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Abstract. The A2 Bailey chain of Andrews, Schilling and the author is extended to a four-

parameter A2 Bailey tree. As main application of this tree, we prove the Kanade–Russell
conjecture for a three-parameter family of Rogers–Ramanujan-type identities related to the

principal characters of the affine Lie algebra A
(1)
2 . Combined with known q-series results, this

further implies an A
(1)
2 -analogue of the celebrated Andrews–Gordon q-series identities. We

also use the A2 Bailey tree to prove a Rogers–Selberg-type identity for the characters of the

principal subspaces of A
(1)
2 indexed by arbitrary level-k dominant integral weights λ. This

generalises a result of Feigin, Feigin, Jimbo, Miwa and Mukhin for λ = kΛ0.
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1. Introduction

Let (a; q)∞ := (1 − a)(1 − aq) · · · and, for n an integer, (a; q)n := (a; q)∞/(aq
n; q)∞. In

particular, (a; q)0 = 1, (a; q)n = (1 − a)(1 − aq) · · · (1 − aqn−1) for n > 0 and 1/(q; q)n = 0
for n < 0. Further let a, k, τ be integers such that k > 1, 0 6 a 6 k, τ ∈ {0, 1}, and fix
K := 2k + τ + 2. Then the modulus-K Andrews–Gordon–Bressoud q-series identities are given
by ∑

λ1>···>λk>0

qλ
2
1+···+λ2

k+λa+1+···+λk

(q; q)λ1−λ2 · · · (q; q)λk−1−λk(q2−τ ; q2−τ )λk
(1.1)

=
(qa+1; qK)∞(qK−a−1; qK)∞(qK ; qK)∞

(q; q)∞
,

where τ = 1 corresponds to the Andrews–Gordon or odd modulus case [3] and τ = 0 to the
Bressoud or even modulus case [19]. The Andrews–Gordon identities for k = 1 simplify to the
famous Rogers–Ramanujan identities [68–70]

∞∑
n=0

qn
2

(1− q)(1− q2) · · · (1− qn)
=

∞∏
n=0

1

(1− q5n+1)(1− q5n+4)
,(1.2a)

and
∞∑
n=0

qn
2+n

(1− q)(1− q2) · · · (1− qn)
=

∞∏
n=0

1

(1− q5n+2)(1− q5n+3)
.(1.2b)

The Rogers–Ramanujan identities and their generalisations due to Andrews, Gordon and Bres-
soud have a rich history. They are the analytic counterpart of well-known theorems for integer
partitions [18,19,43,62,72], have numerous important interpretations in terms of the representa-
tion theory of affine Lie algebras and vertex operator algebras [23,24,29,33,45,52,55–59,63,64,77],
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and have arisen in a variety of other contexts such as in algebraic geometry [21], combina-
torics [26, 36], commutative algebra [1, 11], group theory [25], knot theory [10], number the-
ory [20, 65], statistical mechanics [14, 15, 82], the theory of orthogonal polynomials [39, 48], and
symmetric function theory [13, 47, 67, 76]. For a comprehensive introduction to the Rogers–
Ramanujan identities and their generalisations we refer the reader to An invitation to the
Rogers–Ramanujan identities, by Sills [74].

Several representation theoretic interpretations of the Andrews–Gordon–Bressoud identities

are based on the affine Lie algebra A
(1)
1 , making it a natural problem to try to extend (1.1)

to A
(1)
r−1. Despite the long history of the subject, this is very much an open problem. In 1999

Andrews, Schilling and the author succeeded in finding (some) analogues of (1.1) for A
(1)
2 for all

moduli [8]. To succinctly describe these results, we require the modified theta functions θ(z; q) :=
(z; q)∞(q/z; q)∞ and θ(z1, . . . , zn; q) := θ(z1; q) · · · θ(zn; q), and the q-binomial coefficients

[
n
m

]
=[

n
m

]
q

:= (q; q)n/(q; q)m(q; q)n−m for integers n,m such that 0 6 m 6 n and zero otherwise. We

also need the appropriate A
(1)
2 -analogue of 1/(q2−τ ; q2−τ )n (which occurs in (1.1) with n = λk),

and for n,m nonnegative integers and τ ∈ {−1, 0, 1}, we define

(1.3) gn,m;τ (q) :=
qτ(τ−1)nm

(q; q)n+m(q2; q)n+m

[
n+m

n

]
p

,

where p = q if τ2 = 1 and p = q3 if τ = 0. For example, gn,m;1(q) = 1/(q; q)n(q; q)m(q2; q)n+m.
Then, for a, k, τ integers such that k > 1, 0 6 a 6 k and τ ∈ {−1, 0, 1}, it was shown in [8] that∑

λ1>···>λk>0
µ1>···>µk>0

1− qλa+µa+1

1− q
q
∑k
i=1(λ2

i−λiµi+µ
2
i )+

∑k
i=a+1(λi+µi)∏k−1

i=1 (q; q)λi−λi+1
(q; q)µi−µi+1

gλk,µk;τ (q)(1.4)

=
(qK ; qK)2

∞
(q; q)3

∞
θ
(
qa+1, qa+1, q2a+2; qK

)
,

where K := 3k+τ+3 and qλ0 = qµ0 := 0. From a q-series as well as combinatorial point of view
this is a perfectly good analogue of (1.1). For example, by the Borodin product formula [17],
the right-hand side corresponds to the generating function of cylindric partitions [42] on three
rows with ‘profile’ given by (K − 2a − 3, a, a). If, however, one wishes to interpret (1.4) as

an identity for the principal characters of A
(1)
2 (characters of the principally graded subspaces

of basic A
(1)
2 modules in the sense of [37, 58]) or, for 3 - K, as branching functions of A

(1)
2

and characters of the W3(3,K) vertex operator algebra (see [86, Section 4]), then one should
multiply both sides of (1.4) by (q; q)∞.1 This would of course obscure the positivity of the

left-hand side, and for this reason we will not view the above as the “proper” A
(1)
2 -analogues of

the Andrews–Gordon–Bressoud identities. Instead we follow Kanade and Russell [50] and refer
to (1.4) as the Andrews–Schilling–Warnaar identities, or ASW identities for short. From both
a representation theoretic and cylindric partition point of view it is clear that the above set of
ASW identities is not complete, and there should be an appropriate multisum expression for

each dominant integral weight (K − a− b− 3)Λ0 + aΛ1 + bΛ2 of A
(1)
2 or each cylindric-partition

profile (K − a− b− 3, a, b), with corresponding product form as above but with theta function
given by θ(qa+1, qb+1, qa+b+2; qK). Recently Kanade and Russell [50, Conjecture 5.1] posed the
following beautiful conjecture that covers all cases such that 0 6 a, b 6 k.

1The result (1.4) may be interpreted as an identity for the principally specialised characters of ĝl(3) indexed

by (K−2a−3)Λ0 +a(Λ1 + Λ2) for 0 6 a 6 k, see e.g., [37,78]. This, however, does not match the interpretation

of the Andrews–Gordon–Bressoud identities as character identities for the principal characters of ŝl(2) = A
(1)
1 .
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Conjecture 1.1 (Kanade–Russell). Let a, b, k be integers such that 0 6 a, b 6 k, and set
K := 3k + τ + 3 for τ ∈ {−1, 0, 1}. Then∑

λ1>···>λk>0
µ1>···>µk>0

1− qλa+µb+1

1− q
q
∑k
i=1(λ2

i−λiµi+µ
2
i )+

∑k
i=a+1 λi+

∑k
i=b+1 µi∏k−1

i=1 (q; q)λi−λi+1
(q; q)µi−µi+1

gλk,µk;τ (q)(1.5)

=
(qK ; qK)2

∞
(q; q)3

∞
θ
(
qa+1, qb+1, qa+b+2; qK

)
,

where qλ0 = qµ0 := 0.

For b = 0 and τ2 = 1 this was previously conjectured in [86, Conjecture 7.4]. By symmetry

in a and b there are
(
k+2

2

)
distinct identities for fixed k, where it is noted that the right-hand

sides for (a, b) = (k, k) and (a, b) = (k, k − 1) are the same if τ = −1 due to the simple relation
θ(z; q) = θ(q/z; q). In the following we may thus assume without loss of generality that a > b.
For τ = −1 the sum over µk can be carried out by a limiting case of the q-Chu–Vandermonde
summation (see e.g., (3.8) below), resulting in the slightly simpler∑

λ1>···>λk>0
µ1>···>µk−1>0

1− qλa+µb+1

1− q
q
∑k
i=1(λ2

i−λiµi+µ
2
i )+

∑k
i=a+1 λi+

∑k−1
i=b+1 µi

(q2; q)λk+µk−1

∏k
i=1(q; q)λi−λi+1

∏k−1
i=1 (q; q)µi−µi+1

=
(q2k+2; q2k+2)2

∞
(q; q)3

∞
θ
(
qa+1, qb+1, qa+b+2; q3k+2

)
,

where 0 6 b 6 a 6 k (b 6= k), λk+1 = µk := 0, and, for k = 1, µ0 :=∞.
Besides (1.4), also the (a, b) = (k, 0) and (k − 1, 0) instances of (1.5) for τ2 = 1 were proved

in [8]. For the moduli 5 and 7 this covers all identities in (1.5). The identity of smallest modulus
missing from [8] corresponds to (a, b, k, τ) = (1, 0, 1, 0) of modulus 6. Kanade and Russell proved
this by solving the Corteel–Welsh system of functional equations [28] for cylindric partitions of
profile (d − a − b, a, b) for d = 3, see [50, Corollary 7.5]. For the moduli 8 and 10 they again
solved the corresponding Corteel–Welsh systems (in these cases d = 5 and d = 7 respectively)
confirming the conjecture. Alternatively, the modulus-8 case is implied by combining the recent
results of Corteel–Dousse–Uncu [27] and the author [86] on modulus-8 Rogers–Ramanujan-type

identities for A
(1)
2 . Finally, Uncu [81, Theorems 4.4 & 5.4] settled the moduli 11 and 13 by

algorithmically confirming and complementing a conjectured partial solution to the Corteel–
Welsh system due to Kanade and Russell.

The first main result of this paper is a case-free proof of the Kanade–Russell conjecture for
arbitrary modulus.

Theorem 1.2. The Kanade–Russell conjecture holds for all moduli.

The lowest-moduli examples not previously proved correspond to k = 2, τ = 0 and (a, b) ∈
{(1, 0), (2, 0), (2, 1)} with the three a = b cases included in (1.4). For example, for (a, b) = (2, 0)
the theorem confirms the the modulus-9 identity

∞∑
λ1,λ2,µ1,µ2=0

qλ
2
1−λ1µ1+µ2

1+λ2
2−λ2µ2+µ2

2+µ1+µ2(q3; q3)λ2+µ2

(q; q)λ1−λ2
(q; q)µ1−µ2

(q3; q3)λ2
(q3; q3)µ2

(q; q)λ2+µ2
(q; q)λ2+µ2+1

=

∞∏
n=1

(1− q9n)

(1− qn)2(1− q9n−7)(1− q9n−2)
,

where we recall that 1/(q; q)n = 0 if n is a negative integer, so that the summand vanishes unless
λ1 > λ2 and µ1 > µ2.
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As mentioned above, from a representation theoretic point of view the ASW identities should
be multiplied by a factor (q; q)∞. For τ2 = 1 this factor can be absorbed in the multisum using
a transformation formula from [86]. This gives what we view as the Andrews–Gordon identities

for A
(1)
2 . In full generality this result is too involved to be stated in the introduction and below

we restrict ourselves to the special case b = 0, and refer to Theorems 7.2 and 7.3 for the more
general result.

Theorem 1.3 (A
(1)
2 Andrews–Gordon identities; special case). Let a, k be integers such that

0 6 a 6 k. Then∑
λ1,...,λk>0
µ1,...,µk−1>0

qλ
2
k+

∑k
i=a+1 λi

(q; q)λ1

k−1∏
i=1

qλ
2
i−λiµi+µ

2
i+µi

[
λi
λi+1

][
λi − λi+1 + µi+1

µi

]

=
(qK ; qK)2

∞
(q; q)2

∞
θ
(
q, qa+1, qa+2; qK

)
,

where µk := 2λk and K := 3k + 2, and∑
λ1,...,λk>0
µ1,...,µk>0

q
∑k
i=a+1 λi

(q; q)λ1

k∏
i=1

qλ
2
i−λiµi+µ

2
i+µi

[
λi
λi+1

][
λi − λi+1 + µi+1

µi

]

=
(qK ; qK)2

∞
(q; q)2

∞
θ
(
q, qa+1, qa+2; qK

)
,

where λk+1 := 0, µk+1 := λk and K := 3k + 4.

These results were conditionally proved in [86] assuming the truth of (1.5) for b = 0 and
τ2 = 1.

One of the most streamlined proofs of the Andrews–Gordon–Bressoud identities (1.1) is based
on what is known as the Bailey lattice [2], which is a generalisation of the well-known Bailey
chain [5]. Our proof of Theorem 1.2 presented in Section 5 is based on an A2-analogue of a
special case of the Bailey lattice which, due to its tree-like structure, we refer to as the A2 Bailey
tree. A special instance of the A2 Bailey tree corresponds to the A2 Bailey chain developed in [8]
to prove the ASW identities (1.5). Andrews’ original proof of the Andrews–Gordon identities [3]
predates the discoveries of the Bailey chain and Bailey lattice, and instead is based on recursion
relations for the Rogers–Selberg function Qk,i(z; q), defined by [70,73]

(1.6) Qk,i(z; q) :=
1

(zq; q)∞

∞∑
n=0

(
1− ziq(2n+1)i

)
(−1)nzknq(2k+1)(n+1

2 )−in (zq; q)n
(q; q)n

for integers i, k such that 1 6 i 6 k. These recursions were solved by Andrews to give the
multisum representation [3, Equation (2.5)]

(1.7) Qk,i(z; q) =
∑

λ1>···>λk−1>0

zλ1+···+λk−1qλ
2
1+···+λk−1+λi+···+λk−1

(q; q)λ1−λ2
· · · (q; q)λk−2−λk−1

(q; q)λk−1

.

Equating the two expressions for Qk,i, specialising z = 1 and using the Jacobi-triple product
identity yields (1.1) with (a, k) 7→ (i − 1, k − 1) and τ = 1. The equality of (1.6) and (1.7)
may also be proved by the Bailey lattice, and by lifting this proof to the A2-setting we obtain

the following identity for the characters of the level-k principal subspace Wλ of A
(1)
2 indexed by

λ = (k − a − b)Λ0 + aΛ1 + bΛ2. Let Q+ := {y = (y1, y2, y3) ∈ Z3 : y1 + y2 + y3 = 0, y1 >
0, y1 + y2 > 0}.
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Theorem 1.4. For a, b, k integers such that 0 6 a, b 6 k, let ν be the strict partition ν :=
(a+ b+ 2, b+ 1, 0). Then∑

λ1>···>λk>0
µ1>···>µk>0

(
1− x1

x3
qλa+µb−1

) k∏
i=1

(
x1

x2

)λi(x2

x3

)µi
qλ

2
i−λiµi+µ

2
i−χ(i6a)λi−χ(i6b)µi

(q; q)λi−λi+1
(q; q)µi−µi+1

=
∑
y∈Q+

det16i,j63

(
(xiq

yi)νi−νj
)∏

16i<j63(xi/xj ; q)∞

3∏
i=1

x
(k+2)yi
i q(k+2)(yi2 )−νiyi(xi/x3; q)yi

(qxi/x1; q)yi
,

where qλ0 = qµ0 = λk+1 = µk+1 := 0.

Setting (x1, x2, x3) = (zw,w, 1) and letting w tend to 0, the summand on the left vanishes
unless µ1 = · · · = µk = 0, resulting in Qk+1,a+1(z/q; q) in its multisum representation (1.7).
In this same limit the summand on the right vanishes unless (y1, y2, y3) ∈ Q+ is of the form
(n,−n, 0) for n ∈ N0. After some simplifications this yields Qk+1,a+1(z/q; q) as defined in (1.6).

