AN A; BAILEY TREE AND Agl) ROGERS-RAMANUJAN-TYPE
IDENTITIES

S. OLE WARNAAR

ABSTRACT. The Ag Bailey chain of Andrews, Schilling and the author is extended to a four-
parameter Ao Bailey tree. As main application of this tree, we prove the Kanade—-Russell
conjecture for a three-parameter family of Rogers—Ramanujan-type identities related to the
principal characters of the affine Lie algebra A;U. Combined with known g-series results, this

further implies an AS)-analogue of the celebrated Andrews—Gordon g-series identities. We

also use the Ag Bailey tree to prove a Rogers—Selberg-type identity for the characters of the
principal subspaces of Agl) indexed by arbitrary level-k dominant integral weights A. This
generalises a result of Feigin, Feigin, Jimbo, Miwa and Mukhin for A = kAg.

Keywords: A(Ql) and W3 character formulas, Bailey’s lemma, Kanade—Russell conjecture,

principal subspaces of Agl), Rogers—Ramanujan-type identities.

1. INTRODUCTION

Let (a;¢)00 := (1 —a)(1 —aq)--- and, for n an integer, (a;q)n = (a;¢)00/(aq";¢)0. In
particular, (a;q)o = 1, (a;9), = (1 —a)(1 —agq)---(1 —ag" ') for n > 0 and 1/(q;q)n, = 0
for n < 0. Further let a,k, 7 be integers such that £ > 1, 0 < a < k, 7 € {0,1}, and fix
K := 2k + 7+ 2. Then the modulus-K Andrews—Gordon—Bressoud ¢-series identities are given
by

(1.1) >

A1z 2 AR 20 (q; q))‘l_/\2 o (q; q)/\k—l_)\k (C]Q_T; q2_7—>>\k

@) (@)oo (6554
(4:9)o0
where 7 = 1 corresponds to the Andrews-Gordon or odd modulus case [3] and 7 = 0 to the

Bressoud or even modulus case [19]. The Andrews—Gordon identities for k£ = 1 simplify to the
famous Rogers—Ramanujan identities |[68-70]

q/\§+-~~+/\i+/\a+1+---+Ak

)

oo

q" _ i 1
(1.2a) Z A-d-g)--(0—qv };[0 (1 — gont1)(1 — gonta)’

n=0
and
[e’e] qn2+n _ o 1
(1.2b) ngo I-qg0-¢) - 1-q") };[0 (1 — ¢ +2)(1 — o +3)°

The Rogers—Ramanujan identities and their generalisations due to Andrews, Gordon and Bres-
soud have a rich history. They are the analytic counterpart of well-known theorems for integer
partitions [18]/19,/43}/62|/72], have numerous important interpretations in terms of the representa-
tion theory of affine Lie algebras and vertex operator algebras [23}124,29)3345,52,5559,63,64,77],
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2 S. OLE WARNAAR

and have arisen in a variety of other contexts such as in algebraic geometry [21], combina~
torics [26}136], commutative algebra [1,/11], group theory [25], knot theory [10], number the-
ory [|20L[65], statistical mechanics [141[15}82], the theory of orthogonal polynomials [39}48], and
symmetric function theory [13/47,/67,|76]. For a comprehensive introduction to the Rogers—
Ramanujan identities and their generalisations we refer the reader to An invitation to the
Rogers—Ramanugjan identities, by Sills |74].

Several representation theoretic interpretations of the Andrews—Gordon—Bressoud identities
are based on the affine Lie algebra Agl), making it a natural problem to try to extend
to Ailjl. Despite the long history of the subject, this is very much an open problem. In 1999

Andrews, Schilling and the author succeeded in finding (some) analogues of for Agl) for all
moduli [8]. To succinctly describe these results, we require the modified theta functions 6(z; q) :=
(230)00(4/7 @)oo and O(21, . . ., 23 q) := 0(215¢) - - - 0(2y; ), and the g-binomial coefficients || =
["]q = (¢; On/ (¢ Q) m(q; @) n—m for integers n,m such that 0 < m < n and zero otherwise. We

m.

also need the appropriate Agl)—analogue of 1/(¢*~7;¢* ™), (which occurs in (1.1)) with n = \y),
and for n, m nonnegative integers and 7 € {—1,0, 1}, we define
qT(‘rfl)nm |:n + m:|

P

(1.3) i (a) = (G Dntm (@ Dnrm | 1

where p = ¢ if 7% = 1 and p = ¢* if 7 = 0. For example, g m;1(¢) = 1/(¢:4)n (e ) (a% @)nrm-
Then, for a, k, T integers such that k > 1,0 < a < k and 7 € {—1,0, 1}, it was shown in [§] that

(1.4) > —
A1 2A5 20 l—q Hi:l (Q§ q))\i—)\i+1 (q; q)Mi_Hi+1
H1Z 2 p 20

1 — q>\a+ﬂa+1 quzl(/\?—>\riM1+M?)+Zf=a+1(/\i+Mi)

g)\k,;l,k;T (Q)

- (QK;QK)go 9( a+1 qa+1 q2a+2,qK)
(q7 q)go ) 3 3 )

where K := 3k+743 and ¢’ = ¢° := 0. From a g-series as well as combinatorial point of view
this is a perfectly good analogue of . For example, by the Borodin product formula [17],
the right-hand side corresponds to the generating function of cylindric partitions [42] on three
rows with ‘profile’ given by (K — 2a — 3,a,a). If, however, one wishes to interpret as
an identity for the principal characters of Aél) (characters of the principally graded subspaces
of basic Aél) modules in the sense of [37,/58]) or, for 3 t K, as branching functions of Aél)
and characters of the W5(3, K) vertex operator algebra (see [86} Section 4]), then one should
multiply both sides of (1.4) by (q;q)ooﬂ This would of course obscure the positivity of the
left-hand side, and for this reason we will not view the above as the “proper” Agl)—analogues of
the Andrews—Gordon—Bressoud identities. Instead we follow Kanade and Russell [50] and refer
to as the Andrews—Schilling—Warnaar identities, or ASW identities for short. From both
a representation theoretic and cylindric partition point of view it is clear that the above set of
ASW identities is not complete, and there should be an appropriate multisum expression for
each dominant integral weight (K —a —b—3)Ag+ aA; + bAy of Agl) or each cylindric-partition
profile (K —a — b — 3, a,b), with corresponding product form as above but with theta function
given by 0(q%*t1, ¢"*1, ¢2T0*2; ¢K). Recently Kanade and Russell [50, Conjecture 5.1] posed the
following beautiful conjecture that covers all cases such that 0 < a,b < k.

1The result (1.4) may be interpreted as an identity for the principally specialised characters of g/[(\i’)) indexed
by (K —2a—3)Ag+a(A1+Az) for 0 < a < k, see e.g., [37,/78]. This, however, does not match the interpretation

of the Andrews—Gordon—Bressoud identities as character identities for the principal characters of 5?(3) = Agl).
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Conjecture 1.1 (Kanade-Russell). Let a,b,k be integers such that 0 < a,b < k, and set
K :=3k+71+3 forte€{-1,0,1}. Then
k
1-— q qu 1(>\ _>\1H1+H )+Z1, a+1 >‘7+Zi=b+1 i
(1.5) >

— k=1, .
A1 230 l—g¢q Hizl (Qaq))\i—/\Hl(QaQ)lM—MHl
> >k >0

Aa+pup+1

g)\ka/»tkﬁ'(q)

K., K\2
a4
_ ( ) )oo a(qa+1,qb+1

a+b+2, K
),
(3:9)3% )

g

where ¢ = gMo = 0.

For b = 0 and 72 = 1 this was previously conjectured in [86, Conjecture 7.4]. By symmetry
in @ and b there are ( ;2) distinct identities for fixed k, where it is noted that the right-hand
sides for (a,b) = (k,k) and (a,b) = (k,k — 1) are the same if 7 = —1 due to the simple relation
0(z;q) = 0(q/z, q). In the followmg we may thus assume without loss of generality that a > b.

For 7 = —1 the sum over uj can be carried out by a limiting case of the g-Chu—Vandermonde
summation (see e.g., (3.8]) below), resulting in the slightly simpler
ANatpp+1 q N O N N T R DHINIEP YR DUy s

l—¢
Z 1— q ( 2. k . k—1, .
A=A 20 @ Dt pns Lim1 (G Dxni—xin sy (6 D pi—pi
1z Zpe—120

(q2k:+2.

g
(6303
where 0 <b<a<k (b#£k), \gr1 = pr := 0, and, for k = 1, pg := oo.

Besides (L.4)), also the (a,b) = (k,0) and (k — 1,0) instances of for 72 = 1 were proved
in [8]. For the moduli 5 and 7 this covers all identities in . The identity of smallest modulus
missing from [8] corresponds to (a, b, k,7) = (1,0, 1,0) of modulus 6. Kanade and Russell proved
this by solving the Corteel-Welsh system of functional equations 28] for cylindric partitions of
profile (d — a — b,a,b) for d = 3, see |50, Corollary 7.5]. For the moduli 8 and 10 they again
solved the corresponding Corteel-Welsh systems (in these cases d = 5 and d = 7 respectively)
confirming the conjecture. Alternatively, the modulus-8 case is implied by combining the recent
results of Corteel-Dousse—Uncu [27] and the author [86] on modulus-8 Rogers—Ramanujan-type
identities for Aél). Finally, Uncu [81, Theorems 4.4 & 5.4] settled the moduli 11 and 13 by
algorithmically confirming and complementing a conjectured partial solution to the Corteel-
Welsh system due to Kanade and Russell.

The first main result of this paper is a case-free proof of the Kanade-Russell conjecture for
arbitrary modulus.

2k:+2)2
o) 0( a+1 qb+1 qa+b+2.q3k+2)

) ) ) )

Theorem 1.2. The Kanade—Russell conjecture holds for all moduli.

The lowest-moduli examples not previously proved correspond to k = 2, 7 = 0 and (a,b) €
{(1,0),(2,0),(2,1)} with the three a = b cases included in (1.4]). For example, for (a,b) = (2,0)

the theorem confirms the the modulus-9 identity

oo

>

A1, A2, p1,42=0

_ (1—q ")
H l_q 9n 7)(1_q9n 2)

n=1

q)\f*)\1H1+M§+>\§*)\2#2+M§+M1+H2 (q3; q3)>\2+#2

(G Dxg =20 (G Dy — 12 (035 83) 00 (635 6%) i (6 D xatp2 (G D rg 41

where we recall that 1/(q; ¢), = 0if n is a negative integer, so that the summand vanishes unless
AL = g and py > po.
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As mentioned above, from a representation theoretic point of view the ASW identities should
be multiplied by a factor (¢; ¢)so. For 72 = 1 this factor can be absorbed in the multisum using
a transformation formula from [86]. This gives what we view as the Andrews—Gordon identities
for Aél). In full generality this result is too involved to be stated in the introduction and below
we restrict ourselves to the special case b = 0, and refer to Theorems and for the more
general result.

Theorem 1.3 (Agl) Andrews-Gordon identities; special case). Let a,k be integers such that
0<a<k. Then

>

A1, AR =0 (q,
H1yeeesbk—120

k+21 at1 M H q}\ IS N Ai Ai = i1+ it
i1 Ait1 Hi

_ (QK,QK)go (q a+1 qa+2_

(4:9)%
where g == 2A; and K := 3k + 2, and

) izati N H N2 X [ Ai ] [)‘i ~Ait —H““]
A

ALy A 20 (q’q)M i=1 i+1 i
1yeees bl 20
(¢"54™)% L e K
=1 7 /09 q qa+ qa+ iq
(9% (4, ’ "),

where Agy1:= 0, pr+1 := A and K =3k + 4.

These results were conditionally proved in [86] assuming the truth of for b = 0 and
2 =1.

One of the most streamlined proofs of the Andrews—Gordon—Bressoud identities is based
on what is known as the Bailey lattice |2, which is a generalisation of the well-known Bailey
chain [5]. Our proof of Theorem presented in Section |5 is based on an As-analogue of a
special case of the Bailey lattice which, due to its tree-like structure, we refer to as the A, Bailey
tree. A special instance of the A, Bailey tree corresponds to the Ay Bailey chain developed in [3]
to prove the ASW identities (1.5). Andrews’ original proof of the Andrews-Gordon identities [3]
predates the discoveries of the Bailey chain and Bailey lattice, and instead is based on recursion
relations for the Rogers—Selberg function Qy i(z;¢), defined by [70,/73]

o0

1 ; : ) in (24 On
1.6 Qk:,i 2:q) = 1— qu(2n+1)z -1 nzknq(2k+1)( 2 ) in
(1.6) (1) 3= e ZO( )(=1) G,
for integers i,k such that 1 < i < k. These recursions were solved by Andrews to give the

multisum representation [3| Equatlon (2.5)]

pALF Ak DY RN VREPE WE R B Y]

(1.7) Quilza)= > g

e or 50 @D (GO (G D

Equating the two expressions for @)y ;, specialising z = 1 and using the Jacobi-triple product
identity yields (1.1) with (a,k) — (i — 1,k — 1) and 7 = 1. The equality of and
may also be proved by the Bailey lattice, and by lifting this proof to the As-setting we obtain
the following identity for the characters of the level-k principal subspace W) of Agl) indexed by
A= (k—a—bAo+ah +bAs. Let Qp = {y = (y,¥2,93) €Z>: y1+y2a+ys =0, y1 >
0, y1 +y2 =0}
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Theorem 1.4. For a,b, k integers such that 0 < a,b < k, let v be the strict partition v :=
(a+b+2,b4+1,0). Then
Il)/\ (zg)“lqk 2 Nipitp?—x(i<a) N —x(i<b) i
> (-2 T
A1 SARS0 i=1 q q))\i*)\wrl (q;Q)IM*MHl
M1z Zpp 20

VL 1/]

(k+2)yzq(k+2)(%i)_”iyi (7i/735q)y,

Z deti<ij<s ((wig¥) ﬁl’
veQs H1<1<g<3( Ti/T5q) i1 (qzi/71; @)y,

where ¢*° = ¢ = A1 = pig41 = 0.

