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0 Dedicatory

This paper is dedicated to Jim Lepowsky, a pioneer in the study of Rogers—Ramanujan-type
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1 Introduction

1.1 The Jacobi—Trudi and dual Jacobi—Trudi identities

A partition A of length I(\) equal to £ is a weakly decreasing sequence (A1, Ag, ... ) of nonnegative

integers such that A\; > 0 for ¢ < ¢ and \; =0 for i > ¢. For z = (z1,...,2,) and X a partition,

the Schur function sy (z) is defined as
Aj+n—j

_ deticijen(z” )

= (1.1)
H1<i<j<n(37i — ;)

sx(z)

if I(A) < n, while sy(x) = 0 if [(A) > n. It is a standard result in the theory of symmetric
functions that sy (z) for [(\) < n corresponds to the character of the polynomial representation
of GL(n, C) indexed by A and admits the combinatorial description

sx(z) = Z zT. (1.2)

TESSYT,(N)

Here SSYT,, () is the set of semistandard Young tableaux of shape A on {1,...,n}, and z” :=
x]t - xfn, where «; is the number of boxes or squares of 7' with filling ¢.

The complete and elementary symmetric functions h, and e, are the Schur functions for
partitions whose Young diagram consists of a single row or column of r boxes, respectively.
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That is, hy = s,y and e, = s(1,. 1) = s(1r), or, more explicitly, hg = €9 =1 and
—~—

r times

hy(z) = > Tiy - T,

1< <2<, <ir<n

er(z) = > Tiy * T,

1<ty <o < <ir<n

for r a positive integer. Hence e,(x) = 0 for » > n. Also defining e, = h, = 0 for r < 0, two
classical results in the theory of symmetric functions, known as the Jacobi—Trudi identity and
dual Jacobi-Trudi (or Négelsbach—Kostka) identity, express the Schur functions in terms of de-
terminants with entries given by the complete and elementary symmetric functions, respectively:

sy(z) = 1<(%3t<n (Rai—its(2)) (1.3a)

In (1.3b), the partition )\ is the conjugate of A and k is an arbitrary integer such that \| < k.

Surprisingly little appears to be known about Jacobi—Trudi identities for important general-
isations of the Schur functions such as the Hall-Littlewood, Jack and Macdonald polynomials.
Matsumoto [53, Theorem 5.1] discovered Jacobi-Trudi-like formulas for the Jack polynomials
for partitions of rectangular shape, provided the Jack parameter « is a positive integer or the
reciprocal of a positive integer. In Matsumoto’s formulas, determinants are replaced by hyper-
determinants of (even) order depending on the value of a.. This was subsequently generalised to
partitions of near rectangular shape by Belbachir, Boussicault and Luque [8]. In this paper we
add to these results by proving a dual Jacobi-Trudi formula for ordinary (or GL(n,C)) Hall-
Littlewood polynomials indexed by rectangular shapes and by conjecturing dual Jacobi-Trudi
formulas for B,,, C,, and BC,, Hall-Littlewood polynomials indexed by rectangular partitions of
length n.

1.2 Main results and conjectures

For © = (x1,...,2,) and \ a partition, let Py(z;t) be the Hall-Littlewood polynomial indexed
by A, see Section 2.2 for details. In particular, Py(z;0) = sx(z) and Py(z;1) = my(z), where
m(x) is the monomial symmetric function.

Our first result is an affine (dual) Jacobi-Trudi formula for Hall-Littlewood polynomials

indexed by partitions of rectangular shape (k") = (k, k, ..., k).
N——
r times
Theorem 1.1. Let k be a positive integer, r a nonnegative integer and x = (x1,...,x,). Then
Py (23 1) = det (t’“(“)”yi ik ) 1.4
(k) (32) > B ky: () (1.4)
yl?"'7yk€
y1+-+yr=0

For y = (y1,...,yr) € ZF, let |y| := y1 + - - - + yx. Then the right-hand side of (1.4) may also
be stated as

k
P(kT) (:U;t) = Z Z sgn(a) Htk(%)+zyier—i+o‘i—kyi (l‘),

YEQ ogES) i=1
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where Q = {y € ZF : |y| = 0} and S x Q = W(A,iljl), the Weyl group of the affine root
system A,(clzl, [29,50]. For integers 4, k,u such that 1 < i <k, let s;(u) == k(;) + ¢u. Then
(1) six(u) =0, (2) for i < k, s;(u) = 0 if and only if u = 0, and (3) s x(u) = 0 if and only if
u=0or u= —1. These facts imply that for y € Q, Zle (k(%) +iy) = Zle sik(yi) is strictly
positive unless y = (0,...,0). Consequently, for ¢ = 0 the only nonzero contribution to the sum

over y in (1.4) comes from the zero vector. Theorem 1.1 thus generalises the A\ = (k") case of
the dual Jacobi-Trudi identity (1.3b).

For x = (z1,...,2,) and A = (\1,...,\,) a partition, the odd orthogonal, even orthogonal
and symplectic Schur functions s02,,41,1(2), 02,,1(7) and spy, y(x) are defined as [49]*

—Aj+j—1 Aj+2n—j
detlgm'gn (wl — X, )

Some1 2(7) = : (1.5a)
" 1o (1 = 2) Theicjen (@i — 25) (@iz; — 1)
—Ai+j—1 Aj+2n—j—1
o () = f detacjn (2,07 42T (1.5b)
21, = Jx ’ .
" [T, H1<i<j<n(:1:i — zj)(wizy — 1)
“Aiti—1 Ai+2n—j+1
deti<i j<n (413Z AR xi]—i_ T ) (1.5¢)

Spa ,,\(x) = ’
" [T (1= 2) [Ticicjan (@i — ) (wiz; — 1)

where fy = 1if [(A\) =n and fy = 1/2 if [(A) < n. In (1.5a) we have followed the convention
of writing sogp41, () instead of 02,411(2), which stems from the fact that the characters of
the irreducible polynomial representations of O(2n + 1,C) and SO(2n 4 1,C) coincide. In the
even case, a similar coincidence between the characters of O(2n,C) and SO(2n,C) only occurs
for I(A\) < n. From the definition it follows that sog,11.1(2), 02n,x(7) and spy, 5 (7) are BC,-
symmetric Laurent polynomials in the sense of [63] in the variables x1,...,x, with integer
coefficients, whose top-degree homogeneous components are given by the Schur function s)(x).
Assuming A C (k™) , the symplectic and odd-orthogonal Schur functions admit analogues of
the dual Jacobi—Trudi identity (1.3b) as follows (see, e.g., [75, p. 123] or [23, Equation (3.10) &
(3.27)]):

802,411 (7) = 15‘3‘5@ (ex—igj (@) + éx_ijr1(@)),
o2n A (T) = § 153‘2/& (é/\;—z‘ﬂ'(x) + éA;—z‘—j+2(1’)),
SPap () = 1<(%,ejt<k (ex—ij(x) = ex—ij(@)),
where ¢é,.(x) is shorthand for e, (z%) = e,(z1, 27", ..., 20, 2;"). For the rectangular partition of

maximal height, i.e., for A\ = (k™), this yields

802n41,(kn) (%) = | gjtgk (n—itj (@) + énsivj—1(x)), (1.6a)
Ogp, (k) (T) = %Kc}gtgk (én—itj () + éntirj—2(2)), (1.6b)
Sp2n,(k”)(x) = 1<C}ejt<k (én—i-i-j (I) - én+i+j (x))v (16C)

where we have also used the symmetry é,(x) = éap—r ().
For A C (k™) and x as above, let P)]\g" (z;t,s) denote the B,, Hall-Littlewood polynomial
indexed by A, see Section 2.3. Then P)]?" (2;0,0) = s02;,4+1.x(x) and P/]\B”(x; 0,1) = ogp A (2). For

!The full set of odd-orthogonal Schur functions includes (1.5a) for half-partitions A, i.e., weakly decreasing
n-tuples (A1,...,An) such that \; € Z+1/2 and A\, > %
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the B,, Hall-Littlewood polynomial we conjecture two affine analogues of (1.6a), the right-hand

sides of which may be identified with the affine root systems Agi) and D,(izl, respectively. We
also have one analogue of (1.6b), for which we do not have an identification in terms of affine

root systems.

Conjecture 1.2. Let k be a nonnegative integer, x = (x1,...,x,) and é (z) = e.(zF). Then
LR (iLyy . A
Plny(:t,0) = 37 det ((~1)# 3500 (60 iy (o) +ninjrcur (2)) ). (1.7a)
yGZk XS =

where K := 2k + 1, and

1 y 1 . . .
PRt —t92) = 30 det (BFEUTIN (61, (2) + énsirg o1 (2))), (LTD)
yEZk LIS
12 (i 1\ /. )
Pym(@it,1) =3 ) det ((—1)1’%2@3 v 1)y’(en—z‘+j—Kyi(x)+€n+i+j—Kyi—2(fE))>7 (1.7¢)
yEZk LIS
where K := 2k.

For A C (k™) and x as above, let PS" (x;t,s) denote the C,, Hall-Littlewood polynomial
indexed by A. Then P/\C” (7;0,0) = spgy, z(w). This time we have two conjectural analogues of

(1.6¢), corresponding to the affine root systems C,(Cl) and Ag?fl respectively.

Conjecture 1.3. Let k be a nonnegative integer, x = (r1,...,x,) and é.(z) = e (xt). Then
Chp . . LRy2 Gy, (- .
Pyt 0) = 3 det (BRI (601 (@) — Enins s (0) ). (1.89)
yGZk <O =

where K = 2k + 2, and

1 2 e .
Pisy(@itt)= Y det (mez (6 j 1y () — enHﬂ,Kyi(g;))), (1.8b)
ly| even
where K = 2k.

Finally, let PC" (;, 51, s2) denote the BC,, Hall-Littlewood polynomial indexed by . Then
P;\BC" (7;0,0,0) = spg, \(v) and P/{BC" (2;0,1,—1) = o9, A(). Conjecturally, we have one more

generalisation of (1.6¢) corresponding to the affine root system Aéi).

