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An A, Bailey tree and Agl) Rogers—Ramanujan-type
identities

Abstract. The A, Bailey chain of Andrews, Schilling and the author is extended to a four-parameter
A, Bailey tree. As main application of this tree, we prove the Kanade—Russell conjecture for a three-
parameter family of Rogers—Ramanujan-type identities related to the principal characters of the affine
Lie algebra Aél ) Combined with known g-series results, this further implies an Agl ) -analogue of the
celebrated Andrews—Gordon g-series identities. We also use the A, Bailey tree to prove a Rogers—
Selberg-type identity for the characters of the principal subspaces of Aél) indexed by arbitrary level-k
dominant integral weights A. This generalises a result of Feigin, Feigin, Jimbo, Miwa and Mukhin
for A = kAy.
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1. Introduction

Let (a;q)e := (1 —a)(1 —agq) --- and (a; @), := (a; ¢)/(aq™; g)w for n an integer. In
particular, (a;q)o =1, (a;q),=(1-a)(1—aq)---(1—aqg" ") forn>0and 1/(q;¢), =0
for n < 0. Further let a, k, T be integers such that k > 1,0 < a < k, 7 € {0, 1}, and fix
K := 2k + 7 + 2. Then the modulus-K Andrews—Gordon—Bressoud g-series identities are
given by
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where T = 1 corresponds to the Andrews—Gordon or odd modulus case [3] and 7 = 0 to the
Bressoud or even modulus case [19]. The Andrews—Gordon identities for £ = 1 simplify
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to the famous Rogers—Ramanujan identities [72-74]
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These identities and their generalisations due to Andrews, Gordon and Bressoud have a
rich history. They are the analytic counterpart of well-known theorems for integer partitions
[18,19,43,64,76], have numerous important interpretations in terms of the representation
theory of affine Lie algebras and vertex operator algebras [23, 24,29, 33,45, 54,57-61,
65, 66, 81], and have arisen in a variety of other contexts such as in algebraic geometry
[21,69], combinatorics [26,36], commutative algebra [1, 11,68], group theory [25], knot
theory [10, 46], number theory [20, 67], statistical mechanics [14, 15, 86], the theory of
orthogonal polynomials [39, 49], and symmetric function theory [13, 48, 71, 80]. For a
comprehensive introduction to the Rogers—Ramanujan identities and their generalisations
we refer the reader to An invitation to the Rogers—Ramanujan identities, by Sills [78].

The representation-theoretic interpretations of the Andrews—Gordon—Bressoud iden-
tities based on the affine Lie algebra AE]) make it a natural problem to try to extend (1.1)
to Aii)]. Despite the long history of the subject, this is very much an open problem. In
1999 Andrews, Schilling and the author succeeded in finding (some) analogues of (1.1)
for Agl) for all moduli [8]. To succinctly describe these results, we require the modified
theta functions 6(z; q) = (2; ) (q/7; @)eo and 0(z1, ..., 2n; q) == 0(2159) - - - 0(zn; q),
and the g-binomial coefficients
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for integers n, m such that 0 < m < n and zero otherwise. We also need the appropriate Agl)—

analogue of 1/(¢*>~7; 4> ), (which occurs in (1.1) with n = A;), and for n, m nonnegative
integers and 7 € {-1,0, 1}, we define
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where p = ¢ if 7> = 1 and p = ¢° if 7 = 0. Thus, in the simplest and perhaps most important
case, gn.m:1(q) = 1/((q4: ©)n(q: ©)m(q*; @) nsm)- Then, for a, k, T integers such that k > 1
0<a<kandte {-1,0,1}, it was shown in [8] that
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where K := 3k + 7+ 3 and g% = g0 := 0. From a g-series as well as combinatorial
point of view this is a perfectly good analogue of (1.1). For example, by the Borodin
product formula [17], the right-hand side corresponds to the generating function of cyl-
indric partitions [42] of three rows with ‘profile’ given by (K — 2a — 3, a, a). If, however,
one wishes to interpret (1.4) as an identity for the principal characters of Aél) (characters
of the principally graded subspaces of basic Aél) modules in the sense of [37,60]) or, for
3 t K, as branching functions of Aél) and characters of the “W5(3, K) vertex operator al-
gebra (see [90, Section 4]), then one should multiply both sides of (1.4) by (¢; ¢)e.' This
would obscure the positivity of the left-hand side, and for this reason we will not view
the above as the “proper” A;l)—analogues of the Andrews—Gordon—Bressoud identities.
Instead we follow Kanade and Russell [51] and refer to (1.4) as the Andrews—Schilling—
Warnaar identities, or ASW identities for short. From both a representation theoretic and
cylindric partition point of view it is clear that the above set of ASW identities is not
complete, and there should be an appropriate multisum expression for each dominant in-
tegral weight (K —a — b —3)Ag + alA| + bA, of A;l) or each cylindric-partition profile
(K —a - b -3,a,b), with corresponding product form as above but with theta function
given by 6(g™*!, g"*1, q**"*2; ¢X). Recently Kanade and Russell [51, Conjecture 5.1]
(see also [52]) posed the following beautiful conjecture that covers all cases for which
0<Labxgk.

Conjecture 1.1 (Kanade—Russell). Let a, b, k be integers such that 0 < a, b < k, and let
K:=3k+1t+3fort e {-1,0,1}. Then
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where g0 = gt = (.

For b = 0 and 72 = 1 this was previously conjectured in [90, Conjecture 7.4]. By sym-
metry in a and b, there are (kzz) distinct identities for fixed k, where it is noted that the
right-hand sides for (a, b) = (k, k) and (a, b) = (k, k — 1) are the same if 7 = —1 due to the
simple relation 6(z; q¢) = 6(q/z; q). In the following we may thus without loss of generality
assume that @ > b. For 7 = —1 the sum over y can be carried out by a limiting case of the

I'The result (1.4) may be interpreted as an identity for the principally specialised characters of
g/1i§) indexed by (K —2a — 3)Ag + a(Aq + Ay) for 0 < a < k, see e.g., [37,82]. This, however, does
not match the interpretation of the Andrews—Gordon—Bressoud identities as character identities for
the principal characters of S/I(E) = Ail).
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g-Chu—Vandermonde summation (see e.g., (3.8) below), resulting in the slightly simpler
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where 0 < b <a< k(b #k), Adxgs1 = ur =0, and, for k = 1, pg := oco.

Besides (1.4), also the (a, b) = (k,0) and (k — 1,0) instances of (1.5) for 7> = 1 were
proved in [8]. For the moduli 5 and 7 this covers all identities in (1.5). The identity of smal-
lest modulus missing from [8] corresponds to (a, b, k,7) = (1,0, 1,0) which has modulus 6.
Kanade and Russell proved this by solving the Corteel-Welsh system of functional equa-
tions [28] for cylindric partitions of profile (d — a — b, a, b) for d = 3, see [51, Corollary
7.5]. For the moduli 8 and 10 they again solved the corresponding Corteel-Welsh systems
(in these cases d = 5 and d = 7 respectively) confirming the conjecture. Alternatively,
the modulus-8 case is implied by combining the recent results of Corteel-Dousse—Uncu
[27] and the author [90] on modulus-8 Rogers—Ramanujan-type identities for Aél) . Finally,
Uncu [85, Theorems 4.4 & 5.4] settled the moduli 11 and 13 by algorithmically confirm-
ing and complementing a conjectured partial solution to the Corteel-Welsh system due to
Kanade and Russell.

The first main result of this paper is a case-free proof of the Kanade—Russell conjecture
for arbitrary modulus.

Theorem 1.2. The Kanade—Russell conjecture holds for all moduli.

The three cases of smallest modulus not previously proved in the literature are k = 2,
7 =0and (a,b) € {(1,0), (2,0), (2, 1)}. For example, for (a, b) = (2,0) the theorem
confirms the modulus-9 identity
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where we recall that 1/(g; ¢), = 0if n is a negative integer, so that the summand vanishes
unless A1 > Ay and py > po.

As mentioned above, from a representation theoretic point of view the ASW identit-
ies should be multiplied by a factor (¢; ¢)e. For 7> = 1 this factor can be absorbed in
the multisum using a transformation formula from [90]. This gives what we view as the
Andrews—Gordon identities for Aél) . In full generality this result is too involved to be stated
in the introduction and below we restrict ourselves to the special case b = 0. For the full
result the reader is referred to Theorems 7.2 and 7.3.
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Theorem 1.3 (A;l) Andrews—Gordon identities; b = 0 case). Let a, k be integers such that
0< a< k. Then

2yl A kel
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where Ags1 =0, U1 := Ak and K =3k + 4.

These results were conditionally proved in [90] assuming the truth of (1.5) for » = 0 and
72 = 1. The g-series in (1.6a) and (1.6b) correspond to the principal characters of the Aél) -
highest weight module L((K — a)Ag + al;) for K = 3k +2 and K = 3k + 4, respectively.
Alternatively, they may be recognised as the normalised characters of the ‘W3 (3, K) vertex
operator algebra of conformal weight a(a + 3) /K — a.

One of the most streamlined proofs of the Andrews—Gordon—Bressoud identities (1.1)
is based on what is known as the Bailey lattice [2], which is a generalisation of the well-
known Bailey chain [5]. Our proof of Theorem 1.2 presented in Section 5 is based on an
Aj-analogue of a special case of the Bailey lattice which, due to its tree-like structure, we
refer to as the A, Bailey tree. A single branch of the A, Bailey tree corresponds to the A,
Bailey chain developed in [8] to prove the ASW identities (1.5). Andrews’ original proof
of the Andrews—Gordon identities [3] predates the discoveries of the Bailey chain and
Bailey lattice, and instead is based on recursion relations for the Rogers—Selberg function
Qk.i(z; q) defined by [74,77]

(e8]

Z (1 _ Ziq(2n+l)i)(_l)nzknq(2k+1)(";1)_in (2q; @n (1.7)

Or,i(z:9) = G d)w 2 (@:q)n

for integers i, k such that 1 < i < k. These recursions were solved by Andrews to give the
multisum representation [3, Equation (2.5)]

A1+ 4+ Ak e A1+ i+ -1

Z q!
Ori(zg)= ) : : —. (1)
A 20 (q7 q)/l]*/lz e (‘], C])/lk,z—/lk,l (q; Q)A;H

Equating the two expressions for Qy ;, specialising z = 1 and using the Jacobi-triple product
identity yields (1.1) with (a,k) + (i — 1,k — 1) and 7 = 1. The equality of (1.7) and (1.8)
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may also be proved by the Bailey lattice, and by lifting this proof to the Aj-setting we

obtain the following identity for the character of the level-k principal subspace W, of Aél)

indexed by A = (k —a — b)Ag + aA| + bA; (see Section 8 for details). Let O, := {y =

(Y1, y2,53) €Z% - yi+y2+y3=0, y1 >0, y1+y2 > 0}.

Theorem 1.4. For a, b, k integers such that 0 < a, b < k, let v be the strict partition
=(a+b+2,b+1,0). Then
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where g% = g = Apy1 = pgsr = 0.

Setting (x1,x2,x3) = (zw, w, 1) and letting w tend to 0, the summand on the left van-
ishes unless y = - - - = ug = 0, resulting in Qx+1.4+1(2/¢; g) in its multisum representation
(1.8). In this same limit the summand on the right vanishes unless (yy, y2, y3) € Q4 is of
the form (n, —n, 0) for n € Ny. After some simplifications this yields Q+1.4+1(2/¢; q) as
defined in (1.7). In contrast to the Ail) case, (1.5) does not follow from Theorem 1.4 by
specialisation of the x;. For b = a the determinant on the right (which up to normalisation
is a Schur function [63]) factorises, resulting in the simpler
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For a = 0 this is [31, Corollary 7.8] by Feigin et al. The large-k limit of Theorem 1.4 gives
our next result, where &2 denotes the set of integer partitions.

Corollary 1.5. For a, b nonnegative integers and v .= (a+b +2,b + 1,0),

(ﬂ)’li (Z2)k =2 pi il —x (i<a) A —x (i<b) p;
X2 X3 q
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where g% = g+ = 0.

For a = b the right-hand side simplifies to
1 — (x;i/x;)2*! |

L=xi/x;  (gxi/xj; @)

1<i<j<3
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so that the a = b = 0 case of Corollary 1.5 gives the A; instance of Hua’s combinatorial
identity for quivers of arbitrary finite type, see [47, Theorem 4.9] and the minor correc-
tion pointed out in [38]. The determinant in Theorem 1.4 also simplifies for (x;, x,x3) =
(22,2, 1), resulting in

ZAitHi qﬂ?—ﬂiﬂiﬂl? —x(i<a);—x (i<b)p;

1 _ Z2 /la+[,lb—1
Z ( 1 )]_[ (@5 D -0 (6 D i

Aue? i>1
B 1 (1 _ Za+1)(1 _ Zb+1)(1 _ Za+b+2)
(2920, 2¢:9)«  (1-2)(1-2)(1-22)
where (ai,...,ar;q)o = (a1;q)w - - - (ak; ). For z = g this proves another conjecture

by Kanade and Russell, stated as Conjecture 3.1 in [51].

