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We apply a simple sudden quench approximation for the unitary work strokes of a quantum Otto
engine in order to provide a general analysis of its performance, applicable to arbitrary quantum
models with two-body interactions. This work extends recent results for an interaction-driven Otto
cycle to generic many-body interacting quantum models, providing universal bounds on their oper-
ation efficiency. From this, we demonstrate that the net work of such an engine cycle is determined
entirely by interparticle correlations. Applications are demonstrated for a handful of paradigmatic
many-body quantum models, including a novel engine—with a spin-1/2 Fermi gas with contact two-
body interactions as its working medium—in which we leverage control over spin polarization to
greatly enhance its performance compared to the unpolarized case. We then extend the analysis of
interaction-driven quantum Otto engine cycles to systems where control is exerted over the strength
of arbitrary quantum operators that might be present in the system Hamiltonian (such as one-body,
or three-body, etc.), finding that the general principles derived for the sudden quench with two-body
interactions apply universally. As an example, this is demonstrated for a conventional volumetric
Otto cycle, where beneficial net work is generated by leveraging the control over the frequency of an
external trap, which is a one-body operator. However, we emphasize that the results derived here
apply universally to all Otto engine cycles operating under a sudden quench protocol.

I. INTRODUCTION

The universal utility of thermodynamics is due in large
part to its ability to make general predictions without
specific knowledge of the underlying model, which may
be described classically or quantum mechanically [1–6].
Indeed, the first and second laws of thermodynamics were
formulated over 50 years prior to the discovery of the
atom [7]. Further, in his original analysis of the heat
engine, Sadi Carnot provided the correct universal upper
bound on its efficiency with no recourse to an underlying
microscopic dynamics [8].

The modern theory of quantum thermodynamics is
motivated by the study of thermodynamic phenomena in
a quantum context [9–19]. In particular, the past decade
has seen a surge in interest towards realizing thermody-
namic devices and protocols within quantum mechanical
systems, an interest that has been motivated in large part
by the rapid advancement in experimental methods and
techniques, which have allowed for unprecedented lev-
els of control over quantum platforms [20–25], and the
prospect of gaining a ‘quantum advantage’ over the clas-
sical counterparts of such devices and protocols [26–34].

Precise experimental control has recently allowed for
the experimental realization of uniquely quantum many-
body engine cycles operating in the quasi-static limit
[35, 36]. However, one may instead consider nonequilib-
rium quantum engine cycles, which naturally operate at
finite power, in contrast to quasi-static operation which
operates with maximum efficiency, but vanishingly small
power. In such cases, it is natural to ask whether it is pos-
sible to make universal statements on the performance of
such nonequilibrium engine cycles, as one is able to for
quasi-static operation [6, 13, 37].

In this work, we utilize a sudden quench approxima-
tion, which greatly simplifies the resulting dynamics, to

provide a general analysis of the performance of nonequi-
librium quantum Otto engines. In particular, in Section
II we extend the recent analysis on many-body quantum
Otto engine cycles operating under a sudden quench of in-
teraction strength, done for the uniform one-dimensional
(1D) Bose gas in Ref. [38], to arbitrary quantum many-
body interacting models. From this, we demonstrate that
the net work of such an interaction-driven Otto engine
cycle is universally determined by interparticle two-body
correlations.

We formulate general bounds on efficiency of the

FIG. 1. Cartoon illustration of the sudden-quench work
strokes in the quantum Otto engine cycle investigated in this
work. The net work of such a cycle depends on the parameter
chosen to quench, illustrated here for an interacting quantum
gas in an external harmonic trap, for two important cases:
interaction driving (left), where control is over interaction
strength, c, and the net work is determined by interparticle
correlations, G(2); and volumetric driving (right), where con-
trol is over the external trap frequency, ω, and the net work
is determined by the atomic density distribution, ρ.
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interaction-driven Otto engine in Section II C. These
bounds rely only on the ratio of the interaction strength
parameters which are suddenly quenched, regardless of
the particular realization in a physical model. We further
demonstrate that engine performance in the limiting case
of an infinitesimal interaction quench coincides precisely
with that of the same cycle performed quasi-statically.

Application of this interaction-driven quantum Otto
engine cycle is examined in paradigmatic quantum mod-
els in Section III. There, we extend our previous anal-
ysis of the sudden quench quantum Otto engine cycle
in the Lieb-Liniger model of a uniform 1D Bose gas,
presented in Ref. [38], to include the effects of diffusive
system-reservoir contact [2]. This provides an illustra-
tive example in regards to the utility of our newly de-
rived upper bound on efficiency. We then investigate an
interaction-driven quantum Otto cycle within a harmon-
ically trapped ultracold Bose gas in 1D, 2D, and 3D
where performance is shown to be maximal in the 1D
system. We additionally introduce a novel Otto engine
cycle in an interacting 1D Fermi gas described by the
Yang-Gaudin model, where control over spin polarization
may be leveraged to greatly enhance performance.

Finally, in Section IV we show how the formalism de-
veloped for the interaction-driven cycle in Section II may
be simply generalized to Otto engine cycles where exter-
nal control is over the strength of any arbitrary quantum
operator present in the system Hamiltonian. We apply
this general analysis to the operation of a conventional
volumetric Otto cycle, with external control over the
harmonic trapping frequency of an ultracold Bose gas,
demonstrating improved performance with increasing di-
mension, in contrast to what was seen in the interaction-
driven cycle.

II. INTERACTION-DRIVEN SUDDEN
QUENCH OTTO ENGINE

In the following subsections, we define an interaction-
driven quantum many-body Otto cycle, extending the
work done previously in Ref. [38] to arbitrary interact-
ing quantum many-body models. From this we demon-
strate that the net work is determined by the difference
of atom-atom correlations measured in the two equilib-
rium states of our Otto cycle. We then provide a general
upper-bound on engine efficiency, and relate the opera-
tion of an infinitesimal sudden quench to adiabatic engine
operation.