Setting (1, 22,23) = (2w, w, 1) and letting w tend to 0, the summand on the left vanishes

unless gy = -+ = pg = 0, resulting in Qr+1,4+1(2/¢;¢) in its multisum representation (1.7)).
In this same limit the summand on the right vanishes unless (y1,y2,y3) € Q4+ is of the form
(n,—n,0) for n € Ng. After some simplifications this yields Qr+1,q+1(2/¢; q) as defined in (1.6]).

In contrast to the A(ll) case, (L1.5) does not follow from Theorem by specialisation of the
x;. For b = a the determinant on the right (which up to normalisation is a Schur function [61])
factorises, resulting in the simpler

N I

A SARS0 i—1 q)Ai_AH»l (q;Q)M—HiJrl
122 pe 20

= I

yEQ, 1<i<j<3

For a = 0 this is [31, Corollary 7.8] by Feigin et al. The large-k limit of Theorem [1.4] gives our
next result, where & denotes the set of integer partitions.

(& Az(zz) AT A X (i) i)

1-—- (qyifiji/xj)aﬂ 2 T, (k+2)ys (k+2)(yv)+(a+1)i'yi(mi/xzﬁQ)y-

(@i/zjid)oe o (qzi/215 )y,

Corollary 1.5. For a,b nonnegative integers and v := (a +b+2,b+1,0),

Ai A2 N 2 —x (i <a) A —x (1<b) s
Z (1 4 q,\a+ub—1) H (%) (ii) g T Akt =X (Ea) A —x (i<b)n
A\ pEP 3 i>1 (G Dx =2 (G D =i

1 Vi —Vj
= det (z.° ™
H1<¢<j<3($i/33j§Q)oo 1<i7j<3( ’ )’

where ¢ = gMo = 0.
For a = b the right-hand side simplifies to
11 1— (2ifz;)** 1

1<i<5<3 L—wzi/z;  (qzi/Tj;q)0

so that the a = b = 0 case of Corollary [L.5| gives the A, instance of Hua’s combinatorial identity
for quivers of arbitrary finite type, see |46l Theorem 4.9] and the minor correction pointed out
in [38]. The determinant in Theorem also simplifies for (21,22, 73) = (22, 2, 1), resulting in

z
1— 2’2 q)\u.+,ufb*1
)\,;LZEQ ( ) 11;[1 (q7 q))‘i7>\i+1 (q7 Q)Hi*MiJA
1 (1 _ z‘”l)(l _ Zb+1)(1 _ Za+b+2)
(24, 2q,22¢; @) o (1—2)(1—2)(1 - 22) ’

N+ qA? =i +pd —x(I<a) i —x (I<b)
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where (a1,...,01;¢)00 := (@1;¢) 00+ (@k;q)oo- For z = g this proves another conjecture by
Kanade and Russell, stated as Conjecture 3.1 in [50].

The rest of this paper is organised as follows. In Section [2| we recall some standard material
from the theory of g-series, root systems and symmetric functions that is used throughout the
paper. Then, in Section [3] we review the classical or A; Bailey chain and a special case of the
Bailey lattice which in this paper will be referred to as the A; Bailey tree. Although all of the
material in this section is essentially known, some results are formulated in a manner that is
new. In particular, the Bailey tree will be recast as a one-parameter deformation of the Bailey
chain. In Section 4] the A, Bailey chain of [§] is generalised to an A, Bailey tree. The simplest
part of this tree consists of a two-parameter deformation of the A, Bailey chain, analogous
to the one-parameter deformation described in Section [3] As it turns out, this two-parameter
Bailey tree can only prove the Kanade-Russell conjecture for b = 0, and to obtain the full set
of identities we develop an additional and much more complicated four-parameter deformation
of the A Bailey chain. In Section [5| we apply the A, Bailey tree to a suitable root identity to
prove Theorem As mentioned just above Conjecture there should be an ASW identit,
for each dominant integral weight (K —a — b — 3)Ag + aA; + bAy of Aél), and in Theorem 6.1
of Section [f] the missing cases for 7 = 0 are obtained, using a key observation due to Kanade
and Russell. Then, in Section we prove the Agl)—analogues of the Andrews—Gordon identities,
stated in Theorems [7.2] and [7.3] In Section [§] we give a short introduction to the principal
subspaces of A£~121 in the sense of Feigin and Stoyanovsky, and then apply the As Bailey tree to
prove Theorem Finally, in Section |§| we discuss the prospects of an A,._; Bailey tree and a
generalisation of to arbitrary rank 7.

Acknowledgement. I would like to thank Shashank Kanade for many helpful discussions,
Michael Schlosser for sending me to the preprint version of the paper [54] by Leininger and Milne
which contains the key identity (|A.1)), and Shunsuke Tsuchioka for sharing his conjecture (7.6]).

2. PRELIMINARIES

A partition A = (A1, Ag,...) is a sequence of weakly decreasing integers such that || :=
A1+ Ao + -+ is finite. We will follow the convention to omit the infinite string of zeros in a
partition, writing (4, 3,2, 2, 1) instead of (4,3,2,2,1,0,...). If A is a partition such that |A| = n,
we say that A is a partition of n and write A = n. The set of all partitions, including the unique
partition of 0, is denoted by &. The length I(\) of a partition A is defined as the number of
positive A;. A rectangular partition is a partition A such that \; = --- = A\, = m for some
nonnegative integer m and A1 = 0. We will typically denote such a A by (m”). The partition
1 is said to be contained in the partition A, denoted pu C A if p; < A; for all 4 > 1.

Many of the identities in this paper involve a sum over the root lattice @ of A,_; or a subset
thereof, mostly for » = 3. It will be convenient to employ the standard embedding of this lattice
in Z", and we set

(2.1a) Q:={(y,y2,--yr) EZ" :yp +y2 + - +yr = 0},
(2.1b) Q+ ={(v1,y2,- - yr) €EQ:ypn+---+y; =0forall<i<r},
(2.1c) Qi+ ={(W1,92,- - yr) EQ:y1 2 Y2 > -+ 2 yp}.

For y € @ we also define y;; := y; —y; for 1 <14 < j < r, where the reader is warned that for the
sake of brevity the two indices 7 and ;7 will not be separated by a comma. Let ¢; denote the ith
standard unit vector in R" and (-,-) the standard scalar product on R", so that (g;,¢;) = d; 5,
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with ¢; ; the Kronecker delta. Let I denote the index set I :={1,...,r —1} and
1

{aitier = {ei - 5i+1}i€]7 {witier = {51 +ei — ;(51 +oe Tt 5T)}iel

the set of simple roots and fundamental weights of s, respectively (so that (a;,w;) = 4;;),

Then Q4 corresponds to ), ; Noa; and Q44 = QN Py, where Py := >, Now; is the set of

dominant (integral) weights of s,.
The g-shifted factorial (a; q)oo is defined as

(@; @)oo == [ J (1 — ag®).

k>0

iel

We typically view g¢-series such as these as elements of the formal power series ring R[[q]] (with
R some appropriate coefficient ring or field, such as Z, Q(a) or Q(z, zﬁ A notable exception is
3

Gustafson’s g1 summation for the affine root system A£121 on page which requires complex
g such that |g| < 1. The definition of the g-shifted factorial is extended to
(a;9)oo
a;q)n =
(@ 0)n (ag™; q)oo
for n € Z. In particular, (a;q)o = 1,

n—1

(a;q)n = [ (1 — ad®)

k=0
for positive n, and (a;q)—n, = 1/(ag™™; q)n, so that 1/(¢;q)» = 0 if n is a negative integer. For
a # 0 the modified theta function is defined as

0(a; q) := (a5 4)oo(a/03 @) co-

For ¢-shifted factorials and modified theta functions we adopt the condensed notation

k k
(ah sy Ak q)n = H(ai; q)n7 9(0’17 sy Ak q) = Ha(ala q)7
i=1 i=1
where n € Z U {oo}. A final two functions needed repeatedly are the g-binomial coefficient
n m & if n,m € Ny such that m < n,
= = (G Dm (¢ Dn—m
Mlq n 0 otherwise,

and the ¢4 basic hypergeometric function [40]

(2.2) s {al’ et q,Z} = i M ((_1)19(1(’5))‘9_“121@'

b17--~7bs =0 q,bl,...,bs)k
We only ever use the latter for terminating series, i.e., with one of the a; of the form ¢ for n
a nonnegative integer, so that the summand vanishes unless k € {0,1,...,n}. We also use the

one-line notation
Td)s(alv ceey Qpy blv ey bs; q, Z)
instead of (2.2]), and abbreviate the very-well-poised basic hypergeometric function

1/2 1/2
ai, @y 4, =0y ¢,04,...,0p .
rPr_1 1/2 1/2 14, 2
a; ,—0q 7GIQ/a4a"'7alq/ar

as W,_1(ar;a4,...,a,35¢, 2).
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3. THE A; BAILEY LEMMA

To motivate the A, Bailey tree presented in the next section, we first review the classical A;
case. Since the aim is to prove Aél) generalisations of the Andrews—Gordon—Bressoud identities
, we will focus on that part of the Bailey machinery needed for proving . This allows
us to adopt simpler notation than is typically found in treatments of the Bailey lemma such as
in [56l)84]. The reader familiar with the existing literature should have no difficulties translating
most of the results presented below in terms of Bailey pairs and transformations of such pairs.

Recall that 1/(g; q)», = 0 for n a negative integer. The main ingredients in our treatment of

the Bailey lemma are the following three rational functions:
1 1—uz—(1—u)zq"

3.1 ®,(2,9) i = ————, D, (u;2;q) =
3.1) n(#4) (¢, 2¢; q)n n ) (¢ 4)n (25 @)t
and
ZTqT2
Icn'r Z3 =
r(59) (4 @)n—r

where n,r € Z. The reason for separating u and z as well as n and r by semicolons is that n,r, u
and z all become sequences in the higher rank case. For later reference we note that

(3.2a) ®,(: g = (20)"¢" ®n(z:0),
(3.2b) ®,(1;2:9) = Pu(z1q),  Pu(z7'i21q) = ¢"®nlz;q)
and
uz

(3.3) D, (u; 2;9) = Pr(z/q;9) — o 0a ®,,_1(2q;q).
From [40, Equation (2.3.4)] it follows that
(3.4) > "0 (26°0) BN (2675 07") = Onw,

r=N

which is Andrews’ A; matrix inversion |4, Lemma 3] in disguise.

A key role in the Bailey lemma [12] is played by Bailey pairs, which are pairs of sequences
(a(z;q), B(z;q)) indexed by nonnegative integers and depending on parameters z and ¢ such
tha

n

(3.50) uleia) =3 )

=0 q; q)nfr(zq; q)nJrr ’

or, equivalently, [4, Lemma 3]

n
1—zg™ —r ("57) (B Dntr
(3.5b) an(zq) = Y T (-1 ql) E g (),
! z::o 1-2 (@ @nr
In [5] Andrews discovered that, given a Bailey pair relative to z, there is a simple transforma-
tion (already implicit in the work of Bailey) that turns this pair into a new Bailey pair relative
to z. This can be iterated to yield what Andrews termed the Bailey chain:

(3.6) (a(z10), B(2:9)) = (o' (2:9), 8'(z:0) = (" (2:9), 8" (2:9)) =
The essence of (a special case of) this transformation is captured in the following lemma, which

by abuse of terminology we also refer to as the A, Bailey chain. In particular it should be clear
that the result below lends itself to iteration thanks to its reproducing nature.

2It the literature on the Bailey lemma it is customary to use a instead of z, and refer to a pair satisfying

(3.5a) as a Bailey pair relative to a.
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Lemma 3.1 (A; Bailey chain). For n a nonnegative integer,
(3.7) ZICM %0)®r(219) = Tu(2 ).
Proof. In g-hypergeometric notation the identity (3.7) is

1

3.8 g 2q" ) = ———
(3.8) 10107 " 2¢5¢32¢") Gaan

which is the terminating form of [40, Equation (IL.5)]. O

)

Corollary 3.2. We have
i A7

S e —

,\e@z>1 0 )i
where Ay := n.

Proof. By a k-fold application of m,

Z‘I)AkZQHIC/\Lh 2q),

e
1Nk

where A\ := n. Letting k tend to infinite yields the claim. 0

The Bailey chains or (3.7) alone are no enough to prove the full set of Andrews—
Gordon—Bressoud 1dent1t1es (1.1), and in [2] Agarwal, Andrews and Bressoud found a further
transformation for Bailey pairs, this time scaling the parameter z by a factor g:

(a(210), B(2:0)) = (& (2/a:4), B'(2/a: ).
Combining this with the original transformation allows for more complicated patterns of itera-
tion which are not linear in nature. This led Agarwal, Andrews and Bressoud to refer to their
discovery as the Bailey lattice. Equipped with the Bailey lattice it is a simple exercise to prove
in full. The part of the Bailey lattice needed for proving the Andrews—Gordon—Bressoud
identities has the structure of a very simple binary tree, and is captured in the following lemma.