Conjecture 1.4. Let k be a nonnegative integer, x = (x1,...,1,) and é.(z) = e, (zF). Then
BCo (4. _ LKy .
P(kn) (l‘, t, _t1/2’ 0) - 1<Czl'ejt<k ((_1)y t2Kyz Y (en—i—&-j—Kyi (.%') — Entiti—Kuy; (%))), (1-9)
yeZk XX

where K = 2k + 1.

Once again this gives (1.6¢) for ¢ = 0.

In Section 4, Conjectures 1.2—1.4 will be proved for k£ = 1 using bounded Littlewood identities.
In the same section we also present proofs of (1.7a) and (1.9) for ¢ = 1 based on cylindric Schur
functions.
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Conjectures 1.2-1.4 have some remarkable consequences in that (with the exception of (1.7¢))
they imply new Rogers—Ramanujan type identities which contain not just the standard param-
eter ¢ but also a Hall-Littlewood parameter ¢, while still admitting a product form. These
q, t-Rogers—Ramanujan identities generalise many of the classical Rogers—Ramanujan identities,
such as the two original identities of Rogers and Ramanujan [64-66], (a subset of) the Andrews—

(2)

Gordon identities [1], their even modulus analogue of Bressoud [11,12], and the CS), A5’ and
gLJ)rl GOW identities of Griffin, Ono and the author [25].
Let (a;¢)s0 = [Iis0(1 — aq’) be a g-shifted factorial, 6(a;p) = (a;p)oo(p/a; p)oc & modified
Jacobi theta function and 6(ay,...,ax;p) = Hle O(a;;p). For A a partition, A is said to be even
if all of its parts are even.

Theorem 1.5 (q,t-Rogers—Ramanujan-type identity for C,gl))

p = tg***2. Then

. For k a positive integer, let

Z q(0+1)|>\|/2P/\(1,q,q2,..., (2 o), H 6(¢’,¢"*;p), (1.10)

A even X =1 1<i<j<k
M <2k

where o € {0,1}.

The labelling of the theorem by the affine root system C](Cl) reflects the fact that k£ + 1 is the
(1)

dual Coxeter number of C,’ and the product on the right of (1.10) is a specialisation of the

(1)

Weyl-Kac denominator for C;’. For ¢t = 0 the theorem simplifies to

1— q(a—l-l)(k—i—i) 1— q2k+i+j
+1)[Al/2 2 _
Y gt (g ) = [ I 11 e
! 1—gq - q

A even i1 1<i<y
M <2k

_ 3 _kwn

= nh_}n(a)<> b0 (e ch L(kwy)), (1.11)

where L(kwy,) is the irreducible Sp(2n,C)-module of highest weight kw, (with wi,...,w, the
fundamental weights of Sp(2n,C)), and ¢, is the specialisation

forl<i<n—1,

o+1

Go L™, . .. e7 ] = Zlg], e Y { 1
for 1 = n.

q

For the affine root system Agi), with (dual) Coxeter number 2k + 1, we have two identities.
Given a partition A, let A° be the partition consisting of the odd parts of A, so that [(\°) is the
number of parts of A that are odd.

Theorem 1.6 (¢,t-Rogers—Ramanujan-type identities for Agc)). For k a positive integer, let
p = tg**+1. Then

> IR (1,47, 5t)
)\122]6

T+ D(g ok +1 Ok He 200 (p? ) [ 0@ )
’ = 1<i<j<k
(1.12a)



and

S TN (1,.g2, )

A
A1<2k
1/2 i—o /2. p)e(quo;p2) H 9((]]77’, qz+jfa;p)7 (1.12b)
i=1 1<i<j<k
where o € {0,1}.
We remark that by
[T0(=a""powa® 20" [ 0@ %p =2 [[ 0 "p)
i=1 1<i<j<k 1<i<j<k

the identity (1.12a) for o = 1 can be written as

By 2 A (p;p)léo j—i _it+j—1.
Z q P)\(l’qvq,"'at)_( R )k H e(q »q ap)
\ G0 i lich

M <2k

For t =0, (1.12a) yields

1 _ (o1 (k+i-1/2) 1 _ 2k+iti
(o+1)IA/2 2 — q q
Z q sa(lie.d’,. o) = H 1 — g +)=1/2) H gt
A i>1 1<i<y
A <2k
— 15 " —kwn
= nh_)rrolo do (e ch L(kwy)), (1.13)

where L(kw,) is the irreducible SO(2n + 1,C)-module of highest weight kw, and ¢, is the
specialisation

b Tle— —an (o+1)/2 —a q for1<i<n—1,
o i Lle™™,... e "] > Z[g J. e H{qmw for i = n.

The ¢t = 0 case of (1.12b) once again yields (1.11).

We conclude with two theorems for D;jﬂl and Agi)q respectively. For both these root systems
the dual Coxeter number is 2k. For X a partition, we denoted by m;(\) the multiplicity of parts
of size i.

Theorem 1.7 (g, t-Rogers—Ramanujan identity for D/E;2_31)- For k a positive integer, let p = tq*

Then
2k—1
Z q(a+1)|)\/2< H (—751/2;tl/Q)mi(A)>P/\(1’q’q2"";t)
A1 <2k =
(p1/2. 1/2 (o j—i _it+j—o—1,
- (a+1) H9 ) I 0@ ),

1<i<j<k

where o € {0,1}.
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Theorem 1.8 (g, t-Rogers—Ramanujan identity for Agg_l). For k a positive integer, let p = tq?*.
Then
, 2k—1
+1)|A[/24(A°)/2 42 2 .
Z gl DIA/24(X%)/ ( H (t:t )(mi()\)/ﬂ)P)\(l,q,q ,ooit)
A i=1
A1 <2k

_1 k
_ )i i) [To ) ] o0(@a" )
= (@ 0k ' %p 7"\ q ;D)
EERPES i=1 1<i<j<k
where o € {0,1} and the prime in the sum over \ denotes the restriction that the odd parts of
A have even multiplicity.

In the ¢ = 0 limit these theorems simplify to (1.13) and (1.11) respectively.

It will be shown in Section 5 how Conjectures 1.3—1.4 imply the above results. Of course, since
the latter are conjectures, they do not imply proofs of Theorems 1.5-1.8, but once discovered it
is not hard to provide a proof that does not rely on the conjectures, see Section 5.3. In Section 5
it will also be shown how the Andrews—Gordon and GOW identities follow from (1.10) by a
novel manifestation of level-rank duality. For now we remark that by

T‘27T

q
(4 9)r

the identity (1.10) for t = ¢ and k = 1 (and thus p = ¢°) simplifies to the Rogers-Ramanujan
identities [64-66]

2
4 () K (4:4", 4% ¢°) o0
= (Ga)r (45 0)oo = (G:9)r CHARS

Pory(l,q.¢%,...59) =

Y

where (a;q), = H;:Ol(l —aq®) and (ay,...,ax; Q) = Hle(ai; q)oco-

1.3 Outline

The remainder of this paper is organised as follows. In Section 2 we prepare the necessary
symmetric function material needed for the rest of the paper. Most of what is covered in this
section is well known, and apart from some easy to prove, marginally new results for Hall-
Littlewood polynomials, the only new results of some depth are the two determinant identities
for elementary symmetric functions stated in Lemma 2.9. These identities will be important in
our applications of Conjectures 1.2-1.4. In Section 3 we prove Theorem 1.1 using results from
crystal base theory due to Schilling and Shimozono. We also discuss a number of known special
cases of the theorem as well as higher-level generalisations of Theorem 1.1 related to level-
restricted Kostka polynomials. In Section 4 we use bounded Littlewood identities and Bailey
pairs to prove the Conjectures 1.2—-1.4 for k = 1. We further apply known results for cylindric
Schur functions to prove two of the six identities from the conjectures for t = 1. In Section 5 we
show that the ¢, {-Rogers—Ramanujan identities stated in Theorems 1.5-1.8 arise by specialising
Conjectures 1.2-1.4. It is then shown that by specialising ¢ to arbitrary positive powers of ¢
the ¢,t-Rogers—Ramanujan identities lead to many new and old Rogers—Ramanujan identities
for specialised characters of standard modules of affine Lie algebras. We use these Rogers—
identities for standard modules together with Ismail’s analytic argument to provide a proof of
the ¢, t-Rogers—Ramanujan identities that is not reliant on the validity of Conjectures 1.2-1.4.
In Section 6 we conclude the main part of the paper with a list of open problems related to
our work. Finally, in the appendix a proof is given to a new family of Rogers—Ramanujan-type
identities related to one of our applications of Theorem 1.8 discussed in Section 5.2. This family
of identities was discovered by Matthew Russell after reading an earlier version of this paper.
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2 Symmetric functions

2.1 (Cylindric) Schur functions

Let A = (A1, Ag,...) be a partition, i.e., a weakly decreasing sequence of nonnegative integers
such that |A| :== Ay + Ag + ... is finite. If |\| = m we say that X is a partition of m, denoted
as A = m. The parts of A\ are the positive \; in the sequence, and the number of parts of A is
its length, denoted by I(A). For all i > 1, m; = m;(\) is the multiplicity of parts of size i in .
We alternatively write A in multiplicity notation as A = (r™7, ..., 1™), where r is the largest
part of A. Here we typically omit ¢" if m; = 0. For example the partition (4,3,3,3,1,1) is
also written as (41,33,12). A partition of the form (k") is referred to as a rectangular partition
or a partition of rectangular shape. Given partitions A = (A1, Ae,...) and p = (u1, p2,...), we
write  C A if Ay — p; = 0 for all ¢ > 1, and say that p is contained in A. Given p C A, we
write u < A if the interlacing conditions A\ > pu1 = A2 > po = -+ hold. The set of partitions
of length at most n will be denoted by Par,, and the set of partitions contained in the rectangle
(k™) by Pary, ;. Given a partition A, its Young diagram corresponds to the diagram obtained
by drawing [(\) rows of left-aligned boxes or squares, such that the ith row contains \; squares.
The Young diagram of the partition v = (4,3, 3,3,1, 1) is given by the left-most of the following
two diagrams:

We typically do not distinguish between a partition and its Young diagram. The conjugate of
the partition A, denoted ), is obtained by reflecting the diagram of X in the main diagonal, so
that the conjugate of the partition v in our example corresponds to the above Young diagram
on the right. In our subsequent discussion of cylindric tableaux, it will be convenient to assume
that Young diagrams are made up of unit squares, so that the length of the ith row of A is \;
and the length of the jth column is )\;-. If 4 C A, we denote by A/u the skew diagram obtained
by removing those boxes of A that are also contained in p. If 1 < A then the skew diagram A/u
has at most one box in each column and is known as a horizontal strip.