A. Interaction strength quench

We begin by introducing the general form of the Hamil-
tonian for our interacting quantum many-body system
that will take the role of the working fluid in the Otto
engine cycle. In particular, we separate the total system

Hamiltonian, Ĥ, into a sum of two operators,

Ĥ = Ĥ0 + c Ĝ2, (1)

where the operator Ĥ0 captures the set of terms that
are kept constant during the unitary work strokes of the
engine (see below). This may correspond to kinetic en-
ergy or, more generally, any other terms that are not
externally manipulated during the work strokes, such as
a static external trapping potential. The operator Ĝ2,
on the other hand, describes the particular form of inter-
particle interactions and is the key quantity of interest
throughout this and the following section, whereas the
constant c characterizes the strength of interactions.

For many paradigmatic many-body models, the inter-
particle interaction operator Ĝ2 can be expressed as an
integral or sum over creation, annihilation, or spin oper-
ators, such as:

Ĝ2=



∫∫
drdr′Ψ̂†(r)Ψ̂†(r′)f(r, r′)Ψ̂(r′)Ψ̂(r),∫∫
drdr′Ψ̂†

↑(r)Ψ̂
†
↓(r

′)f(r−r′)Ψ̂↓(r
′)Ψ̂↑(r),∑

j

Ŝz
j Ŝ

z
j+1,∑

j

ĉ†j,↑ĉ
†
j,↓ĉj,↓ĉj,↑,∑

j

b̂†j b̂
†
j b̂j b̂j ,

(2a)

(2b)

(2c)

(2d)

(2e)

Equation (2a) describes the interactions in a gas of iden-
tical bosons, annihilated (created) at position r by the
field operator Ψ̂(†)(r), with f(r, r′) describing the spatial
dependence of the interaction. Similarly, Eq. (2b) de-
scribes a system of fermions with spin components up (↑)
and down (↓), annihilated and created by their respective
field operators. Equation (2c) describes an Ising interac-
tion between spins on a lattice, Ŝz

j . Lastly, equations
(2d) and (2e) are the Fermi-Hubbard and Bose-Hubbard
interaction operators, respectively, describing on-site in-
terparticle interactions.

As an illustrative example, the Lieb-Liniger model of
a one-dimensional (1D) Bose gas assumes contact inter-
actions, f(x, x′) = δ(x − x′) (cf. Eq. (2a)). For a uni-
form system of length L, the interaction energy operator,
Ĥint = c Ĝ2, is proportional to

Ĝ2 =

∫ L

0

dxΨ̂†(x)Ψ̂†(x)Ψ̂(x)Ψ̂(x)

= L Ψ̂†(x)Ψ̂†(x)Ψ̂(x)Ψ̂(x),

(3)

(4)

such that its expectation value is proportional to the lo-
cal (same point), unnormalized, two-particle correlation
function,

⟨Ĝ2⟩ = L ⟨Ψ̂†(x)Ψ̂†(x)Ψ̂(x)Ψ̂(x)⟩, (5)
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with an interaction strength of c = g/2, where g ≃
2h̄ω⊥as away from confinement induced resonances [39].
The interaction strength c is experimentally controllable
through, e.g., the transverse trapping frequency ω⊥, or
the 3D s-wave scattering length, as, via a magnetic Fes-
hbach resonance [40].

The uncontrolled Hamiltonian operator of the Lieb-
Liniger model, Ĥ0, corresponds to the kinetic energy, and
is given by

Ĥ0 = − h̄2

2m

∫ L

0

dxΨ̂†(x)
∂2

∂x2
Ψ̂(x). (6)

Notably, the interaction-driven quantum Otto cycle for
this model was recently investigated under both quasi-
static [41] and sudden quench [38] protocols.

We highlight here that the interaction operators listed
in Eq. (2) are only a small subset of all possible interac-
tion operators to which our methods apply. Further, as
the focus of this paper is to introduce the general meth-
ods of the sudden-quench Otto engine cycle, in the fol-
lowing we focus on continuous models with contact inter-
actions, i.e., Eqs. (2a) and (2b) with delta function inter-
actions (see Section III A for further details). We note,
however, that both Eqs. (2e) and (2d) may be considered
as corresponding to a discretized version of Eqs. (2a) and
(2b), respectively, for the case of contact (i.e. on-site)
interactions. Further, the case of Ising interactions ex-
pressed in Eq. (2c) was recently investigated for an Otto
cycle under an infinitesimal adiabatic interaction quench
of the transverse-field Ising model in Ref. [42].

Beginning from an equilibrium quantum state, de-
scribed by the initial (i) density matrix ρ̂i, the corre-
sponding equilibrium energy of the system is expressed
as an expectation value ⟨Ĥ⟩i = Tr

[
ρ̂iĤi

]
, where Ĥi de-

notes the total Hamiltonian prior to the quench. The
work strokes of our Otto cycle, which consist of decou-
pling from a reservoir and suddenly quenching the inter-
action strength ci → cf over time δt, may be approxi-
mated via a zeroth-order expansion of the time evolution
operator Û(t0+δt, t0) ≡ Û(δt) as Û(δt) ≃ 1̂. The benefit
of such an approximation is that it allows us to estimate
the work in such a unitary stroke, Wi→f = ⟨Ĥ⟩f−⟨Ĥ⟩i,
in a particularly simple form,

Wi→f ≃ (cf − ci)⟨Ĝ2⟩i, (7)

due to the fact that we are assuming the sudden quench
is so rapid that the state of the system has not had time
to appreciably evolve. This reduces the problem of eval-
uating the work of a single stroke in our Otto cycle to
an equilibrium calculation of the expectation of a single
Hamiltonian term, namely the expectation value ⟨Ĝ2⟩i in
the initial thermal equilibrium state prior to the quench.

FIG. 2. Hamiltonian energy ⟨Ĥ⟩ versus interaction strength
of the working medium, for an interaction-driven quantum
many-body Otto engine cycle operating between two inter-
action strengths ch and cl and in periodic connection to two
reservoirs denoted (h) for the high energy and (l) for the low
energy reservoir. Unitary work strokes A→B and C→D are
denoted via dashed lines to signify the fact that these strokes
are accomplished via a sudden quench rather than by passing
through the intermediate states tracing these lines.