Lemma 3.3 (A; Bailey tree). For n a nonnegative integer,

(3.92) ZICM %) (15 2;.q) = P (1 219),
and
(3.9b) > Ko (2/ 65 ) @1 (05 25 q) = ©p (uz; 25 ).

By ®,(1;2;q) = ®,(2;q), the first claim is merely a restatement of the Bailey chain. The
crucial part of Lemma is that one can first repeatedly apply (or ) and then change
the nature of the iteration by continuing with , initially with v = 1, then u = 2z, u = 22
and so on, changing the linear nature of Lemma [3.1] instead generating the simple binary tree
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where the label i € Ny represents the rational function ®,,(2%; z; q). Of course, in isolation
allows for

O, (u; 2;.q) = On(uz; 2;9) = Bn(uz®; 259) = @p(uz’ 259) = -+
but if one wishes to combine and then this fixes u = 1.

Proof of Lemma[3.3 Since (3.94) is a restatement of (3.7)), only (3.9D]) requires proof.
By (3.1) or (3.3) it is clear that both sides of (3.9b)) are polynomials in u of degree one. Taking
the constant term using (3.3) yields (3.7) with z — z/¢. Similarly, extracting the coeflicient of

w in (3.9b) and dividing both sides by —z/(z; q)2, gives

Z Icn;r(z/q; Q)(I)r—l(zq; CI) = Z(I)nfl(zq; q)

r=1
Here we have also used that ®_; = 0 to change the lower bound on the sum from 0 to 1. Shifting
r +— r + 1 and noting that
Icn;rJrl(Z/q; Q) = Z’Cnfl;r(zq; Q)a
results in (3.7)) with (z,n) — (z¢,n — 1). O
Before we can demonstrate how to Andrews—Gordon—Bressoud identities (1.1]) arise from the

above results, a slight reformulation of the previous two lemmas is needed. For this purpose we
further define

By (2q) = Dy (2¢%;q) 1
n; 5 = = s
Y (ZQ§ q)2y (Q; Q)nfy(zm q)ner
By (15 21 q) = Oy (u;2¢°5q) 1 —uzg® — (1 —u)zg"*
e (2 q)2y (€ Dn—y (2@ Dty (1 — 2¢%¥)’

where n,y € Z. Note that once again ®,.,(1;2;q) = ®p,y(2;¢), and that ®,,, vanishes unless
n > y. Further note that (3.5a)) and (3.5b) can be recast in terms of ®,,.,(2;¢) and ®,(z;q) as

(3.10a) Bu(2:0) = > Pnin(z10)0n (21 9)
r=0
(3.10b) an(2:0) = ¢ " (2¢:Q)2n D ¢ Cur (26”07 ) Br(2:9).
r=0

By replacing (z,n) — (2¢?Y,n — y) in Lemmas and and then shifting the summation
index r — r — y, the following two corollaries arisel’

Corollary 3.4. Forn,y € Z,

(3.11) zn: Konir (21 0) @iy (210) = 2% @y (219).
r=y
Corollary 3.5. Forn,y € Z,
(3.12a) zn:lCma(z; Q)Pry(1;259) = zyqy2 Q.. (15 259),
and -
(3.12b) zn: Knir(2/6 €)@y (05 25 9) = 26"y (uzg?; 21 ).
r=y

3Corollary for z =1 and z = ¢ is equivalent to (R1) & (R2)] in that (3.11) for these two values of z
corresponds to the coefficient of a, and b, in equations (R1) and (R2) of .
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We are now ready to give a short proof of (1.1)).

Proof. Slater’s Bailey pairs B(3) and E(3) |75] are equivalent to the following pair of polynomial
identities{]

@ [2n ] (@ aenn
. y:;—l( V' {ﬂ—y} (¢ Dn
and

n
Z (_1)yq2(g)+y [2” + 1] _ (Q7ZQ)2;L+17
e n—y (@5 ¢%)n
where n is a nonnegative integer. In terms of ®,,.,(z;¢), Slater’s identities can be written as

- v 1—

(3.14a) > ()0, (g0) =

= (@ 5¢* )
where 7 € {0,1}. Although this form of the identity is perfectly suitable for the application of
the Bailey tree, we will rewrite it further to more closely mimic its Ag-analogue, given by (5.2))
on page To this end, let ¢, be the summand of (3.14a)) and rewrite the sum as - ¢, =
Sy toy + 0, t -9y 1. Using that @, 2, 1(q;q) = Ppi2y(g; ¢) and thus t_o, 1 = —ta,¢"¥*!, this
yields

4y+1
(8140) g () -a Lo

(I)n;Qy(QQ Q) = o s o—1\
=t 1—gq (@ 73¢% )n

where it is noted that the summand vanishes unless —[(n + 1)/2] < y < [n/2]. (Since both
sides of (3.14a)) and (3.14b) trivially vanish for negative values of n, both forms of the identity
are true for all n € Z).

In the following we identify the identity with the root of the binary tree shown on
page @ By a (k — a)-fold application of Corollary with z = ¢, which corresponds to taking
k — a downward steps along the left-most branch of the tree,

4y+1
(315) Zq(2k72a+2+7—)(2y2+1)72y ﬂ

D0y (q;
4 2y(¢; q)

yEZ

k—a
1
= 0 e S Kxi_iix (CN Q)y
Z (q2—'r; q2—7')/\£ 11;[1

AC(nk=e)

where Ao := n and k — a € Ny. We now replace ®,,.2,(q;q) by Pn.24(1;¢;¢) and then take a
steps along the tree in the south-west direction using (3.12b]) with z = ¢ and u = ¢t~ +1)
in the ith step. Since

Knir(2/0;0) = ¢ " Ky (239),

4These two results can be traced back to Rogers’ work on the Rogers—Ramanujan identities. For example,
the left-hand side of (3.13) is what Rogers denotes by q_(”+1)2ﬁgn+1 on page 316 of [69]. His equation (5) on
the following page then states that ¢~ 82n4+1/(¢; 9)2n+1 = q"("+1)/(q; Dn-



12 S. OLE WARNAAR

this yields

25+1) (g 1— gt a4
(3.16) 2 :qK( 1) —2(a+1)y 1fq)n;zy(q (4y+1);q;q)
YEL q
1 k
-y —x(i<ai .
= 2 7. 92-1 Hq Aim13Ai (Q7Q)
sy @7 i

A4 A a1+

_ q
Ac%;k) (GO (GDx—xe (G D2 (PT56277)n
where a, k are integers such that 0 < a < k, and K := 2k + 2+ 7. We note that the path along

the tree we have taken is

where the integers on the left denote the level of the corresponding node.

Although it is not an essential step in the proof and one can proceed by directly taking the
large-n limit in 7 we observe that the left-hand side allows for a simplification which only
requires the rational function ®,,,(¢;¢). This simplification is achieved by noting that

2yt _o(q 1- q4y+1 a
gK () —2(a+ )y g (@ Vigiq)
/ _ nty’+1
- Z (—1)¥ gK (") (et Dy’ 1-¢v By (q:9)-

y'e{-2y,2y—1} 1-4

Hence the left-hand side of ([3.16) may also be written as
n VY (g 1— qn+y+1
Z (—1)yqK( ') ( +1)yﬁ¢n;y(q;q).

y=—mn—1

Since
1

lim @, (25¢) = —————
A P50 =

this implies that in the large-n limit

N IACRRCE Ty ‘

(@ @)oo 27 S @GOnx (G DA (PN
Nk

By the Jacobi triple product identity [40, (II.28)] the left-hand admits the product form

AT+ Agp1 e+ Ak

K. K
4549 )o a
T o)

resulting in (1.1)). O
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4. THE Ay BAILEY TREE

The most important definition of this section is the As-analogue of the rational function
®,,(z;q), and following [8, Definition 4.2] and [85, Equation (5.1)], we let
(2WG; @)n+m
a4, 24, 2wq; q)n (g, WY, 20 Q)

where n,m,r,s € Z. This function was also considered in [31]. A first hint that (4.1) has
something to do with the Ay root system follows from

- — — n m n2—n’m m2
(4.2) P (27w g7 = (29)"(wg) g D, (2,05 9),

generalising (3.2a]). Before we show how the function ®,, ,,, (%, w;¢) may be used to generalise
all of the results of the previous section, we state the As-analogue of Andrews’ matrix inver-
sion (3.4). To the best of our knowledge this result is new.

(4.1) D, (2, w;q) := (

Proposition 4.1. For n,m, N, M integers such that n > N and m > M,

n m

(43> qn+m_r—sq)nfr,mfs (ZqQT_sa qus_r; (J) CI)TfN,sf]V[ (quT_sa quS_T; q_l)
r=N s=M

= 5n,N5m,M~
This inversion relation will be applied in Section [§]to prove Theorem
Proof of Proposition[{.1. Replacing (n,m,z,w) + (n+N,m+ M, zg" 2N wg"=2M) and then

shifting the summation indices (r,s) — (r + N,s + M), it follows that (4.3) for general N, M

is equivalent to the N = M = 0 case. To prove (4.3) for N = M = 0 we require Gustafson’s

multiple g1)g summation [44, Theorem 1.15] for the affine root system Agljlz

Z H g% — xiq% ﬁ (ajxi/x5q)y,

seorcicier T o bii/T Oy
(Ba' 7 a/A )0 1 (azi/aj,2ib/aitj;q)o
(@: Bg' ™" /A; @)oo 2, (wibs /5, i/ 0553 q) oo

where A :=ay---a,, B := by ---b, and max{|q|, |B¢g' ™" /A|} < 1. If we assume that r > 3 and
specialise

=1

m+1)

(111,---,(17~):(q aCQa"'aCT—171)7 (bla"'vb?“):((LCQV"’CT—laq

this yields

)

Z H xiq¥ — ;9% ﬁ (" wifzr,@i/Tr; @)y, 0
2 M e Mo g,
for |¢f < 1 and n+m > r — 3. Here we note that the summand on the left vanishes unless
0<y1 <nand0< —y,. <m. Finally, we take r = 3. Since y € @, this implies that the sum
over y has finite support, making the condition |¢| < 1 redundant. (Alternatively, ¢ may be
viewed as a formal variable.) Replacing (y1,y2,ys3) — (r,s—r, —s) and (z1, 2, 23) — (2w, w, 1),
the identity (4.3) for N = M = 0 and (n,m) # (0,0) follows. Since the (n,m) = (0,0) case
trivially holds we are done. O
Apart from ®,, ., (2, w; q) we also need the kernel function
ZTwqu2_TS+82
@G Dn—r(6 Dm—s

K:n,m;r,s(sz;q) = (
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Then the Ay Bailey lemma of 8, Theorem 4.3] is equivalent to the following reproducing identity
for @, ., (2, w; q), see also |85, Theorem 5.1] or [31, Corollary 7.9].

Theorem 4.2 (A, Bailey chain). For n,m nonnegative integers,

(4.4) 3D Knmirs (2, 050)@r o (2,w5 ) = Py (2,5 ).
r=0 s=0
Since
(D" ) ’Cn'r 5
(4.5) B (2,0:0) = 28ED 0 K201 ) = 8 g o (Z0),

(& Dm (& Dm

Theorem for w = 0 simplifies to Lemma We also remark that holds for all integers
n,m, with both sides vanishing trivially unless n,m > 0. The proof of presented below
replicates the second part of the proof of |8, Theorem 4.3]. For an alternative proof using
Hall-Littlewood polynomials the reader is referred to [85].

Proof. Denote the double sum on the left of (4.4)) by ¢r m(z, w;q). Then

y 4, wq

1 n qur |:qu7“+1’ q
2%2

m—r—+1
(@ Dm = (G Dn—r (4,24 O)r wq, zwq }

¢n,m(za w; Q) =

By a limiting case of |40, Equation (IIL.9)],

a,q”"  beg"]l 1 bja,qg™"
2¢2|: b,C 34, a :|(C;q)n2¢l|: b

Applying this with (n,a,b,c) = (m, zwq" ™, zwq, wq) yields

B cq”} :

n rr?

1 Z'q s [q 'q
(@:wq; @)m = (@ Dn—r(@:24:0) > | 2wg

-Tr —m

Gnom (2, w5 q) = ;q,wq’”“}

T

+r?

("3°)
Z"wq
B ZZ (@ Dn—r (G Om—s(20; 0)r (a5 @) r—s(q, 2045 q) s~

s=0 r=s

After shifting r — r 4+ s this gives
Pnm (2, w'q)

n & ~(n—s)
= E (wz)" 11 [ o1 10574 “}

(0g; @)m = (@ Dn—s(¢ Om—s(, 20, 20q30)s 1| 24
Finally, by (3.8) with (z,n) — (2¢°,n — s),
—m

1 a"q 1
bn,m (2, w5q) = ¢ [ sq,weg" T
ol ) (0,26 Dn(@wg @)m > | zwqg

= @p,m (2, w5 q),

where the last equality follows from the ¢-Chu—Vandermonde summation [40, Equation (IL.7)].
O

Generalising the proof of Corollary to the rank-two setting in the obvious manner gives
the following multisum representation for ®,, (2, w;q), see also 85, Corollary 3.4].

Corollary 4.3. We have

i A2\ i+ pd

z zw/”q i
D, (2, w5 q) =
o )\Mze:‘@il;]l: (Q;Q))\i_l—M (q;Q),Uq‘,—l—,U«i

)
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where \g :=n and po = m.