In contrast to the A
(1)
1 case, (1.5) does not follow from Theorem 1.4 by specialisation of the

xi. For b = a the determinant on the right (which up to normalisation is a Schur function [61])
factorises, resulting in the simpler∑

λ1>···>λk>0
µ1>···>µk>0

(
1− x1

x3
qλa+µa−1

) k∏
i=1

(
x1

x2

)λi(x2

x3

)µi
qλ

2
i−λiµi+µ

2
i−χ(i6a)(λi+µi)

(q; q)λi−λi+1(q; q)µi−µi+1

=
∑
y∈Q+

∏
16i<j63

1−
(
qyi−yjxi/xj

)a+1

(xi/xj ; q)∞

3∏
i=1

x
(k+2)yi
i q(k+2)(yi2 )+(a+1)iyi(xi/x3; q)yi

(qxi/x1; q)yi
.

For a = 0 this is [31, Corollary 7.8] by Feigin et al. The large-k limit of Theorem 1.4 gives our
next result, where P denotes the set of integer partitions.

Corollary 1.5. For a, b nonnegative integers and ν := (a+ b+ 2, b+ 1, 0),∑
λ,µ∈P

(
1− x1

x3
qλa+µb−1

)∏
i>1

(
x1

x2

)λi(x2

x3

)µi
qλ

2
i−λiµi+µ

2
i−χ(i6a)λi−χ(i6b)µi

(q; q)λi−λi+1(q; q)µi−µi+1

=
1∏

16i<j63(xi/xj ; q)∞
det

16i,j63

(
x
νi−νj
i

)
,

where qλ0 = qµ0 := 0.

For a = b the right-hand side simplifies to∏
16i<j63

1− (xi/xj)
a+1

1− xi/xj
1

(qxi/xj ; q)∞

so that the a = b = 0 case of Corollary 1.5 gives the A2 instance of Hua’s combinatorial identity
for quivers of arbitrary finite type, see [46, Theorem 4.9] and the minor correction pointed out
in [38]. The determinant in Theorem 1.4 also simplifies for (x1, x2, x3) = (z2, z, 1), resulting in∑

λ,µ∈P

(
1− z2 qλa+µb−1

)∏
i>1

zλi+µiqλ
2
i−λiµi+µ

2
i−χ(i6a)λi−χ(i6b)µi

(q; q)λi−λi+1(q; q)µi−µi+1

=
1

(zq, zq, z2q; q)∞

(1− za+1)(1− zb+1)(1− za+b+2)

(1− z)(1− z)(1− z2)
,
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where (a1, . . . , ak; q)∞ := (a1; q)∞ · · · (ak; q)∞. For z = q this proves another conjecture by
Kanade and Russell, stated as Conjecture 3.1 in [50].

The rest of this paper is organised as follows. In Section 2 we recall some standard material
from the theory of q-series, root systems and symmetric functions that is used throughout the
paper. Then, in Section 3, we review the classical or A1 Bailey chain and a special case of the
Bailey lattice which in this paper will be referred to as the A1 Bailey tree. Although all of the
material in this section is essentially known, some results are formulated in a manner that is
new. In particular, the Bailey tree will be recast as a one-parameter deformation of the Bailey
chain. In Section 4 the A2 Bailey chain of [8] is generalised to an A2 Bailey tree. The simplest
part of this tree consists of a two-parameter deformation of the A2 Bailey chain, analogous
to the one-parameter deformation described in Section 3. As it turns out, this two-parameter
Bailey tree can only prove the Kanade–Russell conjecture for b = 0, and to obtain the full set
of identities we develop an additional and much more complicated four-parameter deformation
of the A2 Bailey chain. In Section 5 we apply the A2 Bailey tree to a suitable root identity to
prove Theorem 1.2. As mentioned just above Conjecture 1.1, there should be an ASW identity

for each dominant integral weight (K − a− b− 3)Λ0 + aΛ1 + bΛ2 of A
(1)
2 , and in Theorem 6.1

of Section 6, the missing cases for τ = 0 are obtained, using a key observation due to Kanade

and Russell. Then, in Section 7, we prove the A
(1)
2 -analogues of the Andrews–Gordon identities,

stated in Theorems 7.2 and 7.3. In Section 8 we give a short introduction to the principal

subspaces of A
(1)
r−1 in the sense of Feigin and Stoyanovsky, and then apply the A2 Bailey tree to

prove Theorem 1.4. Finally, in Section 9 we discuss the prospects of an Ar−1 Bailey tree and a
generalisation of (1.5) to arbitrary rank r.

Acknowledgement. I would like to thank Shashank Kanade for many helpful discussions,
Michael Schlosser for sending me to the preprint version of the paper [54] by Leininger and Milne
which contains the key identity (A.1), and Shunsuke Tsuchioka for sharing his conjecture (7.6).

2. Preliminaries

A partition λ = (λ1, λ2, . . . ) is a sequence of weakly decreasing integers such that |λ| :=
λ1 + λ2 + · · · is finite. We will follow the convention to omit the infinite string of zeros in a
partition, writing (4, 3, 2, 2, 1) instead of (4, 3, 2, 2, 1, 0, . . . ). If λ is a partition such that |λ| = n,
we say that λ is a partition of n and write λ ` n. The set of all partitions, including the unique
partition of 0, is denoted by P. The length l(λ) of a partition λ is defined as the number of
positive λi. A rectangular partition is a partition λ such that λ1 = · · · = λr = m for some
nonnegative integer m and λr+1 = 0. We will typically denote such a λ by (mr). The partition
µ is said to be contained in the partition λ, denoted µ ⊆ λ if µi 6 λi for all i > 1.

Many of the identities in this paper involve a sum over the root lattice Q of Ar−1 or a subset
thereof, mostly for r = 3. It will be convenient to employ the standard embedding of this lattice
in Zr, and we set

Q := {(y1, y2, . . . , yr) ∈ Zr : y1 + y2 + · · ·+ yr = 0},(2.1a)

Q+ := {(y1, y2, . . . , yr) ∈ Q : y1 + · · ·+ yi > 0 for all 1 6 i 6 r},(2.1b)

Q++ := {(y1, y2, . . . , yr) ∈ Q : y1 > y2 > · · · > yr}.(2.1c)

For y ∈ Q we also define yij := yi−yj for 1 6 i < j 6 r, where the reader is warned that for the
sake of brevity the two indices i and j will not be separated by a comma. Let εi denote the ith
standard unit vector in Rr and 〈·, ·〉 the standard scalar product on Rr, so that 〈εi, εj〉 = δi,j ,
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with δi,j the Kronecker delta. Let I denote the index set I := {1, . . . , r − 1} and

{αi}i∈I =
{
εi − εi+1

}
i∈I , {ωi}i∈I =

{
ε1 + εi −

i

r
(ε1 + · · ·+ εr)

}
i∈I

the set of simple roots and fundamental weights of slr respectively (so that 〈αi, ωj〉 = δi,j),
Then Q+ corresponds to

∑
i∈I N0αi and Q++ = Q ∩ P+, where P+ :=

∑
i∈I N0ωi is the set of

dominant (integral) weights of slr.
The q-shifted factorial (a; q)∞ is defined as

(a; q)∞ :=
∏
k>0

(1− aqk).

We typically view q-series such as these as elements of the formal power series ring R[[q]] (with
R some appropriate coefficient ring or field, such as Z, Q(a) or Q(z, w)). A notable exception is

Gustafson’s 6ψ6 summation for the affine root system A
(1)
r−1 on page 13, which requires complex

q such that |q| < 1. The definition of the q-shifted factorial is extended to

(a; q)n :=
(a; q)∞

(aqn; q)∞

for n ∈ Z. In particular, (a; q)0 = 1,

(a; q)n =

n−1∏
k=0

(1− aqk)

for positive n, and (a; q)−n = 1/(aq−n; q)n, so that 1/(q; q)n = 0 if n is a negative integer. For
a 6= 0 the modified theta function is defined as

θ(a; q) := (a; q)∞(q/a; q)∞.

For q-shifted factorials and modified theta functions we adopt the condensed notation

(a1, . . . , ak; q)n =

k∏
i=1

(ai; q)n, θ(a1, . . . , ak; q) =

k∏
i=1

θ(ai; q),

where n ∈ Z ∪ {∞}. A final two functions needed repeatedly are the q-binomial coefficient[
n

m

]
q

=

[
m

n

]
=


(q; q)n

(q; q)m(q; q)n−m
if n,m ∈ N0 such that m 6 n,

0 otherwise,

and the rφs basic hypergeometric function [40]

(2.2) φr s

[
a1, . . . , ar
b1, . . . , bs

; q, z

]
:=

∞∑
k=0

(a1, . . . , ar)k
(q, b1, . . . , bs)k

(
(−1)kq(

k
2)
)s−r+1

zk.

We only ever use the latter for terminating series, i.e., with one of the ai of the form q−n for n
a nonnegative integer, so that the summand vanishes unless k ∈ {0, 1, . . . , n}. We also use the
one-line notation

rφs(a1, . . . , ar; b1, . . . , bs; q, z)

instead of (2.2), and abbreviate the very-well-poised basic hypergeometric function

φr r−1

[
a1, a

1/2
1 q,−a1/2

1 q, a4, . . . , ar

a
1/2
1 ,−a1/2

1 , a1q/a4, . . . , a1q/ar
; q, z

]
as rWr−1(a1; a4, . . . , ar; q, z).
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3. The A1 Bailey lemma

To motivate the A2 Bailey tree presented in the next section, we first review the classical A1

case. Since the aim is to prove A
(1)
2 generalisations of the Andrews–Gordon–Bressoud identities

(1.1), we will focus on that part of the Bailey machinery needed for proving (1.1). This allows
us to adopt simpler notation than is typically found in treatments of the Bailey lemma such as
in [5,6,84]. The reader familiar with the existing literature should have no difficulties translating
most of the results presented below in terms of Bailey pairs and transformations of such pairs.

Recall that 1/(q; q)n = 0 for n a negative integer. The main ingredients in our treatment of
the Bailey lemma are the following three rational functions:

(3.1) Φn(z; q) :=
1

(q, zq; q)n
, Φn(u; z; q) :=

1− uz − (1− u)zqn

(q; q)n(z; q)n+1

and

Kn;r(z; q) :=
zrqr

2

(q; q)n−r
,

where n, r ∈ Z. The reason for separating u and z as well as n and r by semicolons is that n, r, u
and z all become sequences in the higher rank case. For later reference we note that

Φn(z−1; q−1) = (zq)nqn
2

Φn(z; q),(3.2a)

Φn(1; z; q) = Φn(z; q), Φn(z−1; z; q) = qnΦn(z; q)(3.2b)

and

(3.3) Φn(u; z; q) = Φn(z/q; q)− uz

(z; q)2
Φn−1(zq; q).

From [40, Equation (2.3.4)] it follows that

(3.4)

n∑
r=N

qn−rΦn−r
(
zq2r; q

)
Φr−N

(
zq2r; q−1

)
= δn,N ,

which is Andrews’ A1 matrix inversion [4, Lemma 3] in disguise.
A key role in the Bailey lemma [12] is played by Bailey pairs, which are pairs of sequences

(α(z; q), β(z; q)) indexed by nonnegative integers and depending on parameters z and q such
that2

(3.5a) βn(z; q) =

n∑
r=0

αr(z; q)

(q; q)n−r(zq; q)n+r
,

or, equivalently, [4, Lemma 3]

(3.5b) αn(z; q) =

n∑
r=0

1− zq2n

1− z
(−1)n−rq(

n−r
2 ) (z; q)n+r

(q; q)n−r
βr(z; q).

In [5] Andrews discovered that, given a Bailey pair relative to z, there is a simple transforma-
tion (already implicit in the work of Bailey) that turns this pair into a new Bailey pair relative
to z. This can be iterated to yield what Andrews termed the Bailey chain:

(3.6)
(
α(z; q), β(z; q)

)
7→
(
α′(z; q), β′(z; q)

)
7→
(
α′′(z; q), β′′(z; q)

)
7→ · · · .

The essence of (a special case of) this transformation is captured in the following lemma, which
by abuse of terminology we also refer to as the A1 Bailey chain. In particular it should be clear
that the result below lends itself to iteration thanks to its reproducing nature.

2It the literature on the Bailey lemma it is customary to use a instead of z, and refer to a pair satisfying
(3.5a) as a Bailey pair relative to a.
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Lemma 3.1 (A1 Bailey chain). For n a nonnegative integer,

(3.7)

n∑
r=0

Kn;r(z; q)Φr(z; q) = Φn(z; q).

Proof. In q-hypergeometric notation the identity (3.7) is

(3.8) 1φ1(q−n; zq; q; zqn+1) =
1

(zq; q)n
,

which is the terminating form of [40, Equation (II.5)]. �

Corollary 3.2. We have

Φn(z; q) =
∑
λ∈P

∏
i>1

zλiqλ
2
i

(q; q)λi−1−λi
,

where λ0 := n.

Proof. By a k-fold application of (3.7),

Φn(z; q) =
∑
λ∈P
l(λ)6k

Φλk(z; q)

k∏
i=1

Kλi−1;λi(z; q),

where λ0 := n. Letting k tend to infinite yields the claim. �

The Bailey chains (3.6) or (3.7) alone are no enough to prove the full set of Andrews–
Gordon–Bressoud identities (1.1), and in [2] Agarwal, Andrews and Bressoud found a further
transformation for Bailey pairs, this time scaling the parameter z by a factor q:(

α(z; q), β(z; q)
)
7→
(
α′(z/q; q), β′(z/q; q)

)
.

Combining this with the original transformation allows for more complicated patterns of itera-
tion which are not linear in nature. This led Agarwal, Andrews and Bressoud to refer to their
discovery as the Bailey lattice. Equipped with the Bailey lattice it is a simple exercise to prove
(1.1) in full. The part of the Bailey lattice needed for proving the Andrews–Gordon–Bressoud
identities has the structure of a very simple binary tree, and is captured in the following lemma.

Lemma 3.3 (A1 Bailey tree). For n a nonnegative integer,
n∑
r=0

Kn;r(z; q)Φr(1; z; q) = Φn(1; z; q),(3.9a)

and
n∑
r=0

Kn;r(z/q; q)Φr(u; z; q) = Φn(uz; z; q).(3.9b)

By Φn(1; z; q) = Φn(z; q), the first claim is merely a restatement of the Bailey chain. The
crucial part of Lemma 3.3 is that one can first repeatedly apply (3.9a) (or (3.7)) and then change
the nature of the iteration by continuing with (3.9b), initially with u = 1, then u = z, u = z2

and so on, changing the linear nature of Lemma 3.1, instead generating the simple binary tree

0

0

0

0

0

0

1

1

1

1

1

2

2

2

2

3

3

3

4

4 5
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where the label i ∈ N0 represents the rational function Φn(zi; z; q). Of course, (3.9b) in isolation
allows for

Φn(u; z; q) 7→ Φn(uz; z; q) 7→ Φn(uz2; z; q) 7→ Φn(uz3; z; q) 7→ · · · ,
but if one wishes to combine (3.9a) and (3.9b) then this fixes u = 1.

Proof of Lemma 3.3. Since (3.9a) is a restatement of (3.7), only (3.9b) requires proof.
By (3.1) or (3.3) it is clear that both sides of (3.9b) are polynomials in u of degree one. Taking

the constant term using (3.3) yields (3.7) with z 7→ z/q. Similarly, extracting the coefficient of
u in (3.9b) and dividing both sides by −z/(z; q)2, gives

n∑
r=1

Kn;r(z/q; q)Φr−1(zq; q) = zΦn−1(zq; q).