B. Sudden quench Otto cycle

The interaction-driven sudden quench Otto engine cy-
cle consists of four strokes operating between two reser-
voirs denoted (h) (higher energy) and (l) (lower energy)
in Fig. 2:

(1) Unitary expansion, A → B: the working fluid,
which is initially in an equilibrium state ρ̂h at an
interaction strength ch, is disconnected from the
reservoir (h) and has its interaction strength sud-
denly quenched from ch → cl, with ch >cl and en-
ergy difference ⟨Ĥ⟩B−⟨Ĥ⟩A < 0. This means that
the work W1 = ⟨Ĥ⟩B−⟨Ĥ⟩A < 0 is done by the
fluid. Here, ⟨Ĥ⟩J is the expectation value of the
total Hamiltonian given by Eq. (1), i.e., the total
energy of the system, in state J = {A,B,C,D}
shown in Fig. 2.

(2) Thermalization with reservoir (l), B → C: the
nonequilibrium working fluid is connected to reser-
voir (l) and is allowed to equilibrate while keeping
the interaction strength, cl, constant. The working
fluid ejects energy E1=⟨Ĥ⟩C−⟨Ĥ⟩B<0 (which can
be in the form of, e.g., heat, if the contact with the
reservoir is purely thermal) into the reservoir.

(3) Unitary compression, C → D: the working fluid,
now in an equilibrium state described by ρ̂l, is de-
coupled from reservoir (l) and has its interaction
strength suddenly quenched cl → ch, resulting in
work W2=⟨Ĥ⟩D−⟨Ĥ⟩C>0 done on the fluid.

(4) Thermalization with reservoir (h), D → A: the
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nonequilibrium working fluid is connected to reser-
voir (h), allowing for energy exchange at constant
ch, thus taking in energy E2=⟨Ĥ⟩A−⟨Ĥ⟩D>0 from
the reservoir, and returning to its original equilib-
rium state ρ̂h.

The net work, W = W1+W2, of such an engine cy-
cle, where the unitary work strokes are evaluated using
Eq. (7), is therefore given by

W ≃ −(ch − cl)
(
⟨Ĝ2⟩h − ⟨Ĝ2⟩l

)
. (8)

Equation (8) means that the net work W in this sudden
interaction quench Otto engine cycle is determined by
the correlations of the gas in its two equilibrium states,
(h) and (l).

Such a cycle generates net beneficial work (done by the
fluid) if the total work W =W1+W2<0, i.e., if |W1|> W2

(or E1 > |E2|), with a generalised engine efficiency

η = −W

E1
= 1− |E2|

E1
, (9)

where we used the conservation of energy W + E = 0,
with E = E1 + E2 being the total energy. We note that
this generalised efficiency is distinct from a typical ther-
modynamic efficiency, which is defined for a pure heat
engine cycle where the reservoir contact only allows for
energy exchange in the form of heat. This generalised
efficiency, however, extends this to scenarios where alter-
native forms of energy can be exchanged with the reser-
voir. An example of this is chemical work (see, e.g., in
Refs. [43]), where the additional energy exchange can be
facilitated via particle flow from or into the reservoir de-
pending on the chemical potential imbalance.

For the interaction-driven sudden quench Otto cycle
this generalised efficiency can be rewritten as

η ≃ 1−
⟨Ĥ⟩h − ⟨Ĥ⟩l − (ch − cl)⟨Ĝ2⟩h
⟨Ĥ⟩h − ⟨Ĥ⟩l − (ch − cl)⟨Ĝ2⟩l

. (10)

Equations (8) and (10) represent the first key result
of this work, and generalize the results first derived in
Ref. [38] to systems with arbitrary two-body interactions,
such as those given in Eq. (2).

C. Bounds on performance

The above approximation for the net work and effi-
ciency under a sudden quench protocol enables general
principles to be derived for Otto engine performance.
First, for such a cycle operating under a fixed ratio of in-
teraction strengths, ch/cl, the net work, given in Eq. (8),
is enhanced by maximizing the difference of the total
atom-atom correlations in the two equilibrium states,
⟨Ĝ2⟩h−⟨Ĝ2⟩l. Such an engine cycle is therefore best suited
to physical systems that have large difference between the
values of ⟨Ĝ2⟩h and ⟨Ĝ2⟩l.

Second, from the definition of our Hamiltonian in
Eq. (1), the equilibrium expectation value of the total
energy separates into ⟨Ĥ⟩ = ⟨Ĥ0⟩ + c⟨Ĝ2⟩. We may
therefore re-express the generalized efficiency of a sud-
den interaction-quench engine, given in Eq. (10), as

η ≃ 1−
⟨Ĥ0⟩h − ⟨Ĥ0⟩l + cl

(
⟨Ĝ2⟩h − ⟨Ĝ2⟩l

)
⟨Ĥ0⟩h − ⟨Ĥ0⟩l + ch

(
⟨Ĝ2⟩h − ⟨Ĝ2⟩l

) . (11)

Noting that both numerator and denominator in the frac-
tion contain mostly the same terms, we rearrange this
generalized efficiency as

η ≃ 1− cl
ch

1
cl

(
⟨Ĥ0⟩h−⟨Ĥ0⟩l

)
+⟨Ĝ2⟩h−⟨Ĝ2⟩l

1
ch

(
⟨Ĥ0⟩h−⟨Ĥ0⟩l

)
+⟨Ĝ2⟩h−⟨Ĝ2⟩l

. (12)

Recalling that for our Otto engine cycle we require
cl/ch < 1, we observe that the second fraction in the
second term is necessarily greater than 1. Therefore, we
find that the generalised efficiency is upper-bounded by

η < 1− cl
ch

. (13)

We note that, while similar bounds to Eq. (13) have
been derived previously for interaction-driven Otto en-
gine cycles (see, e.g., Refs. [41, 43] for the 1D Bose gas),
the upper bound on efficiency provided in Eq. (13) is
entirely agnostic to the type of system-reservoir contact
utilized in our Otto engine cycle. Indeed, as this bound
makes no reference to any of the other parameters (apart
from the interaction strength) defining the equilibrium
states that the cycle operates between, nor the type of
energy that flows between the reservoirs and the work-
ing fluid, this formula provides a universal upper bound
on all sudden quench cycles operating between the same
ratio of interaction strengths, for all types of models spec-
ified in Eq. (2), and for all forms of system-reservoir con-
tact.