The rest of this paper is organised as follows. In Section 2 we recall some standard
material from the theory of g-series, root systems and symmetric functions that is used
throughout the paper. Then, in Section 3, we review the classical or A; Bailey chain and
a special case of the Bailey lattice which in this paper will be referred to as the A; Bailey
tree. Although all of the material in this section is essentially known, some results are
formulated in a form that is new. In particular, the Bailey tree will be recast as a one-
parameter deformation of the Bailey chain. In Section 4 the A; Bailey chain of [8] is
generalised to an A, Bailey tree. The simplest part of this tree consists of a two-parameter
deformation of the A, Bailey chain, analogous to the one-parameter deformation described
in Section 3. As it turns out, this two-parameter Bailey tree can only prove the Kanade—
Russell conjecture for b = 0, and to obtain the full set of identities we develop an additional
and more complicated four-parameter deformation of the A, Bailey chain. In Section 5 we
apply the A, Bailey tree to a suitable root identity to prove Theorem 1.2. As mentioned just
above Conjecture 1.1, there should be an ASW identity for each dominant integral weight
(K—a—-b-3)Ag+alA; + b\, of A" and in Theorem 6.1 of Section 6 the missing
cases for 7 = 0 are obtained using a key observation due to Kanade and Russell. Then,
in Section 7, we prove the A;l)-analogues of the Andrews—Gordon identities, stated in
Theorems 7.2 and 7.3. In Section 8 we give a short introduction to the principal subspaces
of A; 1_)1 in the sense of Feigin and Stoyanovsky, and then apply the A, Bailey tree to prove
Theorem 1.4. Finally, in Section 9 we discuss the prospects of an A,_; Bailey tree and a
generalisation of (1.5) to arbitrary rank r.

2. Preliminaries

A partition 2 = (41, A, .. .) is a sequence of weakly decreasing integers such that |2| :=
A1+ A2 + -+ - is finite. We will follow the convention to omit the infinite string of zeros in
a partition, writing (4, 3,2, 2, 1) instead of (4,3,2,2,1,0,...). If A is a partition such that
|4| = n, we say that A is a partition of n and write A + n. The set of all partitions, including
the unique partition of 0, is denoted by &2. The length /(1) of a partition A is defined as the
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number of positive 4;. A rectangular partition is a partition A suchthat1; =--- =4, =m
for some positive integer m and A,.; = 0. We will typically denote such a A by (m”). The
partition y is said to be contained in the partition A, denoted u C A if y; < A; foralli > 1.

Many of the identities in this paper involve a sum over the root lattice Q of A,_; or a
subset thereof, mostly for r = 3. It will be convenient to employ the standard embedding
of this lattice in Z", and we set

0 ={01,y2,-..,Vr) EZ :y1+y2+---+y, =0}, (2.1a)
O ={01,y2,...,yr)€Q:y1+---+y;>0forall 1 <i<r}, (2.1b)
Oy ={O1,Y2, .-, Yyr)EQ :y1=2y22> -2V} (2.1¢)

For y € Q we also define y;j :=y; — y;j for 1 <i < j < r, where the reader is warned that
for the sake of brevity the two indices i and j will not be separated by a comma. Let ;
denote the ith standard unit vector in R” and (-, -) the standard scalar product on R”, so
that (g;, &) = 0;,j, with §; ; the Kronecker delta. Fori € I := {1,...,r — 1}, let

i
aj=¢€—¢€iy1 and wi=&+ -+ ——(e1+--+&)
r

be the ith simple root and ith fundamental weight of s, respectively, so that {a;,w ;) =; ;.
Then Q. corresponds to ) ;; Noa; and QO+ = Q N Py, where P, = Y;c; Now; is the set
of dominant (integral) weights of sI,..

In this paper, g-series are typically viewed as elements of the formal power series ring
R[[¢]] with R an appropriate coefficient ring or field, such as Z, Q(a) or Q(z, w). A notable
exception will be the g-series featured in Gustafson’s ¢if¢ summation (4.4) for the affine
root system A;l_)]. This require complex g such that |¢| < 1. Many of our proofs rely on
identities for basic hypergeometric functions [40]. Using the condensed notation

k

(a,....ak:q)n = ﬂ(ai;q)n,

i=1

for n € Z U {0}, the ,- ¢, basic hypergeometric function is defined as

aj,...,dr = (al,...,ar;q)k k (k) s—r+l k
- 1q,z| = -1 2 z<. 2.2)
¢S|:b1,"'3bs q ] ;)(q’bls"'9bs;q)k(( )q )

This will only ever be used for terminating series, i.e., for series such that one of the numer-
ator variables a; is of the form ¢~" for n a nonnegative integer. This ensures the summand
vanishes unless k£ € {0, 1,...,n}. We also adopt the standard one-line notation

ros(ay,...,ar;b1,...,bs3q,2)

for the series (2.2) and abbreviate the very-well-poised basic hypergeometric function
1/2 1/2
a15a1 q5_a1 q,a4,...,0r

r¢r—1 1/2 1/2 4-2
a,’“,-a/'",a1q/as,...,a1q/a,

b}

as W,_1(arsaq,...,a,:q,2).



An A Bailey tree 9

3. The A Bailey lemma

To motivate the A, Bailey tree presented in the next section, we first review the classical
A case. Since the aim is to prove Aél) generalisations of the Andrews—Gordon—Bressoud
identities (1.1), we will focus on that part of the Bailey machinery needed for proving (1.1).
This allows us to adopt simpler notation than is typically found in treatments of the Bailey
lemma such as in [5, 6, 88]. This notation is also more suited to generalisation to A, and,
ultimately, A,_, since for higher rank the use of actual Bailey pairs often is notationally
very cumbersome. The reader familiar with the existing literature should have no difficulties
translating most of the results presented below in terms of Bailey pairs and transformations
of such pairs.

Recall that 1/(g; q), = 0 for n a negative integer. The main ingredients in our treatment
of the Bailey lemma are the following three rational functions:

1 1—uz—(1-u)zg"
On(z39) = ————,  Pu(wsz39) = : ( . )4 (3.1
(q7 q; q)n (6], q)n(Z, q)n+l
and
qur2
(Kn;r(Z;CI) =
(4: Dn-r

where n, r € Z. The reason for separating # and z as well as n and r by semicolons is that
n,r,u and z all become sequences in the higher-rank case. For later reference we note that

®,(z75q7") = (29)"¢" ®ulz: 9), (3.2a)
D,(1;2:9) = Pu(z:q),  Pu(z'12:9) = ¢"Pp(z:9) (3.2b)

and uz
@, (u;2,9) = Pn(z/q;q) — —— Pu-1(29: q). (3.3)

(Z’ 6])2
From [40, Equation (2.3.4)] it follows that
n

Z " O (2473 q)Pr-n (26757 = Sun, (3.4)

r=N

which is Andrews’ A matrix inversion [4, Lemma 3] in disguise.

A key role in the Bailey lemma [12] is played by the above-mentioned Bailey pairs.
These are pairs of sequences (a(z; ¢q), 8(z; g)) indexed by nonnegative integers and de-
pending on parameters z and ¢ such that’

Z" ar(z;9)
n\Z; = ) 3.5
Ptz a) (45 Dn-r (2G5 Qnsr (-5

2]t the literature on the Bailey lemma it is customary to use a instead of z, and to refer to a pair
satisfying (3.5a) as a Bailey pair relative to a.
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or, equivalently, [4, Lemma 3]
N Lz ) (G @D
“"(Z’Q)_;:U o G0t L (). (3.5b)

In [5] Andrews discovered that, given a Bailey pair relative to z, there is a simple
transformation (already implicit in the work of Bailey) that turns this pair into a new Bailey
pair relative to z. This can be iterated to yield what Andrews termed the Bailey chain:

(@(z:9).B(z:q)) = (@' (z:9), B (z:9)) = (@ (z59), B (z39)) = -+ - . (3.6)

The essence of (a special case of) this transformation is captured in the following lemma,
which by abuse of terminology we also refer to as the A Bailey chain. In particular it should
be clear that the result below lends itself to iteration thanks to its reproducing nature.

Lemma 3.1 (A Bailey chain). For n a nonnegative integer,

Z Knir (23 )Py (23 9) = Pu(z5 q). (3.7)

r=0

Proof. In g-hypergeometric notation the identity (3.7) is

—-n n 1
101(a7"2q: 43 24" = ———, (3.8)
(24 @)n
which is the terminating form of [40, Equation (IL.5)]. |
Corollary 3.2. We have
z* q i
@, (z:9) =
A;@ 1:1[ (@ Da-a
where Ay ;= n.
Proof. By a k-fold application of (3.7),
D,(z9) = Y| Pa(z:9) ]_[m, (2 9),
Ae P i=1
1)<k
where A := n. Letting k tend to infinite yields the claim. ]

The Bailey chains (3.6) or (3.7) alone are not enough to prove the full set of Andrews—
Gordon—Bressoud identities (1.1), and in [2] Agarwal, Andrews and Bressoud found a
further transformation for Bailey pairs, this time scaling the parameter z by a factor g:

(a(z:9),B(z:9)) = (&' (z/q:9). B (z/9:9)).

Combining this with the original transformation allows for more complicated patterns of
iteration which are not linear in nature. This led Agarwal, Andrews and Bressoud to refer
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to their discovery as the Bailey lattice. Equipped with the Bailey lattice it is a simple
exercise to prove (1.1) in full. The part of the Bailey lattice needed for proving the Andrews—
Gordon—Bressoud identities has the structure of a simple binary tree, and is captured in
the following lemma.

Lemma 3.3 (A Bailey tree). For n a nonnegative integer,

> Ko (22 )@ (1:2:q) = @u(1:2:9), (3.92)
r=0
and
ZWn;r(z/q;q)(I»(u;z;q) =®,(uz;2;9). (3.9b)
r=0

By @,,(1;z; q) = ®,(z; q), the first claim is merely a restatement of the Bailey chain.
The crucial part of Lemma 3.3 is that one can first repeatedly apply (3.9a) (or (3.7)) and
then change the nature of the iteration by continuing with (3.9b), initially with u = 1, then
u = z, u = z* and so on, changing the linear nature of Lemma 3.1, instead generating the
binary tree

where the label i € N represents the rational function ®,,(z'; z; ¢). Of course, (3.9b) in
isolation allows for

@, (u;2:9) > @, (uz: 2, q) = P, (uz>;2:q) - ©p(uz;2:9) — -+,
but if one wishes to combine (3.9a) and (3.9b) then this fixes u = 1.

Proof of Lemma 3.3. Since (3.92) is a restatement of (3.7), only (3.9b) requires proof.

By (3.1) or (3.3) it is clear that both sides of (3.9b) are polynomials in « of degree one.
Taking the constant term using (3.3) yields (3.7) with z — z/q. Similarly, extracting the
coefficient of u in (3.9b) and dividing both sides by —z/(z; q)2, gives

n

Ko (2/q; ) Pr-1(29: q) = 2Pn-1(29; q)-

r=1

Here we have also used that ®_; = 0 to change the lower bound on the sum from O to 1.
Shifting » — r + 1 and noting that

Konr+1(2/q3q) = 2Kn-1.- (295 ),

results in (3.7) with (z,n) — (zg,n - 1). n
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Before we are ready to demonstrate how the Andrews—Gordon-Bressoud identities
(1.1) arise from the above results, a slight reformulation of the previous two lemmas is
needed. For this purpose we define

D,y (2975q) 1
(zg9: )2y (@5 Dn-y (24 Dnry’

(Dn;y(Z;CI) =

®,.,(u;z;9) := Oy (32¢739) 1 -uzg® = (1 -u)zq"
e (243 q)2y (4 Dn-y (20 Dy (1 = 2g*)’

where n, y € Z. Note that once again ®@,,;,(1; z; g) = ®,,,(z; ¢), and that ®,,., vanishes
unless n > y. Further note that (3.5a) and (3.5b) can be recast in terms of ®,,.,(z; g) and
@, (z;q) as

Bu(z:9) = " @ (23 9)ar (239), (3.100)
r=0
@n(2;9) = 7" (295 9)2n Z 4 @y (24*:07)Br (23 9). (3.10b)
r=0

By replacing (z,7) — (z¢*,n —y) in Lemmas 3.1 and 3.3 and then shifting the summation
index r > r — y, the following two corollaries arise.’

Corollary 3.4. Forn,y € Z,
& 2
D Kor (230)Dry (39) = 207 By (23.9). 3.11)
r=y

Corollary 3.5. Forn,y € Z,

- 2
D Konr (23)Pry (15239) = 22 ¢¥ Dpiy (1523.9), (3.12a)
r=y
and
1 2
Z Ko (2] 45 @)@y (132 9) = 2 ¢7 7 @poy (uzg™; 25 q). (3.12b)
r=y

We are now ready to give a short proof of (1.1).

3Corollary 3.4 for z =1 and z = ¢ is equivalent to [70, (R1) & (R2)] in that (3.11) for these two
values of z corresponds to the coefficient of a, and b, in equations (R1) and (R2) of [70].
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Proof. Slater’s Bailey pairs B(3) and E(3) [79] are equivalent to the following pair of
polynomial identities:*

$ < 2n+1 ;
Z (_l)yq3(§)+2y n+ = M (3.13)
el n-y (4:9)n
and
Z": (1 2O |2 (43 @)2ne1.
n=y| (¢*4*n

y=—n-1

where 7 is a nonnegative integer. In terms of the rational function ®,.,(z; ¢), Slater’s
identities can be written as

n - 1—
Z (_l)yq(2+‘r)( 2])—Yq)”;y(q;q) - —q (3143)

it (qZ—T;q2—T)n’

where 7 € {0, 1}. Although this form of the identity is perfectly suitable for the application
of the Bailey tree, we will rewrite it further to more closely mimic its Aj-analogue, given
by (5.2) on page 25. To this end, let ¢, be the summand of (3.14a) and rewrite the sum as
2yty = Xytay + 2 t2y-1. Using that @, _2y_1(q; q) = Pn2y(q; q) and thus 15, =
—tyy g®*!, this yields

4y+1

Z q(2+T)(zy2+1)—2y IIL ®@,0y(q59) = ﬁ’ (3.14b)
o= -q (¢°775q>
where it is noted that the summand vanishes unless —| (n + 1)/2] < y < |n/2]. (Since
both sides of (3.14a) and (3.14b) trivially vanish for negative values of n, both forms of
the identity are true for all n € Z).