Here we have also used that Φ−1 = 0 to change the lower bound on the sum from 0 to 1. Shifting
r 7→ r + 1 and noting that

Kn;r+1(z/q; q) = zKn−1;r(zq; q),

results in (3.7) with (z, n) 7→ (zq, n− 1). �

Before we can demonstrate how to Andrews–Gordon–Bressoud identities (1.1) arise from the
above results, a slight reformulation of the previous two lemmas is needed. For this purpose we
further define

Φn;y(z; q) :=
Φn−y(zq2y; q)

(zq; q)2y
=

1

(q; q)n−y(zq; q)n+y
,

Φn;y(u; z; q) :=
Φn−y(u; zq2y; q)

(zq; q)2y
=

1− uzq2y − (1− u)zqn+y

(q; q)n−y(zq; q)n+y(1− zq2y)
,

where n, y ∈ Z. Note that once again Φn;y(1; z; q) = Φn;y(z; q), and that Φn;y vanishes unless
n > y. Further note that (3.5a) and (3.5b) can be recast in terms of Φn;y(z; q) and Φn(z; q) as

βn(z; q) =

n∑
r=0

Φn;r(z; q)αr(z; q)(3.10a)

αn(z; q) = q−n(zq; q)2n

n∑
r=0

qrΦn−r
(
zq2n; q−1

)
βr(z; q).(3.10b)

By replacing (z, n) 7→ (zq2y, n − y) in Lemmas 3.1 and 3.3 and then shifting the summation
index r 7→ r − y, the following two corollaries arise.3

Corollary 3.4. For n, y ∈ Z,

(3.11)

n∑
r=y

Kn;r(z; q)Φr;y(z; q) = zyqy
2

Φn;y(z; q).

Corollary 3.5. For n, y ∈ Z,
n∑
r=y

Kn;r(z; q)Φr;y(1; z; q) = zyqy
2

Φn;y(1; z; q),(3.12a)

and
n∑
r=y

Kn;r(z/q; q)Φr;y(u; z; q) = zyqy
2−yΦn;y(uzq2y; z; q).(3.12b)

3Corollary 3.4 for z = 1 and z = q is equivalent to [66, (R1) & (R2)] in that (3.11) for these two values of z
corresponds to the coefficient of an and bn in equations (R1) and (R2) of [66].
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We are now ready to give a short proof of (1.1).

Proof. Slater’s Bailey pairs B(3) and E(3) [75] are equivalent to the following pair of polynomial
identities:4

(3.13)

n∑
y=−n−1

(−1)yq3(y2)+2y

[
2n+ 1

n− y

]
=

(q; q)2n+1

(q; q)n

and
n∑

y=−n−1

(−1)yq2(y2)+y

[
2n+ 1

n− y

]
=

(q; q)2n+1

(q2; q2)n
,

where n is a nonnegative integer. In terms of Φn;y(z; q), Slater’s identities can be written as

(3.14a)
n∑

y=−n−1

(−1)yq(2+τ)(y+1
2 )−yΦn;y(q; q) =

1− q
(q2−τ ; q2−τ )n

,

where τ ∈ {0, 1}. Although this form of the identity is perfectly suitable for the application of
the Bailey tree, we will rewrite it further to more closely mimic its A2-analogue, given by (5.2)
on page 20. To this end, let ty be the summand of (3.14a) and rewrite the sum as

∑
y ty =∑

y t2y +
∑
y t−2y−1. Using that Φn;−2y−1(q; q) = Φn;2y(q; q) and thus t−2y−1 = −t2yq4y+1, this

yields

(3.14b)
∑
y∈Z

q(2+τ)(2y+1
2 )−2y 1− q4y+1

1− q
Φn;2y(q; q) =

1

(q2−τ ; q2−τ )n
,

where it is noted that the summand vanishes unless −b(n + 1)/2c 6 y 6 bn/2c. (Since both
sides of (3.14a) and (3.14b) trivially vanish for negative values of n, both forms of the identity
are true for all n ∈ Z).

In the following we identify the identity (3.14b) with the root of the binary tree shown on
page 9. By a (k − a)-fold application of Corollary 3.4 with z = q, which corresponds to taking
k − a downward steps along the left-most branch of the tree,∑

y∈Z
q(2k−2a+2+τ)(2y+1

2 )−2y 1− q4y+1

1− q
Φn;2y(q; q)(3.15)

=
∑

λ⊆(nk−a)

1

(q2−τ ; q2−τ )λ`

k−a∏
i=1

Kλi−1;λi(q; q),

where λ0 := n and k − a ∈ N0. We now replace Φn;2y(q; q) by Φn;2y(1; q; q) and then take a

steps along the tree in the south-west direction using (3.12b) with z = q and u = q(i−1)(4y+1)

in the ith step. Since

Kn;r(z/q; q) = q−rKn;r(z; q),

4These two results can be traced back to Rogers’ work on the Rogers–Ramanujan identities. For example,

the left-hand side of (3.13) is what Rogers denotes by q−(n+1)2β2n+1 on page 316 of [69]. His equation (5) on

the following page then states that q−n−1β2n+1/(q; q)2n+1 = qn(n+1)/(q; q)n.
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this yields ∑
y∈Z

qK(2y+1
2 )−2(a+1)y 1− q4y+1

1− q
Φn;2y

(
qa(4y+1); q; q

)
(3.16)

=
∑

λ⊆(nk)

1

(q2−τ ; q2−τ )λk

k∏
i=1

q−χ(i6a)λiKλi−1;λi(q; q)

=
∑

λ⊆(nk)

qλ
2
1+···+λ2

k+λa+1+···+λk

(q; q)n−λ1
(q; q)λ1−λ2

· · · (q; q)λk−1−λk(q2−τ ; q2−τ )λk
,

where a, k are integers such that 0 6 a 6 k, and K := 2k + 2 + τ . We note that the path along
the tree we have taken is

0

1

...

...

k−a

k

...

...

where the integers on the left denote the level of the corresponding node.
Although it is not an essential step in the proof and one can proceed by directly taking the

large-n limit in (3.16), we observe that the left-hand side allows for a simplification which only
requires the rational function Φn;y(q; q). This simplification is achieved by noting that

qK(2y+1
2 )−2(a+1)y 1− q4y+1

1− q
Φn;2y

(
qa(4y+1); q; q

)
=

∑
y′∈{−2y,2y−1}

(−1)y
′
qK(y

′+1
2 )−(a+1)y′ 1− qn+y′+1

1− q
Φn;y′(q; q).

Hence the left-hand side of (3.16) may also be written as

n∑
y=−n−1

(−1)yqK(y+1
2 )−(a+1)y 1− qn+y+1

1− q
Φn;y(q; q).

Since

lim
n→∞

Φn;y(z; q) =
1

(q, zq; q)∞
,

this implies that in the large-n limit

1

(q; q)∞

∑
y∈Z

(−1)yqK(y+1
2 )−(a+1)y =

∑
λ∈P
l(λ)6k

qλ
2
1+···+λ2

k+λa+1+···+λk

(q; q)λ1−λ2
· · · (q; q)λk−1−λk(q2−τ ; q2−τ )λk

.

By the Jacobi triple product identity [40, (II.28)] the left-hand admits the product form

(qK ; qK)∞
(q; q)∞

θ
(
qa+1; qK

)
,

resulting in (1.1). �



AN A2 BAILEY TREE AND A
(1)
2 ROGERS–RAMANUJAN-TYPE IDENTITIES 13

4. The A2 Bailey tree

The most important definition of this section is the A2-analogue of the rational function
Φn(z; q), and following [8, Definition 4.2] and [85, Equation (5.1)], we let

(4.1) Φn,m(z, w; q) :=
(zwq; q)n+m

(q, zq, zwq; q)n(q, wq, zwq; q)m
,

where n,m, r, s ∈ Z. This function was also considered in [31]. A first hint that (4.1) has
something to do with the A2 root system follows from

(4.2) Φn,m
(
z−1, w−1; q−1

)
= (zq)n(wq)mqn

2−nm+m2

Φn,m(z, w; q),

generalising (3.2a). Before we show how the function Φn,m(z, w; q) may be used to generalise
all of the results of the previous section, we state the A2-analogue of Andrews’ matrix inver-
sion (3.4). To the best of our knowledge this result is new.

Proposition 4.1. For n,m,N,M integers such that n > N and m >M ,
n∑

r=N

m∑
s=M

qn+m−r−sΦn−r,m−s
(
zq2r−s, wq2s−r; q

)
Φr−N,s−M

(
zq2r−s, wq2s−r; q−1

)
(4.3)

= δn,Nδm,M .

This inversion relation will be applied in Section 8 to prove Theorem 1.4.

Proof of Proposition 4.1. Replacing (n,m, z, w) 7→ (n+N,m+M, zqM−2N , wqN−2M ), and then
shifting the summation indices (r, s) 7→ (r + N, s + M), it follows that (4.3) for general N,M
is equivalent to the N = M = 0 case. To prove (4.3) for N = M = 0 we require Gustafson’s

multiple 6ψ6 summation [44, Theorem 1.15] for the affine root system A
(1)
r−1:∑

y∈Q

∏
16i<j6r

xiq
yi − xjqyj
xi − xj

r∏
i,j=1

(ajxi/xj ; q)yi
(bjxi/xj ; q)yi

=
(Bq1−r, q/A; q)∞
(q,Bq1−r/A; q)∞

r∏
i,j=1

(qxi/xj , xibj/aixj ; q)∞
(xibj/xj , xiq/aixj ; q)∞

,

where A := a1 · · · ar, B := b1 · · · br and max{|q|, |Bq1−r/A|} < 1. If we assume that r > 3 and
specialise

(a1, . . . , ar) = (q−n, c2, . . . , cr−1, 1), (b1, . . . , br) = (q, c2, . . . , cr−1, q
m+1),

this yields ∑
y∈Q

∏
16i<j6r

xiq
yi − xjqyj
xi − xj

r∏
i=1

(q−nxi/x1, xi/xr; q)yi
(qxi/x1, qm+1xi/xr; q)yi

= 0

for |q| < 1 and n + m > r − 3. Here we note that the summand on the left vanishes unless
0 6 y1 6 n and 0 6 −yr 6 m. Finally, we take r = 3. Since y ∈ Q, this implies that the sum
over y has finite support, making the condition |q| < 1 redundant. (Alternatively, q may be
viewed as a formal variable.) Replacing (y1, y2, y3) 7→ (r, s−r,−s) and (x1, x2, x3) 7→ (zw,w, 1),
the identity (4.3) for N = M = 0 and (n,m) 6= (0, 0) follows. Since the (n,m) = (0, 0) case
trivially holds we are done. �

Apart from Φn,m(z, w; q) we also need the kernel function

Kn,m;r,s(z, w; q) :=
zrwsqr

2−rs+s2

(q; q)n−r(q; q)m−s
.
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Then the A2 Bailey lemma of [8, Theorem 4.3] is equivalent to the following reproducing identity
for Φn,m(z, w; q), see also [85, Theorem 5.1] or [31, Corollary 7.9].

Theorem 4.2 (A2 Bailey chain). For n,m nonnegative integers,

(4.4)

n∑
r=0

m∑
s=0

Kn,m;r,s(z, w; q)Φr,s(z, w; q) = Φn,m(z, w; q).

Since

(4.5) Φn,m(z, 0; q) =
Φn(z; q)

(q; q)m
and Kn,m;r,s(z, 0; q) = δs,0

Kn;r(z; q)

(q; q)m
,

Theorem 4.2 for w = 0 simplifies to Lemma 3.1. We also remark that (4.4) holds for all integers
n,m, with both sides vanishing trivially unless n,m > 0. The proof of (4.4) presented below
replicates the second part of the proof of [8, Theorem 4.3]. For an alternative proof using
Hall–Littlewood polynomials the reader is referred to [85].

Proof. Denote the double sum on the left of (4.4) by φn,m(z, w; q). Then

φn,m(z, w; q) =
1

(q; q)m

n∑
r=0

zrqr
2

(q; q)n−r(q, zq; q)r
φ2 2

[
zwqr+1, q−m

wq, zwq
; q, wqm−r+1

]
.

By a limiting case of [40, Equation (III.9)],

φ2 2

[
a, q−n

b, c
; q,

bcqn

a

]
=

1

(c; q)n
φ2 1

[
b/a, q−n

b
; q, cqn

]
.

Applying this with (n, a, b, c) 7→ (m, zwqr+1, zwq, wq) yields

φn,m(z, w; q) =
1

(q, wq; q)m

n∑
r=0

zrqr
2

(q; q)n−r(q, zq; q)r
φ2 1

[
q−r, q−m

zwq
; q, wqm+1

]

=

n∑
s=0

n∑
r=s

zrwsq(
r−s
2 )+r2

(q; q)n−r(q; q)m−s(zq; q)r(q; q)r−s(q, zwq; q)s
.

After shifting r 7→ r + s this gives

φn,m(z, w; q)

=
1

(wq; q)m

n∑
s=0

(wz)sqs
2

(q; q)n−s(q; q)m−s(q, zq, zwq; q)s
φ1 1

[
q−(n−s)

zqs+1
; q, zqn+1

]
.

Finally, by (3.8) with (z, n) 7→ (zqs, n− s),

φn,m(z, w; q) =
1

(q, zq; q)n(q, wq; q)m
φ2 1

[
q−n, q−m

zwq
; q, wzqn+m+1

]
= Φn,m(z, w; q),

where the last equality follows from the q-Chu–Vandermonde summation [40, Equation (II.7)].
�

Generalising the proof of Corollary 3.2 to the rank-two setting in the obvious manner gives
the following multisum representation for Φn,m(z, w; q), see also [85, Corollary 3.4].

Corollary 4.3. We have

Φn,m(z, w; q) =
∑

λ,µ∈P

∏
i>1

zλiwµiqλ
2
i−λiµi+µ

2
i

(q; q)λi−1−λi(q; q)µi−1−µi
,
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where λ0 := n and µ0 := m.

Next we will generalise the A1 Bailey tree of Lemma 3.3. This requires a suitable u, v-
generalisation Φn,m(u, v; z, w; q) of Φn,m(z, w; q) such that

Φn,m(1, 1; z, w; q) = Φn,m(z, w; q),(4.6a)

Φn,m(z−1, w−1; z, w; q) = qnΦn,m(z, w; q)(4.6b)

and

(4.7) Φn,m(u, v; z, 0; q) =
Φn(u; z; q)

(q; q)m
.

We begin by noting that the decomposition (3.3) for u = 1 follows from the relation 1 − z =
(1− cz)− z(1− c) for c = qn. This readily generalises to the 4-term relation

(1− z)(1− w)(1− zw)(1− cdzw)

= (1− cz)(1− w)(1− czw)(1− dzw)

− z(1− c)(1− dw)(1− zw)(1− czw) + zw2(1− c)(1− d)(1− z)(1− cz),
which for (c, d) 7→ (qn, qm) implies

Φn,m(z, w; q) = Φn,m(z/q, w; q)− z

(z; q)2
Φn−1,m(zq, w/q; q)(4.8)

+
zw2

(w, zw; q)2
Φn−1,m−1(z, wq; q).

Generalising this to include parameters u and v, we define

Φn,m(u, v; z, w; q) := Φn,m(z/q, w; q)− uz

(z; q)2
Φn−1,m(zq, w/q; q)(4.9)

+
uvzw2

(w, zw; q)2
Φn−1,m−1(z, wq; q),

which obviously satisfies (4.6a). After clearing denominators, the relation (4.6b) is a consequence
of the 4-term relation

c(1− z)(1− w)(1− zw)(1− cdzw)

= (1− cz)(1− w)(1− czw)(1− dzw)

− (1− c)(1− dw)(1− zw)(1− czw) + w(1− c)(1− d)(1− z)(1− cz)
for (c, d) 7→ (qn, qm). Finally, the relation (4.7) follows from (3.3) and (4.5). Most importantly,
Φn,m(u, v; z, w; q) satisfies the following generalisation of Lemma 3.3.