Next we will generalise the A; Bailey tree of Lemma [3.3] This requires a suitable u,v-
generalisation @, ,,, (u, v; z, w; q) of @, (2, w; ) such that

(4.6a) D, (1,1 2, w5 q) = oy (2, w5 q),
(4.6b) P (27 w2, w3 q) = " P (2, w3 q)
and

@, (u; 2; q)
4.7 Sy m(u,v;2,0;q) = —F/—.
@D ( ) (@ Dm

We begin by noting that the decomposition (3.3)) for u = 1 follows from the relation 1 — z =
(1 —¢z) —2(1 = ¢) for ¢ = ¢". This readily generalises to the 4-term relation

(1-2)(1—=w)(1-z2w)(l—cdzw)
=1 —-cz)(1 —w)(1 - czw)(l — dzw)
—2(1 = ¢)(1 — dw)(1 — zw)(1 — czw) 4+ zw?(1 — ¢)(1 — d)(1 — 2)(1 — c2),
which for (¢,d) — (¢", ¢"™) implies

z
(48) (I)n,m(za w; Q) = (I)n,m(z/q; w; CI) - m (I)n—l,m(zqa 'lU/q, Q)
2
Zw
m (bn—l,m—l(zaw(ﬁ q)-
Generalising this to include parameters v and v, we define
uz
(4.9) Dy (U, v; 2, w5 q) i= Py (2/q, w5 q) — s Pp—1,m(2¢, w/q;q)
wvzw? ( )
— b, 1 m1(z,wg;
(w,zw;q)g n—1,m—1\%, Wq;q),

which obviously satisfies (4.6a)). After clearing denominators, the relation (4.6b)) is a consequence
of the 4-term relation

(1 —2)(1—w)(1-z2w)(l — cdzw)
=1 —-cz)(1—w)(1 - czw)(l — dzw)
—(1-¢o)(1—-dw)(1—-zw)(1-czw)+w(l—2c)(1—d)(1—2)(1-—cz)
for (¢,d) — (g™, q™). Finally, the relation follows from and . Most importantly,
D, (U, v; 2, w; q) satisfies the following generalisation of Lemma

Theorem 4.4 (A, Bailey tree, part I). For n,m nonnegative integers,

(4.10a) S Knmirs (w5 0) @ (1, 15 2,w5.9) = Oy, (1,15 2, w3 q)
r=0 s=0
and
(4.10b) Z Z Knmir,s(2/q, w; @)@ s (u, v; 2,05 q) = Oy (uz, vw; 2, w; q).
r=0 s=0

By the first claim is of course a restatement of the A, Bailey chain. We also remark
that for w = 0 the theorem simplifies to Lemma [3.3]

The A, Bailey tree as stated can only prove Theorems and for b = 0 (or, by sym-
metry, a = 0) and we also need a transformation with kernel /C, p.r.s(2/q, w/q; ¢) for a second
generalisation of ®,, ,,, (2, w;¢). This missing part of the Ay Bailey tree will be discussed later.
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Proof of (4.4). Both sides of (4.10b)) are polynomials in u and v of the form A+ Bu+ Cuv. As
in the A; case, the constant term of the identity corresponds to (4.4) with z replaced by z/q.
Next, up to an overall factor of —z/(z; q)a, the coefficient of u in (4.10b]) is

n m
D Knmirs(2/€,w; ) ®r1,4(20,w/q;q) = 2®p1.m (20, w/q; ),
r=1 s=0

where we have used that ®,_; ; vanishes for » = 0. Shifting the summation index r — r + 1
and using that

]Cn,m;r+1,s(z/qa wy q) = ZICn—l,m;r,s(an TU/q, q)v
yields (4.4) with (n,z,w) — (n — 1, 2q,w/q). Finally, up to an overall factor of zw?/(z, zw; q)a,
the coefficient of wv in (4.10b)) is given by

n m

Z Z ]Cn,m;r,s(z/q; w; q)q)rfl,sfl(za wq; (I) = qu)nfl,mfl(zv wq; Q)

r=1s=1

After shifting (r,s) — (r+1,s 4+ 1) and using that

’Cn,m;r+17s+1(z/Q7 w; Q) = Z'LUanl,mfl;r,s<Za wq; Q)7

this yields (4.4) with (n,m,w) — (n —1,m — 1, wq). O

To prove Conjecture [I.1] we need the As-analogues of Corollaries [3.4] and [3.5] Unlike the A;
case, where we used a single integer parameter y to parametrise the A; root lattice, for Ay we

adopt the notation for » = 3. That is, for y = (y1,%2,y3) € Q and y;; = y; — y;, we
define
(4.11) (I)n,m;y(zawi q)
_ (bn*yl,m*ylfyz (qumvwcly%? CI)
(263 @) y12 (WG @) a5 (P0G @) g1
(z2wg; @)ntm
(@ Dy (B8 Dy (208 Q)i (6 Dinctys (W Qe (P0G Dy,

Clearly, @y, m:(0,0,0)(2, w; q) = P m (2, w;q) and Py, 1y (2, w; q) vanishes unless n —y; > 0 and

m+ys =m —y1 —y2 = 0. Moreover, ®,, ..(,1 —y:.0)(2,0;0) = Priy, (250) /(€5 Qo
For y € @, define

(4.12) Q, (z,w; q) = PV 2 g (U HUH03)

Corollary 4.5. For n,m € Z and y = (y1,y2,y3) € Q,

(4.13) Z Z Konmir,s (2, 05 Q) @r 5.4 (2, w5 q) = Qy (2, 05 @) P sy (2, w5 ).
r=y1 s=y1+y2

Proof. By replacing

(414) (’I’L, m,z, ’LU) = (Tl —Y,m—y1 — Y2 qu127wa23)

in (4.4), shifting the summation indices (r,s) — (r — y1,m — y1 — y2) and using

K:n,m;r,s(za w; Q)

(4.15) anyl,m*yryzn“fyl,sfyryz(qu127wqyzg? q) = Qy(z, w;q)

as well as definition (4.11]), the claim follows. O
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In much the same way we define
Pr—yy m—ys—ys (U V3 272, WG q)
(265 Q)1 (WG @) gy (WG G) 15

so that @, (41, —y1,0) (U, V5 2,05q) = Py, (45 259) /(45 ) m- Equation (4.6a)) implies the simplifi-
cation

(417) (I)n,m;y(lvl;zaw;q) = (I)n,m;y(sz;q)v

which yields the first of the identities in the next lemma. The second result follows in an
analogous manner as Corollary and we omit the proof.

)

(4.16) Dy iy (0,03 2, w5 q) =

Corollary 4.6. Forn,m € Z and y = (y1,y2,¥y3) € Q,

n m
(4-183) Z Z ’Cn,m;r,s(zaw§Q)¢)r,s;y(17 1§Zaw§Q)

r=yi1 s=yi1+y2
= Qy(2,w;¢)Pr,myy (1,152, w5 q)

and

n m
(418b) Z Z Icn,m;'r,s(z/Qaw§q)¢r,s;y(u7v§sz;q)
r=Yy1 $=Y1+y2
= Qy(z/% w; Q)(I)n,m;y(Uquma vwg’®; z,w; q).

As mentioned previously, our A, Bailey tree is not yet complete. Conjecture and Theo-
rem[I-4] contain three integer parameters a, b and k. Theorem [£.4] however, is restricted to paths
along the Bailey tree of the form shown on page [I2] Since such paths can be characterised by
two parameters, something is still missing. The reason for deferring the treatment of the missing
part of the Ay Bailey tree till now is that it uses most of the previously-defined functions and
is less intuitive than what has been discussed so far.

For n,m € Z and p := (1,2,3), define

(4.19) @, (u,v;¢,d; 2, w5 q)

= Y sano) (u2) (/AN e u )= () (/0,0 0).
gES3

Since the summand contains the factors (¢; ¢)n—co,+1 and (¢; ¢)m+os—3 in the denominator, the
function ®,, ., (u, v;c,d; z,w; q) vanishes unless n,m > 0. If n = m = 0 then only the term
o = p contributes to the sum so that ®¢ ¢(u,v; ¢, d; 2z, w; q) = 1. By replacing o = (01,02, 03)
(4 — 03,4 — 02,4 — 01), and using that Py, .y, ,y0,05) (2 W 7) = Poyni—(ys.,y2,90) (W, 25 ¢) and
01 + 02 + 03 = 6, it may also be seen that

(4.20) D, (U, v5¢,d; 2,w;5q) = Oy o (d, 650, 05w, 25 q).

Before proving a number of important properties of the function ®,, ., (u,v;¢,d; 2z, w; q), in-
cluding a Bailey-type transformation, we remark that in the n,m — oo limit an important
special case of this function is essentially a Schur function [61].

Lemma 4.7. Let z = x1/x2, w = z2/x3 and for a,b nonnegative integers, let v := (a + b+
2,b4+1,0). Then

detici jes (277
(4.21) lim q)n,m(zavwa;zbawb;Zaw;q) = ~SLIS ( ; . ) :
n,m— oo (q,q72,w72w/47Q)oo
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Proof. The large-n, m limit of ®, y.c—,(2/¢, w/q; q) gives the infinite product in the denomi-
nator of (4.21). Moreover, for (u,v,c,d) = (2%, w®; 2%, w®) the sum over S3 in the definition of
(4.19) becomes

3
Z sgn(a) Z(a+1)(a‘1—1)—(a—b)x(01:3)w(a—b)x(ogzl)—(b+l)(03—3) _ Z Sgn(a) H.I;/i_yﬁi’

o€S3 g€S3 i=1

which is the determinant in the numerator. O

Lemma 4.8. Forn,m € Z,

(I>n,m(u7 v; 2, W; Q) * qumilq)n,m(u/za U/w; 2, W; Q)

(4.22) 031,132, w5 ) e

By (4.6) the u = v =1 case of the lemma simplifies to

1— Z,querfl

(4.23) P (1,1;1, 152, w5 q) = D (2, w5 q).

1— zwg™!

Proof. Both sides of (4.22) are polynomials in u and v. Equating like coefficients using (|4.9),
the claim splits into three separate equations. After normalisation these are

1 — zwg™ !
qu_l Dym(2/q, w3 q)
= (I)n,m;(O,O,O) (Z/Qa w/Qv Q) - wq)n,m;(o,l,—l) (Z/qa U)/q, Q)7
1 —wg™ !
W q’n—l,m(ZQaw/Q§Q>

= (Z§Q)2(q)n,m;(l,fl,o)(z/% w/q;q) — 2wy mi2,-1,-1)(2/q, W/ q)),
1— qul

W Qp1,m-1(2,04; q)

= (wv 2W; Q)Z (q)n,m;(l,l,—Q) (Z/qv w/qa q) - Z(Pn,m;(270,—2) (Z/q, w/qa q))v

corresponding to the coefficients of %%, u'v® and u'v' respectively. By the definitions of
D, (2, w;q) and Dy, .y (2, w; q) given in (4.1) and (4.11)), all three equations are readily verified.
U

Theorem 4.9 (A, Bailey tree, part II). For n,m nonnegative integers,

n

(4.24) > Knmirs(2/€,w/ 6 Q) s (u, v ¢, d; 2,05 q) = Oy, (w2, v; 2, dw; 2, w; q).
r=0 s=0

Once again consider the tree on page [0} In view of Lemma we can first apply the Bailey
tree of Theorem [£.4] taking k — a south-east steps followed by a — b south-west steps. This gives
the same path along the tree as shown on page [12[ but with (k,a) — (kK —b,a — b). As a third
and final step we can now take the linear combination of ®-functions given on the right-hand
side of and then take another b steps using part II of the Bailey tree.
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Proof of Theorem[].9 Denote the left-hand side of (4.24)) by ¢, . By (4.19)) and an interchange
in the order of the sums over r, s and over o,

o = 3 (sE(0) (0207 (o)X )= )

og€S3
n m
XYY Knmirs(2/0,0/6)Pr o (2, w0/ g; q)) :
r=0 s=0

We now use that ®, s.c—,(2/q,w/q;q) =0 unless r — o1 +1 > 0 and s + 03 — 3 > 0 to change
the lower bounds on the sums over 7 and s to o1 — 1 and 3 — o3 respectively. Since Corollary [£.5]
for y = o — p simplifies to

n m
Z Z ICn,m;r,s(Z7 w; Q)(Pr,s;afp(zu w; Q) = (ZQ)UI_I(wq>3_03 (Pn,m;afp(zy w; CI)7

r=o01—1s=3—03
it follows that
Gnm = Z sgn(o) (UZQ)Ul_l(U/d)X(U3:1)(C/U)X(Ulzg) (de)g_US(I)n,m;o—p(Z/Qaw/‘]? q)
o€S3
=, m(uz, vw; cz, dw; z, w; q). O

To conclude the section we define

@y sm—y1 —yo (U, V3 €, d; 2¢Y12,WGY?3 5 q)
(25 @)1 (W5 Q) yos (20 @5 @) 15

where y = (y1,¥2,93) € Q. Recalling that z = z1 /x5 and w = x5 /x5, it follows from Lemma
that

(4.25) DBy (U, v5 ¢, d; 2, w5 q) =

)

(4.26) lim <I>n7m;y((zqy12)a, (wq¥?)%; (2q¥12)°, (wqy”)b; Z,W; q)

n,Mm— 00

detigijes ((@ig?)Vim9)
(4,4, 2,w,20/q; @)oo

where v = (a+b+2,b+ 1,0). Furthermore, noting the minor difference in denominators on the

right of (4.16)) and (4.25)), it follows that the special case of Lemma given in (4.23) admits

the y-generalisation

1— qun+m—1
(4.27) Py (1, 151,15 2,w59) = T Ay (2, w5 Q) Py iy (2, w5 q),
where
1— qum 1— wqy23 1— quyls
(4.28) Ay(z,w;q) = ( N I )

(1-2)1—-w)(1-z2w)

Finally, by :4.16 and (4.15) respectively, we have the following y-analogues of Lemma and
Theorem [£.9

Corollary 4.10. Forn,m € Z and y = (y1,¥y2,93) € Q,
(4.29) Dy oy (U, 031,15 2, w5 9) = Ay (2, w5 q)

" Do gy (U, v; 2, w5 q) — zwqm‘*yl_l(I)n,m;y(uq_yw/z,vq_y23/w; zZ,w;q)

1— zwqgt
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Corollary 4.11. Forn,m € Z and y = (y1,Y2,¥3) € Q,

n m
DD Komrs(2/0,w/60)@r sy (w,v5¢,d; 2, w35 q)

r=y1 s=y1+y2
= Qy(2/q, w/q; Q) Pr msy (uzg?'? , vw?% 5 c2¢"2, dwg¥??; 2, w; q).