For partitions g C X\ and (weak) composition a = (a1, ...,a,) such that |a] = |\/ul, let
SSYT,,(A/u, @) denote the set of semistandard Young tableaux of shape A\/u and filling . That
is, a tableaux T in SSYT,(\/u, ) correspond to a filling of the Young diagram of A/u such
that «; squares are filled with the number ¢ and such that rows are weakly increasing from
left to right and columns are strictly increasing from top to bottom. Also set SSYT,,(A\/u) =
U, SSYT, (A, ). An example of tableau in SSYT7((6,6,6,4,1)/(3,2),(1,2,3,3,4,3,2)) is
given by

oot
~Ji oo

[S{[aN
(|
~J| OO

[So{]

Recall from (1.2) that, for A € Par,, the Schur function sy(z1,...,z,) may be expressed as a
sum over tableaux in SSYT,,(\). We now wish to extend this to the case of cylindric Schur
functions [27,39,55,60]. For positive integers k,n and nonnegative integer ¢, let Parfuk be the
set of partitions A contained in (k™) such that X} — X}, <. For X € Parﬁ’k and T" € SSYT,,(\, o),
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let T be the copy of T obtained by translating 7" by k units to the right and £ units up. Since
N, — Aj, < £, the union of 7' and 7T is a column strict skew tableaux of shape v/(k), where

N+ k for 1 <i </,
v; =
ANi+XNi_p, forl<i<n+/

and \; = 0 for i« > n. If, beyond column-strictness, U T is semistandard, T is said to be

cylindric. The set of all cylindric semistandard Young tableaux of shape A and filling o will

be denoted by CSSYT,,.; ¢(A, ), and once again we set CSSYT,,. ¢(A) = U, CSSY T, 0(A, ).

Alternatively, T' € CSSYT,,.1,¢(), @) may be viewed as a tableau of shape A € Parfl,k wrapped

around a cylinder of width k£ with vertical offset ¢ as in the following diagram for A = (6,6, 6,4, 1),
=6,(=3,n="T7and o =(4,4,3,3,4,3,2):

T[111][2]3
2121213134

—— ——A[4[5[5]617
TOAOIRBIE G617
?[212]2]3]3]4[6
1147415151617

1 2RB55617

212121313146

11415151617

1551617

6]

Combining (1.2) and (1.3b), we have
Z x = 1<(3,ejt<k (e/\rlﬂ () (2.1)
TESSY Ty, (M)
for X € Par,, j, and « = (z1,...,z,). Huh et al. [27, Proposition 2.6] generalised this as follows.
Proposition 2.1. Let A € Parfhk and x = (x1,...,2,). Then
Z zl = det (eAQ*i+j*(l€+£)yi (). (2.2)

1<i,j<k
TGCSSYTH;]@VZ()\) yGZk
ly|=0

The symmetric function in this proposition is known as a cylindric Schur function and is

denoted as s, g/ (z) for p = N in [27]. For £ > I(A), CSSYTye(N) = SSYT,(A) and

det(ex,—itj—(k+oyy () = 0 unless y; = - = y, = 0. Hence (2.2) includes (2.1) as a spe-
cial case.
For later reference we consider (2.2) for £ = 0 and ¢ = 1. Since Par%k ={(k"):0<r<n}

and since the cyclic condition for £ = 0 implies that all boxes in row j of T € CSSY T, 0((k"))
have the same filling, say 4;, column-strictness implies

> 2 = > wf al = ep(af, . ak) = ep(a). (2.3)

TGCSSYkaV(]((k‘T)) 1<i1 <2< <ir<n
For ¢ =1 the set of admissible partitions is the set of near-rectangles:
Parrll’k ={(k",a):7 >0, 0<a<k}.

Since ¢ = 1, the set CSSYT,.11((k",a), ) for |a] = kr + a contains at most one tableau.
Column-strictness imposes the obvious condition a; < k for all 1 < ¢ < n. Moreover, if a given
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row of T' € SSYT,,((k",a), ) ends with a box with filling ¢ and the next row begins with a box
with filling j < 4, then T ¢ CSSYT,,.;. 1 ((k", a), «). Hence, assuming |a| = kr+a and o; < k, the
only T € SSYT,((k",a), ) contained in CSSYT,.1((k",a), ) is given by the tableau whose
word obtained by reading rows from left to right starting with the top row and ending with the
bottom row is given by 141,22 ... n®" as in

«—k——
11111]1)2]2
2[2[3[3[3[4],.
41415151515
6666671
71718

—a—

Hence for A € Pariyk,

Z zl = Z Z = Z my(x), (2.4)

TeCSSYTy1,1(N) pePar,,  a€Sn-p puePary,
lul=IAl l=IAl
where S, - u denotes the S,-orbit of = (p1,..., 1) and my(z) is the monomial symmetric

function indexed by pu.

2.2 Hall-Littlewood polynomials for GL(n,C)

Let © = (z1,...,2,) and S, the symmetric group of degree n with natural action on polynomials
in z. Then the ordinary or GL(n, C) Hall-Littlewood polynomial Py(z;t) is defined as [51]

x; —tx;
Py(z;t) = NG Z w(xi‘l e H x—x]>’ (2.5)
MY wes, 1<i<j<n Tt
where
(5 n—100) (), ()
U)‘(t) - n— H 7’:1 ’
(1 —t)n—iN) P (1 —¢)mi(N)

The Hall-Littlewood polynomials { Py(;) };(x)<n form a basis of the ring of symmetric functions
with coefficients in Z[t]. In analogy with the Schur functions sy (x) = Py\(z;0), we set Py(z;t) =0
if A\ is a partition such that {(\) > n. By the stability property

Pi(z1,...,aa3t) ifI(N) < n,
P,\(xl,...,mn,o;t):{ Nz, t) IV <n

otherwise,

the Hall-Littlewood polynomials may be extended to symmetric functions in countably many
variables, Py(z1,%2,...;t). Then the number of variables in a result such as Theorem 1.1
becomes irrelevant, and alternatively it may be stated as a result in the algebra of symmetric
functions:

Py (t) = det (t’f(?)”yie i ) 2.6
(k )()  1<ig<k r—i+j—ky; |> ( )

YEL
ly|=0

with no reference to a particular choice of alphabet.
Special cases of Py(z;t) other than the Schur function are

Py(;1) = ma(x) (2.7)
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and Pry(z) = er(7).
For o a composition, let e, (7) = [[;51 €a, (7). Then the transition coefficients R o(t) between
elementary symmetric functions and Hall-Littlewood polynomials are defined by

ea(r) =D Raalt)Pa(z;t). (2.8)
A

For integers k, n, let

0 otherwise,

if0<k<n,

be a Gaussian polynomial or g-binomial coefficient.
Theorem 2.2 (Kirillov [35, Theorem 3.4]). For a = (o, ..., ax),
koi—11 0 _ ’/('21
J J
SYCERNED v i1 (i 29
0= Cp(D) C..Cp) =) =2 j=1 Vi ¢

@ /pi=1) | =q,

The summand on the right vanishes unless the interlacing condition v(*~1) < (%) holds for
all 1 < a < k, so that one may also think of the sum over the (@) as a sum over semistandard
Young tableaux of shape X and filling a. This implies that Ry (t) = 0 if A\ > k, where
a = (ai,...,qk), but also that if A = (K", u) where p is a partition such that u; < k, then

R(k",y),(al,...,ak) (t) = R,u,(al—r,“.,ak—r) (t) . (2'10)

The expression (2.9) for k = 2 simplifies to

S
R(2r7ls),(o¢1,a2)(t) = (52r+s,a1+a2 |:a1 _ 7’:| y (211)
t

where §; ; is a Kronecker delta. This yields the following simple result, which will be used in the
proof of Conjectures 1.2-1.4 for k = 1. Recall that é,(z) = e, (z7).

Lemma 2.3. Let x = (z1,...,zy,) and k an integer such that —n < k < n. Then

(21 Tp)en_p(z) = Z [é(ss— k)] Por 15)(z3 ). (2.12)

Since the summand on the right vanishes unless |k| < s < n — r, only finitely many terms
contribute to the sum, as it should.