Lastly, for a quasi-static Otto engine cycle, in the limit
of an infinitesimal quench, ch−cl ≡ δc for δc→0, we may
approximate the evolved state by expanding the energy
difference in a Taylor series [42],

⟨Ĥ⟩f − ⟨Ĥ⟩i ≃
〈
dĤ

dc

〉
i

δc+ . . . . (14)

The net work of this infinitesimal quasi-static quench
may therefore be approximated by

W qs ≃ −δc

(〈
dĤ

dc

〉
h

−
〈
dĤ

dc

〉
l

)
. (15)

We then note that these expectation values corresponds
exactly to a typical application of the Hellmann-Feynman
theorem [44, 45], i.e. ⟨dĤ/dc⟩ = ⟨Ĝ2⟩, meaning

W qs ≃ −δc
(
⟨Ĝ2⟩h − ⟨Ĝ2⟩l

)
, (16)
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which corresponds exactly to that for a sudden quench,
given in Eq. (8). Likewise, the efficiency of this quasi-
static Otto cycle under an infinitesimal quench takes the
form

ηqs ≃ 1−
⟨Ĥ⟩h − ⟨Ĥ⟩l − δc⟨Ĝ2⟩h
⟨Ĥ⟩h − ⟨Ĥ⟩l − δc⟨Ĝ2⟩l

. (17)

As the efficiency of this infinitesimal quasi-static quench
takes the same form as that of the sudden quench, given
in Eq. (10), it must also conform to the upper bound
expressed in Eq. (13).

III. APPLICATION OF THE
INTERACTION-DRIVEN OTTO ENGINE

In this section, we demonstrate applications of the
interaction-driven quantum Otto engine cycle introduced
in Section. II. In particular, we first utilize the uniform
Lieb-Liniger model, whose sudden-quench quantum Otto
engine cycle was previously investigated in Ref. [38], to
illustrate the various bounds on engine performance de-
rived in Section. II C. We then provide further examples
of the sudden quench Otto engine for other experimen-
tally relevant physical models, including a harmonically
trapped ultra-cold Bose gases where the role of system
dimension is investigated, and in the Yang-Gaudin model
of spin-1/2 fermions in 1D, where we introduce a novel
quantum Otto engine cycle in which control over the po-
larization of the working fluid is shown to greatly enhance
engine operation.

A. Lieb-Liniger gas

We begin with an illustrative example of the bounds
on engine performance derived in Section. II C. In partic-
ular, we examine the efficiency of the interaction-driven
Otto engine cycle where the working fluid is a 1D Bose
gas with contact interactions. This physical system cor-
responds to the Lieb-Liniger model, whose Hamiltonian
is expressed in Eqs. (3) and (6), and for which opera-
tion as a heat engine (as well as an accelerator, heater,
and refrigerator) was recently studied in Ref. [38]. For
simplicity, we focus here on the regime of weak inter-
actions, γ ≪ 1, where γ = mg/h̄2ρ is the dimensionless
interaction strength for a uniform system of 1D density
ρ=N/L, in the low temperature quasicondensate regime,
2γ≪τ≪2

√
γ, where τ=T/Td is the dimensionless tem-

perature expressed in terms of the temperature of quan-
tum degeneracy, Td= h̄2ρ2/2mkB . Operation outside the
chosen region was investigated in Ref. [38], alongside per-
formance under quasistatic interaction driving, which is
utilized here for the purposes of illustrating the bounds
on performance.

The efficiency of the sudden interaction-quench Otto
engine with the Lieb-Liniger 1D Bose gas as the work-
ing fluid was shown in Ref. [38] to be of the form given

FIG. 3. Efficiency of the interaction-driven sudden quench
Otto engine cycle for a uniform 1D Bose gas in the low temper-
ature, weakly interacting regime (see text), operating between
two reservoirs at a fixed ratio of temperatures, Th/Tl=3. The
case of purely thermal reservoir contact is demonstrated for
the sudden quench, η (solid blue line), and quasi-static, ηqs

(solid red line), protocols. We observe that these two efficien-
cies coincide under small interaction strength ratios, where
ch−cl→0. This may be contrasted with the efficiency of the
thermochemical engine cycle, η̃, which includes chemical work
accomplished via diffusive contact with the reservoirs; in this
example the density difference between the hot, ρh, and cold,
ρl, equilibrium states of the system is chosen to be equal to
∆ρ/ρh =0.2. All efficiencies are compared with the absolute
upper bound derived in the text, given by 1−cl/ch.

in Eq. (10), with ⟨Ĝ2⟩=Nρg(2)(0) for a translationally
invariant (uniform) system. In detail, g(2)(0) is the local
(same-point) normalized atom-atom correlation function,
defined by

g(2)(x, x) =
⟨Ψ̂†(x)Ψ̂†(x)Ψ̂(x)Ψ̂(x⟩

ρ(x)2
, (18)

also known as Glauber’s local second-order correlation
function [46, 47]. The correlation function g(2)(0) can
be evaluated analytically in six asymptotic regimes of
the uniform 1D Bose gas, expressed in terms of γ and
τ [48–50], as well as exactly for any γ and τ using the
thermodynamic Bethe ansatz [51].