In the following we identify the identity (3.14b) with the root of the binary tree shown
on page 11. By a (k — a)-fold application of Corollary 3.4 with z = g, which corresponds
to taking k — a downward steps along the left-most branch of the tree,

_ 2y+1y _ 1- q4y+1
Zq(Zk 2a+2+7) (P ) -2y ﬁ‘bn;Zy(‘I;CI) 3.15)
YEZ
1 k—a
= ——— | [ K i (g3 9),
Z (qZ—T;qZ—T)/lf ]z:l[ 14

AC (nk-a)

where A9 :=nand k — a € Ny. We now replace @5, (¢; ¢) by @2, (1;q; ¢) and then take a
steps along the tree in the south-east direction using (3.12b) with z = ¢ and u = g(*=1) (4y+1)
in the ith step. Since

Kor (2/a:9) = a7 Knr (2:9),

4These two results can be traced back to Rogers” work on the Rogers—Ramanujan identities. For

example, the left-hand side of (3.13) is what Rogers denotes by q’("” )2ﬁ2n+1 on page 316 of [73].
His equation (5) on the following page then states that ¢ =" 82,11 /(q: @)ons1 = g "D (g q)n.
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this yields
2y+1 1-¢g 4y+1
Zq 5Y-2a+y 2”47 T, ¢n;2y(qa(4y+1)’q q) (3.16)
yezZ
k .
Z ( (2= 2-1). 7. 2 7) q_X(léa)ﬂiq(/li—l;/li(q;q)
A< (nk) 4 Ak =
q/ll+ +A2 +/lu+1+ +Ay

At (@ D= (@ D04 D1 -0 (@737

where a, k are integers such that 0 < a < k, and K := 2k + 2 + 7. We note that the path
along the tree we have taken is

where the labels denote the level (or distance to the root) of each vertex.

Although it is not an essential step in the proof and one can proceed by directly taking
the large-n limit in (3.16), we observe that the left-hand side allows for a simplification
which only requires the function ®,,., (¢; ¢). This simplification is achieved by noting that

K 2@y 1-g¥*!

1_

a(4y+1)

@0y (q $q5q)

’ ¥+ 1= qn+y'+1
= Z (_l)y qK( S)=(a+l)y ﬁq)n;y’(qﬂ])-

ye{-2y,2y-1}

Hence the left-hand side of (3.16) may also be written as

yel 1= n+y+1
ST (1 gkC-tany L2 — T Py (4:).
y=—n-1 4q
Since 1
lim ®,.,(z;q) = ————,
n—oo Y (9,29 @)oo

this implies that in the large-» limit

et B+ g1+ o+ A

1 y+1y _ q 1
(_l)yqK( 5 ) (atl)y _ )
(q; @)oo Z Z (@GDa-1 (@D -2 (@2 T567 ),

YEZ e P
1)<k
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By the Jacobi triple product identity [40, (I1.28)] the left-hand side admits the product form

(qK;qK)oo 9 a+1.qK)
(4; 9o

s

resulting in (1.1). L]

4. The A; Bailey tree

In this section we present an Ap-analogue of the A | Bailey tree. This tree is three-dimensional,
or parametrisable by three nonnegative integer variables, with an added layer of complex-
ity in that the structure of the tree is not actually tree-like in the strict graph-theoretical
sense. In developing our Bailey tree we once again avoid the use of Bailey pairs, although
in the short Section 4.2 we briefly discuss A, Bailey pairs and A, Bailey pair inversion.

4.1. A Bailey tree for A,

The most important definition of this section is the Aj-analogue of the rational function
@, (z; q), and following [8, Definition 4.2] and [89, Equation (5.1)], we let

(zwq; @n+m
(4,29, zwq; @)n(q, wq, Z0G; @)

D m(z, w3 q) = 4.1

where n, m, r, s € Z. This function was also considered in [31]. A first hint that (4.1) has
something to do with the A; root system follows from the analogue of (3.2a):

Dz w g7 = (29)" (W) g T Dy (20 w3 q). 4.2)
Here n% —niny + n% = % Z?,j:l niAijnj, where (A;;) = ({a;, @;)) is the A, Cartan matrix.
Before we show how the function @, ,,,(z, w; ¢) can be used to generalise all of the results
of the previous section, we state the Ay-analogue of Andrews’ matrix inversion (3.4). To
the best of our knowledge this result is new.

Proposition 4.1. Forn,m, N, M integers such thatn > N and m > M,
n m
Z Z qn+m_r_sq>n—r,m—s (qur—s, qus_r; q)q>r—N,s—M (Zqu—s’ quS—r; q_l) (43)
r=N s=M
= 6n,N6m,M .

This inversion relation, which simplifies to (3.4) for M = m = 0 or w = 0, will be applied
in Section & to prove Theorem 1.4.

Proof of Proposition 4.1. Replacing

(n,m, z,w) > (n+N,m+M,zg™ N wgV M)

>
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and then shifting the summation indices (r, s) — (r + N, s + M), it follows that (4.3) for
general N, M is equivalent to the N = M = 0 case. The proof of (4.3) for N = M = O requires
Gustafson’s multiple gy summation [44, Theorem 1.15] for the affine root system A(l)

x;q7F —xiqYi aixi|x;:
Z l_[ iq j4q 1—[ ( Jj L/ Jj Q))’z )
yeQ I<i<j<r Xi = Xj i (b x,/xJ q)yz

_ (Bq'7",q/A; @) 71 (gXi/xj,Xibj]aix;;q)oo
(¢ Bq" " [As ) |2y (il /X )5 Xiqfaixjs qe”

where A :=ay---a,, B := by ---b, and max{|q|, |Bg'~"/A|} < 1. Assuming r > 3 and
specialising

m+1)
9

(als' . -,ar) = (q7n3629- . -scr—ls 1)7 (bl,' . '7br) = (q’ 62" M -,Cr—l,q
(4.4) yields

xX;qY —x;iqYi - X XL X X )y
Z 1_[ iq jq l_[ (C] / anll/ Q)y, -0
Licicier  NiTX (gxi/x1, g™ xi/xr; @)y,
for |g| < 1 and n + m > r — 3. The summand on the left vanishes unless 0 < y; < n and
0 < —y, < m. Since y € Q, this implies that for » = 3 the summand has finite support,
making the condition |¢g| < 1 redundant. Then replacing (yi, y2,y3) — (r,s —r,—s) and
(x1,x2,x3) ¥ (zw, w, 1), the identity (4.3) for N = M = 0 and (n, m) # (0, 0) follows.
Since the (n,m) = (0, 0) case trivially holds, we are done. [ ]
Apart from ®,, ,,,(z, w; ¢) we also need the function
ersqrzfrsﬁyz
(@ Dn-r (@ Dm—s

Then the A, Bailey lemma of [8, Theorem 4.3] is equivalent to the following reproducing
identity for ®@,, ,,(z, w; q), see also [89, Theorem 5.1] or [31, Corollary 7.9].

7(n,m;r,s (Z, w; Q) =

Theorem 4.2 (A, Bailey chain). For n, m nonnegative integers,

n

m
Z 7(n,m;r,s (z, w; ‘I)(Dr,s (z,wyq) = (Dn,m(Z, w; q). 4.5)
r=0 s=0

Since

O Ko (25
M and q(n,m;r’s(z’ 0’ q) = 65 0 ﬂ,
(4:Dm (4 @Im

Theorem 4.2 for w = 0 simplifies to Lemma 3. 1. It also simplifies to this lemma for m = 0.
We further remark that (4.5) holds for all integers n, m, with both sides vanishing trivially
unless n, m > 0. The proof of (4.5) presented below replicates the second part of the proof
of [8, Theorem 4.3]. For an alternative approach using Hall-Littlewood polynomials the
reader is referred to [89].

nm(Z 0; ) (4.6)
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Proof. Denote the double sum on the left of (4.5) by ¢, (z, w; ¢). Then

qurz
(3 Dm S (@3 Dn-r(g:2059)r > 2

l —
wg™t, g™ » wqm_r+1]_

¢n,m(z7 w; fI) =
wq, zwg

By a limiting case of [40, Equation (II1.9)],

1
(c;q)n 2!

bla,q™"
b

a,q”"  bcq"
202 be 4

i g, cq"]-

Applying this with (1, a, b, c) — (m, zwg™', zwq, wq) yields
n ror? -r -m
Pnm (2, w3 q) = 1 N ) wqm+l]
(9. wq: @)m 4 (43 @n-r(4:29:9)r zwg

) Sugl
(@5 Dn-r(@: Dim-s(2q: D) (g5 @) r -5 (q, 270G q)5~

s=0 r=s
After shifting r — r + s this gives

2
LN (wz)*q* o [q ", an+1]
(Wqs Om (43 Dn-5(43 Dm-5 (¢, 29, 7wq: q)s | 2+t "

Onm(z,w;q) =

Finally, by (3.8) with (z,n) — (z¢®,n —s),

1
(929 Dn(q, WG @m

Gnm(Z, w5 q) = 2¢1 D, m(z,w:q),

7q ,q,UJan+m+l]
wq

where the final equality follows from the g-Chu—Vandermonde summation [40, Equation
AL |

Generalising the proof of Corollary 3.2 to the rank-two setting in the obvious manner
gives the following multisum representation for ®,, ,, (z, w; q), see also [89, Corollary 3.4].

Corollary 4.3. We have
2= pi+p?

Z w/‘llq i
Dz, w;q) = ,
/LIIZE@ 1;[ (q7 q)/li_lf/l,‘ (q’ 51);1,»_1 —Mi

where Ao :=n and pgo = m.
Next we will generalise the A Bailey tree of Lemma 3.3. This requires a suitable
u, v-generalisation @, ,,, (u, v; z, w; q) of @, 1, (z, w; g) such that
@ (1, 152, w5q) = Ppm(z, w3 ), (4.7a)
Qpm(z7 iz, wiq) = ¢ @ (2, w5 q) (4.7b)

and
@, (u;z;q9)

4.8
@ Dm (48)

(Dn,m(u, v; 2,05 CI) =
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We begin by noting that the decomposition (3.3) for u = 1 follows from the relation 1 — z =
(1 =cz) —z(1 = ¢) for ¢ = ¢g". This readily generalises to the 4-term relation

(1-2)(1 =w)(1 = zw)(1 = cdzw)
=(1-cz)(1-w)(1-czw)(1 —dzw) — z(1 = ¢)(1 = dw) (1 — zw) (1 — czw)
+zw*(1-¢)(1 —d)(1 - 2)(1 - cz),

which for (c, d) — (g", ¢"™) implies

Z
Dpm(z,wsq) = Ppm(z/q. W q) — ——— Pp-1,m(2g, w/q: q) 4.9)
(z:9)2
w?
Dy m-1(2,0g; q).
(w’ w; 6])2

Generalising this to include parameters u and v, we define

uz
Dy (U, 052, w; q) == Dy m(2/q, w; q) — @an D, .m(zq,w/q;q) (4.10)
2
uovzw
+ D,y -1(2,wq: q),
(w, zw; )2

which obviously satisfies (4.7a). After clearing denominators, the relation (4.7b) is a con-
sequence of the 4-term relation

c(1-2)(1 —w)(1 - zw)(1 — cdzw)
=1 =-cz)(1 —w)(1 =czw)(1 = dzw) — (1 —c)(1 = dw)(1 — zw)(1 — czw)
+w(l-c)(1-d)(1-2)(1-cz)

for (¢,d) — (q", ¢™). Finally, the relation (4.8) follows from (3.3) and (4.6). Most im-
portantly, @, , (u, v; z, w; q) satisfies the following generalisation of Lemma 3.3.

Theorem 4.4 (A, Bailey tree, part ). For n,m nonnegative integers,

n m
Z Z 7(n,m;r,s(z, w; Q)q)r,s(ls 1;z, w; CI) = q)n,m(L 1z, w; CI) (4.11a)
r=0 s=0
and
n m
Z Z Komer s (2/q, w5 @)@ s (1,052, w; ) = Dy (uz, vW; z, W; q). (4.11b)
r=0 s=0

By (4.7a) the first claim is of course a restatement of the A, Bailey chain. We also
remark that for m = 0 or for w = 0 the theorem simplifies to Lemma 3.3.

