I' and 't are reservoir operators
giving rise to the cavity damping constant y.

This system in the linear approximation for quantum fluctuations was studied in [13] on
the basis of Langevin equations of motion for stochastic field amplitudes. In that paper the
stability analysis was carried out for the steady-state semiclassical solutions and the system
was shown to produce squeezed light in the above-threshold regime of generation. Note
that in the undepleted pump approximation, stable above-threshold generation of the signal
field becomes possible only due to inclusion of the self-phase modulation in the model.
We list below some of the semiclassical results peeded for the following cons1derat10ns and
comparisons.

The semiclassical result for stable steady-state intensity (in units of photon number per
unit time) of the signal ficld at the output of a single-ended cavity in the above-threshold
generation regime is [13]

2
I =2y(a*a) = % [-ﬁ— - —(11 + L)+ (X /YL - 1} . (4}

Here I3 = |Ey2]* are the intensities of the pump fields (in photon number units), and the
well known input—output formalism [14] has been used.

In the case of equal pump intensities (J; = [z = [I) the stability domains for above—
threshold generation are determined by the following relations

Iy <I<lIp for«.@<A/y<2 . (Sa)
and
vix <{<lp for Afy > 2. Sb)
Here
y {2ZA
o =L (%2 = /&7 3) ®
A 3x(r ,

where [, is the threshold value of /. In the region below the generation threshold (f < 1),
as well as above I, the stability condition is fulfilled only for a zero-amplitude steady-
state solution, i.e. the signal field excitation exists at the spontaneous noise level, hence the
semiclassical value of the output intensity is /" = 0.
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The signal field output intensity [°* is plotted against the pump intensity in figure 1.
The displayed output intensity is essentially bistable in the region of pump intensity from
y/x to I4 and for detuning A > 2y. With increasing detuning parameter A /y the value
of I, and hence the bistability region, increases. Note that vanishing of the signal field
intensity above Iy (in the case A/y > /3 is caused by the cross-phase modulation effect,
The cross-phase modulation is reflected in the fact that in the equations of motion the usual
cavity detuning A is replaced by an effective cavity detuning Aee = A — x(1E1[2 + | E2[2)
(see equations (11)). This implies that an increase in the pump field intensities I; 2 = [Ey3[2
leads to a decrease in A.. As a consequence, the system is carried to the off-resonance
operation regime (with respect to the cavity resonance w,) and the signal-mode generation
vanishes.

It should be pointed out that the linearization procedure about semiclassical steady
states is valid if the quantum fluctuations are small. It is clear from the results of [13] that
the condition of negligible fluctuations along with the requirement for large mean photon
numbers of the signal mode are satisfied if x /¥ < 1, i.e. for relatively stnall non-linearities.

Note that almost identical non-linear systems which can be described by an interaction
Hamiltonian similar to (2} were studied in [15, 16] in relation to tunnelling and classical
amplitude squeezing. The similarity of our model to the model presented in [15] consists
in consideration of the parametric driving (with the resulting coupling constant k¥ ~ x @E,
where x@ is the second-order susceptibility and E is the amplitude of driving field, or
k ~ x®E E; in our case) combined with Kerr interaction in the form of self-phase
modulation. In addition, our model includes the cross-phase modulation effect. However,
the main difference of our model from the mentioned models is that in [15,16] the
effects of dissipation for the signal mode and the quantum fluctuations are not included
in consideration. It is obvious that if we neglect the cavity damping, the comesponding
steady-state solution for the amplitude (intensity) and the phase of the signal mode will
not be stable with respect to fluctuations. In addition, the inclusion of the cavity detuning
and of the cross-phase modulation affects the specific form of the steady-state solution and
leads, in particular, to the appearance of bistability and to the vanishing of the signal mode
intensity well above threshold, respectively.

3. Quasiprobability distribution and field moments

We follow the standard procedures (see, for example, {17, 18]) to eliminate the reservoir
operators and to obtain a master equation for the density operator p of the signal mode.
This is readily achieved in an interaction picture relative to the wg frequency, so that the
free Hamiltonian, which determines the interaction picture operator evolution, is

Hy = hapa™a. (7

Thus the interaction picture operators have a time evolution determined by the following

transformation to the rotating frame
ait) = a exp(—iw.t} = aexp{—iwpt)
a*t(t) = at exp(iwyt) — a¥ expliwot).