5. PROOF OF THE KANADE-RUSSELL CONJECTURE

Before we can apply the Ay Bailey tree to prove Conjecture we need a suitable identity
playing the role of root in the Bailey tree. This root identity is given by the As-analogue
of (3.14b)). Before stating the actual identity we note that for n,m € Z and y = (y1,y2,y3) € Q,

(@03 (g:a) [n+m+2],

2 n—y+i—1

5.1 Dyomiy(¢,¢:¢) = lm @, (2, w;q) =
61 By (g0 = T B 1

which vanishes unless i —m —3 <y, <n+¢—1forall 1 <¢< 3. The reason ®,, y.y(q,q;q) is
interpreted in terms of a limit is that the ‘numerator factor’ (zwg; q)n+m of the rational function
@, miy (2, w; ) has a simple pole at zw =1 if n+m+2 < 0 (for n+m +2 > 0 the function
@y iy (2, w5 q) is regular at z = w = 1). Of course this pole has zero residue and the above
expression on the right arises. Moreover, it follows from the above inequalities for the y; that
the only instances where @, 1,,.,/(¢, ¢; ¢) is nonvanishing such that min{n, m} < 0 correspond to
y = (—1,0,1) and min{n,m} = —1. This in particular implies that if ¢ is an integer greater
than 1 then ®,, .4, (g, ¢; ¢) vanishes if (n,m) & N3.
Recall that Yij ‘= Yi —Yj-

Proposition 5.1. Let n,m € Ny, 7 € {—1,0,1} and

qT(T—l)nm |:’I’L + m:l
p

In,m;7\4q) ‘=
mmer (0 = e D n

where p=q if 7> =1 and p = ¢> if T = 0. Then

3

(5.2) 3" @ (0. 0) sy (0, 0:0) [[ 2079 = g (0).
yeQ i=1

The above definition of gy, m.-(¢) is the same as (L.3) of the introduction.

Proof. The identity (5.2) for 7 = 1 is a bounded form of the As-analogue of Euler’s pentagonal
number theorem, stated in [8, page 692] in the form

3 () n+m-+2
. 1 _ 3y t+i—i 12 112‘ —1Y;
(5.3) 1] —g ) [1¢ Sy i1

YEQ 1Ki<ji<3 i=1

+m
—(1— n+m—+1 1— n+m—+2\2 n
(1-q )1 —q A

for n,m € Ng. The proof of given in [§] is very involved. First an identity for so-called
supernomial coefficients is established (the ¢ = 0 case of [8, Equation (5.3)]) which is then
iterated using an A, Bailey lemma for supernomial coefficients. This yields |8, Equation (5.15)]
— another polynomial analogue of the Ay pentagonal number theorem — which is then rewritten
in the above form using the determinant evaluation below. In the appendix we present a
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much simpler proof of (5.3)), which implies that it is the » = 3 instance of the constant term
with respect to z of

(5.4) Z H (1= grviati=iy H(_l)Tyizyiq(T;rl)y?—iyi {n +m+r— 1}

Y1y yr €L 1K< < i=1 n—ry;+i—1
r—1 n (k) n+m
— 1— n+m-—+i\i -1 kzk (T+1) 2 )
(1]( g >)kzz_m< Jeskg e

This is a polynomial analogue of the classical theta function identity

r+1. r+1 . r—1
i(i—j) _1yr—1 rjfm'fiJr(r'H), r(r+1)) _ (q 5 q )OO(QaQ)oo o+l
lgc’}?]tg’l“ (q 0(( 1) Zq 2 Y q (qT’(T-‘rl); qT’(T+1)) 9(’27 q )

&
The identity (5.2]) for 7 = —1 follows from the 7 = 1 case by replacing ¢ — 1/¢ and using
that for y € Q,

-1 =1, =1y _ n+2 —2y3 ;n’—nm+m’+ntm+30_, y7 .
(I)n.,m;y(z , W 5 q )_Zn y1,wm ysqn e e Elflyiq)n,m;y(szvcﬁ

and ["77], ) = a7 [

Finally, according to [42, Equation (6.18)],

det <q(y2')+(il)(3+y1)[ n+m :|) _ |:Tl+m:| .
qr

yerg SV n—yi+i—j n

By |53l page 189]
i— 1) (j+itbs +m
5.5 det G—i)(G+itb) | T
(55) e (a e
o T 1 n+m+r—1
= 1I (1qb’bJ)H++z[ }
1<i<j<r i=1 (qn mry q)r—i n—>b;—1

this can be rewritten as

(5.6) SO (g qu(yéi){n+@+f1}

yerQ 1<i<j<r i= n-yiti—l
r—1
n—+m .
— 1 _ ntm+te 1.
" as e
9" =1
For r = 3 this gives the 7 = 0 case of (5.2). O

Remark 5.2. Although (5.2) is the natural Ag-analogue of (3.14b)) there is a notable difference
between the 7 = 1 instances of these identities. From (3.5b)) we may read off what is known as
the unit Bailey pair:

1— Zan

— (1)) and Bu(=19) = bno.

oan(z5q) =

By this yield&ﬂ

n

_ 2r -
Z ﬁ (71)Tq(2)cbn;r(z;q) = 5n,0-

1—=z2
r=0

5Alternatively, this follows after specialising N = 0 in (13.4).
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Applying Corollary (3.4) then leads to

"1 — 2% ) 1
- —1)TZTQ3 2 +T¢)n;r(z;Q) = ,
;0 . (4 @)n
which for z = ¢ is the same as (3.14a]) (and hence (3.14b))) for 7 = 1. The 7 = 1 case of (5.2,
however, does not follow from the A5 unit Bailey pair. Indeed, the once iterated Ay unit Bailey
pair gives the k = a case of , which has 1/(¢; ¢)n(¢; ¢)m as right-hand side, not gy m.1(q).
Instead, (5.2)) follows from the As unit Bailey pair for supernomial coefficients, see [8},83].

Equipped with the identity (5.2]) we can prove Conjecture

Proof of Conjecture[1.1. In view of the discussion regarding ®,, ,,(q,¢;q) at the start of this
section, if in Corollary [4.5] we restrict n, m to nonnegative integers and replace y — ty for y € Q
and ¢ an integer greater than 1, then the resulting transformation may be written as

m 3

- 2(y; —tivy;
(5.7) SN Komiras (406 ) Prsiey (4:630) = Pty (a:030) [[ o (2) =00,

r=0 s=0 i=1

Indeed, the summand on the left vanishes unless r > max{0,ty;} and s > max{0,ty; + tya}
so that is consistent with . The above transformation is not always consistent with
for n,m € Ny and ¢t = 1 since it fails for y = (—1,0,1), and instead requires the lower
bound —1 on both the sum over r and s.

Now let a, k be integers such that a < k. (Initially only k& — a is required to be a nonnegative
integer, but there is no loss of generality in assuming integrality of a and k from the outset.)
Then, by a (k — a)-fold application of with ¢ = 3, the seed identity transforms into

k—a
(5.8) Z I —ain—air (D) H Rxicvmicvinin: (€ ¢ @)
AC(n"79) =1
pC(mk=) 3
—3a)(%)—(K—3a—3)iy;
=" ®pnsy (0,4 0) Dsy (g, g5 ) [ 230 (5) - (303w,
YyeER i=1

where \g :=n, pg := m, n,m € Ng and K := 3k + 3 4+ 7. For later reference we note that by
(4.27) the above identity may also be stated as

1— qm+n+1 k—a
(5.9) 17_(1 Z INe—aspin—asr (D) H Kxicvmicvizin: (4 ¢ @)
AC(n*7®) =t
pC(mh=) 5
=N By (1,151, 15, g3 q) [[ 2K 30 (5) - (K =sa=3)ine,
yeQ i=1

In the remainder of the proof we will use the shorthand
Z, = ¢t and W = ¢ttt
where ¢ is an integer greater than 1. We then make the simultaneous substitutions
(u,v,z,w,y) — (fol, Wfﬁl,q,q,ty)
in for n,m € Ny. By
(5.10) Krnmirs(az,bw; q) = a"b* Ky pmir s (2, w5 ),



AN A; BAILEY TREE AND A(Ql) ROGERS-RAMANUJAN-TYPE IDENTITIES 23

for z = w = q and (a,b) = (1/¢,1), this yields

m
> G Knmins (0.6 )Pty (2 W 0, ¢9)
s=0

_ 253 Yi
=dq tyatt Dies ( )(I)n,m;ty(ny Wtea q, 4, q) .

NE

(5.11)

I
o

T

Here we have once again used that for ¢ > 2 the lower bounds on the sums over r and s may be
simplified to 0. Using to replace @y, m:34(¢, ¢ ¢) bY Prmizy (1,154, ¢;g) in the summand
on the right of , and then applying with ¢ = 3 a total of a — b times, first with ¢ =1,
then ¢ = 2 and so on, we obtain

k—b
(5'12) Z gAk—bank—b;T(q) H q_X(zga_b))\iK:/\ifl7Mi71;>\i,ﬂi (q’ 4a; q)
AC(n* ") =1
uC(m*=?) .
— — — Vi) I — s
=N By (2570, W 4,05 0) sy (g, 4; g) [ 2530 (5) - Kive=sviws
yeQ i=1

for integers b < a < k and n,m € Ny, where v := (a + b+ 2,0+ 1,0). To express the summand
on the right in terms of the partition v we have used that (a —b)ys —a Z§:1 iy = 2?21(1/1 +1)y;
for y € Q.
By abuse of notation we denote the identity (5.12) by I,. It then follows from Corollary
with
(u,v, 2,w,y) — (257", W§",q,q,3y)
that (I, — ¢™*'1,_1)/(1 — q) is given by

mAAq_p+1 k=0

(5.13) Z INk—psttk i (q) Ml_-q H q_X(Zga_b)Xi IC)\i—luufi—UAiuui (Q7 4q; Q)
AC(n*?) =1
pC(m”?)
3
= Z (Pn,m;?)y (Zgibv W??ib; 1,1;q,q; Q) H qg(K73b)(yZi)7Kiyi73Wyi.
yeR i=1

Since this is a linear combination of I, and I,_;, we should now restrict the parameters to

b < a < k. However, since \g := n, the identity (5.13]) for b = a simplifies to (5.9). Hence (5.13))
holds for all b < a < k.
In our third and final application of the As Bailey tree, we carry out the substitutions

(u,v,¢,d, z,w,y) = (wZ{ L oW ZET W g, ty)

in Corollary (4.11)). By (5.10) for z = w = ¢ and a = b = 1/¢, this gives
n m

Z Z q_r_slcn,m;r,s(qa q; Q)(I)r,s;ty (qu_l’ UWtZ_l; Zte_lv th_l; 4,9, q)
r=0 s=0

2 3 v;
= " T (D, 0y (w2l 0WE 28 W q,459),

for n,m € Ny and ¢ > 2. This transformation is applied to (5.13)) a total of b times, with ¢, u,v
fixed as

(t,u,v) = (3, Zg*b,Wélfb)7
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and ¢ = 1 in the first application, £ = 2 in the second application and so on. As a result,

1 — glatrotl b <Al (1<) s
(5.14) Z I (@) B Hqﬂ((l\a) XSO s (4,45.9)
AC(n) =1
pC(m*) 5
= 7 Dy (25, W5 28, Wi g, q3.q) [ ?(5) ~Fiwemdvia,
YyeEQ =1

which is a rational function analogue of . Although it suffices to prove the latter for
0 < b < a <k, we note that the a,b symmetry that is manifest in is also satisfied by
thanks to . Hence holds for all 0 < a,b, < k. Specifically, from the
a, b-symmetry follows by making the simultaneous substitutions (a,b,n,m) — (b,a,m,n) (so
that v = (a+b4+2,b+1,0) = (a+b+2,a+1,0)) and by then changing the summation indices
(A, ) = (p, A) on the left and (y1,y2,y3) — (—y3, —y2, —y1) on the right.