Theorem 4.4 (A2 Bailey tree, part I). For n,m nonnegative integers,
n∑
r=0

m∑
s=0

Kn,m;r,s(z, w; q)Φr,s(1, 1; z, w; q) = Φn,m(1, 1; z, w; q)(4.10a)

and
n∑
r=0

m∑
s=0

Kn,m;r,s(z/q, w; q)Φr,s(u, v; z, w; q) = Φn,m(uz, vw; z, w; q).(4.10b)

By (4.6a) the first claim is of course a restatement of the A2 Bailey chain. We also remark
that for w = 0 the theorem simplifies to Lemma 3.3.

The A2 Bailey tree as stated can only prove Theorems 1.2 and 1.4 for b = 0 (or, by sym-
metry, a = 0) and we also need a transformation with kernel Kn,m;r,s(z/q, w/q; q) for a second
generalisation of Φn,m(z, w; q). This missing part of the A2 Bailey tree will be discussed later.
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Proof of (4.4). Both sides of (4.10b) are polynomials in u and v of the form A+Bu+Cuv. As
in the A1 case, the constant term of the identity corresponds to (4.4) with z replaced by z/q.
Next, up to an overall factor of −z/(z; q)2, the coefficient of u in (4.10b) is

n∑
r=1

m∑
s=0

Kn,m;r,s(z/q, w; q)Φr−1,s(zq, w/q; q) = zΦn−1,m(zq, w/q; q),

where we have used that Φr−1,s vanishes for r = 0. Shifting the summation index r 7→ r + 1
and using that

Kn,m;r+1,s(z/q, w; q) = zKn−1,m;r,s(zq, w/q; q),

yields (4.4) with (n, z, w) 7→ (n− 1, zq, w/q). Finally, up to an overall factor of zw2/(z, zw; q)2,
the coefficient of uv in (4.10b) is given by

n∑
r=1

m∑
s=1

Kn,m;r,s(z/q, w; q)Φr−1,s−1(z, wq; q) = zwΦn−1,m−1(z, wq; q).

After shifting (r, s) 7→ (r + 1, s+ 1) and using that

Kn,m;r+1,s+1(z/q, w; q) = zwKn−1,m−1;r,s(z, wq; q),

this yields (4.4) with (n,m,w) 7→ (n− 1,m− 1, wq). �

To prove Conjecture 1.1 we need the A2-analogues of Corollaries 3.4 and 3.5. Unlike the A1

case, where we used a single integer parameter y to parametrise the A1 root lattice, for A2 we
adopt the notation (2.1a) for r = 3. That is, for y = (y1, y2, y3) ∈ Q and yij := yi − yj , we
define

Φn,m;y(z, w; q)(4.11)

:=
Φn−y1,m−y1−y2(zqy12 , wqy23 ; q)

(zq; q)y12(wq; q)y23(zwq; q)y13

=
(zwq; q)n+m

(q; q)n−y1(zq; q)n−y2(zwq; q)n−y3(q; q)m+y3(wq; q)m+y2(zwq; q)m+y1

.

Clearly, Φn,m;(0,0,0)(z, w; q) = Φn,m(z, w; q) and Φn,m;y(z, w; q) vanishes unless n − y1 > 0 and
m+ y3 = m− y1 − y2 > 0. Moreover, Φn,m;(y1,−y1,0)(z, 0; q) = Φn;y1(z; q)/(q; q)m.

For y ∈ Q, define

(4.12) Ωy(z, w; q) := zy1wy1+y2q
1
2 (y21+y22+y23).

Corollary 4.5. For n,m ∈ Z and y = (y1, y2, y3) ∈ Q,

(4.13)

n∑
r=y1

m∑
s=y1+y2

Kn,m;r,s(z, w; q)Φr,s;y(z, w; q) = Ωy(z, w; q)Φn,m;y(z, w; q).

Proof. By replacing

(4.14) (n,m, z, w) 7→ (n− y1,m− y1 − y2, zq
y12 , wqy23)

in (4.4), shifting the summation indices (r, s) 7→ (r − y1,m− y1 − y2) and using

(4.15) Kn−y1,m−y1−y2;r−y1,s−y1−y2(zqy12 , wqy23 ; q) =
Kn,m;r,s(z, w; q)

Ωy(z, w; q)

as well as definition (4.11), the claim follows. �
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In much the same way we define

(4.16) Φn,m;y(u, v; z, w; q) :=
Φn−y1,m−y1−y2(u, v; zqy12 , wqy23 ; q)

(zq; q)y12(wq; q)y23(zwq; q)y13
,

so that Φn,m;(y1,−y1,0)(u, v; z, 0; q) = Φn;y1(u; z; q)/(q; q)m. Equation (4.6a) implies the simplifi-
cation

(4.17) Φn,m;y(1, 1; z, w; q) = Φn,m;y(z, w; q),

which yields the first of the identities in the next lemma. The second result follows in an
analogous manner as Corollary 4.5, and we omit the proof.

Corollary 4.6. For n,m ∈ Z and y = (y1, y2, y3) ∈ Q,

n∑
r=y1

m∑
s=y1+y2

Kn,m;r,s(z, w; q)Φr,s;y(1, 1; z, w; q)(4.18a)

= Ωy(z, w; q)Φn,m;y(1, 1; z, w; q)

and
n∑

r=y1

m∑
s=y1+y2

Kn,m;r,s(z/q, w; q)Φr,s;y(u, v; z, w; q)(4.18b)

= Ωy(z/q, w; q)Φn,m;y(uzqy12 , vwqy23 ; z, w; q).

As mentioned previously, our A2 Bailey tree is not yet complete. Conjecture 1.1 and Theo-
rem 1.4 contain three integer parameters a, b and k. Theorem 4.4, however, is restricted to paths
along the Bailey tree of the form shown on page 12. Since such paths can be characterised by
two parameters, something is still missing. The reason for deferring the treatment of the missing
part of the A2 Bailey tree till now is that it uses most of the previously-defined functions and
is less intuitive than what has been discussed so far.

For n,m ∈ Z and ρ := (1, 2, 3), define

Φn,m(u, v; c, d; z, w; q)(4.19)

:=
∑
σ∈S3

sgn(σ) (uz)σ1−1(v/d)χ(σ3=1)(c/u)χ(σ1=3)(dw)3−σ3Φn,m;σ−ρ(z/q, w/q; q).

Since the summand contains the factors (q; q)n−σ1+1 and (q; q)m+σ3−3 in the denominator, the
function Φn,m(u, v; c, d; z, w; q) vanishes unless n,m > 0. If n = m = 0 then only the term
σ = ρ contributes to the sum so that Φ0,0(u, v; c, d; z, w; q) = 1. By replacing σ = (σ1, σ2, σ3) 7→
(4 − σ3, 4 − σ2, 4 − σ1), and using that Φn,m;(y1,y2,y3)(z, w; q) = Φm,n;−(y3,y2,y1)(w, z; q) and
σ1 + σ2 + σ3 = 6, it may also be seen that

(4.20) Φn,m(u, v; c, d; z, w; q) = Φm,n(d, c; v, u;w, z; q).

Before proving a number of important properties of the function Φn,m(u, v; c, d; z, w; q), in-
cluding a Bailey-type transformation, we remark that in the n,m → ∞ limit an important
special case of this function is essentially a Schur function [61].

Lemma 4.7. Let z = x1/x2, w = x2/x3 and for a, b nonnegative integers, let ν := (a + b +
2, b+ 1, 0). Then

(4.21) lim
n,m→∞

Φn,m(za, wa; zb, wb; z, w; q) =
det16i,j63

(
x
νi−νj
i

)
(q, q, z, w, zw/q; q)∞

.
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Proof. The large-n,m limit of Φn,m;σ−ρ(z/q, w/q; q) gives the infinite product in the denomi-
nator of (4.21). Moreover, for (u, v, c, d) = (za, wa; zb, wb) the sum over S3 in the definition of
(4.19) becomes

∑
σ∈S3

sgn(σ) z(a+1)(σ1−1)−(a−b)χ(σ1=3)w(a−b)χ(σ3=1)−(b+1)(σ3−3) =
∑
σ∈S3

sgn(σ)

3∏
i=1

x
νi−νσi
i ,

which is the determinant in the numerator. �

Lemma 4.8. For n,m ∈ Z,

(4.22) Φn,m(u, v; 1, 1; z, w; q) =
Φn,m(u, v; z, w; q)− zwqm−1Φn,m(u/z, v/w; z, w; q)

1− zwq−1
.

By (4.6) the u = v = 1 case of the lemma simplifies to

(4.23) Φn,m(1, 1; 1, 1; z, w; q) =
1− zwqn+m−1

1− zwq−1
Φn,m(z, w; q).

Proof. Both sides of (4.22) are polynomials in u and v. Equating like coefficients using (4.9),
the claim splits into three separate equations. After normalisation these are

1− zwqm−1

1− zwq−1
Φn,m(z/q, w; q)

= Φn,m;(0,0,0)(z/q, w/q; q)− wΦn,m;(0,1,−1)(z/q, w/q; q),

1− wqm−1

1− zwq−1
Φn−1,m(zq, w/q; q)

= (z; q)2

(
Φn,m;(1,−1,0)(z/q, w/q; q)− zwΦn,m;(2,−1,−1)(z/q, w/q; q)

)
,

1− qm−1

1− zwq−1
Φn−1,m−1(z, wq; q)

= (w, zw; q)2

(
Φn,m;(1,1,−2)(z/q, w/q; q)− zΦn,m;(2,0,−2)(z/q, w/q; q)

)
,

corresponding to the coefficients of u0v0, u1v0 and u1v1 respectively. By the definitions of
Φn,m(z, w; q) and Φn,m;y(z, w; q) given in (4.1) and (4.11), all three equations are readily verified.

�

Theorem 4.9 (A2 Bailey tree, part II). For n,m nonnegative integers,

(4.24)

n∑
r=0

m∑
s=0

Kn,m;r,s(z/q, w/q; q)Φr,s(u, v; c, d; z, w; q) = Φn,m(uz, vw; cz, dw; z, w; q).

Once again consider the tree on page 9. In view of Lemma 4.8, we can first apply the Bailey
tree of Theorem 4.4, taking k−a south-east steps followed by a− b south-west steps. This gives
the same path along the tree as shown on page 12 but with (k, a) 7→ (k − b, a − b). As a third
and final step we can now take the linear combination of Φ-functions given on the right-hand
side of (4.22) and then take another b steps using part II of the Bailey tree.
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Proof of Theorem 4.9. Denote the left-hand side of (4.24) by φn,m. By (4.19) and an interchange
in the order of the sums over r, s and over σ,

φn,m =
∑
σ∈S3

(
sgn(σ) (uz)σ1−1(v/d)χ(σ3=1)(c/u)χ(σ1=3)(dw)3−σ3

×
n∑
r=0

m∑
s=0

Kn,m;r,s(z/q, w/q; q)Φr,s;σ−ρ(z/q, w/q; q)

)
.

We now use that Φr,s;σ−ρ(z/q, w/q; q) = 0 unless r − σ1 + 1 > 0 and s + σ3 − 3 > 0 to change
the lower bounds on the sums over r and s to σ1−1 and 3−σ3 respectively. Since Corollary 4.5
for y = σ − ρ simplifies to

n∑
r=σ1−1

m∑
s=3−σ3

Kn,m;r,s(z, w; q)Φr,s;σ−ρ(z, w; q) = (zq)σ1−1(wq)3−σ3Φn,m;σ−ρ(z, w; q),

it follows that

φn,m =
∑
σ∈S3

sgn(σ) (uz2)σ1−1(v/d)χ(σ3=1)(c/u)χ(σ1=3)(dw2)3−σ3Φn,m;σ−ρ(z/q, w/q; q)

= Φn,m(uz, vw; cz, dw; z, w; q). �

To conclude the section we define

(4.25) Φn,m;y(u, v; c, d; z, w; q) :=
Φn−y1,m−y1−y2(u, v; c, d; zqy12 , wqy23 ; q)

(z; q)y12(w; q)y23(zw/q; q)y13
,

where y = (y1, y2, y3) ∈ Q. Recalling that z = x1/x2 and w = x2/x3, it follows from Lemma 4.7
that

lim
n,m→∞

Φn,m;y

(
(zqy12)a, (wqy23)a; (zqy12)b, (wqy23)b; z, w; q

)
(4.26)

=
det16i,j63

(
(xiq

yi)νi−νj
)

(q, q, z, w, zw/q; q)∞
,

where ν = (a+ b+ 2, b+ 1, 0). Furthermore, noting the minor difference in denominators on the
right of (4.16) and (4.25), it follows that the special case of Lemma 4.8 given in (4.23) admits
the y-generalisation

(4.27) Φn,m;y(1, 1; 1, 1; z, w; q) =
1− zwqn+m−1

1− zwq−1
∆y(z, w; q)Φn,m;y(z, w; q),

where

(4.28) ∆y(z, w; q) :=
(1− zqy12)(1− wqy23)(1− zwqy13)

(1− z)(1− w)(1− zw)
.

Finally, by (4.16) and (4.15) respectively, we have the following y-analogues of Lemma 4.8 and
Theorem 4.9.

Corollary 4.10. For n,m ∈ Z and y = (y1, y2, y3) ∈ Q,

Φn,m;y(u, v; 1, 1; z, w; q) = ∆y(z, w; q)(4.29)

× Φn,m;y(u, v; z, w; q)− zwqm+y1−1Φn,m;y(uq−y12/z, vq−y23/w; z, w; q)

1− zwq−1
.
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Corollary 4.11. For n,m ∈ Z and y = (y1, y2, y3) ∈ Q,

n∑
r=y1

m∑
s=y1+y2

Kn,m;r,s(z/q, w/q; q)Φr,s;y(u, v; c, d; z, w; q)

= Ωy(z/q, w/q; q)Φn,m;y(uzqy12 , vwqy23 ; czqy12 , dwqy23 ; z, w; q).

5. Proof of the Kanade–Russell conjecture

Before we can apply the A2 Bailey tree to prove Conjecture 1.1 we need a suitable identity
playing the role of root in the Bailey tree. This root identity is given by the A2-analogue
of (3.14b). Before stating the actual identity we note that for n,m ∈ Z and y = (y1, y2, y3) ∈ Q,

(5.1) Φn,m;y(q, q; q) := lim
z,w→1

Φn,m;y(z, w; q) =
(q; q)2

1(q; q)2

(q; q)2
n+m+2

3∏
i=1

[
n+m+ 2

n− yi + i− 1

]
,

which vanishes unless i−m− 3 6 yi 6 n+ i− 1 for all 1 6 i 6 3. The reason Φn,m;y(q, q; q) is
interpreted in terms of a limit is that the ‘numerator factor’ (zwq; q)n+m of the rational function
Φn,m;y(z, w; q) has a simple pole at zw = 1 if n + m + 2 < 0 (for n + m + 2 > 0 the function
Φn,m;y(z, w; q) is regular at z = w = 1). Of course this pole has zero residue and the above
expression on the right arises. Moreover, it follows from the above inequalities for the yi that
the only instances where Φn,m;y(q, q; q) is nonvanishing such that min{n,m} < 0 correspond to
y = (−1, 0, 1) and min{n,m} = −1. This in particular implies that if t is an integer greater
than 1 then Φn,m;ty(q, q; q) vanishes if (n,m) 6∈ N2

0.
Recall that yij := yi − yj .

Proposition 5.1. Let n,m ∈ N0, τ ∈ {−1, 0, 1} and

gn,m;τ (q) :=
qτ(τ−1)nm

(q; q)n+m(q2; q)n+m

[
n+m

n

]
p

,

where p = q if τ2 = 1 and p = q3 if τ = 0. Then

(5.2)
∑
y∈Q

Φn,m;3y(q, q; q)∆3y(q, q; q)

3∏
i=1

q3(3+τ)(yi2 )−τiyi = gn,m;τ (q).