The A, Bailey tree as stated can only prove Theorems 1.2 and 1.4 for b = 0 (or, by
symmetry, a = 0) and we also need a Bailey-type transformation for a four-parameter gen-
eralisation of ®,, ,, (z, w; q) involving the function K, .- s (z/q, w/q; q). This missing part
of the A, Bailey tree will be discussed later.
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Proof of Theorem 4.4. Each side of (4.11b) is a polynomial in # and v of the form A +
Bu + Cuv. As in the A case, the constant term of the identity corresponds to (4.5) with z
replaced by z/q. Next, up to an overall factor of —z/(z; ¢)2, the coeflicient of u in (4.11b)
is
n m

Z Z Wn,m;r,s(z/q’ w; Q)(Dr—l,s (zq,w/q;q) = 2@p-1,m (zq,w/q;q),

r=1 s=0
where we have used that @,._; ; vanishes for r = 0. Shifting the summation index r — r + 1
and using that

7<n,m;r+1,s (Z/q’ w; CI) = Zq(n—l,m;r,s (qu w/¢]; Q),

yields (4.5) with (n, z, w) replaced by (n — 1, zq, w/q). Finally, up to an overall factor of
zw?/(z, zw; )2, the coefficient of uv in (4.11b) is given by

n m
Z Z (]<n,m;r,s (Z/q, w; Q)(Dr—l,s—l (z, wq; ‘I) = qu’n—l,m—l (z, wq; q)~

r=1 s=1

After shifting (r,s) — (r +1,s + 1) and using that

Knmir+1,5+1(2/q, w3 q) = 20K 1. m-1:r,5 (2, WG 9),
this yields (4.5) with (n,m,w) — (n—1,m — 1, wq). ]

To prove Conjecture 1.1 we need the Aj-analogues of Corollaries 3.4 and 3.5. Unlike
the A case, where we used a single integer parameter y to parametrise the A root lattice,
for A, we adopt the notation (2.1a) for r = 3. That is, for y = (y1, y2,y3) € Q and y;; =
yi — ¥, we define

_ Poyim—yi-y (29”2, wg>; q)

(245 9)yi (0G5 )y (200G G)y 14

_ (2w q; @) nim
(@ Dy (28 Dinys (205 Q- y3 (65 Dmtys (WG D imtys (WG Doy,
Clearly, @, 11:(0,0,0) (2, w; q) = Pp (2, w3 ) and Py, . (2, w; ¢) vanishes unlessn — y; > 0
and m +y3 =m —y; — yz > 0. Moreover, @, .(y,,-y,,0)(2,0; ¢) = Pp:y, (2:9) /(@5 @ rm-

q)n,m;y (Z, w?q> . (4.12)

Corollary 4.5. Forn,m € Zand y = (y1,y2,y3) € O,

n m
Z Z 7(n,m;r,s (Z, w; Q)(Dr,s;y (Z7 w; Q) =z wy1+yzq% (y12+y§+y32)q)n,m;y (Z, w; 6])~
r=y1 s=yi1+y2
(4.13)
Proof. Replacing
(n,m,z,w) = (n—yl,m—y1 _YZ’qu]Z’wqyﬁ) (414)

in (4.5), shifting the summation indices (r, s) — (r — y;,m — y; — y») and using

Kn-yi.m=yi-yrir—yi,s-y1-y: (26”2, wg*» 5 q) = 27 w™" 7y2q7%(y‘2+y§+y32)7(n,m;r,s (z,w; q)
4.15)
as well as definition (4.12), the claim follows. ]
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In much the same way we define
DQpiy) m—y, -y, (U, 0; 29”2, WG q)
(245 @)y (WG; @)y (20045 @)y 5

so that Dy, . (v, —y,,0) (4, 03 2, 0; q) = @y, (45 25 ) /(g5 q)m- Equation (4.7a) implies the
simplification

Dy sy (1,052, w3 q) = s (4.16)

q)n,m;y(ls I;Z’ W;q) = (I)n,m;y(z’ w;C]), (417)

which yields the first of the identities in the next lemma. The second result follows in an
analogous manner as Corollary 4.5, and we omit the proof.

Corollary 4.6. Forn,m € Zandy = (y1,y2,y3) € O,

DD K (2w )y ey (1,152, w3 ) (4.182)

r=y| s=y1+y2

o Ly2402002
=N wy1+)zq2(y1+y2+y3)¢)n,m;y(1, 1;z,w;q)

and

n m
Z Z Konmir,s (2], w3 @) Prs5:y (u, 032, w3 q) (4.18b)

r=y1 s=y1+y2

1 2 2 2
+y2 5 (3 +yi+y) -y . .
= g yzqz(y] Y3+¥3) “<I>n,m;y(uzqy‘2,quy23,z, w; q).

As mentioned previously, our A; Bailey tree is not yet complete. Conjecture 1.1 and
Theorem 1.4 contain three integer parameters a, b and k. Theorem 4.4, however, is re-
stricted to paths along the Bailey tree of the form shown on page 14. Since such paths
can be described by two parameters, something is still missing. The reason for deferring
the treatment of the missing part of the A, Bailey tree till now is that it uses most of the
previously-defined functions and is less intuitive than what has been discussed so far.

Forn,m € Z and p := (1,2, 3), define

D, (1, v5¢,d; 2, w5 q) 4.19)

= ) sen(o) (uz)"l—l(2)"("3=1)(6)X<m=3)

o€eS3

p (dw)3_0—3q)n,m;0'—p(z/‘b w/q;q).
Since the summand contains the factors (¢; ¢)n—c+1 and (¢; ¢)m+o5-3 in the denomin-
ator, the function ®,, ,,(u, v; ¢, d; z, w; q) vanishes unless n,m > 0. If n = m = 0 then
only the term o = p contributes to the sum so that ®g o(u, v; ¢, d; z, w; q) = 1. By repla-
cing o = (07, 072,03) = (4 — 03,4 — 02,4 — 01), and using that ©,, ;. (y, y,.y5) (2, W; q) =
D i~ (y3.y2,91) (W, 25 ¢) and oy + 02 + 03 = 6, it may also be seen that

D, (1, v5c,d;z,ws q) = Oy n(d, c0,usw, 725 q). (4.20)

Before proving a number of important properties of ®,, , (1, v; ¢, d; z, w; q), including
a Bailey-type transformation, we remark that in the n, m — oo limit an important special
case of this function is essentially a Schur function [63].
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Lemmad.7. Let 7 := x1/xp, w :=xy/x3 and for a, b nonnegative integers, let v .= (a + b +
2,b+1,0). Then

1 Vi—V.f)

lim @, (z% w2 0’ z,w; q) = (x

det 4.21
L (9,9, 7, w, 72w/ q; @)oo 1<i,j<3 ( )

i

Proof. Thelarge-n, m limit of @, ,..-—,(2/q,w/q;q) gives the infinite product on the right
of (4.21). Moreover, for (u, v, c,d) = (z%, w?; b, wb) the sum over S3 in the definition of
(4.19) becomes

3
Z Sgn(o_)Z(a+1)(0'1—1)—(a—b)/\/(O'I:B)w(a—b))(((rgzl)—(b+l)(03—3) — Z Sgn(O') l_lx;’i—vo'i’
i=1

oEeS3 ogeS3

which is the determinant in the numerator. [

Unlike @, ,, (¢, v; z, w; g), which simplifies to ®,, ,,,(z, w; g) for u = v = 1, the function
D, (1, v;¢,d; z, w; q) for ¢ = d = 1 does not simplify to ®,, ,,(u, v; z, w; g). Instead a
simple linear combination of @, ,,, (¢, v; z, w; q¢) and @, , (u/z,v/w; z, w; q) arises.

Lemma 4.8. Forn,m € Z,

@, (1,032, w; q) — zwq™ ™ @ (u/z, 0/ w3 2, w; q)

Dy (u, 031,15z, w;9) = (4.22)
1-zwg™!
By (4.7), the u = v = 1 case of the lemma simplifies to
1 —zw n+m—1
O (1L 11 132,01 ) = —— e @y, (2,01 ). (4.23)
1 - zwg

Proof. Both sides of (4.22) are polynomials in u and v. Equating like coefficients using
(4.10), the claim splits into three separate equations. After normalisation these are

1 _qum—l

T w1 @ (2/q w3 ) = Pum:(0,0,0)(2/ 9> W/ G5 @) = WPnm:(0.1,-1)(2/9, W/ q3 ),
1= wqm—l
1= 2wgT @p—1,m(zq,w/q:q)

=(z q)Z((Dn,m;(l,—l,O)(Z/Qv w/q;q) = 2wPp . 2,-1,-1)(2/q, w/q; q)),

and

1= m—1
%wq‘lq)n_l’m_l(z’ wq; q)

= (w, zw;q)z(q>n,m;(1,1,_z)(z/q, w/q;q) - zd)n,m;(z,o,_z)(z/q,w/q;q)),

corresponding to the coefficients of %1%, u'v? and u'v! respectively. By the definitions of
D, (2, w5 g) and @, .., (2, w; ) givenin (4.1) and (4.12), all three equations are readily
verified. ]
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The missing part of the A, Bailey tree can now be stated as follows.

Theorem 4.9 (A, Bailey tree, part II). For n, m nonnegative integers,

n m
Z «n,m;r,s(z/q, w/q; Q)q)r,s (Lt, v;c,d; z,w; CI) = q)n,m(MZ» vw; ¢z, dw; z, w; CI)~
e 4.24)
Once again consider the tree on page 11. In view of Lemma 4.8, we can first apply the
Bailey tree of Theorem 4.4, starting at the root and taking k — a south-west steps followed
by a — b south-east steps. This gives the same path along the tree as shown on page 14 but
with (k,a) +— (k — b,a — b), so that the final vertex is labelled k — b. Next we can repeat
the above but with a replaced by a — 1, resulting in the path along the tree shown on page 14
with (k,a) — (k — b,a — b — 1), so that the final vertex is once again labelled k — b. As a
third and final step we can then take a linear combination of the pair of identities represented
by the two vertices labelled k — b and take a further b steps using part II of the Bailey tree. If
we think of south-east steps as unit steps in R? in the positive x-direction, south-west steps
as steps in the positive y-direction and the final b steps as steps in the positive z-direction,
the above procedure can be represented by the three-dimensional diagram

where the central black vertex in the encircled region represents the appropriate linear
combination of the violet and blue vertices labelled k — b.

Proof of Theorem 4.9. Denote the left-hand side of (4.24) by ¢,, ,,. By (4.19) and an in-
terchange in the order of the sums over r, s and over o,

bum= Y, (sgn(a) (u2) 7 0/ dYN ) (c fuy ) ()

ogeS3
X Z Z Kon.mir.s (24, w43 ) Pr s:0-p(2/q, W/ g q))~
r=0 s=0

We now use that @, s.-—,(z/q,w/g;9) =0unlessr —o1+1>0ands+03-3>0to
change the lower bounds on the sums over r and s to o — 1 and 3 — o073 respectively. Since
Corollary 4.5 for y = o — p simplifies to

n m
Z Z Wn,m;r,s (Z» w; Q)q)r,s;(r—p(z: w; CI) = (ZQ)(T' - (wq)3_(r3q)n,m;0'—p (z, w; Q)’

r=0 -1 A‘=3—0’3
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it follows that

(v \x(o3=1) e\ x(01=3) B
bum= 3 sen(@) )7 (S) (5] (@) o (2/g. /43 9)
o€eS3

=, (uz, vw; cz, dw; z, w; q).
To conclude the section we define y-analogue of (4.19):

Dy m-y, -y, (U, 05 ¢, d; 272, WG 5 q)

(z; q)ylz (w; Q)yzs (zw/q; q)Y13

Dy iy (U, 050, d5z, w3 q) = , (4.25)

where y = (y1, y2,y3) € Q. It follows from Lemma 4.7 that for z := x| /x and w := x»/x3,
lim @y (2677, (wg*)% (2¢72)”, (wg™)"; 2, w3 q) (4.26)

n,m—co
1
- det gy )YiTVi ,
(Cl,q,z, U),Zw/q;q)oo I<i, j<3 (( iq ) )

where v = (a + b +2, b + 1,0). Furthermore, noting the minor difference in denominators
on the right of (4.16) and (4.25), it follows that the special case of Lemma 4.8 given in
(4.23) admits the y-generalisation

n+m—1

1-zw
g — Ay (2, w3 Q)P iy (2, w5 q), (4.27)

@y iy (1, 151, 15z, w5 9) = p—

where (1= 2g72)(1 — wg*®)(1 - zwg™)
) . — Zq 12 — wq 23 —_ qu 13
Ay(z,w;q) = (-0 -0l - . (4.28)

Finally, the y-analogues of Lemma 4.8 and Theorem 4.9 follow from (4.16) and (4.15)
respectively,

Corollary 4.10. Forn,m € Zand y = (y1,y2,y3) € O,

Dy (u, 051, 1, z,w5 q) = Ay(z, w3 q) (4.29)

y D@y sy (U, 032, w3 q) — ZWG™ 1Dy, ey (g ™12 2,067 Jw; z, w5 q)
1 .

1 - zwg~

Corollary 4.11. Forn,m € Zand y = (y1,y2,y3) € O,

n m
D DL Kumrs (218,005 ) Pr sy (u, 03¢, ds 2, w5 )

r=y1 S=y1+y2

L2202
+ S (Yr+y5+ys)—2y1— . . .
= i) Y2q2(y1 Y3+y3) =2y 20, o (uzg”2, 0wg P 5 c2q7 2, dwg > ; 7, w; q).
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4.2. Aj Bailey pairs

In this section we briefly discuss the notion of A, Bailey pairs. We will not, however,
translate all of the various A, Bailey transformations of Section 4.1 in terms of such pairs.
Throughout, (2.1a) is used for r = 3.