It remains to be shown that in the large-n, m limit this indeed simplifies to the Kanade—

Russell conjecture. By (4.26) with (y,x;) = (ty,q~%) (so that (z,w) ~ (¢, q)),

lim q)n,m;ty (2217 Wta; Zf, Wtb; 4. q; C]) — det (q(tyi—i)(w—uj)) .

n,m—00 (g;9)5, 1<i,j<3
The large-n, m limit of (5.14]) is thus given by
1 — gratmtl TTF AT =Xipitpd+x(i>a)Xi+x(i>b) i
(5.15) Z q Hzfl q

_ k—1
ApeP 1=q ) S 2 7) P VS (7 7) PP
1) A () <k

g)\k,ltkﬁ'(Q)

__ 1 E det 3K (%)~ Kiyi—Byit+i—i)v;

(9% 2 150<8 q ,
y

where v := (a + b+ 2,b+ 1,0), as before. The remaining task of writing the right-hand side in
product-form can easily be carried out for arbitrary rank, and in the following we consider

Ay;k(q) = det (qu(%i)7Kiyi7(ryi+jfi)yj)’
ye

I<i,gsr
Q
for v = (v1,...,v). First we write A,.x(q) as a constant term and then appeal to multilinearity.
Thus
Au-k(q) = [zo] det (Zyiq’l“k(y;)7kiyi+(’ryi+j—i)(j7yj))
7 1<i,gsr
yez”
=[2% det y k(%) —kiy—(ry+i—iv; |
], det (Z g
y

Interchanging rows and columns (i.e., replacing (4,5) — (4,7)), negating y and using the fact
that we are taking the constant term with respect to z, this leads to

Avii(q) = [2°] | det (Zzyq”“(é’)+kiy+ww+(j—i)(ky+w))

1<i,j<r
ILIX yez

T
- det <q(j7i)(kyi+w)> [ () hivetrvnne,
i=1

1<, j<r
Q
Applying the Vandermonde determinant

det (ac{ﬂ): H (1—wi/z;)

I<i,g<r



AN A; BAILEY TREE AND A;l) ROGERS-RAMANUJAN-TYPE IDENTITIES 25

this gives
T
Ave(@) =Y quk("?)+kiy¢+wiyi [T (1= grvatm.
yeQi=1 1<i<j<r

By the Ag,l_)l Macdonald identity [60]

(5.16) Z Haj:yiqr(yzi)-l-iyi H (1 _ qyijafi/xj) = (q;q)ggl H H(a:i/xj;q)

yeQi=1 1<i<i<r 1<i<i<r
with (g, ;) — (¢¥, ¢"*), this results in the product form
Avi(q) = (@500 T 0@ 54).
1<i<j<r
Takingr =3, v=(a+b+2,b+1,0) and k = K, yields

(qK§qK)go at+l b+l _a+b+2. K
(¢:9)3 H 9((] 4 4 ' q )
4 9)% 1<i<j<3
for the right-hand side of (5.15)). O

6. BELOW-THE-LINE IDENTITIES

As in Conjecture fix the modulus K as K = 3k + 7 + 3 for k a nonnegative integer and
7 € {—1,0,1}. In the introduction immediately preceding the conjecture, we remarked that
there should be an ASW-type identity for all nonnegative integers a, b such that a +b < K — 3,
with product side given byﬁ

(CIKHIK)go a+l b+l _atbt2. K
W 9((1 yqd 54 ' q )»
Without loss of generality assuming that
(6.1) 0<b<a<K—-—a—-b-3,

this corresponds to

(7)o (157

distinct ASW-type identities. Hence in the Kanade—Russell conjecture roughly one third of all
cases is missing, counted by the above floor function. In their paper, Kanade and Russell adopt
a certain diagrammatic arrangement for the triples (K —a—b—3, a, b) with fixed K, leading them
to refer to the missing identities as the ‘below-the-line’ cases. Equivalently, this corresponds to
(6.1) with @ > k (and thus b < k+ 7 —2). If £ = 1 this forces 7 = 1, in which case there
is the single below-the-line solution: (a,b) = (2,0). By solving the modulus-7 Corteel-Welsh
equations |28, Kanade and Russell found the missing multisum, resulting in

> 2 - A2\ Ap? =M 7.7

> L ! = {0500 g 3, 3547y,

Voo 11 @GOG Dm (@ Dxem (@)%

In general, however, no explicit such multisum-forms for below-the-line values of a and b are
known. The exception is 7 = 0, in which case Kanade and Russell observed that if

Oubk(q) := o(qaﬂ’qb+1,q¢z+b+2;q3;ﬁL3)7

6For 7 = —1 this rules out (a,b) = (k, k), which as discussed in the introduction gives the same product as
(a,b) = (k,k — 1) albeit a slightly different multisum according to (1.5)).
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then Weierstrass’ three-term relation |40, page 61] implies,

Outik(q) = Ook—aarbtik — " Ok 0 b 1.0 k-1:4(q)

Importantly, for 7 = 0 and fixed k > 2, the below-the-line values of (a, b) satisfy k£ < a < |3k/2]
and 0 < b < 3k — 2a. Assuming such a,b and defining (a’,b') := (2k — a,a + b — k) and
(", 0"):=(2k—a—b—1,a—k—1), it follows that 0 < ¥’ < o' < [k/2] and 0 < V" < d' < k—2.
This implies the following theorem covering all of the below-the-line cases. For integers a, b, k
such that 0 < a,b < k, let

]:a,b;k(q) = Z k—1
A1 >0 l—gq Hi:l (Q§ Q)Ai*&q-l (Q§ Q);Li*lti-u
p1Z 220

1— qAa+ub+1 quzl()\f*Ai#iJr#f)Jer:aH N+

g)\kvﬂk§0(q)’

where g0 = gto := 0.

Theorem 6.1. Let a,b, k be integers such that 2 < k < a < [3k/2| and 0 < b < 3k — 2a. Then

b

K. K\2
(q 5 q )oo 9( a+17qb+1

+b+2, K
T,
(:9)2, )

For—ayatv—kk(@) — T Fok—a—b1,a—k—1:6(q) =

where K := 3k + 3.

This was first stated in [50] as a conditional result, depending on the validity of Conjecture
By Theorem the result is now unconditional. It remains an open problem to express the
left-hand side in manifestly positive form.

7. CHARACTER IDENTITIES FOR THE Wj(3, K) VERTEX OPERATOR ALGEBRA

As explained in full detail in [86, Section 4], for 7 # 0 (so that 3 { K) the g-series in (1.5)
multiplied by ¢"~¢/?*(¢;q)oo are characters Xé(,b(Q) of the Ws5(3, K) vertex operator algebra
[30,/87] of central charge
2K — 4)(4K — 9)

K

(7.1) c=—

and conformal weight
a?+ab+b? — (K —3)(a+b)

hap = e .

That is,
ab—c/24 (6" 4")% 9(qatl bl gatbr2. K
=20 " g g™,

(©0)%
where a,b, K are nonnegative integers such that K > 5, 3+ K and a + b < K — 3. To obtain
a multisum expression for these characters without an overall factor (¢;¢)-, we need to carry
out a suitable rewriting of the multisum in (1.5). This is possible by means of the next lemma,
which is a limiting case of |86, Lemma 7.2].

XKo(a) = ¢"

Lemma 7.1. For k a positive integer, m a nonnegative integer and u = (u1, ..., upr1) € ZFF!
define
QELI i (pi+ug)

]:u(Q) = Z

Iz
p =2 =0 (@Dpiturer Tlim (6 D i

where pgy1 = 0. If
up S Uz < -0 K Uk,
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then

ug 4 + u;
(7.2) Fulg) = — Z q=i= P (it H [N +1 +1— 7

B 5ees ik 20 i=1 Hi

ko

where, again, piy1 = 0.

The left-hand side of (|1.5) . ) for 7 # 0 may be expressed in terms of F,, as

qEI 1 1+ZL u.+1>\ 1+Zz 1 zJFZf a A
> Fulg) = x(ab>0) Fula),
A1 2A5 20 Hi:1(Q§Q)A1—>\i+1 A1 2A5 20 Hi:l(q;q))\i—Ai+1
where Ag41 := 0,
x(>b)— A for 1 <i <k, x(t = b) —oA; for 1 <i <k,
u; = x(k>b)—7A, fori=kF, and v; =<¢1—7\ for i =k,
1+ M fori=k+1, 14+ Mg fori =k + 1.

Since for A\ > Ao > -+ > Ay the inequalities u; < u;41 and v; < v;41 hold for all 1 < i < k,
we may use the alternative expressions for F,,(q) and F,(q) provided by (7.2). First, for 7 = 1,
this yields our next theorem, where XX, (q) := g/ oy K ().

s

Theorem 7.2 (Agl) Andrews-Gordon identities, I). Let K = 3k +4 for k > 1. Then

imat1 N2 i ) o\ ) )
)Zf,b(q) _ Z qZ 41 >F b1 Mi Hq}\ el |:)\/\Z :| |:)\z )‘H-l + piy1 + 51),1]

Aty w0 (a;9) i+1 Hi
Moo, ik 20
q' ko
B Z DD YES SUMTS HqAQ—ALMH‘M |: i A — )\i+1 + Wiy1 + (51,71’7;
s .
Ao An 30 (q q i+1 i
Mo o 20

for all0 < a,b <k, and

~K _

Xch(Q) = Z
Aty A 20
P1seees bl 20

k
1 qu;‘—mtmg { Ai } |:/\i = Ait1+ /’Li+1:|’
(@ 0)x, i Ait1 i

where ¢*° = ¢ = X\gy1 =0 and i1 = Mg

The second, simpler expression for XkK (q) follows by either noting that for a = b = k, the
left-hand side of (1.5 for 7 # 0 may alternatively be recognised as

Z Fu(q)

)
A1 220 [Tz (@ Dxni—xipa

where Ag41 := 0 and
-\ for1 <i<k,
w; = —7A\, fori =k,
Ak for k+1,

or by substituting a = b = k in the expression for )Zgb(q), replacing pg — pg — 1 in the second
multisum and then combining the two multisums using the standard recursion for the g-binomial
coeflicient. The b = 0 case of Theorem proves [86 Conjecture 2.8] and the a = 0 case proves
Equation (2.7) of that same paper. Since x,(q) = X/, (q), but the right-hand side of the first
character formula does not not have a, b-symmetry, there are two distinct expressions for each
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Ws(3, K) character Xéfb(q) such that a # b. The reason for viewing the above as analogues of
the Andrews—Gordon identities is that in much the same way the latter are known to be
identities for characters of the Virasoro algebra Vir(2, K) = W5 (2, K).

For 7 = —1 we obtain the following companion to the previous theorem.

Theorem 7.3 (A(Ql) Andrews—Gordon identities, IT). Let K =3k+2 fork > 1 and 0 < a <k,
0<b< k. Then

Xep(@)
2 —
_ Z q)\ T4k a1 M +355 b+1 Hi Hq)‘f Nt [ by :| |:)\i — Nip1 + Mit1 +5b,i:|

Alyees Ap 20 (C] q A1 /\i+1 i

M1,~:~,Mk—1>0

2 k
_ q1+>\ et 2ima A +Z7 b i H q)\ 2 n it |: )\i :l |:Az — AH_] + Mit1 + (Sb—l,i:|
A1, Ag 20 (q q A1 )\1'_;,_1 i

1o b —1 20

for0<a<k 0<b<k, and

oK g A2 gptpd | A | (A= Aipr F i
Xik(q) = Z H A\, ' ,

MoAn>0 (Qa i+1 Hi
seey Nk Z
H1yeeesptl—1 20

where q’\‘) = q"° = Ag41 := 0 and py = 2.

This time the b = 0 case proves [86, Conjecture 2.1] and the a = 0 case proves Equation (2.2)
of [86].

For a number of special values of k, alternative multisum expressions to those of Theorems
and are known. In [27], Corteel, Dousse and Uncu solved the Corteel-Welsh system of
equations for the two-variable generating function of three-row cylindric partitions with profile
(5—a—b,a,b), resulting in quadruple-sum expressions for the characters )Zi,b(q). For example
(see [27, Theorem 1.6)),

o0

2 2 2 2
>~(8 (q) _ qnl+n2+n3+n4fn1n2+n2n4 ny n1 no
21 Z ; n2| [N4] N3

ni,n2,n3,n4=0 (qa q)n1

In [32, Theorems 2.3 & 2.4], Feigin, Foda and Welsh obtained an Andrews—Gordon-type theorem
for a linear combination of characters of Vir(3, 3k +2) with central charge ¢ = —3k(6k—5)/(3k+
2). For k = 4 this yields ¢ = —114/7, which coincides with the central charge of W5(3,7). In
this case, four of the six linear combinations considered in [32] correspond to actual Ws(3,7)
characters. Three are also covered in Theorem [7.2] while the fourth is below the line in the sense
of Kanade and Russell. For example, the character expression for X{ ; (¢) arising from Vir(3, 14)
is [32, Equation (20c)]

0 ni+n3+ni+ni+(ni+na+ns)ng {n1:| |:n2]

....7 _ q
X11(q) = Z (@5 Q)ny (€O ny

no| |n3l|’
ni,n2,n3,n3=0 2 3

After the substitutions
(n1,n2,n3,n4) = (N1 + N3 + N4, N3 + N4, Mg, N2)

this takes the form

00 4 MM
Ei,j:1 Aijning

~7 _ q
(7.3) Hal = > (4 Dy (@ Dz (6 D (G5 D

ni,nz,ng,n3=0



AN A; BAILEY TREE AND A;l) ROGERS-RAMANUJAN-TYPE IDENTITIES 29

where
2 1 2 2
111 2 2 3
A’§2244
2 3 4 6

At a recent workshop on cylindric partitions, Shunsuke Tsuchioka raised the question if all the
Agl) Andrews-Gordon identities admit alternative sum-sides of the form (|7.3)). Such expressions

would be closer to the A(l) Andrews—Bressoud—Gordon identities, where the variable change
n; — n; +---+nyg for all 1 <i < k leads to the multisum