In the low temperature, weakly interacting regime
(2γ≪ τ ≪ 2

√
γ, γ ≪ 1), there exist well-known analytic

approximations for both the correlation function [48, 50],

g(2)(0) ≃ 1 +
τ

2
√
γ
, (19)

and the total energy of the uniform system at finite tem-
perature [50],

⟨Ĥ⟩≃N
h̄2ρ2

2m

(
γ +

ζ(3/2)

4
√
π

τ3/2 +
ζ(1/2)

2
√
π

τ1/2γ

)
, (20)
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where ζ(n) is the Riemann zeta function for some ratio-
nal number n. These analytic approximations allow us
to evaluate the efficiency of the interaction-driven Otto
heat engine cycle for a sudden quench, which is shown as
the solid blue curve labeled η in Fig. 3, which was demon-
strated to be in excellent agreement with exact calcula-
tions using the thermodynamic Bethe ansatz in Ref. [38].
We note that engine operation occurs over a finite range
of the interaction strength ratio for the sudden quench
Otto heat engine. This occurs due to the dependence of
the interatomic correlations on the interaction strength,
and results in inevitable operation as a ‘heater’ (instead
of an ‘engine’) beyond a sufficiently large critical value of
ch/cl (see Ref. [38] for further details).

Further, the known analytic formula for entropy in the
same regime [50],

S≃NkB

(
3ζ(3/2)

4
√
π

√
τ −√

γ − ζ(1/2)

2
√
π

γ√
τ

)
, (21)

allows us to evaluate the efficiency of the unitary quasi-
static engine cycle, where the work strokes preserve S.
Quasi-static efficiency is shown in Fig. 3 as the solid
red line, and denoted ηqs. We observe that the sudden
and quasi-static Otto engine cycles converge in the limit
ch/cl→1 (i.e. ch−cl→0), as explained in Sec. II C.

Above, we considered cycles where only heat is ex-
changed with the two external reservoirs (i.e. thermal
contact). However, we may consider instead the situa-
tion where diffusive contact in addition to thermal con-
tact is allowed, which may be accomplished via an intake
of particles from the high-energy reservoir (h) in addition
to heat. Provided the same total number of particles are
removed from the working fluid during contact with the
low-energy reservoir (l), such a system may be considered
to operate as a thermochemical engine [52].

The efficiency of the thermochemical Otto engine cycle
is shown as the blue dotted line in Fig. 3, denoted η̃,
calculated using the same method as the sudden quench
heat engine efficiency, η, given in Eq. (10). In particular,
during the equilibration strokes (B → C and D → A in
Fig. 2) ∆N particles are exchanged with the reservoir
such that the density difference, ∆ρ=ρh−ρl, between the
equilibrium states A and C in Fig. 2 satisfies ∆ρ/ρh =
0.2. Such a generalized efficiency is no longer limited by
the typical bounds on engine performance given by ηqs,
as chemical work may, in principle, be entirely converted
into mechanical work. Therefore, an additional exchange
of particles during system-reservoir contact renders such
a nonequilibrium thermochemical Otto engine capable of
exceeding the adiabatic limit of the Otto engine where
the system-reservoir contact consists of exclusively heat.
However, we see that all sudden-quench engine cycles still
remain bounded by 1−cl/ch, derived in Section. II C for
arbitrary reservoir contact.

B. Harmonically trapped Bose gas

Next, we examine operation of the interaction-driven
Otto cycle in harmonically trapped Bose gases in dimen-
sions d=1, 2, 3. The uncontrolled operator terms consist
of kinetic energy and external trapping potential energy,

Ĥ0 = − h̄2

2m

∫
dr Ψ̂†(r)∇2

rΨ̂(r)

+

∫
drV (r)Ψ̂†(r)Ψ̂(r),

(22)

(23)

where r denotes atomic position in d dimensions, and the
gas is contained in a static and isotropic harmonic trap
of frequency ω, V (r)=mω2r2/2. We note here that the
interaction-driven Otto engine in harmonically trapped
Bose gases have been previously investigated theoreti-
cally in Refs. [43, 52, 53], and recently realised experi-
mentally in Refs. [35, 36].

Control over interparticle interaction strength allows
us to express the net work in terms of the integrated lo-
cal second-order correlation function, given in Eq. (3), as
was the case for the uniform 1D system. However, for
the harmonically trapped gas, this integration must be
performed over the inhomogeneous profile of the corre-
lation function. To do so, we utilize the normalized lo-
cal second-order correlation function, similar to the one
introduced for the uniform 1D system in Eq. (3). Re-
arranging and integrating over r, we express our total
integrated correlation as,

⟨Ĝ2⟩ =
∫

drg(2)(r, r)ρ(r)2. (24)

To continue, we assume that our system is in the
low temperature, weakly interacting regime, such that
it can be modeled using the Thomas-Fermi (inverted
parabola) approximation for the density profile, ρ(r),
with a coherent-state correlation of g(2)(r, r)≃1 [54, 55].
Combining this approximation with Eq. (8), and supply-
ing the h (high-energy) and l (low-energy) subscripts to
the respective equilibrium state quantities, we arrive at
the following result for the net work of this sudden inter-
action quench Otto cycle in d dimensions:

W

h̄ω
≃− 2

(d+ 4)
(gh−gl)

(
ρh(0)Nh−ρl(0)Nl

)
. (25)

Here, we have additionally converted to dimensionless
quantities defined in natural harmonic oscillator units,
so that the dimensionless interaction strength is gh(l) =

gh(l)/(h̄ωlho), where lho=
√

h̄/mω is the harmonic oscil-
lator length for a harmonic trap of frequency ω, ρh(l)(0)=
ρh(l)(0) lho is the dimensionless peak density at the trap
center, and Nh(l) is the total atom number of the work-
ing fluid at the respective equilibrium points, shown in
Fig. 2.

As highlighted recently in Ref. [52], operation of such
an interaction-driven quantum Otto cycle as a pure heat



7

engine, i.e., for system-reservoir contact that is only ther-
mal, is not feasible for a harmonically trapped 1D Bose
gas. In order to extract beneficial net work from such an
Otto cycle, one requires particle exchange with the reser-
voirs in addition to, or in replacement, heat, meaning
operation occurs as a thermochemical engine cycle. The
reason for this requirement is made clear by inspection of
Eq. (25) where, if Nh=Nl, beneficial net work extraction
requires ρ̄h(0)> ρ̄l(0), which is difficult to satisfy when
the temperature of state h is higher than that of l, as
the peak density is reduced at higher temperature due to
thermal broadening of the density profile.