Proof. By
er(T1, ey Ty Yty e ey Ym) = ei(xi, .. xn)er—i(Y1, -y Ym) (2.13)

and



12

we have

(@1 mn)én—ik(@) =Y eil@)eipk(@),

120

where the summand is nonzero for max{0, —k} < ¢ < min{n,n — k} only. Hence

(@1 n)én k() = Y e(iirn) (@)

i=0
S
- Z 52r+s,k+2i . P(2r71s)(.%'; t)
. 11— t
2,r,520
S
= Pior 1s (l't)
1 (2r15)\Ly b)),
pog i)
s—k even
where the second equality follows from (2.11). [

For m a nonnegative integer, let H,,(x;t) be the Rogers—Szeg6 polynomial [2, page 49]

m

Hy(zit) =Y o' m (2.14)
i=0 bl

and, for k a positive integer, let hg\k)(a, b;t) be the Rogers—Szegd polynomial indexed by the

partition A [7,63]:

k—1 k—1
k mi
hS (a,byt) = I o)™V H,, oy®/at) T Hmolabit).
i=1 i=1
i odd i even

This polynomial is symmetric in a and b, and

Wk (a,bit) = (—a)" Hy(bfast) = (—1)" Y a™0' Ht

. 1
=0

provided that k > 2. For notational convenience we also define

2k
ilg\k) (a,b;t) := CLXQ’“‘H h&2k+1)(_a7 —b; t) =a'®) H Hm2z‘—1()\) (b/a; t)Hin()\) (ab; t),

i=1
which is not symmetric in a and b.
Proposition 2.4. For x = (x1,...,x,) and k a nonnegative integer,
n ~
(H(1 + axi)> S 0P = Y B (a,bit) Py(ast). (2.15)
i=1 7 A

n1<2k A1 <2k+1

Proof. The proof is essentially a repeat of the proof of [81, Equation (3.3)], which is an identity
equivalent to the k — oo limit of (2.15).
We begin by recalling the e-Pieri rule for Hall-Littlewood polynomials [51, page 215]

Puwiter(@) = Y P)\(:L‘;t)H[A;)‘;'H].

No— ol
A= pl+r i1 i~ M
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The summand on the right vanishes unless ¢/ < X. Multiplying both sides by a” and then
summing over r, we obtain

(110 + o)~ S T[],
i=1 i1 A= ]y

Further multiplying this by /") and summing over p such that p < 2k, we thus find

n

<H(1+awi)> SRty = Y Pat) Z |A/ubz<u>H{ z+1L

i=1 12 A
n1<2k A <2k+1 u1<2k

Here we have used the fact that the summand vanishes unless p/ < X', which, given that u; < 2k,
implies that Ay < 2k + 1. In the sum over u we now make the substitutions ub;, | — j; + A,

and pib; — Ny; — 1 for 1 < < k. Then [A/p| = 1(A) + S8 (I — ;) and I(u°) — SSF_ (i + 1),
so that
(H 1+ ax; > Z pHke
=t M1<2k
PV -\, M. — M\
_ l()\ P 24— 1 24 I | 24 2i+1
S nn X [ [Sm] [ Ne]
A J1se-J =20 =1 t t
A1<2k+1 11, SlE >0
= Z a!®) Py (z; 1) H mas_1(\) (075 t) Hypyy ) (abs T)
i=1
Alég\k-i-l
= > (e bit)Pa(st),
A
A <2k+1
as claimed. |

According to [63, Equation (2.3.7)],

2k
B (a,0:6) = a'®) and R (L 672:8) = TT(—~4Y%62) 0.
i=1

This implies the following corollary of Proposition 2.4.

Corollary 2.5. For x = (z1,...,%y,) and k a nonnegative integer,
<H(1 —I—aa:i)> Y Puzity= > dNIPy(xst), (2.16a)
i= n even
! <2k Aléék-&-l
n 2k
(H(1 + m) PR ACTIE Y (H(—tl/Q;tl/Q)mi()\)>P>\(x;t), (2.16D)
= mi% Algg\k-&-l =

To conclude our discussion of the Hall-Littlewood polynomials for GL(n,C), we define its
modified analogue. Consider the expansion of the Hall-Littlewood symmetric functions in terms
of the Newton power sums

Py(z1,22,...5t) = Z u(Opulzr, 22,...),
w
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where p, = [[;5, pu; and po = 1, py(21,22,...) = 2] + x5 + -+ for r > 1. Then the modified
Hall-Littlewood polynomial P§(x1,x2,...,xn;t) is defined as

P{(1,- - mnit) = Y exn®pu(Xa(t), ..., Xn(t))
1]

where X;(t) = (@, z;t, x;t,...). Alternatively, using plethystic notation, P{(z;t) = P{(z/(1 —
t);t). From the definition it follows immediately that

Pi(l,q,...,4" q¢") = P\(1,q,%, ... ¢"). (2.17)

2.3 The B,, C, and BC, Hall-Littlewood polynomials

Let W = S, X (Z/27)"™ be the hyperoctahedral group (or group of signed permutations) with
standard action on Laurent polynomials in = (z1,...,2,). Then, for A a partition of length
at most n, the BC,, Hall-Littlewood polynomial P;?C” (x;t,s1,s92) is defined as [52, 76]

1
P(BC")($;t,51,52) =
A (51523 n—1(n)VA(2)
n

N\ (1 — slxi)(l — Sgl‘i) (th‘i — l’j)(l — tfl)il‘j)
X ZUJ(H% i 5 11 . (218)

weWw V=1 1=z 1<i<j<n (i —a5)(1 — @iz;)
The BC,, Hall-Littlewood polynomials are polynomials in Z[t, s1, s2] [:Uli, oo, oI normalised
such that P(])Bc”(ac;t, s1,82) = 1. The top-degree homogeneous component of P/{BC")(x;t, $1,82)

is given by the ordinary Hall-Littlewood polynomial Py (x;t).
The B,, and C,, Hall-Littlewood polynomials arise as special cases of the BC,, Hall-Littlewood
polynomials:

P (a3t 5) = PO (a3t 5, 1) (2.192)
PO (@5, 5) = PO (@5, 512, —s12). (2.19b)
(For B,, there is once again an analogue for half-partitions A which is not needed in this paper.)

The odd-orthogonal, even-orthogonal and symplectic Schur functions correspond to the special
cases

SO2n+1 0 (2) = PiB")(x;O,O), oA (T) = P§B")(az;0, 1) and spy,\(z) = Pﬁcn)(x;0,0).

For A = (k™) the summand in (2.18) has S,, symmetry so that the sum over W simplifies to a
sum over (Z/2Z)", leading to [63, Lemma 2.5]

n

BCn £ n. —Ez‘k’
P((kn) )(x;t731732>: Z (I)(xllw"ax; 7t781732)H[BZ’ )
€1,..,en€{£1} =1

where

| (USLIETCILTE) By § QR S

D(x1,...,2pn;t,81,82) : .
1—:L‘il‘j

i=1 i 1<i<j<n

In particular,

(2.20)

PGS (1,51, 82) =
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In the proofs of special cases of our conjectures as well as in the derivation of ¢,t-Rogers—
Ramanujan identities, we require a number of bounded Littlewood identities, expressing the B,,,
C,, and BC,, Hall-Littlewood polynomials indexed by rectangular partitions of length n in terms
of ordinary Hall-Littlewood polynomials.

Theorem 2.6 (Bounded Littlewood identities for B,). For k a nonnegative integer,

Z Py(z;t) = (z1 - -xn)kP(IZ’;)(a?;t,O), (2.21a)
A122k‘

2k—1
Z ( H (—t1/2;t1/2)mi(/\)>PA(x; t) = (x1---ap)" P(}iﬁ)(:c;t, —t1/2), (2.21b)
)\12% =

(7 2 k pB

> ( I] (&t )mi(A)/2>P,\(x;t):(xl---xn) Py (a3t,1), (2.21c)
Ali% =

where the double prime denotes the restriction that all parts of A that are strictly less than 2k
have even multiplicity.

These three results (which also hold for k + % a nonnegative integer) are the special cases
ty =0, ty = —t*/? and to = 1 of the integral-k case of [63, Theorem 4.8]. The identity (2.21a) is
equivalent to a result of Macdonald [51, pages 232 & 233], although his right-hand side is not
identified as a B, Hall-Littlewood polynomial, a fact that is crucial in our use of the result.
Since Pf” (z;t,1) = PS” (z;t,1), the identity (2.21c) may also be regarded as a result for C,.
This, however, does not apply to its extension to half-integer values of k.

Theorem 2.7 (Bounded Littlewood identities for C,,). For k a nonnegative integer,

> Py(ait) = (xl...xn)kp(gz)(:g;t,()), (2.22a)
A5k

, 2k—1
; a )/2< [ tQ)rmiu)/zw)P A@st) = (a1 an)* P (w5, ), (2:220)
A1 <2k =

where the prime denotes the restriction that the odd parts of A have even multiplicity.

In the above form, (2.22a) was first stated in [63, Equation (4.1.7)] and is the special to =
t3 = 0 instance of [63, Theorem 4.7]. An equivalent identity, which makes no reference to the
symplectic Hall-Littlewood polynomials, was previously found by Stembridge [74, Theorem 1.2].

Finally, we need one BC,, bounded Littlewood identity, given by the (to,t3) = (—t'/2,0)
special case of [63, Equation (4.1.15)].