®)

The resulting master equation in the Markovian approximation and in the interaction picture
is

oo . I, .
2 =iAla*a, o) — Lix(E}Ea?, o) + Ey Exla?, p}) — Lixiat?e?, p]

at
—ix(E [+ |ExD)ata, o] + ¥ Qapat — pata — a*tap). 9)
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Here we have assumed that the reservoir temperature satisfies the condition &T < ey,
hence we neglect thermal fluctuations.

Equation (9) is then easily transformed into a Fokker—Planck equation for the
quasiprobability distribution function in the complex [18, 19] P-representation:

iP( at) = aA+1 il Dy | P, o) - (10}
ar T | B, T 2 b0, T
where (o, ) = (o), e2), and, as usual, a summation over the repeating subscripts
i, v =12 is assumed. The drift terms in (10) are
Ay =ya —ilA - x(E: P + | B + Sixeto? + iy B Eyat (11a)

Az = yot +ilA — X(IE1P + | E2P)e* — Sixea™ —ixEfEja (115)
and the diffusion matrix is ‘
~ix(E1Es + §o) 0
= . . 2
b ( 0 iX(ETES + 302) (12)
‘We note a multiplicative character of the noise terms, i.e. the amplitude dependence of the
diffusion coefficients. At the same time we see that these noise terms grow with increasing
non-linearity parameter x.
The variables o and ot in equation (10) are independent complex stochastic c-numbers
which correspond to the slowly varying operators 2 and et such that normally ordered
operator moments are obtained via

gty = f [ dodateo™™ Py, o) (13)
C 2]

where C and C’ are appropriate integration paths for & and oF in the individual (o, ™)
complex planes.

The steady-state solution of equauon (10) can be found using the method of potential
equations [7,20]. This yields

Py(o, o) = N(o? + 2E1 Eo)* (@t + 2E} E3)" exp(200™) (14)
where _ -
= =1 =2A/x + A|E: > + 1B %) — 2iy /x (15)

and ¥ is the normalization constant.
Using the solution (14) and noting that the integrals in (13) are identical to those in the
definition of the betafunction [21]

. 0 for odd a
f P —1Ydr = : (16)
c 2i sm(:rrb)B b <+ ]) for even 2

where C is an eight-shaped contour encircling the points t = %1, we obtain for all the
normally-ordered moments of the signal field operators:

{@™"a") = Mun/Moo. : (17)

M = (—2E E2)"*(—2Ef *)’“’22———‘45 Bl 11t b + -

. ,
B(l+1,-+—;-l_—l—)8(l*+l,k—+-2m). (18)
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4. Exact steady-state intensity

Using the general results (17) and (18), and transforming the betafunctions to
gammafunctions (B(x, ¥) = I'(x)C(y)/ T(x +¥)), we write down the steady-state intensity
of the cavity oviput signal field:

1" =2y{ata) = 2y M{, [ M}, (19)
, 1 & (2n — 1) AL

Moy = o+
BT+ (R —d -8 g @ I3 + (B + o — d = 38 + 2k8)2]

(20)

, D& @n+ DY (N1 2)"

M, = . @1
) Z,; @Y T+ () + Jo — d — 36 + 2k5)?) )

Here we have used the moments M), which differ from the M,,, by a constant factor
_ 16w APTMIRY)

"= - 22
T ra+hrac+ D =
and we have defined
he=%n, a=2 _  s=X 23)
¥ 14 4y

We present here the results of numerical calculations for the case of equal pump
intensities Iy = L = /. The normalized output intensity of the signal field is plotted
in figure 1 as a function of the pump intensity parameter J = (x /y){ for different values
of the detuning parameter 4 = A/y. An increase in d leads to extension of the generation
region, where the output intensity differs essentially from zero, as well as to an increase
in the maximal value of the signal intensity and to an increase in the threshold values of
the pump intensity. Note also that with increasing the relative non-linearity parameter 8,
the intensity of the signal mode in the threshold region increases more smoothly, i.e. the
transition region becomes broader. ‘

The absence of hysteresis-cycle behaviour of the exact quantum mechanical mean
intensity, which takes into account quantum fuctnations and has a strictly statistical sense,
is a result of well known studies on optical bistability (see, for example, [22] and references
therein) and, of course, is a fact of general character. Comespondingly, in a guantum
statistical treatment it is more adequate to speak of metastable states connected with a
probability (quasiprobability) distribution function (or with a generalized potential) instead
of stable semiclassical steady states. In this case in order io describe the bistability
phenomenon in more detail one must deal with a transient behaviour and with the approach
of a particular non-linear system to a steady state from a statistical viewpoint. As a result,
one can speak of characteristic iransition times (or quantum unnelling times) between the
metastable states and one can estimate these times in order to ensure the reliability of a2
bistable device on the usual laboratory time scales. This problem, however, needs special
consideration for our non-linear systern and its solution is beyond the framework of the
present paper.