The above definition of gn,m;τ (q) is the same as (1.3) of the introduction.

Proof. The identity (5.2) for τ = 1 is a bounded form of the A2-analogue of Euler’s pentagonal
number theorem, stated in [8, page 692] in the form

∑
y∈Q

∏
16i<j63

(1− q3yij+j−i)

3∏
i=1

q12(yi2 )−iyi
[

n+m+ 2

n− 3yi + i− 1

]
(5.3)

= (1− qn+m+1)(1− qn+m+2)2

[
n+m

n

]
,

for n,m ∈ N0. The proof of (5.3) given in [8] is very involved. First an identity for so-called
supernomial coefficients is established (the ` = 0 case of [8, Equation (5.3)]) which is then
iterated using an A2 Bailey lemma for supernomial coefficients. This yields [8, Equation (5.15)]
— another polynomial analogue of the A2 pentagonal number theorem — which is then rewritten
in the above form using the determinant evaluation (5.5) below. In the appendix we present a
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much simpler proof of (5.3), which implies that it is the r = 3 instance of the constant term
with respect to z of∑

y1,...,yr∈Z

∏
16i<j6r

(1− qryij+j−i)
r∏
i=1

(−1)ryizyiq(
r+1
2 )y2i−iyi

[
n+m+ r − 1

n− ryi + i− 1

]
(5.4)

=

( r−1∏
i=1

(1− qn+m+i)i
) n∑
k=−m

(−1)kzkq(r+1)(k2)
[
n+m

n− k

]
.

This is a polynomial analogue of the classical theta function identity

det
16i,j6r

(
qi(i−j)θ

(
(−1)r−1zqrj−ri−i+(r+1

2 ); qr(r+1)
))

=
(qr+1; qr+1)∞(q; q)r−1

∞
(qr(r+1); qr(r+1))r∞

θ(z; qr+1).

The identity (5.2) for τ = −1 follows from the τ = 1 case by replacing q 7→ 1/q and using
that for y ∈ Q,

Φn,m;y(z−1, w−1; q−1) = zn+2y1wm−2y3qn
2−nm+m2+n+m+

∑3
i=1 y

2
i Φn,m;y(z, w; q)

and
[
n+m
n

]
1/q

= q−nm
[
n+m
n

]
.

Finally, according to [42, Equation (6.18)],∑
y∈rQ

det
16i,j6r

(
q(
yi
2 )+(j−i)(j+yi)

[
n+m

n− yi + i− j

])
=

[
n+m

n

]
qr
.

By [53, page 189]

det
16i,j6r

(
q(j−i)(j+i+bi)

[
n+m

n− bi − j

])
(5.5)

=
∏

16i<j6r

(1− qbi−bj )
r∏
i=1

1

(qn+m+i; q)r−i

[
n+m+ r − 1

n− bi − 1

]
,

this can be rewritten as∑
y∈rQ

∏
16i<j6r

(1− qyij+j−i)
r∏
i=1

q(
yi
2 )
[
n+m+ r − 1

n− yi + i− 1

]
(5.6)

=

[
n+m

n

]
qr

r−1∏
i=1

(1− qn+m+i)i.

For r = 3 this gives the τ = 0 case of (5.2). �

Remark 5.2. Although (5.2) is the natural A2-analogue of (3.14b) there is a notable difference
between the τ = 1 instances of these identities. From (3.5b) we may read off what is known as
the unit Bailey pair:

αn(z; q) =
1− zq2n

1− z
(−1)nq(

n
2) and βn(z; q) = δn,0.

By (3.10a) this yields5

n∑
r=0

1− zq2r

1− z
(−1)rq(

r
2)Φn;r(z; q) = δn,0.

5Alternatively, this follows after specialising N = 0 in (3.4).
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Applying Corollary (3.4) then leads to

n∑
r=0

1− zq2r

1− z
(−1)rzrq3(r2)+rΦn;r(z; q) =

1

(q; q)n
,

which for z = q is the same as (3.14a) (and hence (3.14b)) for τ = 1. The τ = 1 case of (5.2),
however, does not follow from the A2 unit Bailey pair. Indeed, the once iterated A2 unit Bailey
pair gives the k = a case of (8.6), which has 1/(q; q)n(q; q)m as right-hand side, not gn,m;1(q).
Instead, (5.2) follows from the A2 unit Bailey pair for supernomial coefficients, see [8, 83].

Equipped with the identity (5.2) we can prove Conjecture 1.1.

Proof of Conjecture 1.1. In view of the discussion regarding Φn,m(q, q; q) at the start of this
section, if in Corollary 4.5 we restrict n,m to nonnegative integers and replace y 7→ ty for y ∈ Q
and t an integer greater than 1, then the resulting transformation may be written as

(5.7)

n∑
r=0

m∑
s=0

Kn,m;r,s(q, q; q)Φr,s;ty(q, q; q) = Φn,m;ty(q, q; q)

3∏
i=1

qt
2(yi2 )−tiyi .

Indeed, the summand on the left vanishes unless r > max{0, ty1} and s > max{0, ty1 + ty2}
so that (5.7) is consistent with (4.13). The above transformation is not always consistent with
(4.13) for n,m ∈ N0 and t = 1 since it fails for y = (−1, 0, 1), and instead requires the lower
bound −1 on both the sum over r and s.

Now let a, k be integers such that a 6 k. (Initially only k− a is required to be a nonnegative
integer, but there is no loss of generality in assuming integrality of a and k from the outset.)
Then, by a (k − a)-fold application of (5.7) with t = 3, the seed identity (5.2) transforms into

∑
λ⊆(nk−a)

µ⊆(mk−a)

gλk−a,µk−a;τ (q)

k−a∏
i=1

Kλi−1,µi−1;λi,µi(q, q; q)(5.8)

=
∑
y∈Q

Φn,m;3y(q, q; q)∆3y(q, q; q)

3∏
i=1

q3(K−3a)(yi2 )−(K−3a−3)iyi ,

where λ0 := n, µ0 := m, n,m ∈ N0 and K := 3k + 3 + τ . For later reference we note that by
(4.27) the above identity may also be stated as

1− qm+n+1

1− q
∑

λ⊆(nk−a)

µ⊆(mk−a)

gλk−a,µk−a;τ (q)

k−a∏
i=1

Kλi−1,µi−1;λi,µi(q, q; q)(5.9)

=
∑
y∈Q

Φn,m;3y(1, 1; 1, 1; q, q; q)

3∏
i=1

q3(K−3a)(yi2 )−(K−3a−3)iyi .

In the remainder of the proof we will use the shorthand

Zt := qty12+1 and Wt := qty23+1,

where t is an integer greater than 1. We then make the simultaneous substitutions

(u, v, z, w, y) 7→
(
Z`−1
t ,W `−1

t , q, q, ty
)

in (4.18b) for n,m ∈ N0. By

(5.10) Kn,m;r,s(az, bw; q) = arbsKn,m;r,s(z, w; q),
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for z = w = q and (a, b) = (1/q, 1), this yields

n∑
r=0

m∑
s=0

q−rKn,m;r,s(q, q; q)Φr,s;ty
(
Z`−1
t ,W `−1

t ; q, q; q
)

(5.11)

= q−ty3+t2
∑3
i=1 (yi2 )Φn,m;ty

(
Z`t ,W

`
t ; q, q; q

)
.

Here we have once again used that for t > 2 the lower bounds on the sums over r and s may be
simplified to 0. Using (4.17) to replace Φn,m;3y(q, q; q) by Φn,m;3y(1, 1; q, q; q) in the summand
on the right of (5.8), and then applying (5.11) with t = 3 a total of a− b times, first with ` = 1,
then ` = 2 and so on, we obtain

∑
λ⊆(nk−b)

µ⊆(mk−b)

gλk−b,µk−b;τ (q)

k−b∏
i=1

q−χ(i6a−b)λiKλi−1,µi−1;λi,µi(q, q; q)(5.12)

=
∑
y∈Q

Φn,m;3y

(
Za−b3 ,W a−b

3 ; q, q; q
)
∆3y(q, q; q)

3∏
i=1

q3(K−3b)(yi2 )−Kiyi−3νiyi ,

for integers b 6 a 6 k and n,m ∈ N0, where ν := (a+ b+ 2, b+ 1, 0). To express the summand

on the right in terms of the partition ν we have used that (a−b)y3−a
∑3
i=1 iyi =

∑3
i=1(νi+ i)yi

for y ∈ Q.
By abuse of notation we denote the identity (5.12) by Ia. It then follows from Corollary 4.10

with

(u, v, z, w, y) 7→
(
Za−b3 ,W a−b

3 , q, q, 3y
)

that (Ia − qm+1Ia−1)/(1− q) is given by

∑
λ⊆(nk−b)

µ⊆(mk−b)

gλk−b,µk−b;τ (q)
1− qm+λa−b+1

1− q

k−b∏
i=1

q−χ(i6a−b)λiKλi−1,µi−1;λi,µi(q, q; q)(5.13)

=
∑
y∈Q

Φn,m;3y

(
Za−b3 ,W a−b

3 ; 1, 1; q, q; q
) 3∏
i=1

q3(K−3b)(yi2 )−Kiyi−3νiyi .

Since this is a linear combination of Ia and Ia−1, we should now restrict the parameters to
b < a 6 k. However, since λ0 := n, the identity (5.13) for b = a simplifies to (5.9). Hence (5.13)
holds for all b 6 a 6 k.

In our third and final application of the A2 Bailey tree, we carry out the substitutions

(u, v, c, d, z, w, y) 7→
(
uZ`−1

t , vW `−1
t , Z`−1

t ,W `−1
t , q, q, ty

)
in Corollary (4.11). By (5.10) for z = w = q and a = b = 1/q, this gives

n∑
r=0

m∑
s=0

q−r−sKn,m;r,s(q, q; q)Φr,s;ty
(
uZ`−1

t , vW `−1
t ;Z`−1

t ,W `−1
t ; q, q; q

)
= qt

2 ∑3
i=1 (yi2 )Φn,m;ty

(
uZ`t , vW

`
t ;Z`t ,W

`
t ; q, q; q

)
,

for n,m ∈ N0 and t > 2. This transformation is applied to (5.13) a total of b times, with t, u, v
fixed as

(t, u, v) =
(
3, Za−b3 ,W a−b

3

)
,



24 S. OLE WARNAAR

and ` = 1 in the first application, ` = 2 in the second application and so on. As a result,∑
λ⊆(nk)

µ⊆(mk)

gλk,µk;τ (q)
1− qλa+µb+1

1− q

k∏
i=1

q−χ(i6a)λi−χ(i6b)µiKλi−1,µi−1;λi,µi(q, q; q)(5.14)

=
∑
y∈Q

Φn,m;3y

(
Za3 ,W

a
3 ;Zb3,W

b
3 ; q, q; q

) 3∏
i=1

q3K(yi2 )−Kiyi−3νiyi ,

which is a rational function analogue of (1.5). Although it suffices to prove the latter for
0 6 b 6 a 6 k, we note that the a, b symmetry that is manifest in (1.5) is also satisfied by
(5.14) thanks to (4.20). Hence (5.14) holds for all 0 6 a, b,6 k. Specifically, from (4.20) the
a, b-symmetry follows by making the simultaneous substitutions (a, b, n,m) 7→ (b, a,m, n) (so
that ν = (a+ b+ 2, b+ 1, 0) 7→ (a+ b+ 2, a+ 1, 0)) and by then changing the summation indices
(λ, µ) 7→ (µ, λ) on the left and (y1, y2, y3) 7→ (−y3,−y2,−y1) on the right.

It remains to be shown that in the large-n,m limit this indeed simplifies to the Kanade–
Russell conjecture. By (4.26) with (y, xi) 7→ (ty, q−i) (so that (z, w) 7→ (q, q)),

lim
n,m→∞

Φn,m;ty

(
Zat ,W

a
t ;Zbt ,W

b
t ; q, q; q

)
=

1

(q; q)5
∞

det
16i,j63

(
q(tyi−i)(νi−νj)

)
.

The large-n,m limit of (5.14) is thus given by∑
λ,µ∈P

l(λ),λ(µ)6k

1− qλa+µb+1

1− q

∏k
i=1 q

λ2
i−λiµi+µ

2
i+χ(i>a)λi+χ(i>b)µi∏k−1

i=1 (q; q)λi−λi+1
(q; q)µi−µi+1

gλk,µk;τ (q)(5.15)

=
1

(q; q)3
∞

∑
y∈Q

det
16i,j63

(
q3K(yi2 )−Kiyi−(3yi+j−i)νj

)
,

where ν := (a+ b+ 2, b+ 1, 0), as before. The remaining task of writing the right-hand side in
product-form can easily be carried out for arbitrary rank, and in the following we consider

Aν;k(q) :=
∑
y∈Q

det
16i,j6r

(
qrK(yi2 )−Kiyi−(ryi+j−i)νj

)
,

for ν = (ν1, . . . , νr). First we write Aν;k(q) as a constant term and then appeal to multilinearity.
Thus

Aν;k(q) = [z0]
∑
y∈Zr

det
16i,j6r

(
zyiqrk(

yi
2 )−kiyi+(ryi+j−i)(j−νj)

)
= [z0] det

16i,j6r

(∑
y∈Z

zyqrk(
y
2)−kiy−(ry+j−i)νj

)
.

Interchanging rows and columns (i.e., replacing (i, j) 7→ (j, i)), negating y and using the fact
that we are taking the constant term with respect to z, this leads to

Aν;k(q) = [z0] det
16i,j6r

(∑
y∈Z

zyqrk(
y
2)+kiy+ryνi+(j−i)(ky+νi)

)

=
∑
y∈Q

det
16i,j6r

(
q(j−i)(kyi+νi)

) r∏
i=1

qrk(
yi
2 )+kiyi+rνiyi .

Applying the Vandermonde determinant

det
16i,j6r

(
xj−ii

)
=

∏
16i<j6r

(1− xi/xj)
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this gives

Aν;k(q) =
∑
y∈Q

r∏
i=1

qrk(
yi
2 )+kiyi+rνiyi

∏
16i<j6r

(
1− qkyij+νi−νj

)
.

By the A
(1)
r−1 Macdonald identity [60]

(5.16)
∑
y∈Q

r∏
i=1

xryii qr(
yi
2 )+iyi

∏
16i<j6r

(
1− qyijxi/xj

)
= (q; q)r−1

∞

∏
16i<j6r

θ(xi/xj ; q)

with (q, xi) 7→ (qk, qνi), this results in the product form

Aν;k(q) = (qk; qk)r−1
∞

∏
16i<j6r

θ
(
qνi−νj ; qk

)
.

Taking r = 3, ν = (a+ b+ 2, b+ 1, 0) and k = K, yields

(qK ; qK)2
∞

(q; q)3
∞

∏
16i<j63

θ
(
qa+1, qb+1, qa+b+2; qK

)
for the right-hand side of (5.15). �

6. Below-the-line identities

As in Conjecture 1.1, fix the modulus K as K = 3k + τ + 3 for k a nonnegative integer and
τ ∈ {−1, 0, 1}. In the introduction immediately preceding the conjecture, we remarked that
there should be an ASW-type identity for all nonnegative integers a, b such that a+ b 6 K − 3,
with product side given by6

(qK ; qK)2
∞

(q; q)3
∞

θ
(
qa+1, qb+1, qa+b+2; qK

)
,

Without loss of generality assuming that

(6.1) 0 6 b 6 a 6 K − a− b− 3,

this corresponds to (
k + 2

2

)
− δτ,−1 +

⌊ (k + τ)2

4

⌋
distinct ASW-type identities. Hence in the Kanade–Russell conjecture roughly one third of all
cases is missing, counted by the above floor function. In their paper, Kanade and Russell adopt
a certain diagrammatic arrangement for the triples (K−a−b−3, a, b) with fixed K, leading them
to refer to the missing identities as the ‘below-the-line’ cases. Equivalently, this corresponds to
(6.1) with a > k (and thus b 6 k + τ − 2). If k = 1 this forces τ = 1, in which case there
is the single below-the-line solution: (a, b) = (2, 0). By solving the modulus-7 Corteel–Welsh
equations [28], Kanade and Russell found the missing multisum, resulting in

∞∑
λ1,µ1=0

1− q2λ1−µ1

1− q
qλ

2
1−λ1µ1+µ2

1−λ1+µ1

(q; q)λ1
(q; q)µ1

(q2; q)λ1+µ1

=
(q7; q7)∞
(q; q)3

∞
θ(q, q3, q3; q7).