Theorem 2.8. For k a nonnegative integer,

Z HON2P () = (21 - 20)" p(fzg)n (z3t, —tl/Q,O). (2.23)
A

M <2k

2.4 Determinant identities for elementary symmetric functions

The aim of this section is to show that, with the exception of (1.7c), each determinant in
Conjectures 1.2-1.4 admits an alternative expression in terms of the elementary symmetric

functions on the alphabet (z*,1) = (xl,azl_l, o, zn 1),
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Let é,(z) := e, (z%,1). By (2.13),
ér(z) = ér(z) + ér_1(x). (2.24)

Lemma 2.9. For K an arbitrary integer,

1<d‘e.t<k (uyit%Kygi(F%)yi (én*iJrj*Kyi (z) + én+i+j*Ky¢fl($))>
\7’7]\
yEzZk

Cdpe2 i Ly .
:% 1<(11(3't<k; <uyzt2Kyi (G=3)vi (en—iﬂ'—KyiH(%) +6n+z‘+j—Kyi—1(l‘))) (2.25a)
yeZk XS =

and

Clpe2 .
det (u%mei ]yl(en—i—i-j—Kyi(x)_en+i+j—Kyi($))>
ye
g2 .
= det (uyltzKyi Jyl(en_iJrj_KyiH(x)—en+i+j_Kyi(:v))>. (2.25b)

YEZ

Proof. First we consider (2.25a). Fix y € ZF such that Y1 = y2 = -+ = yp. Then (2.25a) is a
consequence of

det (t*jyi P S e )
£ 1<i,ej<k (en i+j Kyz(x)+€n+z+1 Ky; 1(:13))
]

= % 133“6@ (tijyi (én*i+j*Kyi+1 (.73) + én+i+j*Kyi*1(x))>7 (2'26)
Sky

where S} - y denotes the Si orbit of y. Summing over all k! permutations of y instead of Sy - y
amounts to multiplying (2.26) by the size of the stabilizer of y, and in the following it will
be more convenient to consider (2.26) with y replaced by w(y) = (Yuw,,---,Yw,) and the sum
over S -y replaced by a sum over w € Si. Then, after applying (2.24) to the right-hand side,
the identity to be proved becomes the special case — replace (x;, z;) — (7Y%, Ky;) followed by
E, — én_r(x) — of the formal identity

J o o
ot (o (Bruticg + Pruy i)
WE Sk

) .
=3 1<d613<k <CCZUZ (B tij1+ Eap i+ Bz —ijy1 + Ezwi7i7j+2)>'
\17]\
wWE Sk

Dispensing with the determinants, this is the same as

k k

Z sgn(o) H:ngiiFi,i(a, w) =1 Z sgn(o) H:v&’l (Fii-1(o,w) + Fyi(o,w)),
o,wESk i=1 o,wES i=1
where
Fijlo,w) = By tjo; + Bz —j0i+1-
Since F; _j(o,w) = Fj j41(0,w) and thus F g(o,w) = Fi 1(0,w), this may be simplified to

k
Z Z sgn(o) ngll H Fii—1(o,w) H H F;i(o,w) = 0. (2.27)
i=1

DCIC{2,....k} o,weS iel 1€{1,....k}\I i€l
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Since [T¥_, Ty = e, xgaw_ )i we replace w — wo to obtain
Z Z sgn(o H 1_‘[FZ i—1(0, wo) H HF‘M(O', wo) = 0.
0CIC{2,....k} o, wES) i=1 i€l ie{1,...,k}\I 1€l

In the following we will show the stronger vanishing result
frw = Z sgn(o HF“ 1(o, wo) H HFi,i(a, wo) =0 (2.28)
c€S iel 1e{1,...k}\I i€l
for fixed 0 € I C {2,...,k} and w € Si. For j € {1,...,k — 1}, let s; € Sk denote the jth
adjacent transposition, i.e., the 2-cycle (j,7 4+ 1). Then, for any 7 € Sy,
Tj+1 ifi = Js
(155)i =4 75 ifi=7+1,
T otherwise.

Hence

Fz‘—l,i—l(U, wa) if i = 741,

FE: . JS;,W0S8;) = —+
1i—1(08; j) { Fii1(0,wo) ifi#j,7+1
and

Fiy1i(o,wo) if i =g,

F” O'S',U)O'S' =
277‘( ! j) {Fi,i(aawa) lfz#],]_{_l

We now fix the index j of s; as j = min{/} —1. Then j+1 € I and j ¢ I, and thus by replacing
o by os; in (2.28) and using that sgn(os;) = —sgn(o),

frw=— <Sgn(U)FjH,j(USjawUSj)Fj,j(USjvwUSj)

ocESk
x [ Fiialosjwos;)  [[ [ Fiiloss wos))

iel ie{1,...k}\I i€l
i#j+1 i#£j

=— Z <sgn Fji(o,wo)Fjt1 (0,wo) H Fii—1(o,wo) H Hﬂvi(a,wa)

oSy el 1€{1,....k}\I 1€l

i#j+1 i#j

= — Z <sgn HF” 1(o,wo) H HFm(o,wo)

oSy iel i€{1,....,k}\I i€l
= _fl;w-

Hence fr., = 0.

Next we consider (2.25b). Proceeding as in the first proof, this time it suffices to prove the
formal identity

det (xj_ E . — B _»_~)
1<i,j<k wl( Rw; T—=] Zw,; — ])
WEDE

_ J o o - o
- 1<(zi'(3't<k (:"wz- (Bewtimj—1 + By tivj — Bymiej EZwr%*JH))'
wESK ’
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This is the same as
k

k
Z sgn(co H Z sgn(o) H 2% (B i1 (o, w) + Ey (o, w)), (2.29)

w,0ESy i=1

Since FLQ = 0 and thus F; g = 0, (2.29) can be rewritten exactly as (2.27) but with F' replaced
by F. The remainder of the proof if identical to the first proof. |

3 Proof, special cases and generalisations of Theorem 1.1

Before discussing a number of special cases and generalisations of Theorem 1.1, we provide a
short proof of the theorem based on a result due to Schilling and Shimozono [68]. For the sake
of brevity, throughout this section we use @Q := {y € Z* : |y| = 0} for the A;_; root lattice. We
also mostly work in the algebra of symmetric functions writing e,, Py(t) and sy instead of e, (x),
Py(z;t) and sy(x).

Proof of Theorem 1.1. We will prove the result in the form (2.6), or, equivalently, in the

form
Py (t Z Z sgn(o)tz - 1(kyﬂrm)yze( ) +o—p—ky>
YyeQ 0 €S
where p := (1,2,...,k) and where the elementary symmetric function in the summand vanishes

unless (r*) +o — p — ky is a (weak) composition. By (2.8),
=323 > sen(o)rs TR, o (1P,
A yEQ og€ESy,

where Ry o(t) := 0 if min{a} < 0. Equating coefficients of P)(t) on both sides, we are left to
show that

Z Z Sgn t2 = 1(ky,+2@)yer’)\ (rk)+0'7pfky(t) = 5)\,(k7") (31)

for all partitions A - rk such that A\; < k. (As noted on page 11, if Ay > k or X # |kr| then
R (rF)+o—p—ky(t) = 0, in which case there is nothing to prove.) For s a nonnegative integer such
that s < 7, let r — s be the multiplicity of parts of size k in A, and by mild abuse of notation,
write A = (k"~°, u) where p - ks such that gy < k. Then, by (2.10), the identity (3.1) may be
simplified to

15k i+2i)y;
Z Z Sgn(o-)tz Zz:l(kyz+2 )ylnu,(sk)-‘rU—p—ky(t) = 68,0' (32)
yeQ oSy,

Recalling (2.11), for k = 2 and g = (12%) this is the well-known (see e.g., [77, Equation (2.3)])

Z(—l)yt(g)[ * Lzés,o. (3.3)

YEL S
For k = 3 it is the ¢ = 0 instance of [5, Proposition 5.1], where p and s are parametrised as
p o= (22L2=L1 12la=L2) for 419 > 211 > Ly and s = Ly. The identity (3.2) for general k was
first proposed in [77, Equation (6.5)] and subsequently proved by Schilling and Shimozono [68,
Equation (6.6)] as an identity for U, (A,(C )1) level-restricted path at trivial level 0. [
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In the remainder of this section we discuss a number of special cases and generalisations of
Theorem 1.1.

On page 214 of [51], Macdonald gives the following Schur expansion for the Hall-Littlewood
polynomial indexed by a partition of length at most one.

Lemma 3.1. For k a nonnegative integer,

Puy(t) = D (=t)"S(k—a,10),

where, $1,_0,10) := Sk and S(y k-1 = S(1k)-
It is not hard to show that this follows from Theorem 1.1.

Proof of Lemma 3.1. Equation (1.4) for » = 1 simplifies to

Py (t) = det (tk(yzi)”yiepiﬂfkyi) :

1<i,j<k

Since e, = 0 for r < 0, all entries in the first row of the determinant are zero unless y; < 1.
Moreover, for 2 < ¢ < k all entries in row ¢ are zero unless y; < 0. Since y € @, this implies
that there are exactly k choices for y such that the determinant is non-vanishing: y = (0*) and
y = (1,0F7271 —1,07!) for 1 < a < k — 1. For y = (0¥) this yields the Schur function (k) by
(1.3b). The contribution to the sum from y = (1,077 —1,0%71) is
Dq(t) :==t* Kozlfajtgk (ej—i+1+k‘5i,kz—a+l—k5i,l)'

All entries in the first row of the determinant are zero except for the last, which is 1. By a
Laplace expansion along the first row,

Do(t) =t*(—=1)*  det (€j_ishsip)-

1<i,j<k—1
In the determinant we cycle rows 1,2,....k—a— k—a,1,2,...,k—a—1. In other words, row
k — a is put as the first row, pushing down rows 1,...,k — a — 1, leading to

Dq(t) = (—t) 1@3%671 (€j—it1+asis—x(i>k—a))s

where x(true) = 1 and x(false) = 0. By (1.3b) with k& +— &k — 1, this yields Dg4(t) = (—t)%s»,
where

)\/ — (CL—I— 1’ 1k—a—1’0a—1) — (a+ 1’ 1k—a—1)’

and thus A = (k — a, 1*). Hence

k-1
Py(t) = sy + Y _(—1)S(4—a,10);
a=1

as required. [

In [38, Theorem 7.2], Lassalle and Schlosser derived an expression for Py(t) for arbitrary A
in terms of elementary symmetric functions. Their formula does not have a determinantal form,
and it seems difficult to deduce Theorem 1.1 from the A = (k") case of the Lassalle-Schlosser
theorem. For k = 2, however, the two theorems are trivially the same.
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Lemma 3.2 (Lassalle-Schlosser). For r a nonnegative integer,

Pory(t) = 3 (-1)tG)e e, s

t=—7

Proof. According to (1.4) for k = 2,

P(2r)(t) = Z t2(y21)+2(y22)+y1+2y2 (er—2y1 er_2y2 - er_2y1+1er_2y2_1)

Y1,Y2€Z
y1+y2=0

Y,
= Ztm “(er—2i€ry2i — €r—2it1€r42i-1)
il
= Z (—1)%(;)67"4”‘67“,1',
i=—7

which is the Lassalle-Schlosser expression. |

By (2.7), the t = 1 specialisation of Theorem 1.1 is

m(k")(xé t) = K(%f’j%k (erfiﬂfkyi (m)). (3.4)
y€E

This identity is an immediate consequence of Proposition 2.1.