For this reason, and for simplicity, in the following we
consider a chemical Otto engine cycle at T = 0, fueled
solely through intake and output of particles into the
h and l reservoirs, respectively (and hence making it a
purely chemical engine, as was previously investigated for
the quasistatic Otto engine cycle in Ref. [43]). The net
work, given in Eq. (25), of the interaction-driven chemical
Otto engine cycle is shown in Fig. 4 for dimensions d = 1,
2, and 3. As this net work utilizes the Thomas-Fermi
approximation, higher dimensions require increasing to-
tal atom number for this approximation to remain valid
[54, 55]. Hence, to compare net work across physical sys-
tems with differing dimension, we additionally normalize
the net work to the total particle number in equilibrium
state l, Nl, and fix the number of particles exchanged
with the reservoir, ∆N , to be proportional, ∆N/Nl=0.1.

We note that both the maximum height and breadth
over which this cycle operates diminishes with increas-
ing dimension. Upon inspection of the formula for net
work given in Eq. (25), we observe that the extraction
of beneficial net work, i.e. W < 0, corresponds to the
region where ρh(0)Nh >ρl(0)Nl, since gh >gl by defini-
tion. Thus, the engine performance is entirely dependent
on the scaling of the peak density with dimension d,

ρ̄(0) = ρ(0)lho =

(
d(d+ 2)N

2Ωd

) 2
d+2
(

1

2g

) d
d+2

, (26)

where Ωd is an angular geometric factor in dimension d,
with Ω1 = 2, Ω2 = 2π, and Ω3 = 4π. The inverse scal-
ing of peak density with the interaction strength clearly
degrades with increasing dimension, which results in a
decrease of the range over which the engine cycle obtains
beneficial net work.

C. Yang-Gaudin model

The Yang-Gaudin model is a paradigmatic and experi-
mentally realizable fermionic model, describing a uniform
spin-1/2 1D Fermi gas with contact interactions between
the two spin components [56–62]. The Hamiltonian of
this model consists of the kinetic energy term,

Ĥ0 = −
∑

σ=↑,↓

h̄2

2m

∫ L

0

dx Ψ̂†
σ(x)

∂2Ψ̂σ(x)

∂x2
, (27)

FIG. 4. Net work of a sudden interaction-quench Otto engine
fueled by chemical work in an ultra-cold harmonically trapped
Bose gas of dimensions d= 1, 2, and 3 (1D, 2D and 3D) in
its T =0 ground state. Net work is given in natural units of
the harmonic oscillator energy h̄ω, and normalized to the total
particle number of the working fluid in the low energy equilib-
rium state l, given by Nl. This particle number is chosen such
that the Thomas-Fermi approximation is valid for each real-
ization. In particular, we have Nh=(2×103, 5×104, 1×106), for
dimensions d = (1, 2, 3), respectively. The low energy equilib-
rium state (l) is characterized by a dimensionless interaction
strength of gl = 0.1 (in harmonic oscillator units, see text),
and the number of particles exchanged with the reservoirs is
fixed by the ratio ∆N/Nl=0.1 in all dimensions.

where Ψ̂†
↑(↓)(x) is the field creation operator for the spin

up (down) component, and a contact interaction term
between the two spin components,

Ĥint = c Ĝ2 = c

∫ L

0

dx Ψ̂†
↑(x)Ψ̂

†
↓(x)Ψ̂↓(x)Ψ̂↑(x). (28)

Here, c = g1D is the interaction strength, where g1D ≃
2h̄ω⊥as when realized experimentally via strong trans-
verse harmonic confinement of frequency ω⊥ [39, 58, 63],
and as is the 3D s-wave scattering length between the
two spin components. Importantly, as the interactions
are only between the opposite spin components, the cor-
relation may be enhanced or suppressed depending on
the polarization P = (n↑ − n↓)/n, where n = n↑ + n↓ is
the total uniform density, and n↑(↓) = ⟨Ψ̂†

↑(↓)(x)Ψ̂↑(↓)(x)⟩
is the density in the spin up (down) component.

At sufficiently high temperatures, kBT ≫ h̄2c2/2m,
one may express the expectation value of the total atom-
atom correlation as [64, 65],

⟨Ĝ2⟩ = L⟨Ψ̂†
↑(x)Ψ̂

†
↓(x)Ψ̂↓(x)Ψ̂↑(x)⟩

= L
n2(1−P2)

4

(
1−

√
πγ√
2τ

e
γ2

2τ

[
1−erf

(
γ√
2τ

)])
, (29)

where we have introduced a dimensionless interaction
strength γ = 2cm/h̄2n for constant total density n, and
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a dimensionless temperature τ = 2mkBT/h̄
2n2. We

may utilize this analytic expression for ⟨Ĝ2⟩ to evalu-
ate the performance, in particular the net work given in
Eq. (8), of the interaction-driven sudden quench Otto en-
gine cycle—in which the working fluid is a spin-1/2 Fermi
gas in 1D—via the methods introduced in Section II.

As the net work depends directly on the correlations
present in the thermal equilibrium states, we may uti-
lize the dependence of ⟨Ĝ2⟩ on the polarization, P, to
examine its effect on engine performance. In particular,
we begin by fixing the polarization in the high energy
state, Ph=0, in order to maximize the total correlation,
which scales as ⟨Ĝ2⟩ ∝ (1 − P2), as shown in Eq. (29).
Then, given a fixed temperature ratio of the high and
low energy equilibrium states, τh/τl = 2, we investigate
the dependence of net work on the interaction strength
ratio, ch/cl, for a fixed value of polarization Pl=Ph=0.
This net work is shown as the solid blue line, denoted
Pl=0, in Fig. 5. For such a cycle, we observe that bene-
ficial net work (i.e. W<0) only occurs over a small span
of the interaction strength ratio (see inset).