In general, however, no explicit such multisum-forms for below-the-line values of a and b are
known. The exception is τ = 0, in which case Kanade and Russell observed that if

Θa,b;k(q) := θ
(
qa+1, qb+1, qa+b+2; q3k+3

)
,

6For τ = −1 this rules out (a, b) = (k, k), which as discussed in the introduction gives the same product as
(a, b) = (k, k − 1) albeit a slightly different multisum according to (1.5).
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then Weierstrass’ three-term relation [40, page 61] implies,

Θa,b;k(q) = Θ2k−a,a+b−k;k − qb+1Θ2k−a−b−1,a−k−1;k(q).

Importantly, for τ = 0 and fixed k > 2, the below-the-line values of (a, b) satisfy k < a 6 b3k/2c
and 0 6 b 6 3k − 2a. Assuming such a, b and defining (a′, b′) := (2k − a, a + b − k) and
(a′′, b′′) := (2k−a− b−1, a−k−1), it follows that 0 < b′ 6 a′ 6 dk/2e and 0 6 b′′ 6 a′ 6 k−2.
This implies the following theorem covering all of the below-the-line cases. For integers a, b, k
such that 0 6 a, b 6 k, let

Fa,b;k(q) :=
∑

λ1>···>λk>0
µ1>···>µk>0

1− qλa+µb+1

1− q
q
∑k
i=1(λ2

i−λiµi+µ
2
i )+

∑k
i=a+1 λi+

∑k
i=b+1 µi∏k−1

i=1 (q; q)λi−λi+1
(q; q)µi−µi+1

gλk,µk;0(q),

where qλ0 = qµ0 := 0.

Theorem 6.1. Let a, b, k be integers such that 2 6 k < a 6 b3k/2c and 0 6 b 6 3k− 2a. Then

F2k−a,a+b−k;k(q)− qb+1F2k−a−b−1,a−k−1;k(q) =
(qK ; qK)2

∞
(q; q)3

∞
θ
(
qa+1, qb+1, qa+b+2; qK

)
,

where K := 3k + 3.

This was first stated in [50] as a conditional result, depending on the validity of Conjecture 1.1.
By Theorem 1.2 the result is now unconditional. It remains an open problem to express the
left-hand side in manifestly positive form.

7. Character identities for the W3(3,K) vertex operator algebra

As explained in full detail in [86, Section 4], for τ 6= 0 (so that 3 - K) the q-series in (1.5)
multiplied by qh−c/24(q; q)∞ are characters χKa,b(q) of the W3(3,K) vertex operator algebra

[30,87] of central charge

(7.1) c = −2(K − 4)(4K − 9)

K

and conformal weight

ha,b =
a2 + ab+ b2 − (K − 3)(a+ b)

K
.

That is,

χKa,b(q) = qha,b−c/24 (qK ; qK)2
∞

(q; q)2
∞

θ
(
qa+1, qb+1, qa+b+2; qK

)
,

where a, b,K are nonnegative integers such that K > 5, 3 - K and a + b 6 K − 3. To obtain
a multisum expression for these characters without an overall factor (q; q)∞, we need to carry
out a suitable rewriting of the multisum in (1.5). This is possible by means of the next lemma,
which is a limiting case of [86, Lemma 7.2].

Lemma 7.1. For k a positive integer, m a nonnegative integer and u = (u1, . . . , uk+1) ∈ Zk+1

define

Fu(q) :=
∑

µ1>···>µk>0

q
∑k
i=1 µi(µi+ui)

(q)µk+uk+1

∏k
i=1(q; q)µi−µi+1

,

where µk+1 := 0. If

u1 6 u2 6 · · · 6 uk+1,
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then

(7.2) Fu(q) =
1

(q; q)∞

∑
µ1,...,µk>0

q
∑k
i=1 µi(µi+ui)

k∏
i=1

[
µi+1 + ui+1 − ui

µi

]
,

where, again, µk+1 := 0.

The left-hand side of (1.5) for τ 6= 0 may be expressed in terms of Fu as∑
λ1>···>λk>0

q
∑k
i=1 λ

2
i+

∑k
i=a+1 λi∏k

i=1(q; q)λi−λi+1

Fu(q)− χ(ab > 0)
∑

λ1>···>λk>0

q1+
∑k
i=1 λ

2
i+

∑k
i=a λi∏k

i=1(q; q)λi−λi+1

Fv(q),

where λk+1 := 0,

ui =


χ(i > b)− λi for 1 6 i < k,

χ(k > b)− τλk for i = k,

1 + λk for i = k + 1,

and vi =


χ(i > b)− σiλi for 1 6 i < k,

1− τλk for i = k,

1 + λk for i = k + 1.

Since for λ1 > λ2 > · · · > λk the inequalities ui 6 ui+1 and vi 6 vi+1 hold for all 1 6 i 6 k,
we may use the alternative expressions for Fu(q) and Fv(q) provided by (7.2). First, for τ = 1,
this yields our next theorem, where χ̃Ka,b(q) := qc/24−ha,bχKa,b(q).

Theorem 7.2 (A
(1)
2 Andrews–Gordon identities, I). Let K = 3k + 4 for k > 1. Then

χ̃Ka,b(q) =
∑

λ1,...,λk>0
µ1,...,µk>0

q
∑k
i=a+1 λi+

∑k
i=b+1 µi

(q; q)λ1

k∏
i=1

qλ
2
i−λiµi+µ

2
i

[
λi
λi+1

][
λi − λi+1 + µi+1 + δb,i

µi

]

−
∑

λ1,...,λk>0
µ1,...,µk>0

q1+
∑k
i=a λi+

∑k
i=b µi

(q; q)λ1

k∏
i=1

qλ
2
i−λiµi+µ

2
i

[
λi
λi+1

][
λi − λi+1 + µi+1 + δb−1,i

µi

]

for all 0 6 a, b 6 k, and

χ̃Kk,k(q) =
∑

λ1,...,λk>0
µ1,...,µk>0

1

(q; q)λ1

k∏
i=1

qλ
2
i−λiµi+µ

2
i

[
λi
λi+1

][
λi − λi+1 + µi+1

µi

]
,

where qλ0 = qµ0 = λk+1 := 0 and µk+1 := λk.

The second, simpler expression for χ̃Kk,k(q) follows by either noting that for a = b = k, the

left-hand side of (1.5) for τ 6= 0 may alternatively be recognised as∑
λ1>···>λk>0

Fw(q)∏k
i=1(q; q)λi−λi+1

,

where λk+1 := 0 and

wi =


−λi for 1 6 i < k,

−τλk for i = k,

λk for k + 1,

or by substituting a = b = k in the expression for χ̃Ka,b(q), replacing µk 7→ µk − 1 in the second
multisum and then combining the two multisums using the standard recursion for the q-binomial
coefficient. The b = 0 case of Theorem 7.2 proves [86, Conjecture 2.8] and the a = 0 case proves
Equation (2.7) of that same paper. Since χ̃Ka,b(q) = χ̃Kb,a(q), but the right-hand side of the first
character formula does not not have a, b-symmetry, there are two distinct expressions for each
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W3(3,K) character χKa,b(q) such that a 6= b. The reason for viewing the above as analogues of

the Andrews–Gordon identities (1.1) is that in much the same way the latter are known to be
identities for characters of the Virasoro algebra Vir(2,K) =W2(2,K).

For τ = −1 we obtain the following companion to the previous theorem.

Theorem 7.3 (A
(1)
2 Andrews–Gordon identities, II). Let K = 3k+ 2 for k > 1 and 0 6 a 6 k,

0 6 b < k. Then

χ̃Ka,b(q)

=
∑

λ1,...,λk>0
µ1,...,µk−1>0

qλ
2
k+

∑k
i=a+1 λi+

∑k−1
i=b+1 µi

(q; q)λ1

k−1∏
i=1

qλ
2
i−λiµi+µ

2
i

[
λi
λi+1

][
λi − λi+1 + µi+1 + δb,i

µi

]

−
∑

λ1,...,λk>0
µ1,...,µk−1>0

q1+λ2
k+

∑k
i=a λi+

∑k−1
i=b µi

(q; q)λ1

k−1∏
i=1

qλ
2
i−λiµi+µ

2
i

[
λi
λi+1

][
λi − λi+1 + µi+1 + δb−1,i

µi

]

for 0 6 a 6 k, 0 6 b < k, and

χ̃Kk,k(q) =
∑

λ1,...,λk>0
µ1,...,µk−1>0

qλ
2
k

(q; q)λ1

k−1∏
i=1

qλ
2
i−λiµi+µ

2
i

[
λi
λi+1

][
λi − λi+1 + µi+1

µi

]
,

where qλ0 = qµ0 = λk+1 := 0 and µk := 2λk.

This time the b = 0 case proves [86, Conjecture 2.1] and the a = 0 case proves Equation (2.2)
of [86].

For a number of special values of k, alternative multisum expressions to those of Theorems 7.2
and 7.3 are known. In [27], Corteel, Dousse and Uncu solved the Corteel–Welsh system of
equations for the two-variable generating function of three-row cylindric partitions with profile
(5− a− b, a, b), resulting in quadruple-sum expressions for the characters χ̃8

a,b(q). For example

(see [27, Theorem 1.6]),

χ̃8
2,1(q) =

∞∑
n1,n2,n3,n4=0

qn
2
1+n2

2+n2
3+n2

4−n1n2+n2n4

(q; q)n1

[
n1

n2

][
n1

n4

][
n2

n3

]
.

In [32, Theorems 2.3 & 2.4], Feigin, Foda and Welsh obtained an Andrews–Gordon-type theorem
for a linear combination of characters of Vir(3, 3k+2) with central charge c = −3k(6k−5)/(3k+
2). For k = 4 this yields c = −114/7, which coincides with the central charge of W3(3, 7). In
this case, four of the six linear combinations considered in [32] correspond to actual W3(3, 7)
characters. Three are also covered in Theorem 7.2 while the fourth is below the line in the sense
of Kanade and Russell. For example, the character expression for χ̃7

1,1(q) arising from Vir(3, 14)
is [32, Equation (20c)]

χ̃7
1,1(q) =

∞∑
n1,n2,n3,n3=0

qn
2
1+n2

2+n2
3+n2

4+(n1+n2+n3)n4

(q; q)n1(q; q)n4

[
n1

n2

][
n2

n3

]
.

After the substitutions

(n1, n2, n3, n4) 7→ (n1 + n3 + n4, n3 + n4, n4, n2)

this takes the form

(7.3) χ̃7
1,1(q) =

∞∑
n1,n2,n3,n3=0

q
∑4
i,j=1 Aijninj

(q; q)n1
(q; q)n2

(q; q)n3
(q; q)n4

,



AN A2 BAILEY TREE AND A
(1)
2 ROGERS–RAMANUJAN-TYPE IDENTITIES 29

where

A =
1

2


2 1 2 2
1 2 2 3
2 2 4 4
2 3 4 6

 .

At a recent workshop on cylindric partitions, Shunsuke Tsuchioka raised the question if all the

A
(1)
2 Andrews–Gordon identities admit alternative sum-sides of the form (7.3). Such expressions

would be closer to the A
(1)
1 Andrews–Bressoud–Gordon identities, where the variable change

ni 7→ ni + · · ·+ nk for all 1 6 i 6 k leads to the multisum∑
n1,...,nk>0

q
∑k
i,j=1 Aijninj+

∑k
i=1(Aki−Aai)ni

(q; q)n1
. . . (q; q)nk−1

(q2−τ ; q2−τ )nk
,

where A = (Aij)
k
i,j=1 = (min{i, j})ki,j=1 is the Cartan-type matrix of the tadpole graph on k

vertices. As a further evidence that such a rewriting might exist for all moduli, he made a
conjecture for modulus 8, complementing his own proven modulus-6 identities [79], such as

∞∑
n
(1)
1 ,n

(1)
2 ,n

(2)
1 ,n

(2)
2 =0

q
∑2
i,j,a,b=1 Aia,jbn

(a)
i n

(b)
j∏2

i,a=1(q; q)
n
(a)
i

=

∞∑
n,m,k,l=0

qn
2+3kn+3k2

(q; q)n(q3; q3)k

[
n

m

][
k

l

]
q3

= (−q; q)2
∞(q2, q4; q6)∞,

where A = 1
2B ⊗ C (i.e., Aia,jb = 1

2BijCab) with matrices B and C given by B = ( 2 3
3 6 ) and

C = ( 1 1
1 1 ). From the structure of the summands in Theorems 7.2 and 7.3 it follows relatively

straightforwardly that a rewriting of the for (7.3) can be carried out for the moduli 7 and 8. For
larger moduli, however, this simple method fails due to the form of the summands. By iterating
the Durfee rectangle identity [7, Equation (3.3.10)]

(7.4)

[
n+m

n+ a

]
=

n∑
k=0

qk(k+a)

[
n

k

][
m

k + a

]
for n,m ∈ N0 and a ∈ Z, it follows that the q-binomial coefficient admits the telescopic expansion

(7.5)

[
k0 +m

k0 + a

]
=

∑
k0>k1>k2>···>kr>0

[
k0 +m−

∑r−1
i=0 ki

kr + a

] r∏
i=1

qki(ki+a)

[
ki−1

ki

]
,

for arbitrary nonnegative integer r and integers a, k0,m such that k0,m > 0 and, if a = −k0,
then m > (r − 1)k0. If we take r = 2 and one more time apply (7.4) with (n,m, a) 7→ (k0 −
k1,m− k0, k1 + k2 + a− k0) this implies

1

(q; q)m−k0(q; q)k0

[
k0 +m

k0 + a

]
=

∑
k1,k2,k3

q
∑3
i=1 ki(ki+a)+(k1+k2−k0)k3

(q; q)k1−k2(q; q)k2(q; q)k3(q; q)k0−k1−k3(q; q)a+k1+k2+k3−k0(q; q)m−a−k1−k2−k3
,

for all integers a, k0,m such that 0 6 k0 6 m. Since

χ̃7
1,1(q) =

∑
λ1,µ1

qλ
2
1−λ1µ1+µ2

1

(q; q)λ1

[
2λ1

µ1

]
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and

χ̃8
2,2(q) =

∑
λ1,λ2,µ1

qλ
2
1−λ1µ1+µ2

1+λ2
2

(q; q)λ1−λ2
(q; q)λ2

[
λ1 + λ2

µ1

]
,

we can use the above expansion with (m, k0, a) given by (λ1, λ1, λ1 − µ1) and (λ1, λ2, λ1 − µ1)
respectively. In the first case this fixed k3 as k3 = µ1−k1−k2. Finally, making the substitutions

(λ1, µ1, k1, k2) 7→ (n1 + n2 + n3 + n4, n2 + n3 + 2n4, n3 + n4, n4)

and

(λ1, µ1, λ2, k1, k2, k3)

7→ (n1 + n2 + n3 + n4 + n5 + n6, n2 + n4 + n5 + 2n6, n3 + n4 + n5 + n6, n5 + n6, n6, n4)

yields, respectively, (7.3) and

(7.6) χ̃8
2,2(q) =

∞∑
n1,...,n6=0

q
1
2

∑6
i,j=1 Aijninj

(q; q)n1
· · · (q; q)n6

,

for

A =


2 1 2 2 2 2
1 2 1 2 2 3
2 1 4 3 4 4
2 2 3 4 4 5
2 2 4 4 6 6
2 3 4 5 6 8

 .