Proof of (3.4). For z = (z1,...,z,) let f(z¥) = f(2},25,...,2F). Then
mry () = er(xF).

We thus need to show that

L — k
- 1532]6 (67'*1+]*kyi(x)) er(z).
Yy

This follows from the ¢ = 0 cases of Proposition 2.1 and (2.3). [

Let A € Parf%k. Then the above connection with cylindric Schur functions suggest that the
symmetric function

S];’Z(t) = det (t(k"’z)(y?i)“yi eA;—i—s-j—(k—&—Z)yi) (3.5)

1<i,j<k
=

— which is a ¢-deformation of the right-hand side of (2.2) — warrants further study. As in
the Schur case, for £ > I()\) the summand on the right vanishes unless y = (0¥), and for such
l, Sf’é(t) = sy. Also, from (1.4), Ség];[}.)(t) = Pyry(t). Using further results by Schilling and

Shimozono, the Hall-Littlewood expansion of S];’E(t) for all admissible partitions A may be
given. Below we will describe the simplest case A = (k") and ¢ > 1. By abuse of notation, we
denote the type A Cartan matrix and its inverse by C' and C~! respectively, without reference
to the rank of the underlying root system which will always be assumed to be clear from the
context in which these matrices are used. In the case of Ay_1, C and C~ ! are (k—1) x (k—1)
matrices with entries Cyp = 204 —0dq,p—1—0a,p+1 and C’;; = min{a,b}—ab/k for 1 <a,b < k—1.
For p = (k™) 1MW) b kr, let

E
—_

1

pe(p) = 5, Cpyma(p)mi(pe)
a,b=1

o
Il
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and define K (Z,,,k) u(t) as the coeflicients in the expansion of S(ékr)(t) in terms of Hall-Littlewood
polynomials:

Sty () = kG 3 geee) KL u (OP(2).
ukkr
pi<k

Proposition 3.3. Let p = kr such that py < k. Then the polynomial

is the level-C restricted generalised Kostka polynomial K} (t) (see e.g., [68,69]) for A = (rk) and
R the sequence of single-column partitions

R=((1),...,(1),(1%),...,(1%),..., (1%),...,(1%)).

n'g

mi(p) times — ma(p) times my(u) times
By [69, Equation (6.7)]
S 4 7@

@

k—1¢-1

¢ k(" 1 k*lﬁ £—1 C Cl(a) (b)
K(kr)’ﬂ(t) =1 (Q)ZtQ Za,b—lzzj 1 i, ' HH

a=11i=1

I

t

where the sum is over Ti(a) eENpforl<a<k—-1and1l<i</¢—1such that

k—14-1
v = ma () Ot~ CapCiir” € No.
b=1 j=1
In particular,
k, i
Sty (B =Y det k( (D () bvie ) 3 el (3.6)
yeQ IS u-kr

<k

Proof of Proposition 3.3. The proof of the positive-level case is the exact same as the proof
for the level-0 case, but now uses

15k N, VAVTR —k(7
Z Z Sgn(o’)tQ S ((k+1)ys+2 )lelu,,(rk)—i-o—p—(k-‘rl)y(t) =t k(2)+¢é(’u)K(erk)“u(t)
YEQ o €Sk

for p = kr such that p; < k. This identity was first conjectured in [70, Equation (9.2)] and
proved by Schilling and Shimozono for £ = 1 in [68] and for arbitrary positive level in [69, Section
6.2]. n

We remark that the t = ¢ = 1 case of Proposition 3.3 is

det (er i+j—(k+1) yZ Z mu

1<i,5<k
yeER pkkr
u1<k

which follows from the £ = 1 case of Proposition 2.1 and (2.4).
We conclude this section with a straightforward corollary of Theorem 1.1 in the form of an
A,glll basic hypergeometric summation.
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Corollary 3.4. For k> 1 and 0 < r < n integers,

7 i) —1 +k-1 : e
Z H k(yi—y;)—i+i Htkkﬂ)(u) y[n—rn—kyi-i-’i—l]t:[} 1_[1t+ o

yeQ 1<i<j<k i=1

For k = 3 this result, which plays a key role in the Ay Bailey lemma [5, 82], was first
proved in [5, page 692]. For general k, different proofs may be found in [37], [77] and [82], see
equations (3), (6.6) and (A.3) in these papers respectively.

Proof. By [51, page 27|

er(1,t,... ) =) mt

r

and [51, page 213]

Pury(L,t..., 07 5 t) = +() m : (3.7)
t

the principal specialisation x; = t'~! of (1.4) is given by

dot [ $ED () Fivit =) (r—imkys) n " .
o 1shisk r—i+J—kyi], ]y

The determinant on the left evaluates by [36, page 169]

k
N + k-1
det (tl—Dai| " - ) "
1<z’<ej<k< [aﬁ—jt H H t”“t iln—a; — 1],

1<i<j<k 2:1

for a; = r — i — ky;. Finally, replacing y; by —y; for all 1 < ¢ < k, we are done. |

4 Proofs of special cases of Conjectures 1.2-1.4

In this section we prove some special cases of the B,,, C,, and BC,, Jacobi—Trudi identities.
Lemma 4.1. Conjecture 1.2 holds for k = 1.
Before proving the lemma, we recall that a Bailey pair relative to ¢° (for ¢ a nonnegative

integer) is a pair of sequences (& )n>0, (Bn)n>0 such that

n

1 2n + 4
b= o k), ()

k=0

see e.g., [3,6,54,78]. Slater [73] compiled an extensive list of Bailey pairs, which when inserted
into (4.1) result in identities for sums of g-binomial coefficients. The proof of Lemma 4.1 and
its C,, and BC,, analogues given in Lemmas 4.2 and 4.3 below is based on the identities arising
from the Bailey pairs A(1)-A(4), E(1), E(2), F(1), F(2).

Proof. For k = 1 the conjecture simplifies to the three identities

Pl (x3t,0) = Z(—l)yt%@y—l)y(énfsy(x) + én-syr1(z)), (4.2a)
YEL

P (ast, —t/2) = 3702000 (6 gy (@) + €z (), (4.2D)
YEL

Pl (@st,1) =Y (= 1) ¢ oy (2). (4.20)

YyEZ
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First we consider (4.2a). By the k = 1 case of the bounded Littlewood identity (2.21a) as well
as Lemma 2.3, identity (4.2a) is equivalent to

> Paraoy(ast) = Y (~1uez®v 37 [é(s . Sy)] Flaro 1)

s,r=0 YEL r,s>0
s+y even
S
+ yt2(3y 1 |:1 :| P(Q'r 13)(x,t)
z,% 2;0 2(s =3y + D,
s+y odd

We next equate coefficients of P(Qr’ls)(flj; t) and make the substitution ¢ — ¢. This leads to the
g-binomial identity

_1)Yg3By=1) 5 —
2y s L],

For s = 2n this follows from the Bailey pair A(1) in Slater’s list and for s = 2n + 1 it follows
from the pair A(2).

We apply analogous steps to (4.2b) and (4.2c), this time using the bounded Littlewood
identities (2.21b) and (2.21c) for k = 1. This yields

3(2y=1)y 5 = (—¢/2:¢1/2)  an EREYP T B .
g g, = o S| 2] -

(In the last identity s has been replaced by 2n; the coefficient of Py 15)(z;t) for odd s is zero
on both sides of (4.2¢).) For s = 2n the first of these identities follows from the Bailey pair
F(1) while for s = 2n+ it follows from F(2). The second identity follows from the Bailey pair
E(1). |
Lemma 4.2. Conjecture 1.3 holds for k = 1.

Proof. The identities to be proved are

V).
P(CIZ)(a: t,0) = Z(—l)yt(z)en_gy(x) and P(CIZ)(JU t,t) = Z( 1)%t 2(%)¢,,_ 2y ().
yEL YyEZL

Following the approach of the previous proof, using Lemma 2.3 and the k£ = 1 instances of
(2.22a) and (2.22b), the underlying polynomial identities turn out to be (3.3) and

yé(—l)yq%g) [nQ_ny] = 7"(¢:4°)n,

where we have replaced ¢ and s by g and n respectively. This follows from the Bailey pair
E(4). |

Lemma 4.3. Conjecture 1.4 holds for k = 1.
Proof. The claim is that

1 . .
P(?S; (w58, —t1/2,0) = > (=122 (6,5 (2) — épsyp2()).
yEL
By Lemma 2.3 and (2.23) this leads to

R [5<s ") - [5@ aea) ) =

YyEZ
Yy—s even
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where once again we have replaced t by ¢q. For s = 2n this follows from the Bailey pair A(3)
and for s = 2n + 1 from the pair A(4). [

Lemma 4.4. The B,, and BC,, identities (1.7a) and (1.9) hold for t =1.

Proof. Throughout the proof, K = 2k + 1.
By (2.19a) and (2.20), the ¢t = 1 specialisation of (1.7a) is

no—k _ o k+l

(s . x, " —x
| Jet ((—1)y’ (én—itj—rcy: (z) + en+i+j—Kyi—1($))) = H B
yGZ’“ =1
Similarly, by (2.20), the ¢ =1 case of (1.9) is
L x.*k — xkﬂ
et ((—1)y’ (€n—itj—rcy; (z) — €n+i+j—Kyi(w))) = H 1L
yEZk =1
By multilinearity and
n
én—r(T) = (21 '$n)_1 em(T)em1r (), (4.3)
m=0
we must thus show that
nl—ak
1<(}313<k (FPLK(Q:) + Flfifj,K(SC)) = 1<C}ffjt<k (Fifj,K(ﬂf) - F,i,j,K(x)) = H T xlz ;

where (see [27, Theorem 3.1])

Fin(@) = 3 (~1)¥em(@)entnyri(a).

Y, MEZL

Easily established relations for this function are
Fi’N(J,‘) = F,i,N(LU) = —F,L;N’N(CC).