Z qu,jzl Aigning+327 1 (Agi—Aai)ni
w0 @Dy (@ D1 (77567

bl

where A = (Aij)rlijzl = (min{i,j})ﬁj:1 is the Cartan-type matrix of the tadpole graph on k
vertices. As a further evidence that such a rewriting might exist for all moduli, he made a
conjecture for modulus 8, complementing his own proven modulus-6 identities [79], such as

o0 qZ?,j,a,bzlAm;bn( D)

2
W) ) @ @ Hi,a:l(q7Q)n§a)

nl ,7l2
> n?+3kn+3k>
= - = (—4:9)5%(0", 4" 4")
. 3. .3 o

N (QaQ)n(q ' q )k m| |1l e

where A = %B ® C (ie., Ajajp = %BijCab) with matrices B and C given by B = (33) and
C = (11). From the structure of the summands in Theorems and it follows relatively
straightforwardly that a rewriting of the for can be carried out for the moduli 7 and 8. For
larger moduli, however, this simple method fails due to the form of the summands. By iterating
the Durfee rectangle identity |7, Equation (3.3.10)]

n B0 STl N

for n,m € Ny and a € Z, it follows that the g-binomial coefficient admits the telescopic expansion
ko +m k?() +m — (ks z 1
I A D S ] [,
Fotal sk sis ok >0 b + “ ‘
for arbitrary nonnegative integer r and integers a, kg, m such that kg, m > 0 and, if a = —kq,
then m > (r — 1)kg. If we take r = 2 and one more time apply (7.4) with (n,m,a) — (ko —
ki,m — ko, k1 + ke +a— ko) this implies
1 l:/{io + m:l
(q Q)m ko(Qv ) ko +a

= 2 (4:9)

e ker— ko (@65 D ko (6 Qs (G Do — ey —kes (G D at by ko +ks—ko (G Dm—a—ky—ka—ks

q2§:1 ki(kita)+(ki+ko—ko)ks

)

for all integers a, kg, m such that 0 < kg < m. Since

Z q)\ T—Xipa+ud [2)\1:|

Al,11 /\1 m
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and

2 2 2
>~<§ 2(q) = § : L {/\1 . AQ} )
’ L @Oy —x (G Dx [ m
1;A2,H1

we can use the above expansion with (m, ko, a) given by (A1, A1, A\ — p1) and (A, g, Ay — p1)
respectively. In the first case this fixed k3 as k3 = u; — k1 —ko. Finally, making the substitutions

(A1, p1, k1, k2) = (n1 + ng + ng + na, na + ng + 2ng, N3 + ng,ny)
and
(A1, i1, A2, oy, koo, e3)
— (n1 4+ na + n3 + ng + ns + ng, na + ng + N5 + 2ng, n3 + Ny + Ny + ng, N5 + N, NG, N4)

yields, respectively, (|7.3) and

e’} lz@ L Aiinng
~ q2 i,j=1 J J
(7.6) X22(q) = ,
22 nl,.%:m:o (@ @y - (6 D
for
2 12 2 2 2
1212 2 3
a2 14344
2 2 3445
2 2 4 46 6
2 3 4 5 6 8

This last result is exactly one of the character formula for )NCEJ) conjectured by Tsuchioka [30].

8. CHARACTER FORMULAS FOR PRINCIPAL SUBSPACES OF A(Ql)
Let g=sl, = A,_; and § = sl, = Afnl_)l its untwisted affinisation, i.e.,
32 g®Clt,t o Cca Cd,

where ¢ is the canonical central element and d a derivation, acting on the loop algebra goCl[t, ¢ 1]

as t%, see [49, Chapter 7] for details. Fix I := {0,1,...,7 — 1} and let § be the Cartan
subalgebra of g with basis {ay,...,a, _1,d}, where the «f (i € I) are the simple coroots
(so that ¢ = >, ;). Let A = (aij):;io be the (generalised) Cartan matrix of g, and fix

the non-degenerate symmetric bilinear form (-]-) on b by setting (o) = asj, (d|d) = 0,
(a¥]|d) = 1 and (a)Y|d) = 0 otherwise. Further let h* be the dual of the Cartan subalgebra
with basis {ag,...,ar_1,Ap}, where the a; (i € I) are the simple roots and Ag is the Oth
fundamental weight. Denote the standard pairing between the Cartan subalgebra and its dual
by (-, ), so that (o, af) = (o) o)) = a;; and (Ag, a)’) = 0. The additional fundamental weights
A1, ..., Ar_1 € b* are fixed as <Ai,a}/> = ¢;; for all 4,5 € I and (A;,d) = 0 for all i € I. The
level of A € h* is defined by lev()) := (X, ¢). Hence lev(A;) =1 for all i € I and if § := Y ier Qi
is the null root, then lev(d) = 3, ;c;ai; = 0. Finally, let
P:={xeb :(\a))eZioraliecl}

be the weight lattice of §, and P, C P and Pfr C P, the set of dominant integral weights and
level-¢ dominant integral weights respectively:

P+:{)\€[]*I<}\,al\-/>€N0 fOI‘au’iEI}:N0A0+"'+N0AT,1+(C5,
P{ ={Xe Py :lev(A) = (}.
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A much studied class of representations of A 1 are the standard or integrable highest weight
modules. There is a unique such module, L)\, for each A € P, mod Cé. If vy denotes the
highest weight vector of Ly, then b acts diagonally on vy and cvn = lev(A)va. The principal
subspace W C Lj is defined as |9,35,77]|Z|

Wy :=U(n_®C[t,t )or =U(n_ @ C[t])un,

where n_ @ h@ny is the triangular or Cartan decomposition of g and U(-) denotes the universal
enveloping algebra. Let f1,...,fr—1 € g denote the standard generators of n_. Then the
character of the principal subspace W) is defined as

ch Wi = § : dim (W)\;n;dl,...,dr_l) e lin d’ba'L’
n,di,...,dr—120

where Wan.a,....d,_, C Wy is the subspace generated by those elements in U(n_ @ C[t~!]) of
degree d; in f; and degree n in t~!. For convenience we in the following use the normalised
character

ch Wy := e ™ ch Wj.
Ardonne, Kedem and Stone |9, Equation (69)]|§| found an explicit expression for ch W) in terms
of generalised Kostka polynomials [51}/71]. Restricting considerations to r = 3, and assuming
the parametrisation

(81) }\:(kfa*b)A()‘FaAl‘i’bAQEPk,

the Ardonne, Kedem and Stone character formula simplifies to [9, Equations (6.9), (6.15) &
(6.16)]

k
(8.2) chwy= > (1—zwgtH]]
1=1

ANuUeEP
L)L) <k

Z w.“flq PN .U‘1+/J'z X(i<a)hi —x(i<b) i

q q)Ai7Ai+1 (q7 q)#i*ﬂﬁl

)

where ¢*° = ¢" =0 and q := e, 2z := e~ w := e~ 2. The restrictions [(\),l() < k in
the sum imply that Ayy1 = pr+1 = 0. By mild abuse of notation we in the remainder of this
section use ch W to mean the right-hand side of for all 0 < a, b < k, despite the fact that
for a + b > k the weight A is not dominant.

In the vacuum case, corresponding to a = b = 0, Feigin et al. |31, Corollary 7.8] obtained an
alternative ‘bosonic’ expression for Wy . This is the a = b = 0 case of our next theorem.

Theorem 8.1. For a,b, k integers such that 0 < a,b < k, let the weight A and partition v be
given by (8.1) and v = (a+ b+ 2,b+ 1,0) respectively. Then

1
(83)  chWj = —
1<E<3 (zi/xj;Q)oo
(k+2)y; (k+2)( ) =il (e o
X det (l'qyl V1 Vi Hm (xl/x?” ) )
vea, 1<i,5<3 i (qxi/ﬂﬂl;q}yq,

where z = x1/x9 and w = xo/x3.

By (8.2) this is Theorem [1.4{ of the introduction.

"There two related but distinct definitions used in the literature, and here we follow the less standard [9]. In
the original paper [77|, U(n+ ® Clt, t’l])w\ is used instead.

8For A = (k — a)Ao + aly, i € I, the dependence on the generalised Kostka polynomials trivialises and
the result is essentially due to Georgiev |41], with the caveat that he used the definition of principal subspace
from |77).
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Proof of Theorem[8.1 The main steps of the proof are the same as in the proof of the Kanade—
Russell conjecture in Section 6} Key difference is the root identity to which the A; Bailey tree

is applied. Also, since the right-hand side of (8.3) does not admit a product form, this time

)

round there is no need for the Agl Macdonald identity in the final stages of the proof.

For y= (y15y27y3) c Q7 let
(8.4) Uy (2, w5 q) = ¢V (265 Q) o (WG @) yas (20 Q)15 Py sy (2072, wq"2 507 1).

Point of departure for our proof is (4.3) for N = M = 0. Identifying (r,s) = (y1,y1 + y2) and
using (4.11)), this may also be written as

(8.5) 0n,00m,0 = Z Py miy (2, w5 q) Wy (2, w5 q),
yEQ+

where n,m € Ny. Since @, ,,,;,, vanishes unless y; < n and y; + y2 < m, the sum over y in
has finite support.

As in the proof in Section let a, k be integers such that a < k. Then, by a (k — a + 1)-fold
application of starting with the root-identity 7 we obtain

k—a+1

(8-6) Z H IC)W‘—IMM—U)\MIM (Z’w; q)

AC(nFme) =1
k—a)

k—a-+1
= Z (Qy(ZaW;q)) (I)n,m;y(sz)Qq)\I’y(ZaWQQ)a
YEQ+

where Ao := n, po = m and, for y = (y1,y2,y3) € Q. Next we use (4.17) to replace
D, 1.y (2, w; ) in the summand on the right by ®,, 1,4 (1, 1, z,w; ¢) and define
Z = 2zq"? and W :=wg¥®.
Then, by an (a — b)-fold application of (4.18b]) where (u,v) = (Z?=1, Wi=1) in the ith step, as
well as the use of ([5.10) for (a,b) = (1/¢,1), we find
k—b+1

Z H q_X(iga_b)/\iIC)\ifhlLifl;)\iylli (Z7U); Q)

AC(nFb) =1
k—b)

= Y @I (Qy (2, w059)) T By (2970, WO 2, w050) Wy (2,03 ),
yeEQ+

for integers a, b, k such that b < a < k. Again denoting this by I,, it follows from Corollary [£.10]
that (I, — z2wq™ *1,_1)/(1 — zwg™1) is given by

(8.7) 3 1= zwg

nC(m

uC(m

S (i<a—b)A
—x(i<a—b)X; .
H g s IC)\i—luufi—ﬁ)\iuUfi (Zaw’q)

AC(n*?) 1= zwg™! i=1
pC(m*=?)
(o k—b+1
s (e e
yeEQ+

q/ .
% q)n,m;y (Za_b, Wa_b; 17 17 Z,’U},q) AyEZﬂU}a Q;)
y 2 W;q

Once again this holds for b < a < k instead of the more restricted range b < a < k since (8.7)

for b = a simplifies to by Ao :=n and (4.27).
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The final iterative step in our proof is a b-fold application of Corollary where (u,v,¢,d) =
(za—btiml yyabti=l zi=1 i=1) in the ith step. By (5.10) for @ = b = 1/q this yields

Aatpp—1 k1

1 — zwq (i< N — (i .
CONEDY 1—zwg ! | ] i SRR ER YY)

AC (") =1
nC(m*)
) ] .
= Z q- 8 (viti)ys (Qy(z’ w; q))kJrl(I)n ey (Za’ Wa; Zb, Wb; z,w; q) M’
yEQ+ n Ay(z7w1Q)

where we have used that —ay; —b(y1 +y2) = — Zf’:l(ui +i)y; forv:i=(a+b+2,b+1,0). As for
the analogous result in the proof of the Kanade—Russell conjecture, this holds for all 0 <
a,b < k. Specifically, making the simultaneous substitutions (z,w, a,b,n,m) — (w, z,b,a,m,n),
changing the summation indices (y1,y2,y3) — (—ys3, —y2, —y1) on the right and (A, u) — (, A)
on the left, it follows from that the both sides are invariant under the interchange of @ and
b.

Taking the large-n, m limit using and using the definitions , and , and

eliminating z and w from the right hand side in favour of x1, x2, x3, we obtain

~ N k ZAiwmq/\?—Almﬂﬁ,—X(iéa)M—X(iSb)m
Y. (1-zwg )11 : :

ApeP =1 (q7q)>\i*)\i+1 (q7q);ufi7#i+1
IONI(u)<E

pi—p\ 3
= Z <det1<iﬂ<3 ((zig¥)i =) Hx(k+1)yiq(k+1)(yzi)wiyi
veQs H1<i<j<3($iqy”/mj?Q)oo i ’

X Py oy +ys (xlqy”/xz,xzqy%/ms;q1))-

Since, by (a/q;¢7 )0 = (ag™";q)n,

P ( y12/ y23/ 71) 1 & xl'%q(y;)(zz/x&cﬁyl
w1+y2 \ 14 T2, T2q T334 = I I
e 1<i>5<3 (xl/xﬂ’ q)yu i=1 (qxl/xh Q)yl

this gives (8.3]). O

Remark 8.2. If we define an Ay Bailey pair (a(z, w;q), 8(z,w;q)) as a pair of sequences (with
index-set 4 and N3 respectively) satisfyin

(8.9) Br,m (2,05 q) = > Dy iy (25 w3 @)y (2, w5 q),

YEQ+
Y1<n, y1+y2<m

then the identity (8.5 corresponds to the ‘Ay unit Bailey pair’
ay(z,wiq) =Wy (z,wiq) and  Bnm(z,wiq) = 0n,00m,0-
More generally, from (4.3) we have the following A, Bailey pair inversion:

(8.10) ay(z,w5q) = ¢ Y (245 @) yro (WG @) yos (2WG; )y 5
Y1 Yyi1t+y2
XN Ty, s (2072, w0" 5 071 Bra (2, w3 ).
r=0 s=0

9The definition of an Ao Bailey pair in |8, Definition 4.2] is slightly different, with y € Q44+ instead of y € Q4.
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If a,(z;q) := oz(n —n,0)(2,0;9) and B,(z;q) := ﬂno(z 0;¢q), then (8.9) for m = w = 0 and and
- for y = (n,—n,0) and w = 0 corresponds to ) and (3.5b)) respectively.