This last result is exactly one of the character formula for χ̃8
a,b conjectured by Tsuchioka [80].

8. Character formulas for principal subspaces of A
(1)
2

Let g = slr = Ar−1 and ĝ = ŝlr = A
(1)
r−1 its untwisted affinisation, i.e.,

ĝ ∼= g⊗ C[t, t−1]⊕ Cc⊕ Cd,
where c is the canonical central element and d a derivation, acting on the loop algebra g⊗C[t, t−1]

as t d
dt , see [49, Chapter 7] for details. Fix I := {0, 1, . . . , r − 1} and let ĥ be the Cartan

subalgebra of ĝ with basis {α∨0 , . . . , α∨r−1, d}, where the α∨i (i ∈ I) are the simple coroots

(so that c =
∑
i∈I α

∨
i ). Let A = (aij)

r−1
i,j=0 be the (generalised) Cartan matrix of ĝ, and fix

the non-degenerate symmetric bilinear form (·|·) on ĥ by setting (α∨i |α∨j ) = aij , (d|d) = 0,

(α∨0 |d) = 1 and (α∨i |d) = 0 otherwise. Further let ĥ∗ be the dual of the Cartan subalgebra
with basis {α0, . . . , αr−1,Λ0}, where the αi (i ∈ I) are the simple roots and Λ0 is the 0th
fundamental weight. Denote the standard pairing between the Cartan subalgebra and its dual
by 〈·, ·〉, so that 〈αi, α∨j 〉 = (α∨i |α∨j ) = aij and 〈Λ0, a

∨
i 〉 = 0. The additional fundamental weights

Λ1, . . . ,Λr−1 ∈ ĥ∗ are fixed as 〈Λi, α∨j 〉 = δij for all i, j ∈ I and 〈Λi, d〉 = 0 for all i ∈ I. The

level of λ ∈ ĥ∗ is defined by lev(λ) := 〈λ, c〉. Hence lev(Λi) = 1 for all i ∈ I and if δ :=
∑
i∈I αi

is the null root, then lev(δ) =
∑
i,j∈I aij = 0. Finally, let

P :=
{
λ ∈ h∗ : 〈λ, α∨i 〉 ∈ Z for all i ∈ I

}
be the weight lattice of ĝ, and P+ ⊂ P and P `+ ⊂ P+ the set of dominant integral weights and
level-` dominant integral weights respectively:

P+ =
{
λ ∈ h∗ : 〈λ, α∨i 〉 ∈ N0 for all i ∈ I

}
= N0Λ0 + · · ·+ N0Λr−1 + Cδ,

P `+ =
{
λ ∈ P+ : lev(λ) = `

}
.
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A much studied class of representations of A
(1)
r−1 are the standard or integrable highest weight

modules. There is a unique such module, Lλ, for each λ ∈ P+ mod Cδ. If vλ denotes the

highest weight vector of Lλ, then ĥ acts diagonally on vλ and cvλ = lev(λ)vλ. The principal
subspace Wλ ⊂ Lλ is defined as [9, 35,77]7

Wλ := U
(
n− ⊗ C[t, t−1]

)
vλ = U

(
n− ⊗ C[t−1]

)
vλ,

where n−⊕h⊕n+ is the triangular or Cartan decomposition of g and U(·) denotes the universal
enveloping algebra. Let f1, . . . , fr−1 ∈ g denote the standard generators of n−. Then the
character of the principal subspace Wλ is defined as

chWλ :=
∑

n,d1,...,dr−1>0

dim
(
Wλ;n;d1,...,dr−1

)
eλ−δn−

∑r−1
i=1 diαi ,

where Wλ;n;d1,...,dr−1 ⊂ Wλ is the subspace generated by those elements in U(n− ⊗ C[t−1]) of
degree di in fi and degree n in t−1. For convenience we in the following use the normalised
character

chW ′λ := e−λ chWλ.

Ardonne, Kedem and Stone [9, Equation (6.9)]8 found an explicit expression for chWλ in terms
of generalised Kostka polynomials [51, 71]. Restricting considerations to r = 3, and assuming
the parametrisation

(8.1) λ = (k − a− b)Λ0 + aΛ1 + bΛ2 ∈ P k+,
the Ardonne, Kedem and Stone character formula simplifies to [9, Equations (6.9), (6.15) &
(6.16)]

(8.2) chW ′λ =
∑

λ,µ∈P
l(λ),l(µ)6k

(
1− zwqλa+µb−1

) k∏
i=1

zλiwµiqλ
2
i−λiµi+µ

2
i−χ(i6a)λi−χ(i6b)µi

(q; q)λi−λi+1(q; q)µi−µi+1

,

where qλ0 = qµ0 := 0 and q := e−δ, z := e−α1 , w := e−α2 . The restrictions l(λ), l(µ) 6 k in
the sum imply that λk+1 = µk+1 = 0. By mild abuse of notation we in the remainder of this
section use chW ′λ to mean the right-hand side of (8.2) for all 0 6 a, b 6 k, despite the fact that
for a+ b > k the weight λ is not dominant.

In the vacuum case, corresponding to a = b = 0, Feigin et al. [31, Corollary 7.8] obtained an
alternative ‘bosonic’ expression for Wλ. This is the a = b = 0 case of our next theorem.

Theorem 8.1. For a, b, k integers such that 0 6 a, b 6 k, let the weight λ and partition ν be
given by (8.1) and ν = (a+ b+ 2, b+ 1, 0) respectively. Then

chW ′λ =
∏

16i<j63

1

(xi/xj ; q)∞
(8.3)

×
∑
y∈Q+

det
16i,j63

(
(xiq

yi)νi−νj
) 3∏
i=1

x
(k+2)yi
i q(k+2)(yi2 )−νiyi(xi/x3; q)yi

(qxi/x1; q)yi
,

where z = x1/x2 and w = x2/x3.

By (8.2) this is Theorem 1.4 of the introduction.

7There two related but distinct definitions used in the literature, and here we follow the less standard [9]. In

the original paper [77], U
(
n+ ⊗ C[t, t−1]

)
vλ is used instead.

8For λ = (k − a)Λ0 + aΛi, i ∈ I, the dependence on the generalised Kostka polynomials trivialises and

the result is essentially due to Georgiev [41], with the caveat that he used the definition of principal subspace
from [77].
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Proof of Theorem 8.1. The main steps of the proof are the same as in the proof of the Kanade–
Russell conjecture in Section 5. Key difference is the root identity to which the A2 Bailey tree
is applied. Also, since the right-hand side of (8.3) does not admit a product form, this time

round there is no need for the A
(1)
2 Macdonald identity in the final stages of the proof.

For y = (y1, y2, y3) ∈ Q, let

(8.4) Ψy(z, w; q) := q−y13(zq; q)y12(wq; q)y23(zwq; q)y13Φy1,y1+y2

(
zqy12 , wqy23 ; q−1

)
.

Point of departure for our proof is (4.3) for N = M = 0. Identifying (r, s) = (y1, y1 + y2) and
using (4.11), this may also be written as

(8.5) δn,0δm,0 =
∑
y∈Q+

Φn,m;y(z, w; q)Ψy(z, w; q),

where n,m ∈ N0. Since Φn,m;y vanishes unless y1 6 n and y1 + y2 6 m, the sum over y in (8.5)
has finite support.

As in the proof in Section 5, let a, k be integers such that a 6 k. Then, by a (k− a+ 1)-fold
application of (4.13) starting with the root-identity (8.5), we obtain∑

λ⊆(nk−a)

µ⊆(mk−a)

k−a+1∏
i=1

Kλi−1,µi−1;λi,µi(z, w; q)(8.6)

=
∑
y∈Q+

(
Ωy(z, w; q)

)k−a+1
Φn,m;y(z, w; q)Ψy(z, w; q),

where λ0 := n, µ0 := m and, for y = (y1, y2, y3) ∈ Q. Next we use (4.17) to replace
Φn,m;y(z, w; q) in the summand on the right by Φn,m;y(1, 1, z, w; q) and define

Z := zqy12 and W := wqy23 .

Then, by an (a − b)-fold application of (4.18b) where (u, v) = (Zi−1,W i−1) in the ith step, as
well as the use of (5.10) for (a, b) = (1/q, 1), we find∑

λ⊆(nk−b)

µ⊆(mk−b)

k−b+1∏
i=1

q−χ(i6a−b)λiKλi−1,µi−1;λi,µi(z, w; q)

=
∑
y∈Q+

q−(a−b)y1
(
Ωy(z, w; q)

)k−b+1
Φn,m;y

(
Za−b,W a−b; z, w; q

)
Ψy(z, w; q),

for integers a, b, k such that b 6 a 6 k. Again denoting this by Ia, it follows from Corollary 4.10
that (Ia − zwqm−1Ia−1)/(1− zwq−1) is given by∑

λ⊆(nk−b)

µ⊆(mk−b)

1− zwqm+λa−b−1

1− zwq−1

k−b+1∏
i=1

q−χ(i6a−b)λiKλi−1,µi−1;λi,µi(z, w; q)(8.7)

=
∑
y∈Q+

(
q−(a−b)y1

(
Ωy(z, w; q)

)k−b+1

× Φn,m;y

(
Za−b,W a−b; 1, 1; z, w; q

) Ψy(z, w; q)

∆y(z, w; q)

)
.

Once again this holds for b 6 a 6 k instead of the more restricted range b < a 6 k since (8.7)
for b = a simplifies to (8.6) by λ0 := n and (4.27).
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The final iterative step in our proof is a b-fold application of Corollary 4.11, where (u, v, c, d) =
(Za−b+i−1,W a−b+i−1, Zi−1,W i−1) in the ith step. By (5.10) for a = b = 1/q this yields∑

λ⊆(nk)

µ⊆(mk)

1− zwqλa+µb−1

1− zwq−1

k+1∏
i=1

q−χ(i6a)λi−χ(i6b)µiKλi−1,µi−1;λi,µi(z, w; q)(8.8)

=
∑
y∈Q+

q−
∑3
i=1(νi+i)yi

(
Ωy(z, w; q)

)k+1
Φn,m;y

(
Za,W a;Zb,W b; z, w; q

) Ψy(z, w; q)

∆y(z, w; q)
,

where we have used that −ay1−b(y1 +y2) = −
∑3
i=1(νi+ i)yi for ν := (a+b+2, b+1, 0). As for

the analogous result (5.14) in the proof of the Kanade–Russell conjecture, this holds for all 0 6
a, b 6 k. Specifically, making the simultaneous substitutions (z, w, a, b, n,m) 7→ (w, z, b, a,m, n),
changing the summation indices (y1, y2, y3) 7→ (−y3,−y2,−y1) on the right and (λ, µ) 7→ (µ, λ)
on the left, it follows from (8.8) that the both sides are invariant under the interchange of a and
b.

Taking the large-n,m limit using (4.26) and using the definitions (4.28), (8.4) and (4.12), and
eliminating z and w from the right hand side in favour of x1, x2, x3, we obtain∑

λ,µ∈P
l(λ),l(µ)6k

(
1− zwqλa+µb−1

) k∏
i=1

zλiwµiqλ
2
i−λiµi+µ

2
i−χ(i6a)λi−χ(i6b)µi

(q; q)λi−λi+1
(q; q)µi−µi+1

=
∑
y∈Q+

(
det16i,j63

(
(xiq

yi)νi−νj
)∏

16i<j63(xiqyij/xj ; q)∞

3∏
i=1

x
(k+1)yi
i q(k+1)(yi2 )−νiyi

× Φy1,y1+y2

(
x1q

y12/x2, x2q
y23/x3; q−1

))
.

Since, by (a/q; q−1)n = (aq−n; q)n,

Φy1,y1+y2

(
x1q

y12/x2, x2q
y23/x3; q−1

)
=

∏
16i>j63

1

(xi/xj ; q)yij

3∏
i=1

xyii q
(yi2 )(xi/x3; q)yi

(qxi/x1; q)yi
,

this gives (8.3). �

Remark 8.2. If we define an A2 Bailey pair (α(z, w; q), β(z, w; q)) as a pair of sequences (with
index-set Q+ and N2

0 respectively) satisfying9

(8.9) βn,m(z, w; q) =
∑
y∈Q+

y16n, y1+y26m

Φn,m;y(z, w; q)αy(z, w; q),

then the identity (8.5) corresponds to the ‘A2 unit Bailey pair’

αy(z, w; q) = Ψy(z, w; q) and βn,m(z, w; q) = δn,0δm,0.

More generally, from (4.3) we have the following A2 Bailey pair inversion:

αy(z, w; q) = q−y13(zq; q)y12(wq; q)y23(zwq; q)y13(8.10)

×
y1∑
r=0

y1+y2∑
s=0

qr+sΦy1−r,y1+y2−s
(
zqy12 , wqy23 ; q−1

)
βr,s(z, w; q).

9The definition of an A2 Bailey pair in [8, Definition 4.2] is slightly different, with y ∈ Q++ instead of y ∈ Q+.
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If αn(z; q) := α(n,−n,0)(z, 0; q) and βn(z; q) := βn,0(z, 0; q), then (8.9) for m = w = 0 and and
(8.10) for y = (n,−n, 0) and w = 0 corresponds to (3.5a) and (3.5b) respectively.

As mentioned in the introduction, the A1-analogue of Theorem 8.1 was first proved by An-
drews, who showed that the right hand sides of (1.6) and (1.7) both satisfy the recursion

Qk,i(z; q)−Qk,i−1(z; q) = (zq)i−1Qk,k−i+1(zq; q)

for 1 6 i 6 k, where Qk,0 := 0. Since both expressions satisfy the same initial conditions
Qk,i(0; q) = Qk,i(z; 0) = 1, this proves the equality of (1.6) and (1.7). This same recursion
may also be proved purely algebraically using the theory of intertwining operators for vertex

operator algebras [23]. For general A
(1)
r−1 this approach has only been completed fully for the

level-1 modules, and according to [22, Theorem 5.3],

W ′Λ0
(z, w; q)−W ′Λ0

(zq, w, q) = zqW ′Λ0
(zq2, wq−1; q),(8.11a)

W ′Λ0
(z, w; q)−W ′Λ0

(q, wq, q) = wqW ′Λ0
(zq−1, wq2; q),(8.11b)

where the exponents of q in the argument of W ′Λ0
on the right are the Cartan integers of sl3.

Together with

W ′kΛ0
(z, w; q) = W ′kΛ1

(zq, w; q) = W ′kΛ2
(z, wq; q)

for arbitrary level k and W ′Λ0
(0, 0; q) = W ′Λ0

(z, w; 0) = 1, this uniquely determines the characters
W ′Λi for 0 6 i 6 2. It is routine to show that the right-hand side of (8.2) for k = 1 and a = b = 0
satisfies (8.11). The same cannot be said for the bosonic representation

W ′Λ0
(z, w; q) =

1

(zq, wq, zwq; q)∞

×
∞∑

r,s=0

(
(−1)r+sz2rw2sq2r2+2s2−2rs+(r2)+(s2)

× (1− zq2r−s)(1− wq2s−r)(1− zwqr+s)
(1− z)(1− w)(1− zw)

× (zw; q)r(zw; q)s(z; q)r−s(w; q)s−r
(q; q)r(q; q)s

)
,

for which showing the recursions requires a lengthy computation. It would be very interesting
to extend the recursive approach to W ′λ(z, w; q) for weights of arbitrary level.