5. Second-order correlation function

The normalized second-order correlation function is defined as

@ latataa) My, My
PO = T = T (24)




Exact quantum treatment of the parametric x @ -interaction 971

where My, and M), are given by equations (20) and (21} and the second-order moment
M3, takes the form
M = Jidy & (2n 4 DY Cn -+ 1Y )"

2T 4 S 2 T+ (N +d —d — 36 +2k8)2]

n

(25)

" The result of numerical caleulation of the correlation function (24) is plotted against the
pump intensity parameter J = (x/y¥} (for I} = I = I} in figure 2. It is readily seen that
below the critical fransition region the correlation function shows superbunching behaviour.
This feature is caused by pair creation of the signal mode photons in the FWM process. With
increasing parameter J the correlation function decreases, however in the critical threshold
region g®(0) has a sharp peak indicating a critical increase in the quantum fluctuations:
g0 =1+ { (An)? /()2 > 1, where (: (An)? :) is the normally-ordered dispersion
of photon number fluctuations, {#) = {(a*a} is the mean photon number. This peak is well
localized for small values of the parameter § = yx /4y, however it becomes both smaller and
broader as the relative non-linearity x /v increases and it disappears for x /¥ ~ 1. Hence
the characteristic threshold behaviour, defined by a drastic increase in the photon number
fluctuations in the transition region, disappears in the case of strong non-linearities.” As can
be seen from equation (12) for diffusion coefficients, such a behaviour corresponds to a
dramatic increase in the role of quantum noise.

In the above-threshold region, where the signal field intensity grows substantially, the
self-phase modulation effect becomes essential and the correlation falls, becoming smaller
than unity, although remaining close to it. This implies a minor non-classical effect of
photon antibunching. Note that such behaviour is in qualitative agreement with the result
obtained in [7] for the process of pure self-phase modulation in a coherently driven cavity.
In terms of the Fano parameter

F = (A (n) = 1 + ()(s® — 1) ’ 26)

this leads to sub-Poissonian photon statistics when a reduction of photon number fluctuations
below the coherent level (F < 1) occurs. For example, in the case of d = 5 and § = 0.01
the minimal value of the Fano factor is F =~ 0.82,-and this value decreases slightly with
decreasing & (F ~ 0.7 in the case § = 0.001). In contrast, as § increases the Fano factor
becomes F ~ 1 and the sub-Poissonian statistics disappear.

With further increase in the pump intensity parameter J the antibunching effect
disappears and it is replaced by photon bunching (g¥(0) > 1). This behaviour is related
to the fact, that, far above threshold (I > I), the system returns to the generation regime
at the spontaneous noise level.

6. Summary

An exact quantum treatment is presented here for the parametric four-wave mixing
interaction of two pump fields of different frequencies with an intracavity signal mode
of degenerate frequency (w; + w; — 2w;). The model considered incorporates self- and
cross-phase modulation effects of the signal mode, which would normally arise in a x ®-
medium. o ‘

An exact steady-state solution of the Fokker—Planck equation for the quasiprobability
P-function was obtained. This solution allowed us to write down an analytic expression
for arbitrary moments of the signal field operators. The behaviour of the exact steady-state
intensity and quantum-statistical properties of the signal field were studied in detail,
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Figure 2. The second-order correlation function 2@ (0) plotted against J = (x/¥}: (@)
3 = 0.025, the full curve corresponds to d = 5, while the broken curve corresponds to d = 3;
(£)5=004and d=35. .

The dependence of the signal field intensity on the x/y dimensionless parameter of
non-linearity shows a broadening of the transition region in the case of large non-linearities
(x/vy ~ 1), in contrast to the x /¥ < 1 case, when the intensity grows drastically. At the
same time, the behaviour of the second-order correlation function and of the photon number
fluctuations in this transition region shows a well localized sharp peak in the case of small
non-linearities (x/y <« 1). Localization of this peak can be identified with a threshold in
the quantum statistical treatment. However, this characteristic peak becomes smaller and
broader as x/y increases, and it disappears for x/y ~ 1.

Above the transition region, where the signal field intensity grows substantially, the
photon statistics displays antibunching and sub-Poissonian behaviour. With a further
increase in the pump intensity the system returns to the regime of generation at the
spontaneous noise level, and the second-order correlation function shows photon bunching,
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