As mentioned in the introduction, the Aj-analogue of Theorem was first proved by An-
drews, who showed that the right hand sides of (1.6) and (1.7]) both satisfy the recursion

Qr,i(2q) — Qr,i—1(z39) = (ZQ)i_le,kfiJrl(Zq; q)

for 1 < i < k, where Qo := 0. Since both expressions satisfy the same initial conditions

Qk,i(0;9) = Qk,i(2;0) = 1, this proves the equality of (L.6) and (1.7). This same recursion
may also be proved purely algebraically using the theory of intertwining operators for vertex

operator algebras [23]. For general Aﬁl_)l this approach has only been completed fully for the

level-1 modules, and according to |22, Theorem 5.3],
(8.11a) Wi, (z,w;q) = Wy, (2q,w,q) = 2 Wi, (24°, wqg ™1 q),
(8.11b) Wi, (2 ws q) — Wi (q,wq, q) = wg W§, (27", wa?; ),
where the exponents of ¢ in the argument of W} on the right are the Cartan integers of sl;.
Together with
Wi, (2,w5q) = Wiy, (2¢,w5.9) = Wiy, (2, wg; q)

for arbitrary level £ and W} (0,0;¢q) = W, (2,w;0) = 1, this uniquely determines the characters
WI’\ for 0 < ¢ < 2. It is routine to show that the right-hand side of (8.2]) for k =1anda=0b6=0
satisfies (8.11]). The same cannot be said for the bosonic representation

1
(Zq, wq, 2W4G; q) o

X Z ( 1)7+s zrw2sq2T2+252_2rs+(5)+(§)

r,5=0

Wy, (z,w;q) =

(1 _ ZqQT‘—s)(l _ quS—T’)(l _ quT‘-‘rS)
(1-2)(1—-w)(1l-2zw)
o (Zw;q)r(zw;Q)s(Z;Q)rs(w;q)sr)
(4:0)r(4:9)s ’

for which showing the recursions requires a lengthy computation. It would be very interesting
to extend the recursive approach to W (2, w; q) for weights of arbitrary level.

9. OUTLOOK

An important open question is how to generalise Theorems and H to Afnl_)l for all 7"
As far as the A,_j-analogue of the Bailey chains of Lemma and Theorem is concerned,

things are relatively straightforward. Let n = (nq,...,n,.-1), m = (mq,...,m,_1) be integer
sequences and z = (z1,...,2-1) a sequence of indeterminates. In [85] the definition of the
rational function ®@,, ,,,(z, w; q) was extended to A,_; as:

,\§ )q2 Dy e AINLPNEY

(9.1) VRS E o

A AC-D e i=11>1 /\() LA

10T he vacuum case a = b = 0 of Theoremwas generalised to all r in [34, Theorem 3.1] without the use of
the Bailey machinery.
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where )\((f) :=n; and where C = (Cj;)1<i,j<r—1 is the Cartan matrix of A,_;. For an arbitrary
sequence @ = (ay,...,a,_1), let @ := (a,_1,...,a;). Replacing A\®) by ("= in (9.1)) it follows
that

(9.2) Pn(z:q) = Pa(z:q).
Another immediately consequence of the definition (9.1)) is the A,_; Bailey chain
Mr—1
(9:3) Z © Y Knm(20)®m(2;9) = n(z;0),
m1=0 my_1=0

with reproducing kernel given by

r—1 m1q2 27 lcwmimj

Icn,m (Z; Q) = H

o @Dnim,
Moreover, by Hua’s identity [46, Theorem 4.9] for A, _,

1 1
(9.4) lim — ®n(ziq) = ———
N1yeneyNp—1—>00 (q, q) ! 1<E<7‘ (Zz CrrZj—-14; Q)oo

The alternative expressions for ®,,(z;¢) and ®,,,,(z,w;q) as given in ) and follow
from Corollaries and or from [34] Proposition 2.2] which is based on the decomposmon
in the Gelfand—Zetlin basis of the Whittaker vectors for the quantum group U,(gl,.) over C(v).
This more generally implies that

,\<»> ( i:ll)

(95) ZH <H)k+1q H <Z]>\iij lq_(kk+7 i Ag@-:—a l+1)>‘§cj)

k>1 DANP 2D, 1<idjcr

AD D (g zi1:q) v o
% 1=z zjqq rta—i 7w (= J ’q)/\kzrjfiﬂf)‘kj )
)

1_Z e Ziq Zitr2i-1Q; () )
7 ] ( 7 7 q,q))‘kzrj—i—lf)‘kj

where the sum is over partitions A(*), ..., A(") such that l()\(i)) <r—ifor 1 <i<r (sothat
A" = 0) and )\gl) + )\él_l) +- 4 )\7(;1) =n,; for 1 <@ <r—1. For r = 2 this yields (3.1) and for
r =3 it gives

1
(9.6) @, (2, w;q) =

(4 2¢" ™ @) (4, WG O
By Jackson’s ¢W5 summation [40, Equation (IT.20)] this simplifies to (4.1). The expression
(19.5) obscures the symmetry (9.2), although it can be simplified relatively easily to a (T;2)—f01d
multisum that is symmetric. For example, for » = 4 two of the three summations can be carried
out to give an expression as a balanced 4¢3 basic hypergeometric series:
N (212245 Q)ny 40, (22238 Qo +ng
(I)n (Z, Q) -
(4 214, 212243 @), (4, 220, 21224, 222343 @)y (4, 2305 22235 Qg

Ws (2 ™ ¢ Jw,q7 " g™ g, zwg" ).

—n2 —ns3

q ") 22,47 ", 0" q ,
qTMTN2 2129, qT 2T 2923, 2120230
Regardless of how ®,,(z; q) is expressed, it is an open problem to lift the A,_; Bailey chain
to an A,_; Bailey tree. It follows from the work of Ardonne, Kedem and Stone (see [9, Equation
(6.16)]) that the 1 and —¢~! in 1 — zwg*aT#>~! in formula — this factor can be traced
back to the structure of the numerator of — should be interpreted as entries of the inverse
of the matrix of generalised Kostka polynomials [51,(71]| for sl3. This suggests that the as-yet-
to-be-discovered A,._; Bailey tree involves the generalised Kostka polynomials for sl,.. Another

X 4¢3 q,9q|-
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open problem is to find the A,_j-analogue of the (3.14b]) and (5.2)). For y = (y1,...,y-) € Q,
let

P, (w;q
(I)" y(z q) ( : ) . )
Hl<z<]<7‘(z7f' 'Zj—1q7Q)yij
where m; :=n; —y; —--- —y; and w; = z;q¥-+* for 1 < i < r—1. The problem then is to find

a manifestly positive representation for the rational function gn (¢q) defined by

gn‘r Z(I)nry Q7~-~7q q) H

yeq r— 1 times Ii<gsr

TYij+ T
17qy] g 7’7“—0—7' y1 ‘My7
1—¢i—? q

where n € Ng_l and 7 € {2 —r,...,0,1}. For general r this is a very hard problem since

¢n17---7ni71,0777,ri+17...7n7~71;7_'y( q,---54; Q)
———

r—1 times

= q)nl,...,ni_l(qa'--a‘I;Q) (I)ni+1,...,nT_1( ,---,q 5 q H(;yj 05
——
i—1 times r—i— 1t1mes

which implies that
gnl:“wnifl;0,ni+1,~~~7nr—1§7(q)
=P (G GD Py (4G 50).
—— S——
i—1 times r—i—1 times

For example, setting m = 0 in (1.3) gives gn.0.-(q) = 1/(q,¢%* ¢)n = ®,.(¢;q). Some properties
of gn;-(q) are easily deduced for general r. From (9.4) followed by (5.16) it immediately follows
that

1 .
H T~ lfT: 17
(7% @)

1<i<j<r
. i n;T = 7 q) oo 1 :
On @ = @D — ifr=0,
(@734 00 i, (@75 D)oo
0 if re{2—r... ~1}

We can do slightly better for special values of 7. First we note that by [85, Equation (63)]E| it
follows that for r > 3

1 1
lim [0 ; (z;q) = 3
N2,y N3 —>00 Yy (q, q)go 3 2<i<]1_'[<7"—1 (Zz CrZj—-14; q)oo
% (Zl ccZr—14, q)n1+nT71

H::1(21 o Zi—-14, q)nlfyi (Zi c ot Zr—14; Q)n,,,1+yi ’
generalising (9.4]). Hence, for such r,

ggzrzn ‘r(q) = hHl g(n7n2,~~~7nr—2,m)§7(q)

N2,y Np—2—>00

= (¢~ ]I (q“

1<i<j<r—1

T
ln+m+r—1

% ry1]+] z rr+7’ —TiY; .

> 11 H [

yeEQ 1<i<j<r

r—1

i—1 n+m+z

<.

1 This result is stated in [85] without proof.
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By (5.6), (A.3) and g — 1/¢ duality this may be expressed in closed form for 7 € {—1,0,1} as

r r—1)nm n+m 5
gr(LG‘r(q) _q( )( ) |: n :|p(Q7(Z)OO H (qj 7,7 ];[ r—i.

1<i<j<r—1

1q) n+m7
where p=¢qif 7 € {—1,1} and p = ¢" if 7 = 0. For r = 3 this is of course (5.2)), and in the limit
of large n and m this gives for 7 € {-1,0,1}.

APPENDIX A. A (NEW) PROOF OF (j5.3)

We begin with the following ¢-Pfaff-Saalschiitz summation for the root system A, _i:

_ Tiq¥ — x5q% 1 (ajxi/T55q),,
(A1) > ((b,q Maw T qx' _;‘q II a2/ - Ly
i

veN; 1<i<j<r o= (02255 D

ﬁ (bg" N fexi; q) 1y -y, 07 > _ ﬁ (cxi/a;, cxi/b;q) N
(

L (aibg =N fexii @)y (cxizg)y, ) % (cxiycai/aibiq)n

where N is a nonnegative integer and |y| := y1 + - - - +y,. It should be noted that the summand
vanishes unless |y| < N so that only finitely many terms contribute to the sum. The identity
(A.1) was first obtained in the appendix of a preliminary version of Leininger and Milne’s
paper [54]; an appendix that was dropped in the published version. Subsequently was
rederived and published by Bhatnagar and Schlosser, see |16, Remark 5.11].

In we replace ¢ — ¢", and then set a; = ¢~ for n a nonnegative integer and z; =
q"""bz/c. Using [1'_,(aq" % q)x = (a;q)rk it follows that

HT (ajTi/T5; )y, Hr (" Qs
. r—i+1. :
(q 7Q)7-y¢

Pt (qzi/xj5q)y, i1

The resulting summand thus vanishes unless 0 < ry; < n+¢— 1. By a polynomial argument we
may therefore replace ¢~V by the indeterminate d, leading to

Z ( (b,d;q"))y H
1-n .
yeNg (dq /Za q)r|y\ 1<i<j<r

y H (dqi/Z;qT)y—yiq”"“) _ (2 b2/dig)n
=1 (bzq" )y, (bz, z/d; )’

where we recall that y;; := y; — y;. If we set b = 0, let d tend to infinity and carry out some
elementary manipulations, this simplifies to

1)) ¥gr(2) R N 1D
> ((-1)72)"q II -4 )gq {n—ryiﬂ'—J

yeNy 1<i<j<r

r—1
H 1 *anﬂ i

Next we consider the sum over the y; for fixed |y| = m and carry out what in [42] is referred to
as the rotation trick. That is, if u, v are the unique integers such that m = ur+v for 0 < v < r,
u > 0, then we shift and rotate the summation indices y1, ..., ¥y, as

ito T U forl <i<r—w,
yi'—>{y1+v

1—grviti— ﬁ (" )y,
1—gi—t (@™~ q)ry,

=1

Yitv—r +u+1 forr—v<z<
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This substitution leads to the following alternative expression for the above left-hand side:

n T
—2)ymg(%) 1 g Yisti—i (")) —iy n+r—1
PO BEOLEN | BIETER) | RS

m=0yeqQ 1<i<j<r =1

Equating coefficients of z™ using the g-binomial theorem

(r2) o= 3]

this implies

(A.3) SO a-aveti [ el { n+r—1

n—m-—ry;+1—1
yeQ 1<i<j<r i=1 Yi +

r—1
n .
— |: :| H(]_ — qn+l)l.
m) -
i=1
Finally letting n — n 4+ m and specialising r = 3 yields (5.3)).
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