To explain this, we first re-write the total correla-
tion ⟨Ĝ2⟩ in terms of a new dimensionless parameter
χ≡γ2/2τ , which, in the high temperature regime, must
satisfy χ≪1,

⟨Ĝ2⟩=L
n2(1−P2)

4

{
1−√

πχeχ [1− erf (
√
χ)]

}
. (30)

Importantly, this is a monotonically decreasing function
of χ for the region of interest, 0<χ≪1. Hence, as the net
work of the sudden interaction quench Otto cycle, given
in Eq. (8), requires ⟨Ĝ2⟩h > ⟨Ĝ2⟩l to obtain beneficial
net work (W < 0), we require that χh < χl. Thus, one
must satisfy the inequality γ2

h/2τh<γ2
l /2τl. Rearranging,

we find a simple criterion for extractable net work to be
γh/γl <

√
τh/τl, meaning engine operation is restricted

to γh/γl <
√
2 for our fixed temperature ratio τh/τl = 2

and constant polarization Pl =Ph =0. As the region of
beneficial net work extraction for this cycle is small in
both width and amplitude, we plot −W on a logarithmic
scale in the inset of Fig. 5.

Since the interparticle interactions are exclusively be-
tween the two opposite spin components, one may exer-
cise control over the population of each spin component
to enhance the performance of this Otto engine cycle.
Such a scenario may experimentally consist of control
over the individual spin components during the thermal-
ization strokes, via, e.g., an rf pulse. Alternatively, one
may consider the case where the high energy reservoir
consists of a spin-balanced, P = 0 system, and the low
energy reservoir consisting of a spin polarized, P = ±1
system. Connection to these reservoirs during the rele-
vant thermalization strokes would result in the equilib-
rium states of the working fluid satisfying |Pl|> |Ph|,
therefore enhancing the net extraction of work. This en-
hancement is demonstrated in Fig. 5, where operation
between Ph = 0 and Pl = 0.5 is shown as the red solid

FIG. 5. Net work of the interaction-driven Otto engine real-
ized in the Yang-Gaudin model, where beneficial net work is
enhanced via control over spin polarization, P. Engine oper-
ation occurs at a fixed total atom number, N=10, between a
low energy equilibrium state defined by a temperature τl=100
and dimensionless interaction strength γl = 0.01 (see text),
and a high energy state with temperature τh=200. For spin
polarization of Ph=0 (solid blue line), the net work extracted
and the range of ch/cl, over which the system operates as an
engine (W < 0), are very small though. However, increas-
ing the difference in spin polarization between the high and
low energy equilibrium states via control over Pl enhances the
production of beneficial net work.

line, and between Ph = 0 and Pl = 1 as the yellow solid
line. Through this, we observe that one may exploit con-
trol over the polarization of the working fluid in order
to enhance the extraction of work from the Otto engine
cycle that uses a two-component Fermi gas as a working
fluid.

IV. GENERAL SUDDEN QUENCH OTTO
CYCLES

In Sec. II, we demonstrated that the performance of
an interaction-driven quantum Otto engine cycle was en-
tirely determined by the two-body inter-particle correla-
tions when the unitary work strokes consisted of a sudden
quench of the interaction strength c. However, the meth-
ods employed to determine the net work and efficiency of
such a sudden quench engine are entirely independent of
the operator controlled during these work strokes. There-
fore, in this section we demonstrate how the methods in-
troduced in Section II can be generalized to situations
where the externally controllable parameters are related
to arbitrary Hamiltonian operators. We demonstrate the
application to the case of one-body operator correspond-
ing to an external trapping potential. Yet, we emphasize
that such a protocol is entirely general and may be ap-
plied to arbitrary (not necessarily one-body) operators.

We again introduce a Hamiltonian consisting of some
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FIG. 6. Volumetric quantum Otto engine cycle fueled by
chemical work and driven by a sudden quench of harmonic
trapping frequency, with ch(l) = ω2

h(l), in a d-dimensional ul-
tracold Bose gas with contact interactions. Parameters are
chosen for the low energy thermal state (l) to exactly match
that used in Fig. 4, with the same number of atoms exchanged
between the system and reservoir during equilibration strokes.

specified set of uncontrolled operators, again denoted Ĥ0,
and an externally-controllable Hamiltonian operator, cV̂,

Ĥ = Ĥ0 + c V̂. (31)

Operation of this sudden quench Otto cycle follows the
exact protocol detailed in Section II B, with control over
interaction strength replaced by the strength, c, of the
operator V̂, which is again quenched between cl and ch.
Therefore, all formulas found in Sec. II for net work, ef-
ficiency, and the various bounds on operation, apply to
this case with the operator V̂ replacing Ĝ2.

A. Harmonic trap quench in an ultracold Bose gas

To illustrate the application of this sudden quench
quantum Otto engine cycle, we focus on the case of a
harmonically trapped ultra-cold Bose gas with contact
interactions in d = 1 to 3 dimensions, with uncontrolled
terms

Ĥ0 = − h̄2

2m

∫
dr Ψ̂†(r)∇2

rΨ̂(r)

+
g

2

∫
dr Ψ̂†(r)Ψ̂†(r)Ψ̂(r)Ψ̂(r), (32)

where the interaction strength, g, is kept constant. An
external harmonic trap may be incorporated into the to-
tal Hamiltonian (31) via defining

cV̂ ≡ V̂ =
1

2
mω2

∫
dr r2ρ̂(r). (33)

with V̂ ≡ 1
2m
∫
dr r2ρ̂(r), c = ω2 corresponding to

the harmonic trapping frequency squared, and ρ̂(r) =

Ψ̂†(r)Ψ̂(r) being the density operator.
The net work may be evaluated in terms of the equi-

librium expectation value of this operator,

⟨V̂ ⟩ = 1

2
mω2

∫
drρ(r)r2 ≡ 1

2
mω2⟨r2⟩, (34)

where we have defined the atomic position variance ⟨r2⟩.
From this, we arrive at the following expression for net
work

W = −1

2
m(ω2

h − ω2
l )
(
⟨r2⟩h − ⟨r2⟩l

)
. (35)

In the weakly interacting regime, and at sufficiently
low temperatures, the expectation value of the position
variance, ⟨r2⟩, can again be evaluated using the Thomas-
Fermi approximation, similar to that shown in Section
III B,

⟨r2⟩ = Nd

(d+ 4)
R2 (36)

where R2 = 2gρ(0)/(mω2) is the squared Thomas-Fermi
radius in a d-dimensional system.