9. Outlook

An important open question is how to generalise Theorems 1.2 and 1.4 to A
(1)
r−1 for all r.10

As far as the Ar−1-analogue of the Bailey chains of Lemma 3.1 and Theorem 4.2 is concerned,
things are relatively straightforward. Let n = (n1, . . . , nr−1), m = (m1, . . . ,mr−1) be integer
sequences and z = (z1, . . . , zr−1) a sequence of indeterminates. In [85] the definition of the
rational function Φn,m(z, w; q) was extended to Ar−1 as:

(9.1) Φn(z; q) :=
∑

λ(1),...,λ(r−1)∈P

r−1∏
i=1

∏
l>1

z
λ
(i)
l
i q

1
2

∑r−1
j=1 Cijλ

(i)
l λ

(j)
l

(q; q)
λ
(i)
l−1−λ

(i)
l

,

10The vacuum case a = b = 0 of Theorem 8.1 was generalised to all r in [34, Theorem 3.1] without the use of
the Bailey machinery.
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where λ
(i)
0 := ni and where C = (Cij)16i,j6r−1 is the Cartan matrix of Ar−1. For an arbitrary

sequence a = (a1, . . . , ar−1), let ā := (ar−1, . . . , a1). Replacing λ(i) by λ(r−i) in (9.1) it follows
that

(9.2) Φn(z; q) = Φn̄(z̄; q).

Another immediately consequence of the definition (9.1) is the Ar−1 Bailey chain

(9.3)

n1∑
m1=0

· · ·
nr−1∑

mr−1=0

Kn,m(z; q)Φm(z; q) = Φn(z; q),

with reproducing kernel given by

Kn,m(z; q) :=

r−1∏
i=1

zmii q
1
2

∑r−1
j=1 Cijmimj

(q; q)ni−mi
.

Moreover, by Hua’s identity [46, Theorem 4.9] for Ar−1,

(9.4) lim
n1,...,nr−1→∞

Φn(z; q) =
1

(q; q)r−1
∞

∏
16i<j6r

1

(zi · · · zj−1q; q)∞
.

The alternative expressions for Φn(z; q) and Φn,m(z, w; q) as given in (3.1) and (4.1) follow
from Corollaries 3.2 and 4.3, or from [34, Proposition 2.2] which is based on the decomposition
in the Gelfand–Zetlin basis of the Whittaker vectors for the quantum group Uv(glr) over C(v).
This more generally implies that

Φn(z; q) =
∑∏

k>1

(
r−1∏
i=1

(−1)λ
(i)
k+1q(

λ
(i)
k+1
2

)

(q; q)
λ
(i)
k −λ

(i)
k+1

∏
16i<j6r

(
z
λ
(i)
k+j−i
j−1 q−(λ

(i)
k+j−i−λ

(i)
k+j−i+1)λ

(j)
k(9.5)

× 1− zi · · · zj−1q
λ
(i)
k+j−i−λ

(j)
k

1− zi · · · zj−1

(zi · · · zj−1; q)
λ
(i)
k+j−i+1−λ

(j)
k

(zi · · · zj−1q; q)λ(i)
k+j−i−1−λ

(j)
k

))
,

where the sum is over partitions λ(1), . . . , λ(r) such that l(λ(i)) 6 r − i for 1 6 i 6 r (so that

λ(r) = 0) and λ
(i)
1 + λ

(i−1)
2 + · · ·+ λ

(1)
i = ni for 1 6 i 6 r− 1. For r = 2 this yields (3.1) and for

r = 3 it gives

(9.6) Φn,m(z, w; q) =
1

(q, zq1−m; q)n(q, wq; q)m
6W5

(
zq−m; q−m/w, q−n, q−m; q, zwqn+m+1

)
.

By Jackson’s 6W5 summation [40, Equation (II.20)] this simplifies to (4.1). The expression
(9.5) obscures the symmetry (9.2), although it can be simplified relatively easily to a

(
r−2

2

)
-fold

multisum that is symmetric. For example, for r = 4 two of the three summations can be carried
out to give an expression as a balanced 4φ3 basic hypergeometric series:

Φn(z; q) =
(z1z2q; q)n1+n2(z2z3q; q)n2+n3

(q, z1q, z1z2q; q)n1
(q, z2q, z1z2q, z2z3q; q)n2

(q, z3q, z2z3q; q)n3

× 4φ3

[
q−n2/z2, q

−n1 , q−n2 , q−n3

q−n1−n2/z1z2, q−n2−n3/z2z3, z1z2z3q
; q, q

]
.

Regardless of how Φn(z; q) is expressed, it is an open problem to lift the Ar−1 Bailey chain (9.3)
to an Ar−1 Bailey tree. It follows from the work of Ardonne, Kedem and Stone (see [9, Equation
(6.16)]) that the 1 and −q−1 in 1 − zwqλa+µb−1 in formula (8.2) — this factor can be traced
back to the structure of the numerator of (4.22) — should be interpreted as entries of the inverse
of the matrix of generalised Kostka polynomials [51, 71] for sl3. This suggests that the as-yet-
to-be-discovered Ar−1 Bailey tree involves the generalised Kostka polynomials for slr. Another
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open problem is to find the Ar−1-analogue of the (3.14b) and (5.2). For y = (y1, . . . , yr) ∈ Q,
let

Φn;y(z; q) :=
Φm(w; q)∏

16i<j6r(zi · · · zj−1q; q)yij
,

where mi := ni − y1 − · · · − yi and wi := ziq
yi,i+1 for 1 6 i 6 r− 1. The problem then is to find

a manifestly positive representation for the rational function gn;τ (q) defined by

gn;τ (q) :=
∑
y∈Q

Φn;ry( q, . . . , q︸ ︷︷ ︸
r−1 times

; q)
∏

16i<j6r

1− qryij+j−i

1− qj−i
r∏
i=1

qr(r+τ)(yi2 )−τiyi ,

where n ∈ Nr−1
0 and τ ∈ {2− r, . . . , 0, 1}. For general r this is a very hard problem since

Φn1,...,ni−1,0,ni+1,...,nr−1;ry( q, . . . , q︸ ︷︷ ︸
r−1 times

; q)

= Φn1,...,ni−1
(q, . . . , q︸ ︷︷ ︸
i−1 times

; q) Φni+1,...,nr−1
( q, . . . , q︸ ︷︷ ︸
r−i−1 times

; q)

r∏
i=j

δyj ,0,

which implies that

gn1,...,ni−1,0,ni+1,...,nr−1;τ (q)

= Φn1,...,ni−1
(q, . . . , q︸ ︷︷ ︸
i−1 times

; q) Φni+1,...,nr−1( q, . . . , q︸ ︷︷ ︸
r−i−1 times

; q).

For example, setting m = 0 in (1.3) gives gn,0;τ (q) = 1/(q, q2; q)n = Φn(q; q). Some properties
of gn;τ (q) are easily deduced for general r. From (9.4) followed by (5.16) it immediately follows
that

(9.7) lim
n1,...,nr−1→∞

gn;τ (q) =



∏
16i<j6r

1

(qj−i; q)∞
if τ = 1,

(q; q)∞
(qr; qr)∞

∏
16i<j6r

1

(qj−i; q)∞
if τ = 0,

0 if τ ∈ {2− r, . . . ,−1}.

We can do slightly better for special values of τ . First we note that by [85, Equation (6.3)]11 it
follows that for r > 3

lim
n2,...,nr−2→∞

Φn;y(z; q) =
1

(q; q)r−3
∞

∏
26i<j6r−1

1

(zi · · · zj−1q; q)∞

×
(z1 · · · zr−1q; q)n1+nr−1∏r

i=1(z1 · · · zi−1q; q)n1−yi(zi · · · zr−1q; q)nr−1+yi

,

generalising (9.4). Hence, for such r,

g(r)
n,m;τ (q) := lim

n2,...,nr−2→∞
g(n,n2,...,nr−2,m);τ (q)

= (q; q)∞
∏

16i<j6r−1

1

(qj−i; q)∞

r−1∏
i=1

1

(qr−i; q)n+m+i

×
∑
y∈Q

∏
16i<j6r

(1− qryij+j−i)
r∏
i=1

qr(r+τ)(yi2 )−τiyi
[
n+m+ r − 1

n− ryi + i− 1

]
.

11This result is stated in [85] without proof.
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By (5.6), (A.3) and q 7→ 1/q duality this may be expressed in closed form for τ ∈ {−1, 0, 1} as

g(r)
n,m;τ (q) = q(

τ
2)(r−1)nm

[
n+m

n

]
p

(q; q)∞
∏

16i<j6r−1

1

(qj−i; q)∞

r−1∏
i=1

1

(qr−i; q)n+m
,

where p = q if τ ∈ {−1, 1} and p = qr if τ = 0. For r = 3 this is of course (5.2), and in the limit
of large n and m this gives (9.7) for τ ∈ {−1, 0, 1}.

Appendix A. A (new) proof of (5.3)

We begin with the following q-Pfaff–Saalschütz summation for the root system Ar−1:∑
y∈Nr0

(
(b, q−N ; q)|y|

∏
16i<j6r

xiq
yi − xjqyj
xi − xj

r∏
i,j=1

(ajxi/xj ; q)yi
(qxi/xj ; q)yi

(A.1)

×
r∏
i=1

(bq1−N/cxi; q)|y|−yiq
yi

(aibq1−N/cxi; q)|y|(cxi; q)yi

)
=

r∏
i=1

(cxi/ai, cxi/b; q)N
(cxi, cxi/aib; q)N

,

where N is a nonnegative integer and |y| := y1 + · · ·+ yr. It should be noted that the summand
vanishes unless |y| 6 N so that only finitely many terms contribute to the sum. The identity
(A.1) was first obtained in the appendix of a preliminary version of Leininger and Milne’s
paper [54]; an appendix that was dropped in the published version. Subsequently (A.1) was
rederived and published by Bhatnagar and Schlosser, see [16, Remark 5.11].

In (A.1) we replace q 7→ qr, and then set ai = q−n for n a nonnegative integer and xi =
qr−ibz/c. Using

∏r
i=1(aqr−i; q)k = (a; q)rk it follows that

r∏
i,j=1

(ajxi/xj ; q)yi
(qxi/xj ; q)yi

7→
r∏
i=1

(q−n−i+1; q)ryi
(qr−i+1; q)ryi

.

The resulting summand thus vanishes unless 0 6 ryi 6 n+ i− 1. By a polynomial argument we
may therefore replace q−rN by the indeterminate d, leading to∑

y∈Nr0

(
(b, d; qr)|y|

(dq1−n/z; q)r|y|

∏
16i<j6r

1− qryij+j−i

1− qj−i
r∏
i=1

(q−n−i+1; q)ryi
(qr−i+1; q)ryi

×
r∏
i=1

(dqi/z; qr)|y|−yiq
riyi

(bzqr−i; qr)yi

)
=

(z, bz/d; q)n
(bz, z/d; q)n

,

where we recall that yij := yi − yj . If we set b = 0, let d tend to infinity and carry out some
elementary manipulations, this simplifies to∑

y∈Nr0

(
(−1)rz

)|y|
q−r(

|y|
2 )

∏
16i<j6r

(1− qryij+j−i)
r∏
i=1

q(
r+1
2 )y2i−iyi

[
n+ r − 1

n− ryi + i− 1

]

= (z; q)n

r−1∏
i=1

(1− qn+i)i.

Next we consider the sum over the yi for fixed |y| = m and carry out what in [42] is referred to
as the rotation trick. That is, if u, v are the unique integers such that m = ur+ v for 0 6 v < r,
u > 0, then we shift and rotate the summation indices y1, . . . , yr as

yi 7→

{
yi+v + u for 1 6 i 6 r − v,
yi+v−r + u+ 1 for r − v < i 6 r.
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This substitution leads to the following alternative expression for the above left-hand side:
n∑

m=0

∑
y∈Q

(−z)mq(
m
2 )

∏
16i<j6r

(1− qryij+j−i)
r∏
i=1

q(
r+1
2 )y2i−iyi

[
n+ r − 1

n−m− ryi + i− 1

]
.

Equating coefficients of zm using the q-binomial theorem

(A.2) (z; q)n =

n∑
m=0

(−z)mq(
m
2 )
[
n

m

]
,

this implies ∑
y∈Q

∏
16i<j6r

(1− qryij+j−i)
r∏
i=1

q(
r+1
2 )y2i−iyi

[
n+ r − 1

n−m− ryi + i− 1

]
(A.3)

=

[
n

m

] r−1∏
i=1

(1− qn+i)i.

Finally letting n 7→ n+m and specialising r = 3 yields (5.3).
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Commun. Contemp. Math. 20 (2018), 1750073, 37 pp.
[53] C. Krattenthaler, Generating functions for plane partitions of a given shape, Manuscripta Math. 69 (1990),

173–202.

[54] V. E. Leininger and S. C. Milne, Expansions for (q)n
2+2n
∞ and basic hypergeometric series in U(n), Discrete

Math. 204 (1999), 281–317.

[55] J. Lepowsky, Affine Lie algebras and combinatorial identities, in Lie algebras and related topics, pp. 130–156,
Lecture Notes in Math., 933, Springer, Berlin-New York, 1982.

[56] J. Lepowsky and R. L. Wilson, The Rogers–Ramanujan identities: Lie theoretic interpretation and proof,

Proc. Nat. Acad. Sci. U.S.A. 78 (1981), 699–701.
[57] J. Lepowsky and R. L. Wilson, A new family of algebras underlying the Rogers–Ramanujan identities and

generalizations, Proc. Nat. Acad. Sci. U.S.A. 78 (1981), 7254–7258.

[58] J. Lepowsky and R. L. Wilson, A Lie theoretic interpretation and proof of the Rogers–Ramanujan identities,
Adv. Math. 45 (1982), 21–72.

[59] J. Lepowsky and R. L. Wilson, The structure of standard modules. I. Universal algebras and the Rogers–
Ramanujan identities, Invent. Math. 77 (1984), 199–290.

[60] I. G. Macdonald, Affine root systems and Dedekind’s η-function, Invent. Math. 15 (1972), 91–143.

[61] I. G. Macdonald, Symmetric Functions and Hall Polynomials, second edition, The Clarendon Press, Oxford
University Press, New York, 1995.

[62] P. A. MacMahon, Combinatory analysis, Vol. I & II, Dover Publications, Inc., Mineola, NY, 2004.

[63] A. Meurman and M. Primc, Annihilating ideals of standard modules of sl(2,C)∼ and combinatorial identi-
ties, Adv. Math. 64 (1987), 177–240.

[64] A. Meurman and M. Primc, Annihilating fields of standard modules of sl(2,C)∼ and combinatorial identities,

Mem. Amer. Math. Soc. 137 (1999), no. 652, viii+89 pp.
[65] A. Milas, E. Mortenson and K. Ono, Number theoretic properties of Wronskians of Andrews–Gordon series,

Int. J. Number Theory 4 (2008), 323–337.

[66] P. Paule, On identities of the Roger–Ramanujan type, J. Math. Anal. Appl. 107 (1985), 225–284.
[67] E. M. Rains and S. O. Warnaar, Bounded Littlewood identities, Mem. Amer. Math. Soc. 270 (2021), no. 1317,

vii+115 pp.
[68] L. J. Rogers, Second memoir on the expansion of certain infinite products, Proc. London Math. Soc. 25

(1894), 318–343.

[69] L. J. Rogers, On two theorems of combinatory analysis and some allied identities, Proc. London Math. Soc.
(2) 16 (1917), 315–336.

[70] L. J. Rogers and S. Ramanujan, Proof of certain identities in combinatory analysis, Proc. Cambridge Phil.

Soc. 19 (1919), 211–216.
[71] A. Schilling and S. O. Warnaar, Inhomogeneous lattice paths, generalized Kostka polynomials and An−1

supernomials, Comm. Math. Phys. 202 (1999), 359–401.
[72] I. J. Schur, Ein Beitrag zur additiven Zahlentheorie und zur Theorie der Kettenbrüche, S.-B. Preuss. Akad.
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