Let

a(z.w:q) = (ay (2. w19)) .-
B(z,wyq) = (Bu,m (2, w3 9)) , er,

be a pair of sequences such that

Bum(@wiq) = > @y (2,05 9y (2, w3 9). (4.30)
yeQ,

Then we say that (a(z, w; q), 8(z,w; g)) is an A, Bailey pair relative to z, w. Note that in
the above definition only those y € Q. contribute to the sum on the right for which y; < n
and y; + y» < m. Definition (4.30) is not the same as the one adopted in [8], where Q.
was used instead of Q.. Further define

Yy s (zows q) := g™ 7 (2g59) y,, (0G5 )y, (20G3 )y s
XDy _r,yi4y;-s (quz’ wg>?; q_l),

for r, s € Ny and y € Q.. Recalling (4.12), the A, inversion relation (4.3) may then be
written as

Z (Dn,m;y(za w; CI)\Py;N,M(Za w; CI) = é‘n,Né‘m,M,
yeQ.

for n,m, N, M € Ny. Since ®@,, ., (z, w; ¢) vanishes unless n > y; and m > y; + y» and
Wy.~n.m (2, w; g) vanishes unless y; > N and y1 + y» > M, the summand on the left is only
supported on y € Q, suchthat N < y; < nand M < y| + y, < m. Similarly, it follows that
fory,Y € Q,,

Z lIJy;r,s(Z, w; q>q>r,s;Y(Za w; CI) = 6y,Y,

r,seNy

with summand supported on Y; < r < y; and Y] +Y> < s < y; + y;. The relation (4.30) is
thus invertible, so that

ay(zwig) = Y Wy (2w q)Brs (2 wiq). 4.31)

r,seNy
This in turn gives rise to what may be called the A, unit Bailey pair:
a’y(z, w;q) = \Py;O,O(Z w;q) and B (2, w;q) = 6,,00m,0- (4.32)

If @, (2:q) := @(n,-n,0)(2,0;q) and B, (z; q) = Bn.,0(2,0;q), then (4.30) for m = w = 0 and
(4.32) for y = (n,—n,0) and w = 0 correspond to (3.5a) and (3.5b) respectively.
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For a number of A; Bailey pairs, such as the unit Bailey pair (4.33) or pairs that follow
from the unit Bailey pair by application of (4.13), the definition (4.30) is perfectly useable.
However, the explicit form of many A, Bailey pairs is rather unwieldy, making the defin-
ition not particularly practical. A good example is the Bailey pair implied by the identity
(5.2) of the next section. This identity corresponds to the root of the tree of identities on
which our proof of the Kanade—Russell conjecture is based. It is quite artificial, and not at
all enlightening, to write the left-hand side of (5.2) as a sum over Q. — which is necessary
in order to read off @y, — instead of Q.

5. Proof of the Kanade-Russell conjecture

Before we can apply the A, Bailey tree to prove Conjecture 1.1 we need a suitable identity
playing the role of root in the Bailey tree. This root identity is given by the A,-analogue
of (3.14b). Before stating the actual result, we note that forn,m € Zand y = (y1,y2,v3) € Q,

3

. (:9)(4:9)2 n4m+2
Opy (4,439) = lim @iy (2q,wg39) = ————[ | _1|" GD
sl (q; q)n+m+2 i=1 n-yiti-

which vanishesunlessi —m —3<y; <n+i— 1forall 1 <i< 3.Thereason®, .., (q,q;q)
is defined as a limit is that the term (zwg>; ¢),+m in the numerator of Dy (2q, wq; q)
has a simple pole at zw = 1 if n + m +2 < 0 (for n + m + 2 > 0 the function @, .., (z, w; q)
is regular at z = w = 1). This pole has zero residue and the above expression on the right
arises. Moreover, it follows from the above inequalities for the y; that the only instances
where @, .., (g, g; ¢) is nonvanishing for min{n, m} < 0 correspond to y = (-1,0, 1)
and min{n, m} = —1. This in particular implies that if ¢ is an integer greater than 1, then
D, iy (g, g3 q) vanishes if (n, m) ¢ Ng.
Recall definition (4.28) of A,.

Proposition 5.1. Letn,m € Ny, 7 € {-1,0,1} and

7(t—1)nm

q n+m
gﬂ,m;T(q) = 2. )
(4. 9% Dnem | 7 |,
where p = qift> =1and p = ¢° if t = 0. Then
3
Vi riv:
D Py (4,4 DDsy(a,4:9) [ | 40D = g e (g). (5.2)

yeQ i=1

The above definition of g, .- (g) is the same as (1.3) of the introduction.
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Proof. Recall that y;; := y; — y;. The identity (5.2) for 7 = 1 is a bounded form of the
Aj-analogue of Euler’s pentagonal number theorem, stated in [8, page 692] in the form

3
Z 1_[ (1- q3Yij+]'*i) l_[ q12(y2'-)7iyi n+m +.2 ] 53)
yeQ 1<i<j<3 i=1 n-3y;+i—1
+
=(1- qn+f11+1)(1 _ qn+m+2)2 n nm ’

for n,m € Ny. The proof of (5.3) given in [8] is very involved. First an identity for what are
known as supernomial coefficients is established (the £ = 0 case of [8, Equation (5.3)]). This
is then transformed using an A, Bailey lemma for supernomial coefficients, resulting in
[8, Equation (5.15)]. Using the determinant evaluation (5.5) below, this finally yields (5.3).
In the appendix we present a much simpler proof which implies that (5.3) arises by taking
the constant term with respect to z in the r = 3 instance of the identity

,
1= g"Yiiti=i —1)7 Vi (3N y2-iy;
> ] a-gmv [1[( )¥igvig(s

Viseees Yr€Z I<i<j<r

— ( ﬁ(l _ n+m+t) ) Z ( l)k (r+1)(2)
i=1 -

This last result is a polynomial analogue of the classical theta function identity

+1. r+l -1
iG-D g (pmiy ey, reen)) 2 @3 )@@
l<€'13t<r (q Q(Z( q ) q (3 ),6] )) h (qr(r+l);qr(r+l))cr>o 9(1,6] )

n+m+r—1

] (5.4)

n—ry;+i—1

n+m
n—k|

n+m] —-nm [n+m

Replacing g +— 1/¢ in (5.2) for T = —1, and then using [ i ] as well

/g =4
as
q)n,m;y (Z_l, w_l;q_l) Zn+2y1 W 2y2qn —nm+m2+n+m+z* 1YI'2 (I)n’m;y(z, w;q)
where y € Q, gives (5.2) for v = —1.
Finally, according to [42, Equation (6.18)],

det [g(D+U-DGw0 | T — |
yErQ1<i’j<r n—-yj+i—j no g
By [55, page 189]
det [qU-DUrb | T (5.5)
I<i,j<r n—b;—j
n+m+r—1
1= [ | ]
1<11:J[<r 1—[ (g™ q)r—i| n—b;—1
forn,m, by, ..., b, €Z, this can be recast as

n+m 1_[(1 n+m+i)i. (56)

q"

n+m+r—1
n—yi+i—l

ST g ot
i=1

yerQ I<i<j<r
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For r = 3 this is (5.2) with 7 = 0. [

Remark 5.2. Although (5.2) is the natural Aj-analogue of (3.14b), there is a notable dif-
ference between the 7 = 1 instances of these identities. From (3.5b) we may infer what is
known as the A unit Bailey pair:

_ Zan

() = L (1) and Bu(zi4) = oo,

—Z
By (3.10a) this yields’

n 1-— Zqu B
Z 1——2 (_1)rq(2)q)n;r(1§ q) = 6n0-
r=0

Applying Corollary (3.4) then gives

n 1_ 2r r
> (TP, () = —,
r=0 —Z (q’Q)n

which for z = ¢ is the same as (3.14a) (and hence (3.14b)) for 7 = 1. The 7 = 1 case of
(5.2), however, does not follow from the A, unit Bailey pair (4.33). Indeed, the once-
iterated A, unit Bailey pair gives the k = a case of (8.6), which has 1/((q; ¢)x(q;q)m) as
right-hand side, not g,, :1(g). Instead, (5.2) for T = 1 follows from the A, unit Bailey pair
for supernomial coeficients, see [8, 87].

Equipped with the identity (5.2) we can prove Conjecture 1.1. The essence of the proof
is encoded in the diagram on page 22, where the root identity corresponds to the vertex
labelled 0 and the Kanade—Russell conjecture (1.5) corresponds to the vertex labelled k.

Proof of Conjecture 1.1. In view of the discussion regarding @, ,,(q, ¢; q) at the begin-
ning of this section, if in Corollary 4.5 we restrict n, m to nonnegative integers and replace
y — ty for y € Q where 7 is an integer greater than 1, then the resulting transformation can
be written as

n m 3
2(Yi_tiv:
Z Z(](n,m;r,s(q’ q;Q)(Dr,s;ty(q, q;Q) = (I)n,m;ty(q’ q;Q) 1—[ q’ (2) M 5.7
r=0 s=0 i=1

Indeed, the summand on the left vanishes unless r > max{0,7y; } and s > max{0,7y; +1y,}
so that (5.7) is consistent with (4.13). (The transformation (5.7) fails for n,m € Ny and ¢ = 1
when y = (—1,0, 1), requiring a lower bound of —1 in the summations over r and s instead
of 0.)

Now let a, k be integers such that a < k. (Initially only k£ — a is required to be a non-
negative integer, but there is no loss of generality in assuming integrality of a and k from

5Alternatively, this follows after specialising N = 0 in (3.4).
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the outset.) Then, by a (k — a)-fold application of (5.7) with ¢ = 3, the root identity (5.2)
transforms into

k—a
D0 cameae@ | | Kt (4:4:9) (5.8)
AC(nk-a) i=1
HE (mk=a) X
= > @y (4,43 DAy (g, g3 ) | | g K30~ Kai,
yeQ i=1

where A :=n, yo :=m, n,m € Ng and K := 3k + 3 + 7. This is the identity represented
by the vertex labelled k — a in the diagram on page 22. For later reference we note that by
(4.27) the above may also be stated as

1-— qn+m+1 k—a
T 1-4 Z 8 —artrait(q) 1_[ Koo (4545 q) (5.9
T cimray i=1
puc(mk=a) 3
= Z @, may(1,1;1, 1,9, 45 q) l—[ g K30 (F)~(K-3a-3)iy;,
yeQ i=1

In the remainder of the proof we will use the shorthand
Z; =g and W, = g,
where ¢ is an integer greater than 1. We then make the simultaneous substitutions
(w.v.z,w,y) - (2 Wi g, q.1y)
in (4.18b) for n,m € Ny. By
Konmr s (az, bw: q) = a"b* Koy iy s (2, w3 q), (5.10)

for z=w =g and (a, b) = (1/4, 1), this yields

n m
D 4 Ko s (4,43 D Pr sy (2 W0, 039) (5.11)
r=0 s=0

_ 2yv3 yi
=q ty3+t Z:i:l (2)q>n,m;ty(zt€,wf;q’q;q)~

Here we have once again used that for # > 2 the lower bounds on the sums over r and s
may be simplified to 0. Using (4.17) to replace @, ,n:3,(q, ¢; q) by ®p m:3,(1,1: 9, q; q)
in the summand on the right of (5.8), and then applying (5.11) with #r =3 atotal of a — b
times, first with € = 1, then £ = 2 and so on, we obtain
k=b
20 @ | [ a7 SN (045 ) (5.12)

/lg(nk"’) i=1

uc(mk=b)

3

_ _ _ Vi Kiv:i—3v:v:

— Z q)n,m;3y (Zg b,W; b;q,q;q)A3y(q,q;q) l—lq3(]( 3b)(2) Kiy; 3v,)/z’
yeQ i=1
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for integers b < a < k and n,m € Ny, where v := (a+ b + 2, b + 1,0). To express the
summand on the right in terms of the partition v we have used that (a — b)y3 —a Z?zl iy; =
Z?:l (v; +i)y; fory € Q. The identity (5.12) is represented by the right-most vertex labelled
k — b in the diagram on page 22, and by abuse of notation will be denoted in the following
as I,. Similarly, the identity corresponding to the left-most vertex labelled k — b in the
diagram on page 22 will be denoted by I,_1, since is follows from I, by the substitution
a — a — 1. It then follows from Corollary 4.10 with

(u,0,2,w,y) = (Z872, We> g, 4,3y)
that (I, — ¢™*'I,_1)/(1 — q) is given by

1= m+A,_p+l k-b

q —x(i<a- i .
Z g/lk—h»llk—bl‘r(q) T 1—[ q ¥ (isa=b)a 7</li—l»ﬂi*]§/li’ﬂi(q7 q;q) (5.13)
AC(nk=b) q i=1
yg(mk—b)
3 .
= > @y (Z§P WS 11, g3 q) [ | KD (DK,
yeQ i=1

Since this is a linear combination of I, and I,_;, we should now restrict the parameters to
b < a < k. However, since A := n, the identity (5.13) for b = a simplifies to (5.9). Hence
(5.13), which corresponds to the central vertex in the encircled region of the diagram on
page 22, holds for all b < a < k.

In our third and final application of the A, Bailey tree, we carry out the substitutions

(u,v,¢,d, z,w,y) = Wz oWz Wi g, q,ty)

in Corollary 4.11. By (5.10) for z = w = g and @ = b = 1/g, this gives

n

9" Kamrs (4, g3 q)Pr ity (qufl, UWtfil > Z;L] g Wt£71 4> 4; q)

M=

Il
(=}

r=0 s
253 yi
=g" 2= D@,y (uzl oW ZE W g, ).

for n,m € Ny and ¢ > 2. This transformation is applied to (5.13) a total of b times, with
t,u,v fixed as
(t.u,v) = (3,287, wgP),

and £ = 1 in the first application, £ = 2 in the second application and so on. As a result,

1_q/1a+llb+1 k N o )
Z g/lk,,uk;‘f(q)ﬁ l—lq RSO CDUGGCr et (@5 450) (5.14)
Ac(nk) i=1
uc(mk)

3

3K (%) -Kiyi—3viyi

= > oy (25, W55 28, Whi g, g3 q) | | 4K ()K=,
yeQ i=1
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which is a rational function analogue of (1.5), and corresponds to the vertex labelled k
in the diagram on page 22. Although it suffices to prove (1.5) for 0 < b < a < k, we
note that the a, b-symmetry that is manifest in (1.5) is also satisfied by (5.14) thanks to
(4.20). Hence (5.14) holds for all 0 < a, b, < k. Specifically, from (4.20) the a, b-symmetry
follows by making the simultaneous substitutions (a, b, n, m) +— (b, a, m,n) (so that v =
(a+b+2,b+1,0) > (a+b+2,a+1,0)) and by then changing the summation indices
(4, 1) — (u, ) on the left and (y1, y2, y3) — (=y3,—y2, —y1) on the right.