The substitution (i,j) — (k+1—14,k+1—j) in either one of the determinants thus leads to the
other, so that it suffices to prove the equality of the first determinant and the product expression
on the right. By the first of the above relations for F; n(z), it follows that the first determinant
is exactly the right-hand side of [27, Equation (3.2)] for w = 1 and h = k. Hence we may replace
the determinant by the w = 1 and h = k instance of the left-hand side of [27, Equation (3.2)],
which in our notation is

2 >, =
)\eParyll’Qk TeCSSYTy,;2k,1(N)
By (2.4) this is equal to

n

1— g _
> m) =I5 =1l7=

uePary, ok i=1 i=1

as required. |
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Out of the remaining identities (1.7b), (1.7¢c), (1.8a) and (1.8b), we only know how to recast
the t = 1 case of (1.8a) in terms of cylindric tableaux. As a first step, by (2.19b) and (2.20) the
t =1 case of (1.8a) can be rewritten as

no k41 k-1
(et (en—ry—it (#) = bnrey—i=(2)) = [ | = —— 55—
yez* i=1

where K := 2k + 2. Following [27] and defining

Fin(@)i= 3 em(@emsnysi(@), (4.4)
Y, mEL

this can also be stated as

(et (Fi—jx(x) = Fipj(2)) = Zl_[l o (4.5)
Since Fjn(z) = F_;n(z), the left-hand side of (4.5) is exactly the right-hand side of [27,
Equation (3.6)] for w = 2 and h = k. Furthermore,

n 1— $2k+2

7 — E
Hl—iﬂ_ m#(l’l,...,l'n).
i=1 i W even

i <2k

Equating this with the left-hand side of [27, Equation (3.6)] yields

< I > S = muen ).

)\EPari’Qk AGParfL,Qk TeCSSYTy,2k,2(N) Zzzglr:

Here the prime (resp. double prime) denotes the restriction that A € Pau"i’2  must be of the form
((2k)", 2a,2b) (resp. ((2k)",2a+1,2b+1)) for r > 0 and 0 < b < a < k. A proof of this identity
would imply a proof of (1.8a) for ¢ = 1, but so far we only managed to find a proof when k = 1.

5 ¢,t-Rogers—Ramanujan identities

In this section we will first show how Conjectures 1.2-1.4 imply the ¢, t-Rogers—Ramanujan iden-
tities stated in Theorems 1.5-1.8. We will then show that after specialising the Hall-Littlewood
parameter ¢, many well-known Rogers—Ramanujan identities follow by a new manifestation of
level-rank duality. Finally, we will provide proofs of Theorems 1.5-1.8 based on Ismail’s argu-
ment.

5.1 From Jacobi—Trudi to ¢,t-Rogers—Ramanujan identities

Because it is the most important example and includes the classical Rogers—Ramanujan identities
as a special case, we will first show that (1.8a) implies (1.10). We refer to this as a ‘conditional
proof’ since it assumes the validity of the conjectural (1.8a).

Conditional proof of Theorem 1.5. By the bounded Littlewood identity (2.22a) and the
determinant identity (2.25b) for u = 1, (1.8a) can be rewritten as

—k . LRy2 5y (- .
(@) F Y Palast) = et <t2 VeIV (i j— Ky — €n+z‘+j—Ky,-)>
A even yEZF SWIS
M <2k

1 2 ;.

_ Ky —gyi(s . . R

- Zklé(%,ejték <t2 ' Z(e”—H‘J—KyH-l €n+z+J—Kyz')’
ye
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where K = 2k 4+ 2. We view this as two identities, one between the first two expressions and
one between the first and third expression. In the first identity (second) identity we specialise
z; = ¢ V2 (x; = ¢°) for 1 <i < n. By [51, page 27]

enr (qn71/27qn73/27 B .’ql/an) _ q%r27%n2 |: 2n :|
n—r
q
and
Coce A ) =P
n—rl,
this yields
1
> P (1,q,... g7 )

A even
A <2k

= det (téKy?_jyiqé(Kyi+i—j)(Kyi+i—j—U) [ 2n + 4 }
~ 1<ig<k n+ Kyi+i—jj,
3 K9 i 5 (Kyitit) (Kyiti+i—o) 2n+o
— i q2 . ' (5'1)
n+ Ky +i+j],

for o € {0,1}. In the above we have also used multilinearity to replace y; by —y; forall 1 <i < n
in the second term in the determinant. The next step is to let n tend to infinity using

. [2n+a:| 1
lim - )
nvoo | n+b |, (40
Thus
1
Z q2(”+1)‘)‘|P,\(1,q, q2’ - .;t)
A even
A <2k
1 Ky;+i—7 LKy2—iu. Kuididi L a2 in:
= det (5viti—ipsKyi—jyi _ Kyititi, s Ky?+jy:
— > det (a0 Kuititi), |
(6 9)8 5 1siis

where p = t¢¥ and z; = qi_%". The right-hand side can be written in product form by the CS)

Macdonald identity [50]

det (mf(k+1)yi+z’_jp(k+1)yf—jyi _ x?(k+1)yi+i+jp(k+1)y3+jyi)

-t 1<i,j<k
k
=065 T 0/ wiy;p),
i=1 1<i<j<k
leading to
Lk
Z q%(a+1)|>\\P)\(1 G i) = (P 1) % He(q%—a.p) H 0(¢, ¢+ p)
) ) AR | . k ) ) 9 .
i‘i”SE (¢ 9)% — 1<i<g<k
1x
Since
[Te@ ) T 0@ 5p)=]]005p) [ 0 ),
=1 1<i<j<k i=1 1<i<j<k

this may also be stated as in Theorem 1.5. |
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We remark that (5.1) for £ = 1 can be written in the compact form

o0

" ATy 2n+o
o+1)r n—1, _ 7 1(21—0o
S T P (L) = 3 (—1)Eg ’[H%L- 52)

r=0 i=—00

Since

P(QT)(]-7Qa"'7qn_1;1) = |:n:| )
T qz

this is a t-deformation of

ol n - 2n +u
r(r+o) _ _1)¢ i(2i—0)
,Z:Oq H ,= 2. (' [n—i—%]q (5:3)

q 1=—00

due to Foda and Quano [26, Theorem 1.2, k = 2], see also [71, Equations (3.2-b) and (3.3-b)]
by Sills.? Similarly, by (3.7), with k = 2 and t + ¢, (5.2) is also a t-deformation of

- e i . = _1)igi(Gi—1)/2—i0 2n+o
2.4 Hq 2. (1 [n—l—Qi .

r=0 i=—00

For o = 0 this is Bressoud’s finite analogue of the first Rogers—Ramanujan identity [13, Equation
(1.1)] and for o =1 it is a companion of Bressoud’s identity for the second Rogers—Ramanujan
identity, given in [79, page 249].

The conditional proofs of the remaining ¢, t-Rogers—Ramanujan identities all proceed in the
exact same manner as the proof of Theorem 1.5, and below we only summarise the key steps in
each proof.

Conditional proofs of the remaining ¢, t-Rogers—Ramanujan identities.

From (1.7a) and (1.9) to Theorem 1.6. We rewrite the left-hand side of (1.7a) ((1.9)) using the
bounded Littlewood identity (2.21a) ((2.23)), while for the right-hand side we obtain a second
determinantal expression using (2.25a) ((2.25b)) for u = —1. Next we specialise z; = ¢*~1/2
using the first determinantal expression on the right or z; = ¢* using the second determinantal
expression, and take the n — oo limit. This leads to

ST 2@ INR (1,63, 5t)
)\1é2k

- T Z ( Kyitii 3 Kyi—(i=5)vs _xfyi+i+j—1p$l{y$+(j—%)yi>
(o + 1 1<z,]<k

and

1 Li0e
> ORI P (19,67, )
A
A <2k

1 i g iai lgen2 -
= E det (;UK%“ I pa Kvi—ivs _xiKyz“ﬂpgKyi Jrayi)7
1<i,5<k

. N\k .
(:9)5% = i

By the g-binomial theorem, the left-hand side of (5.3) can be simplified to (—¢°; ¢?),.
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where o € {0,1}, p = t¢¥, K = 2k +1 and 2; = —¢" (“*D/2 (2; = —¢*=9/?) in the first (second)
identity. By the Agi) Macdonald identity [50] in the ‘Bj form’

det (x(%ﬂ)yﬁi*jpé(2k+1)y$—(j—%)yi _ $(2k+1)yz’+i+j*1p%(2k+1)y?+(j—é)yi)
 1<i i<k \ !
ye

ppooHG vip)0(palip?) [ 0(xj/mi,mis5p) (5.4)
i=1 1<i<j<k

or in the ‘C form’

det (m(2k+1)yz+z J 1(2k+1)y1—yyz_$(2k+1>yi+i+jp%(2k+1)y?+jyi)
1< i<k \ !
YEL

k
= i) [100 Pesp)0(af;0%) T 0(xs/ziwizjip),
i=1

1<i<j<k

Theorem 1.6 results.

From (1.7b) to Theorem 1.7. We rewrite the left-hand side of (1.7b) using the bounded
Littlewood identity (2.21b) and obtain a second determinantal expression on the right using
(2.25a) for w = 1. Then specialising as in the previous two cases and taking the n — oo limit
yields

2k—1

Z qé(a+1)lx\|< H (—tl/Q;tl/z)m_(/\)>PA(1,q,q2,...;t)

A i=1

= I D@ Ik E det ( Kyiti=j 3 Ky?=(i %)yi_xffy#iﬂ'—lp%f(y%(j—%)yi)7
o+ ' 1<i,j<k

where o € {0,1}, 2; = ¢~ @tV/2 p = t¢X and K = 2k. By the Dl(i)l Macdonald identity [50]

s 1y i 1y
det (mfk’yzﬂ I pkyi—(i=3)s _xfkyzﬂﬂ 1pkyf+(r§)yz>
s 1<i,j<k
ye

k
= (0% e [ 0(zp?) T 0(xs/i,zizssp),
i=1

1<i<j<k

this gives Theorem 1.7.