Operation of this volumetric Otto engine cycle is
demonstrated in Fig. 6, for ultracold Bose gases in dimen-
sions d = 1 to 3. In particular, we investigate operation of
the sudden quench Otto cycle which is fueled by chemical
work via particle transfer with the high and low energy
reservoirs. The parameters defining the low energy equi-
librium state l, and the number of particles transferred
to and from the working fluid during system-reservoir
contact, are all chosen to match that of Fig. 4. The in-
terparticle interaction strength is kept constant during
the entire cycle at the same value of the low energy equi-
librium state, cl, in Fig. 4. This is done so that we may
make a more direct comparison between the volumetric
and interaction-driven quantum Otto engine cycles.

In contrast to the interaction-driven cycle, we observe
an increase in the beneficial net work of the volumet-
ric engine cycle in 3D when compared with that seen
in the lower dimensions. This is simply explained by
the dependence of the atom position variance, given in
Eq. (36), on the harmonic trapping frequency. In detail,
this factor scales with the harmonic trapping frequency
as ⟨r2⟩ ∝ ω−4/(d+2), which improves with increasing di-
mension. Beneficial net work extraction, which relies on
⟨r2⟩h−⟨r2⟩l, is therefore also improved with increasing
dimension.

Finally, we highlight that the upper bound on effi-
ciency, given in Eq. (13), for this volumetric sudden
quench engine cycle is

η < 1− ω2
l

ω2
h

. (37)

Similar bounds have been derived previously for sud-
den quench Otto engine cycles which leverage control
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over one-body operators. In particular, it was shown
in Ref. [33] that the efficiency of the Otto heat engine
is bounded from above by η ≤ (1 − ω2

l /ω
2
h)/2, which is

exactly half of our upper bound. However, such a bound
applies generally only for non-interacting quantum gases,
or gases where the interaction term in the Hamiltonian
takes a scaling form [66], which is in general not satisfied
for an ultracold Bose gas with contact interactions. We
therefore again highlight that the above bound is applica-
ble for control over any operator with arbitrary system-
reservoir contact, and is therefore universal.

V. CONCLUSIONS

In this work, we have generalized a previous study on
the interaction-driven quantum Otto engine cycle, done
in Ref. [38] for the uniform 1D Bose gas, to arbitrary
many-body interacting quantum models. In particular,
we showed in Section II that the net work is universally
determined by the difference in the total correlation of
the high and low energy equilibrium states, for Otto en-
gine cycles where the work strokes consist of a sudden
quench and the equilibration strokes allow for arbitrary
system-reservoir contact. Additionally, in the limit of an
infinitesimal quench of interaction strength, we demon-
strated that the sudden quench engine cycle operates
with the same performance as the quasi-static cycle, a
fact that was previously noted for the transverse field
Ising model in Ref. [42], and here extended to arbitrary
interacting quantum systems.

The efficiency of the interaction-driven cycle was seen
to give rise to a universal upper bound, which takes the
form η<1−cl/ch for some externally controllable interac-
tion strength c. As this formula only makes reference to
the ratio of interaction strengths, it is universally appli-
cable to any sudden quench Otto engine cycle operating
with such a ratio of interaction strengths.

To demonstrate the breadth of application of the for-
malism introduced, in Section III we investigated opera-
tion of the interaction-driven Otto engine cycle in a va-
riety of models. In particular, we first examined a sud-
den quench Otto engine cycle in the Lieb-Liniger model
of a uniform 1D Bose gas, where the efficiency under
an additional exchange of particles between the working
fluid and the reservoirs was shown to exceed the adia-
batic limit of the Otto engine cycle where only heat was

allowed to flow between the reservoirs and the working
fluid. We then applied this formalism to the case of an
ultracold Bose gas in 1, 2, and 3 dimensions, where the
breadth of engine operation with interaction strength ra-
tio was enhanced in lower dimensions.

Furthermore, we have introduced a novel interaction-
driven engine model for a 1D gas of spin-1/2 fermions,
described by the Yang-Gaudin model. This nonequilib-
rium Otto engine cycle was shown to operate as purely
a heat engine over a limited range of the ratio of inter-
action strengths, generating a small amount of beneficial
net work. However, we then demonstrated how control
over the spin polarization of the high and low energy
thermal equilibrium states may be utilized to provide an
additional source of ‘fuel’ for its operation. Such control
was shown to greatly enhance the net work, which itself
depends on the inter-spin correlation.

Finally, in Section IV we demonstrated how the
methods introduced to evaluate the performance of the
interaction-driven Otto engine cycle are applicable to
control over arbitrary Hamiltonian operators. Oper-
ation of this general quantum Otto engine cycle was
demonstrated for the particular case of a harmonically
trapped ultra-cold Bose gas, where external control is
over the harmonic trapping frequency. In contrast to the
interaction-driven case, we observed that beneficial net
work extraction increases with increasing dimension, a
fact that was explained by the dependence of the net
work on the quantity ⟨r2⟩, which scales favorably with
the trapping frequency with increasing dimension.

As the sudden quench approximation utilized in this
work is independent of the type of operator that is exter-
nally controlled, the results derived here are not limited
to simple one- or two-body operators; indeed such gen-
eral considerations are applicable without modification to
systems with non-local interactions or higher many-body
operators. Therefore, we emphasize that all results de-
rived for the interaction-driven cycle apply to the case of
arbitrary operators, including the efficiency upper bound
and quasi-static operation under infinitesimal quenches.
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