It remains to be shown that (1.5) simplifies to the Kanade—Russell conjecture in the
large-n, m limit. By (4.26) with (y,x;) + (ty,q~%) (so that (z,w) — (g, q)),

M ey (26, W 20, W det (g0 700).
nnlifg ty( Wi s L s Wi d, 4, Q) (4:9)3, 1<le}<3 q

The limit of (5.14) is thus given by

2 2y (i :
1— q/la*'/‘b” nfle qxl,» =i pi+pg+x (i>a) Ai+x (i>b) pi

_ 8t () (5.15)
ALueP - q Hf‘;ll (q’ C])/li—/lm (q9 q)ﬂi—/l,'+1
1(Q), /l(ﬂ)<k

det ( 3K(y2i)—1<iyi—(3yi+j—i)v_,»)’
(@ q)3 Z I<i.j<3

where v := (a + b +2,b + 1,0), as before. The remaining task of writing the right-hand
side in product-form can easily be carried out for arbitrary rank, and in the following we

consider )
Avilq)i= ) det (g K()-KDim(omi=0v),
' I<i,j<r
yeQ
for v = (vi,...,v,). First we write A,.c(q) as a constant term and then appeal to multi-
linearity. Thus
Ay (q) = [2°] det (Zyiqu();)*kiyr"("yﬁjfi)(j—vj))
’ 1<i,j<r
yezr
0 rk ki ry+i—i)v
= det Yq (3)—kiy=(ry+j=i)v; |
[Z 1<i,j<r ( Z <

Interchanging rows and columns (i.e., replacing (i, j) +— (J,i)), negating y and using the
fact that we are taking the constant term with respect to z, this leads to

V k(q) _ [ZO] det ( Z qurk(§)+kiy+ryv,-+(j—i)(ky+v,-))
YEZ

I<i,j<r

,
_ <j—i>(kyl-+vf>) rk () +kiyi+rviyi
Z 1<(}?jt<r (C[ l_[ g ’ ’
yeQ i=1
Applying the Vandermonde determinant
det (x/7) l_[ (1 =xi/x;)

1<i,j<
SBIST I<i<j<r
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this gives

-
Ava(q) = Z l—lqu(yzi)*‘kiyﬁ‘rvi)’i 1_[ (1 _ qk)’ij*“’i*"j).

yeQ i=1 I<i<j<r

By the A", Macdonald identity [62]

Zﬁx;y"q’@)”” [T (-qxiix) =@ [] oGilxia) .16)

yeQ i=l1 I<i<j<r I<i<j<r

with (g, x;) — (g*, g”%), this results in the product form

Avi(a) = (g5a05" T (e 754",

I<i<j<r

Takingr =3, v=(a+b+2,b+1,0) and k = K, yields

(g% ¢")% arl bl a+bs2. K
W 1—[ 9(‘] »q -9 g )
s i<ici<s

for the right-hand side of (5.15). [

6. Below-the-line identities

As in Conjecture 1.1, fix the modulus K as K = 3k + 7 + 3 for k a nonnegative integer and
7 € {-1,0, 1}. In the introduction immediately preceding the conjecture, we remarked that
there should be an ASW-type identity for all nonnegative integers a, b such that a + b <
K — 3, with product side given by°
(¢%:4")%

a+l b+l _a+b+2. K
(q:9)3 ( )

/Y] 5q

Without loss of generality assuming that

O0<b<a<K-a-b-3, (6.1)

(370

distinct ASW-type identities. Hence in the Kanade—Russell conjecture roughly one third
of all cases is missing, counted by the above floor function. In their paper, Kanade and
Russell adopt a certain diagrammatic arrangement for the triples (K —a — b — 3, a, b)

this corresponds to

SFor T = —1 this rules out (a, b) = (k, k), which as discussed in the introduction gives the same
product as (a, b) = (k, k — 1) albeit a slightly different multisum according to (1.5).



32 S. O. Warnaar

with fixed K, leading them to refer to the missing identities as the ‘below-the-line’ cases.
Equivalently, this corresponds to (6.1) with @ > k (and thus b < k + 7 —2). If k =1 this
forces T = 1, in which case there is the single below-the-line solution: (a, b) = (2, 0).
By solving the modulus-7 Corteel-Welsh equations [28], Kanade and Russell found the
missing multisum, resulting in

[oe]

1-— q2/11—;4] q/l%—/l],uﬁylz—/l]ﬂu (q7;q7)oo

- 0(%‘]3,6]3;617)-
e 1ma (@D (@D (@ Daen (0%
In general, however, no explicit such multisum-forms for below-the-line values of @ and b
are known. The exception is T = 0, in which case Kanade and Russell observed that if

Oup k(CI) - 9(qa+l qb+1 qa+b+2. q3k+3)
a,n; - > > b b
then Weierstrass’ three-term relation [40, page 61] implies,

Oubk(9) = Osk—aarb—kik — 4" Ok a-b-1.a-k-1:%(q)-

Importantly, for 7 = 0 and fixed k& > 2, the below-the-line values of (a, b) satisfy k < a <
[3k/2] and 0 < b < 3k — 2a. Assuming such a, b and defining (a’,b") := (2k —a,a+ b — k)
and (a”,b”) =2k —a-b—1,a—k — 1), it follows that 0 < b’ < a’ < [k/2] and
0< b” < @’ < k —2. This implies the following theorem covering all of the below-the-line
cases. For integers a, b, k such that 0 < a, b < k, let

1- q/la+/~‘l7+1 quzl (/1,2—/11‘#1‘+#,~2)+2,I-,(:a+1 ﬂi“'zf:b“ Hi

Fab:ik(q) = k-1
A.;-;ﬂ;&o l-q Hi:l (q; Q)/li*/liﬂ (q; q)ﬂi*,um

M= > pe=0

8 u:0(q)s

where g = g0 := 0.

Theorem 6.1. Let a, b, k be integers such that2 < k < a < |3k/2] and 0 < b < 3k — 2a.

Then

(455 4%)%
(@ D%

( a+l b+l qa+b+2,qK)

b+1
Fok-a,arb-kk (@) = 4" Fok—a-b-1,a-k-1:k(q) = g7, ;

s

where K := 3k + 3.

This was first stated in [51] as a conditional result, depending on the validity of Con-
jecture 1.1. By Theorem 1.2 the result is now unconditional. It remains an open problem
to express the left-hand side in manifestly positive form.

7. Character identities for the ‘W5(3, K) vertex operator algebra

As explained in full detail in [90, Section 4], for 7 # 0 (so that 3 1 K) the g-series in
(1.5) multiplied by ¢"~¢/>*(g; q)co are characters X, (¢) of the ‘W5 (3, K) vertex operator
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algebra [30,91] of central charge

R EIC)) o
K

and conformal weight

a*>+ab+b>— (K —-3)(a+b)
R )

ha,b =

That is,
ha,p—c/24 (qK;qIZ)go 9( a+1,qb+1’qa+b+2;qK),

(¢: 9%
where a, b, K are nonnegative integers such that K > 5,3 f K and a + b < K — 3. To obtain
a multisum expression for these characters without an overall factor (¢; ¢)«, We need to
carry out a suitable rewriting of the multisum in (1.5). This is possible by means of the
next lemma, which is a limiting case of [90, Lemma 7.2].

XXo(@)=q

Lemma 7.1. For k a positive integer, m a nonnegative integer and u = (uy,...,ui+1) €

ZK define
Ful@) = ),

k . ’
== =0 (Q)ﬂk+uk+l Hi:l (q’ Q)ﬂi_l‘iﬂ

qu»‘;l i (pi+ui)

where gy == 0. If
UG S Uy < -0 S Uy,

then

1 Mitl T Uiy — Ui
Fulq) = S i (pitug) [ ]’ (7.2)
! (@9 , 2, 4 1—[

where, again, pgs1 = 0.

The left-hand side of (1.5) for 7 # 0 may be expressed in terms of 7, as

DI EES Y P 143k 24k A
q i=1""0 i=a+l q i=1"" i=a
> S Fulg —xlab>0) > Fo(q),
Az > 20 Hi:l(‘l?CI)/li—/lm A>3 20 Hi:l(QQQ)ﬂi—ﬂm
where Ag41 :=0,
x(@>b)—-2a; forl <i <k, x(i>b)—oiA; forl<i<k,
u; =4 x(k>b)—1A; fori=xk, and v; =41-7144 fori =k,
1+ A fori=k+1, 1+ A fori =k +1.
Since for 41 > Ay > - - - > Ay the inequalities u; < u;4+1 and v; < v;4 hold forall 1 <7 < k,

we may use the alternative expressions for ¥, (q) and ¥,(q) provided by (7.2). First, for
7 = 1, this yields our next theorem, where X, (¢) := g*/**~hav y K ().
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Theorem 7.2 (A;l) Andrews—Gordon identities, I). Let K =3k +4 for k > 1. Then

/Vf,b(LI)
Z qzz ast At E i Hi 1—[ q’l ~ gl [ i ] [/li = Ais1 + His1 +Op i
A, =0 - @aon i=1 Ais1 Hi
My k>0

ql+Z:\ a A +Zl =b Hi

_ Z 1—[ q/12 A i+ [ H/li = Adiv1 + fiv1 + 6b—1,i]
Ao Ai0  (@on izl Ai+1 Ui

Hiseees i =0
forall0 < a,b < k, and

k

5 1 2 2| Ai || = il + Wit
K 2 | | A5 =g i+ L L i+ i+
(q) — - q'i i MitH; |: :|[ :|,
ik (@), Ai+l Hi

i=

where q’l0 =g = A4 = 0and pgsq = Ag.

The second, simpler expression for )Zf « (@) follows by either noting that for a = b = k,
the left-hand side of (1.5) for T # 0 may alternatively be recognised as

Fu(q)
k . ’
A2 A20 Hi:[ (q’ CI)/li—/lH]

where Ax,1 := 0 and
-A; forl <i<k,

w; = —T/lk fOI'ZZk,
Ak for k + 1,

or by substituting @ = b = k in the expression for )Zfib(q), replacing py — g — 1 in the
second multisum and then combining the two multisums using the standard recursion for
the g-binomial coefficient. The b = 0 case of Theorem 7.2 proves [90, Conjecture 2.8] and
the a = 0 case proves Equation (2.7) of that same paper. Since )Zf » (@) = )25 .(q) while
the right-hand side of the first character formula does not have a, b-symmetry, there are
two distinct expressions for each “Wj(3, K) character XaK, (@) such thata # b. The reason
for viewing the above as analogues of the Andrews—Gordon identities (1.1) is that in much
the same way the latter are known to be identities for characters of the Virasoro algebra
Vir(2,K) = Wa(2,K).
For T = —1 we obtain the following companion to the previous theorem.
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Theorem 7.3 (Aél) Andrews—Gordon identities, IT). Let K =3k +2fork > 1 and0< a <
k,0< b < k. Then

)?f,b(Q)

2 vk Yy k-1 k-1
B Z q/lk+zi:u+l At X Hi ]—[ q’l Al [ i ] [/11‘ = Ais1 + Hix1 +0p i
. (g:9)a, Ait1 Hi

Alyennsy A =20 i=1
15 Hi—120
1422 i3kl k=1
~ Z gt Xk ) l—lq/lz Fa— [ ] [/l,- — Ait1 + Mis +5b—],i]
s g 20 (@@ il Ain1 i
HiseeesHi-120
forO<a<k 0<b <k, and
A2 k-1
W= > - ﬂql?—ﬂmwu%[ Ai Hﬁi ~dis1 +,Ui+l]
k.k = ,
Ao A 20 (@D i Ai+l Hi
Hlseees Hi—1=0

where gV = gM = Axy1 := 0 and py = 2Ay.

This time the b = 0 case proves [90, Conjecture 2.1] and the a = 0 case proves Equation
(2.2) of [90].

For a number of special values of k, alternative multisum expressions to those of
Theorems 7.2 and 7.3 are known. In [27], Corteel, Dousse and Uncu solved the Corteel—
Welsh system of equations for the two-variable generating function of three-row cylindric
partitions with profile (5 — a — b, a, b), resulting in quadruple-sum expressions for the
characters /\72’ ,»(q). For example (see [27, Theorem 1.6]),

nyf|n2

na [ﬂ3]

In [32, Theorems 2.3 & 2.4], Feigin, Foda and Welsh obtained an Andrews—Gordon-type
theorem for a linear combination of characters of Vir(3, 3k + 2) of central charge ¢ =
—3k(6k —5)/(3k +2). For k = 4 this yields ¢ = —114/7, which coincides with the central
charge of ‘W3(3, 7). In this case, four of the six linear combinations considered in [32]
correspond to actual ‘W3(3, 7) characters. Three are also covered in Theorem 7.2 while

the fourth is below-the-line in the sense of Kanade and Russell. For example, the character
expression for /\73 ,(q) arising from Vir(3, 14) is [32, Equation (20c)]

o0 2,2, 2,2
}’ll+l‘t2+}'l3+}’l4 niny+nyng [Vll:|

Bi@= ), : (4:9)n,

ny,ny,n3,n4=0

na

/\77 (q) _ i qn1+n2+n +n +(n1+n2+ng)n4 |:nl][ ]
1’1 (q9 Q)nl (q’ Q)m

ny,nz,n3,n3=0

After the substitutions

(n1,n2,n3,n4) = (11 + N3 + N4, N3 + N4, N4, N2)
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this takes the form

) 24 i1 n,«Aijnj
- q )
SIRIC D Y vern Wt e 73
ny,n2,n3,n3=0 qvq ni q’q ny q7q n3 q’q ng
where
2 1 2 2
111 2 2 3
A)=312 2 4 4
2 3 4 6

At a workshop on cylindric partitions held at RICAM in 2022, Shunsuke Tsuchioka
raised the question if all the A;l) Andrews—Gordon identities admit alternative sum-sides of
the form (7.3). Such expressions would be closer to the Ai D' Andrews—Bressoud—Gordon
identities, where the variable change n; — n; + --- + ny for all 1 < i < k leads to the

multisum « K
Zi,j:l niAijn_,-+Zi:1 (Aki —Aai )ni

q
w0 @Dy - (@ D (@747 Dy
where (A; j)ﬁjzl = (min{i, j })l{"jzl is the Cartan-type matrix of the tadpole graph on k

vertices. As further evidence that such a rewriting might exist for all moduli, he made a
conjecture for modulus 8, complementing his own proven modulus-6 identities [83], such
as

2 (a) (b)
ks 25 jap=t Aiajbn N

q
[17 o (a3 Q)nlgm

nil) ,nél) ,niz) ,nf) =0

q

0 n*+3kn+3k? [
wrtzo (@ Dn (@ 4%

nilk
H ] = (-4:9%(q*. 4" 4o
q

where A = 1B ® C (i.e., Ajq,jb = 3BijCap) with matrices B and C given by B = (3 3)
and C = ( % % ) From the structure of the summands in Theorems 7.2 and 7.3 it follows
relatively straightforwardly that a rewriting of the form (7.3) can be carried out for the
moduli 7 and 8. For larger moduli, however, this simple method fails due to the form of
the summands. By iterating the Durfee rectangle identity [7, Equation (3.3.10)]

_ N k(k+a) |1
-y [k

k=0

n+m m

k+a (74)

n+a

for n,m € Ny and a € Z, it follows that the g-binomial coefficient admits the telescopic
expansion

ko+m
ko+a

r—1 r
ko+m =X ki] l_[ qki<ki+a) [ki‘l] (1.5)
kozki ko> ky 20 krt+a i=1 ki
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for arbitrary nonnegative integer r and integers a, ko, m such that ko, m > 0 and, if a = —ko,
then m > (r — 1)kg. If we take r = 2 and once more apply (7.4) with (n, m,a) — (ko —
ki,m — ko, k1 + ko +a — ko), this implies
1
(45 Dm-ko (a3 Dy

ko+m
k0+a

qu»:l ki (ki+a)+(ki+ka—ko) k3

kl,kzz,kg (q’ q)klsz (LL q)kz (Qa C])k; (q’ Q)k()*kl —k3 (q’ ('I)a+k1+k2+k3*k(] (q7 q)m,a,kl —ky—ks3 ’

for all integers a, ko, m such that 0 < k¢ < m. Since

A=A+
q 1 1124
X1 1(51) Z [ ]
o @y [

and
A=+ 425

-8 q!
Xa22(q) =
22 /11%:;1 (43 Da-2, (43 @,

A+ A
H

bl

we can use the above expansion with (m, kg, a) given by (41,41, — u1) and (21, 42,4] —
1) respectively. In the first case this fixes k3 as k3 = u; — k; — k. Finally, making the
substitutions

(A1, p1, ki, ko) = (ny +ng + n3 + ng, np + n3 + 2ng, n3 + n4, ng)
and

(A1, 1, A2, ki, ko, k3)
= (n1 +ny+n3+ng4+ns +n6,n2+n4+n5+2n6,n3 +n4+n5+n6,n5+n6,n6,n4)

yields, respectively, (7.3) and

8 - qu? o1 AN
X2,(q) = , (7.6)
> nl,.gls =0 (q q)nl e (Q’ q)l’l6
for
21 2 2 2 2
1 21 2 2 3
112 1 4 3 4 4
(Ai)=312 2 3 4 4 5
22 4 4 6 6
2345 6 8

This last result is exactly one of formulas for ,\?2 ,, conjectured by Tsuchioka [84].
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8. Character formulas for principal subspaces of Aél)

Letg=sl, = A,_; and § = sI, = A" its untwisted affinisation, i.c.,
§=g®C[r1 '] @CcaCd,

where c is the canonical central element and d a derivation, acting on the loop algebra
g®Clt, t‘]] as t%, see [50, Chapter 7] for details. Fix 7 := {0, 1,...,r — 1} and let f) be
the Cartan subalgebra of § with basis {a(\]’ ..., ,d}, wherethe ) (i € I) are the simple
coroots (so that ¢ = 3,y ). Let A = (a; j)£ ;lo be the (generalised) Cartan matrix of g,
and fix the non-degenerate symmetric bilinear form (-|-) on b by setting (e |a/}’) = ajj,
(d|ld) =0, (g |d) = 1 and (a;'|d) = 0 otherwise. Further let b* be the dual of the Cartan
subalgebra with basis {ayg, . .., a,—1, Ao}, where the ; (i € I) are the simple roots and Ay
is the Oth fundamental weight. Denote the standard pairing between the Cartan subalgebra
and its dual by (-, -), so that {a;, a/]V.) = (a;’lajv.) = a;j and (Ao, a;) = 0. The additional
fundamental weights Ay, ..., Aq_| € f)" are fixed as (A, a}/) =¢;; forall i, j € I and
(A;,d) =0foralli € I. The level of A € §* is defined by lev(1) :=(4,c). Hence lev(A;) =1
foralli € Iandif 6 := }};¢; @; is the null root, then lev(6) = 2; jey aij = 0. Finally, let

P:={1ebh* :(1a’)eZforallicl}

be the weight lattice of §, and P, ¢ P and P c P, the set of dominant integral weights
and level-£ dominant integral weights respectively:

P.={1eb : (A o)) eNgforalli € I} = NoAg + -+ NoA,_; +C0,
Pi={2e P, :lev()) = ¢}.

A much studied class of representations of Aii)l are the standard or integrable highest
weight modules. There is a unique such module, Ly, for each A € P, mod C§. If vy,
denotes the highest weight vector of Ly, then b acts diagonally on v, and cvx = lev(A)vy.
The principal subspace Wy C Lj is defined as [9, 35, 8 17

Wy :=Um_®Clt,t'])ox = U(n_ @ C[+™'])on,

where n_ @ b @ n, is the triangular or Cartan decomposition of g and U(+) denotes the
universal enveloping algebra. Let fi, ..., f,—1 € g denote the standard generators of 1_.
Then the character of the principal subspace W is defined as

. — — r—1 . .
chWy := Z dim (W7\2”§d1 ,,,,, dr—l) e}\ onLis dlal’

TThere are two related but distinct definitions used in the literature, and here we follow the less
standard [9]. In the original paper [81], U(ns ® C[t,¢7'])vy is used instead.
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where Wi.,..q,.....a,_, € Wa is the subspace generated by those elements in U (- ® Cl'D
of degree d; in f; and degree n in t~!. For convenience we in the following use the norm-
alised character

chwj := e MchWy.

Ardonne, Kedem and Stone [9, Equation (6.9)]® found an explicit expression for ch W, in
terms of generalised Kostka polynomials [53,75]. Restricting considerations to » = 3, and
assuming the parametrisation

= (k —a—b)Ag+al; +bA, € PX, 8.1)

the Ardonne, Kedem and Stone character formula simplifies to [9, Equations (6.9), (6.15)
& (6.16)]

2= pitpl -y (i<a) Ai—x (i<b) p;

k Ai ) Hi i
chWj := Z ((1_qu1a+ub—1)nz whiq

Aot i1 (@5 D200 (@5 D=
1(A),1(u)<k

. (8.2)

where g% = g :=0and g :=e %, z:= e~ ¥, w := e~ ®. The restrictions 1(1), [ (¢) < k

in the sum imply that Az = g+ = 0. By mild abuse of notation we in the remainder of
this section use ch W;\ to mean the right-hand side of (8.2) for all 0 < a, b < k, despite the
fact that for a + b > k the weight A is not dominant.

In the vacuum case, corresponding to a = b =0, Feigin etal. [31, Corollary 7.8] obtained
an alternative ‘bosonic’ expression for Wy This is the a = b = 0 case of our next theorem.

Theorem 8.1. For a, b, k integers such that O < a, b < k, let the weight A and partition v
be given by (8.1)and v = (a+ b +2,b + 1,0) respectively. Then

1
chw; = —_— (8.3)
A x
1<i<j<3 (i /x5 @)oo
3 (k+2)y; (k+2)(V) ViYi (y; /xa
x Xi/X3; i
% det (x qy,)v, VJ | | ( t/ CI)y ,
B singe . (gxi/x15q)y,

where x1/x; ;= e~ and xp [x3 = e ®.
By (8.2) this is Theorem 1.4 of the introduction.

Proof of Theorem 8.1. The main steps of the proof are the same as in the proof of the
Kanade—Russell conjecture in Section 5. Key difference is the root identity to which the
A, Bailey tree is applied, which essentially is the A, unit Bailey pair (4.33). Also, since
the right-hand side of (8.3) does not admit a product form, this time round there is no need
for the A;l) Macdonald identity in the final stages of the proof.

8ForA= (k — a)Ag +al\;,i €1, the dependence on the generalised Kostka polynomials trivialises
and the resultis essentially due to Georgiev [4 1], with the caveat that he used the definition of principal
subspace from [81].
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For y = (y1,y2,¥3) € O, let
Yy (2,05 9) = ¢ (245 @)y (WG @) yys (2G5 @)y Py, yrays (2072, 025071 (8.4)

Point of departure for our proof is (4.3) for N = M = 0. Identifying (r,s) = (y1, y1 + y2)
and using (4.12), this may also be written as

Sn00m0 = Y Py (2, w5 )Py (2, 3 ), (8.5)
yeQ.

where n, m € Ny. Since @, ,,.,, vanishes unless y; < n and y; + y» < m, the sum over y in
(8.5) has finite support.

As in the proof in Section 5, let a, k be integers such that a < k. Then, by a (k —a + 1)-
fold application of (4.13) starting with the root identity (8.5), we obtain

k—a+1

Z 1—1 7(/li—l,,ui—l§/li,.ui(z’ w; q) (8.6)

/lg(n"'"‘) i=1
k—a)

= D (g T e, (2w )Wy (2,05 ),
Y€Q,

puc(m

where Ao := n, o := m. Next we use (4.17) to replace ®,, ..y, (z, w; ¢) in the summand on
the right by @, ., (1, 1, z, w; ¢) and define

Z:=z¢”? and W :=wg’.

Then, by an (a — b)-fold application of (4.18b) where (u,v) = (Z'~!, Wi~1) in the ith step,
as well as the use of (5.10) for (a, b) = (1/q, 1), we find

k—b+1
—x(i<a-b)a; .
Z ]_[ q x( ) lq(/li—l’ﬂi—l;/liaﬂi(z’w’q)
ac(nkby =l
uc(mk=b)

= Z (2 wy1+yzq%(yf+y§+y§))k*b+1q—(a—b)y1q)n’m;y (Za_b,W“_b;z,w;q)‘I’y(z, w: q),
Y€
for integers a, b, k such that b < a < k. Again denoting this by I, it follows from Corol-

lary 4.10 that (I, — zwg™ 'I,_1)/(1 — zwg™") is given by

k—b+1
l _ qum+/la,h—1 B R B )
e el ] I B SRR R

AC (nk-b)
uc(mk=b)

1 2 2 2 —
— Z ((Zylwy1+yzq2(yl+y2+y3))’< b+1q—(a—b)y1
YEQ4

i=1

Yy (z,w; q)

X Dy iy (2972 WP 1L Lz wi g :
n’mny( )Ay(z’w’q)
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Once again this holds for b < a < k instead of the more restricted range b < a < k since
(8.7) for b = a simplifies to (8.6) by A¢ := n and (4.27). The final iterative step in our proof
is a b-fold application of Corollary 4.11, where

(u v.C d) — (Za—b+i—1 Wa—b+i—1 Zi—l Wi—l)
in the ith step. By (5.10) for a = b = 1/4 this yields

k+1
1 _ qu/la+[lb—1 _ . B . )
> 1—zwg-! [ [artisatxtshmge, |z wiq) (8.8)
i=1

A< (n¥) j=
uc(mk)
= Z ((Zy‘ wy1+y2q%(y12+y§+y§))k+1q— Sia (i) i
yeQ.
¥y (z, w; q)

X @y (24, W 28, WP 2, w5 g ,
naniy ) Ay (z,w;q)

where we have used that —ay| — b(y; +y2) =— 2?:1 (vi+i)y;forv:=(a+b+2,b+1,0).
As for the analogous result (5.14) in the proof of the Kanade—Russell conjecture, this holds
for all 0 < a, b < k. Specifically, making the simultaneous substitutions (z, w, a, b,n,m) —
(w, z, b, a, m, n), changing the summation indices (yy, y2, y3) — (=y3, —y2,—y1) on the
right and (4, u) — (u, A) on the left, it follows from (8.8) that the both sides are invariant
under the interchange of a and b.

Taking the large-n, m limit using (4.26), using definitions (4.28) and (8.4), and elim-
inating z and w from the right-hand side in favour of xy, x,, x3, we obtain

k . . 2 i+l —vi(i (i .
Z (1 _qu/la“'ﬂb*l) 1_[ Z/llw/th/l,- A pitpg —x (i<a) i —x (i<b) p
Aue? i=1 (C]; Q)/li—/lm (q; q)lli—,um
1(),1(p)<k

3
1 , ,
- 11 Co/x ) 2, ( [T Girxpay, [ [ gt G
Xi x;,é] oo

1<i<j<3 yeQ, ‘\1<i<j<3 i=1

x det (g™ ™0 ) @y, yyays (X167 /32, %267 [x33.7") ).
B IVA

Since, by (a/q;q™')n = (ag™; q)ns

1_[ | 3 xl?]iq(>éi)(.xi/x3;q)yi
(

o (1972 /x2, %2975 [x3,¢7 ") =
Yi,Y1t+y2 ’ > . K
1<i<j<3 xi/xj’ Q)y,—j i=1 (qxi/xl’Q)y,-

s

this gives (8.3). [

As mentioned in the introduction, the A;-analogue of Theorem 8.1 was first proved by
Andrews, who showed that the right hand sides of (1.7) and (1.8) both satisfy

01,i(z:q) = Qri-1(z39) = (29)" ' Qi k—i+1(24: 9) (8.9)
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for 1 < i < k, where Qo := 0. Since both expressions satisfy the same initial conditions
0r.i(0;q) = Or.i(z;0) = 1, this proves the equality of (1.7) and (1.8). The equation (8.9)
may also be derived purely algebraically using the theory of intertwining operators for
vertex operator algebras, see [23]. For general Ai 1_)1 this approach has only been completed
fully for level-1 modules, see [22, Theorem 5.3]. Restricting to r = 3, this yields

ch W} (z,w;q) — ch W} (zq,w;q) = zqg ch W} (zg*, wg™';q), (8.10a)

ch W} (z,w;q) — ch W} (q,wq;q) = wg ch Wy (zg~ ", wq?; q), (8.10b)

where the exponents of g in the argument of ch W/’\0 on the right are the Cartan integers of
sl3. Together with

ch W,;Ao(z, w;q) = ch W,’(Al (zq,w;q) =ch W,’(Az(z, wq; q)

for arbitrary level k and ch W/,\o (0,0;9) =ch Wl’\0 (z,w;0) = 1, this uniquely determines the

characters ch W/'\, for 0 < i < 2. It is routine to show that the right-hand side of (8.2) for

k =1and a = b = 0 satisfies (8.10). The same cannot be said for the bosonic representation
1

(zq, wq, z0q; q)co

N _1\Fr+s 2r  2s 2r2+2s2—2rs+(;)+(;) (1 _Zq2ris)(] B wq2S7r)(l — wq
< 3 (o =21 -w)(1-zw)

ch W/'\O(z, w;q) =

r+s)

r,s=0
y (zw; @)r (zw; )5 (23 @) r—s (W3 @)s—r
(g:0)r(q:9)s ’

for which showing (8.10) holds requires a lengthy computation. It would be very interesting
to extend the approach using functional equations to ch W}, (z, w; ) for weights of arbitrary
level.

9. Outlook

An important open question is how to generalise Theorems 1.2 and 1.4 to Ail_)l forallr.” As
far as the A, _-analogue of the Bailey chains of Lemma 3.1 and Theorem 4.2 is concerned,
things are relatively straightforward. Letn = (ny,...,n,-1),m = (m1,...,m,_1) be integer
sequences and z = (z1,...,z,—1) a sequence of indeterminates. In [89] the definition of
the rational function ®,, ,,,(z, w; ¢) was extended to A,_; as:

o 2O

. 0,
z;' Q%ijll A" Ay

R D ||| =
A0, e =l 2] 929D 30 2

9The vacuum case a = b = 0 of Theorem 8.1 was generalised to all 7 in [34, Theorem 3.1] without
the use of the Bailey machinery.
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where /léi) := n; and where (A;;)1<i, j<r-1 is the Cartan matrix of A,_;. For an arbitrary
sequence @ = (ay,...,ar_1),leta = (a,_1,...,a;). Replacing A by A"~ in (9.1) it
follows that

D (2:9) = Pa(Z:q). 9.2)
Another immediate consequence of the definition (9.1) is the A, _; Bailey chain
Ny—1
Z D Kam (2:0) P (23 9) = Pu (23 9), 9.3)

m1—0 Ny 1—0

with K, m given by
r—1 m, Z_IA, mim;j
q2 J J
Knm (23 9) =
- 1:1[ (45 Dni-m;
Moreover, by Hua’s identity [47, Theorem 4.9] for A,_1,

1 1
lim Q,(z;9) = — -_ 9.4
ni,..., nyp_]—00 n (q, ‘r)'o—] lsgsr (Zi"'zj—lq;q)oo

The alternative expressions for ®,(z; ¢) and @, ,,,(z, w; ¢) as given in (3.1) and (4.1)
follow from Corollaries 3.2 and 4.3, or from [34, Proposition 2.2] which is based on the
decomposition in the Gelfand—Zetlin basis of the Whittaker vectors for the quantum group
U,(gl,) over C(v). This more generally implies that

(1) +
(=1) st ) A0 W
ouza) =Y [] l—[ g [T (& D% (g5
(¢ ‘Z)/lm A

k>1 I<i<j<r
(l) 19 i
Lozt @iy, ))
I—zi 21 (Zi"'Zj—lq;q)/lkijiiil_ﬂl((j)
where the sum is over part_itions AW A7) such that 1Ay < r—iforl <i<r(so
that A7) = 0)and 21” + 27 4 /1( )—n for 1 <i<r—1.Forr =2 this ylelds 3.1
and for r = 3 it gives
1
@, m(z, w5 q) = 9.6)
- (4-29""; On (9 wG: Qm
X 6W5 (qum; qu/w, q—n’ q : q, qun+m+])

By Jackson’s ¢ Ws summation [40, Equation (I1.20)] this simplifies to (4.1). The expression
(9.5) obscures the symmetry (9.2), although it can be simplified relatively easily to a (r;Z)_
fold multisum that is symmetric. For example, for 7 = 4 two of the three summations can

be carried out to give an expression as a balanced 4¢3 basic hypergeometric series:

(212295 D ny+nr (2223G5 @ nyins

@y (z39) =
" (9,219,212295 9)n, (9, 229, 21229, 222395 @)n, (. 239, 222395 Gy

q /20,7, g7, g7

Xags| _ o 3q, 9
g (7120, 7T (2023, 2122239
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Regardless of how @, (z; ¢) is expressed, it is an open problem to lift the A, _; Bailey chain
(9.3) to an A,_; Bailey tree. It follows from the work of Ardonne, Kedem and Stone (see
[9, Equation (6.16)]) that the 1 and —g~! in 1 — zwg'«**»~! in formula (8.2) — this factor
can be traced back to the structure of the numerator of (4.22) — should be interpreted as
entries of the inverse of the matrix of generalised Kostka polynomials [53,75] for s13. This
suggests that the as-yet-to-be-discovered A, _; Bailey tree involves the generalised Kostka
polynomials for sl,. Another open problem is to find the A,_;-analogue of the (3.14b)
and (5.2). Fory = (y1,...,yr) € O, let

@, (w3 q)
@,y (25 9) = = . .
[Ti<icjer it 2145 @)y,
where m; :==n; —y; — -+ —y; and w; := z;q”>* for 1 < i < r — 1. The problem then is to

find a manifestly positive representation for the rational function g,..(g) defined by

1- qryij+j_i : r(r+T)(yi)—Tiy-
8nir(q) = Z D@piry(q,---.q:9) n T 1_[61 2/,
yeQ — I<i<j<r 4 i=1
r—1 times

where n € Ng‘l and T € {2—r,...,0,1}. For general r this is a very hard problem since

Doy 1,014 nrfl;ry(CI» s q5q)

—_———
r—1 times
r
=q)n1 ..... ni_l(q’---,q;Q) ¢i’li.;.l ..... nr_l(‘Za“-’q;Q)l_[éyj,Oa
~——— ——— i=j
i—1 times r—i—1 times

which implies that

8ni,....ni1,0,n441,..., nr—l;T(q)

=¢’n| ..... n{_1(q’-"’q;q)(bni+1 ..... nr_l(q""’q ,‘Z)
SN—— S——
i—1 times r—i—1 times

For example, setting m = 0 in (1.3) gives g,.0.(q) = 1/(q, ¢%; @)n = ®n(q; q). Some
properties of g,.-(g) are easily deduced for general r. From (9.4) followed by (5.16) it
immediately follows that

1
[T == ifr=1,
1icjer (@7 Do
i ; = 5 q)oo 1 .
o mgur(@) = (@) [T ——— ifr=o, ©.7)
(q ’q )°° I<i<j<r (qj l;q)oo

0 ifre{2-r,...,-1}.
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We can do slightly better for special values of 7. First we note that by [89, Equation (6.3)]""

it follows that for r > 3
lim D, (25 9)

o M I
[ Ny_n—00 > ’ - (q,q r=3 (Z Zj-149; Q)oo

0 2<i<jsr-1
(Zl cZr-19; Q)n1+nr,1
Iz 2t @5 Dy -y (20 21 G Dyt

generalising (9.4). Hence, for such r,

gfzrr)n ‘r(q) = lim 8(n,ny,..., nr_z,m);T(Q)

@o~ || (q/~ ’,q)m n (q"';

I<i<j<r-1

% Z l_[ (1 _ qryij+j—i) l_[qr(r+r)(>éi)—7iy,~
i=1

YeQ I<i<j<r

5 q)n+m+l

n+m+r-—1
n—ryi+i—-1|

By (5.6), (A.4) and g — 1/q duality this may be expressed in closed form for 7 € {-1,0, 1}
as
(r) (q) = q(;)(r—l)nm n+m

gan

r—1
1 1
(q: @) — : ,
H (477" @) El[ (4" @nem

p I<i<j<r—1

where p = g if r € {-1,1} and p = ¢" if T = 0. For r = 3 this is (5.2), and in the limit of
large n and m this gives (9.7) for T € {-1,0, 1}.

Appendix A. New proof of (5.3)

We begin with the following g-Pfaff—Saalschiitz summation for the root system A, _;:

_ X qy’ - X;q% (ajxi/xj; q)y,
Z((b,q Y [ = ]_[ T, (A1)
YENG I<i<j<r X i,j qXi/Xjs 4yi
Xl—[ NJexii @)y -y @ ): (cxi/a;, cxi/b;q)n
(a; bq1 N/cxi,q)|y|(cx,-,q)yi | (exi,exilaib; q)n

where N is a nonnegative integer and |y| := y; + --- + y,. It should be noted that the
summand vanishes unless |y| < N so that only finitely many terms contribute to the sum.
The result (A.1) was first obtained in the appendix of a preliminary version of Leininger and
Milne’s paper [56]; an appendix that was dropped in the published version. Subsequently
(A.1) was rederived and published by Bhatnagar and Schlosser, see [16, Remark 5.11].

10Thjs result is stated in [89] without proof.
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To obtain (5.3), we replace ¢ — ¢” in (A.1) and then specialise x; = ¢" ~'bz/c and
a; = q~" for n a nonnegative integer. Using [];_, (aq" ' q)x = (a; q),k. this gives
aixi/x:; r n l+1,
n(]l/]q)yl'_’l—[(q VIQ)ry;
ij=1 (qxt/x]’q)yl (61’_” 7q)ry,~

so that the resulting summand vanishes unless O < ry; < n+1i — 1. Since this is independent
of N, g~V may be replaced by the indeterminate d, resulting in

Z (b,d:q )|y\ l_[ 1- ryif+j—i lL[ (q_n_i+];Q)ryi(dqi/Z;C]r)|y\_yi61riyi
Jot, (da' =z @y =gt L1 (@5 9), (b2g7 500,

_ (z,bz/d;q)n
" (bzz/diq)n’

where the reader is reminded that y;; := y; — y ;. Indeed, after multiplying the above identity
by d"(z/d; q),, and carrying out some standard simplifications of the g-shifted factorials
involving d, it follows that both sides are polynomials in d of degree n. Since the differ-
ence between the right- and left-hand side is zero for d = ¢~ where N is an arbitrary
nonnegative integer, this difference is zero for all d. Next, if we set b = 0, let d tend to
infinity and carry out some elementary manipulations, we find

Z((_l)rz)lqu—r(‘;“) 1_[ (1_qryu+j—i)ﬁq('ﬁl)y?—in[ ”"'r_.l ] (A.2)
i=1

11 n—ry;+i—1
yeNG 1<i<j<r Yi

i<j<r

r—1
=@ | J(1-q"".
i=1

We now consider the sum over the y; for fixed |y| = m and carry out what in [42] is referred
to as the rotation trick. That is, if u, v are the unique integers such that m = ur + v for

0 <v<r,u>0,then we shift and rotate the summation indices yi,...,y, as
Vitp + U forl<i<r-—u,
yi =
YVito—r +u+1 forr—v<i<r

This substitution leads to the following alternative expression for the left-hand side of
(A.2):

% S [ amamernfacoin] e

m=0yeQ I<i<j<r

Equating coeflicients of z"”* with the right-hand side of (A.2) using the g-binomial theorem

. _ N _m (% n
(z,q)n—r;f 2)"q )[m] (A3)
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this implies

(1= g"u+i=i) - ("2 -iy;
Z I—[ g ];[q >

yeQ I<i<j<r

r—1
n+r—1 n I_l i
— 1_ n+i t.
n—m—ry,-+i—1] [m] (1=4"

i=1
(A4)

Finally, replacing n by n + m and specialising r = 3 yields (5.3).
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