From (1.8b) to Theorem 1.8. We rewrite the left-hand side of (1.8b) using the bounded
Littlewood identity (2.22b) and obtain a second determinantal form on the right using (2.25b)
for u = 1. Then specialising the x; as before and taking the n — oo limit results in

2k—1

' 1ea1) e
3 gt >< II (t;t2)[mi(/\)/ﬂ)P,\(l,q,qQ,...;t)

=1
A <2k

1 il g i lpeal s
— § det (5vitt IpaKyi—ivi _ xKyz+z+Jp§Kyi +7yi
:q)k 1<i,j<k v ¢ ’

yezZk
ly| even
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where o € {0,1}, z; = ¢"7/%, p = t¢* and K = 2k. By the Aéi:)—l Macdonald identity [50]

TR el
E det (m?k%“ I phvi =7y _mfkylﬂﬂpkyiﬂyz)

1<i,j<k
yEZF
ly| even
k
= (0% ) [[0G00Y) [ 0(z)/zi,2izsip)
i=1 1<i<j<k
we obtain Theorem 1.8. |

5.2 From ¢,t-Rogers—Ramanujan to Rogers—Ramanujan identities for stan-
dard modules

Thanks to the groundbreaking work of Lepowsky together with his students and collaborators
[10,16-19,30,31,41-48,56-59], it is well known that many Rogers—Ramanujan identities admit
an interpretation as identities for principal characters of standard modules of affine Lie algebras,
see also [72, Chapter 5]. In a beautiful manifestation of level-rank duality [22], the ¢, ¢-Rogers—
Ramanujan identities of Theorems 1.5-1.8 imply many Rogers—Ramanujan identities for the
characters of standard modules of affine Lie algebras, albeit typically not principal ones. Most
of these were previously found, such as the GOW identities for Agi), V) and Dﬁl [25] or
the identities from [63], with a total of eight new identities. Below we will show how all these
Rogers—Ramanujan arise via transformations for theta functions of level-rank duality type, such
as

()% o -
(qfq)zo H 9(qJ i ity l;p) :((JTTZO H g(qj i gt 1;p), (5.5)
14700 1<k oo 1<ilicn
for p = g2k+2n-1,

Let g be one of the affine Lie algebras shown in Figure 5.2, and let L(A) denote the integrable
highest weight or standard module of g of highest weight A. The character of L(A) is defined as

chL(A) = ) dim(V},)e”,
peh*

where V), is the weight space of weight 1 in the weight-space decomposition of L(A) and exp(-)
is a formal exponential. Each Rogers—Ramanujan identity below is a g-series identity for

XA(a7 b; Q) = ¢a7b;q(e_A ChL(A))v (56)
where ¢g .4 is the specialisation

Gaprg » Zl[e™ ..., e ] = Z[[a, b, q]], (5.7)
a fori=0,
e Y5 q forl<i<n—1,

b fori=n.

When a = b = ¢ this is the well-known principal specialisation [40] for which Lepowsky’s
numerator formula [41] holds:

(Atpa¥)y mult(a)
) 55)

_ l—q
Gq.gsa( ¢ ch L(A)) = H <1_q<pav>

a€ERt
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0 1 0 1 2 n—-1 n
0 0
1) o I - e e > 2 I -
By 1 2 3 n—1 n A2”*11 2 3 n—1 n
(1) e=rs o o o e<» N,
Cn 0 1 2 n—1 n Dria 0 1 2 n—1 n
0 n—1
D 1 2 3 n

Figure 1. The Dynkin diagrams of the affine Lie algebras Agi) (n>1), B (n > 3), Agl)fl (n > 3),
'V (n>2), P (n>2) and DY (n > 4).

where p is the Weyl vector of g and, for a a root, a" is the corresponding coroot.

After these Lie algebraic preliminaries, we are ready to give our list of Rogers—Ramanujan
identities, together with an interpretation in terms of specialised characters of standard modules.
In many cases, this identification needs a minor modification when n is small. For example,
Cgl) = Agl), A§2) = Agl), A:(f) = DgQ), and so on. In some but not all cases this also means
that for small n the highest weight indexing the character and/or the specialisation ¢q ., are
not correct as stated. For example, in Corollary 5.17 for n = 1 the correct affine Lie algebra,
standard module and specialisation are Agl), L(kAo+ kA1) and @gs ,, instead of the stated A(12),
L(kA1) and ¢g2 4. Similar such modifications apply to other corollaries.

We start with three applications of Theorem 1.5.

Corollary 5.1 (Aéi) Rogers-Ramanujan identities, [25, Theorem 1.1]). For k,n positive inte-
gers, let p = ¢>*+t2"*1 Then

Xean (—Lgiq) = > dMNPP(1,q,8% . ")

A even
M <2k
_ (P;)5e ﬁe( i+k. ) H 9( j—i i4+j—1. ) (5 9)
700 =1 1<i<j<n

and

Xoero (L s0) = > ¢V Pa(1,q,8%, .. ;7 Y)

A even
A <2k

(B TT 4 i i
(4 0)% -5 L<isien

By the principal specialisation formula [51, page 213]

A
(%)
P(l,q,¢% .50 =]]

. — (5.11)
i1 (q, Q),\;f,\;+1
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it follows that Corollary 5.1 for n = 1 yields the ¢ = kK 4+ 1 and ¢ = 1 instances of the modulus
2k + 3 Andrews-Gordon identities [1]

24 ...4n2 TN ] —1
Z gttty _ (qz’qZk l+3>q2k+3;q2k+3)oo
s S0 (@G Dni—ns = (6 Dy = (6 D (4 @)os
for 1 <i<k+1.

Proof. Corollary 5.1 follows after specialising ¢t = ¢?"~! in Theorem 1.5 and using the theta
function identity

p P)’éo : (2—0)i. j—i L i+j.
R H@(q p) H 0(¢’",¢";p)
00 =1

1<i<j<k
()% T 0(gi+(1-0)k. 0(ai—i gitito—1.
= G IT6(q p) [ 0(¢.q p),
14)oo 5 1<i<j<n
for p = ¢?¢T27+1 and o € {0, 1}. u

Corollary 5.2 (C,(ll) Rogers-Ramanujan identities, [25, Theorem 1.2]). For k,n positive inte-
gers, let p = ¢>**2" 2. Then

Xeno (. :0) = > dV?Pa(1,4,8, .. ;%)

A even
A <2k
1/2.1/2 n
p'/%p PP P
- (¢:4° ))(q( Q)) H9 (¢50%) I 0 ".a":p). (5.12)

1<i<j<n

Proof. The result follows by specialising t = ¢? in the o = 0 instance of (1.10) and using

P10 ) T1 o)

00 ;1 1<z‘<j<k
(p"/2:p)so(p; p) ooH 1/2 =i i+
_ 0(a:0"?) I 0 ".a"ip), (5-13)
(Q7 q ) (q q) i=1 1<i<yi<n
Where p= q2k+2n+2. .

Corollary 5.3 (Dg}rl Rogers—Ramanujan identities, [25, Theorem 1.2]). For k,n positive inte-
gers, let p = g2 Then

Xoero(—1,=1;0) = > dMPy(1,q,¢%,.. 567" 7?)

A even
A <2k

_ (P P)% - 11 6@ a7 ). (5.14)
(4% 4*)oo(q;@)50 1<i<j<n

Proof. This follows by specialising ¢t = ¢?® in (1.10) for o = 1 and using

¢ Zq);lio [To:e) T 6@ a ) = P2 [T (e q" ), (515)
0 =1

2. 2
1<i<j<k (q yq )Oo(q; q)oo 1<i<j<n

2k+2n [
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The next four corollaries for even k are all consequences of (1.12a), whereas for odd & they
follow from Corollaries 5.1-5.3 combined with (2.16a) for a = 1 and n — co.

Corollary 5.4 (D(J)rl Rogers-Ramanujan identities, [63, Theorem 5.14]). For k,n positive in-
tegers, let p = ¢*+2". Then

Xeno (€%, -150) = > dMNPPy(1,q,6%, .. ;™)
/\1)%]6

_1/2. o
:( q 7Q)) x(p;p) ooH9 1/2 i— 1/2 ) H H(q]—zjqz—f—]—l;p)_
=1

(9% 1<i<j<n

By (5.11), for n =1 the corollary is the i = k + 1 case of [4, Theorem 3]

>

s T 50 G Dz - (@ Dy s (6 Dy

1/, i/2 k—i/242  k+2. k+2
_ (=075 9)(d" g 47754 oo (5.16)
CHES

q%(n§+---+ni)+m+m+2+---+nk71

where 1 < i < k+ 1 such that i + k is odd, see also [14, page 449] and [80, Theorem 4.4].

Proof. For k even, the claim follows by specialising ¢ = ¢*"~! in (1.12a) for o = 0 and applying
the a = p'/2 case of

k k . . . . . .
(p 5;20 H0(_p1/2qz—1/2/a;p)e(a2q22—1;p2) H g(q]—z7qz+]—1;p)
o0 =1

1<i<j<k
_1/2.
q'"774)cc pp i i
_ ( ( ))( oo He i— 1/2 ) H g(q] z’qz+] 1;])), (5'17>
T4 i=1 1<i<j<n

where p = ¢***2" and a € {1,p'/?}. For k odd, we combine (5.9) with the a = 1, n — oo and

x; = ¢"~ /2 specialisation of (2.16a), and use
H g(qz-i-k; q2k+2n+1) _ H 0(q1+k+n; q2k+2n+1) H 0(q(k+n+1)/2 . ql_l/Q; q2k+2n+1)
i=1 i=1 i=1
to write the product of theta function in the desired form. |

The next result is our first new Rogers—Ramanujan identity.

Corollary 5.5 (Ag )_1 Rogers—Ramanujan identities). For k,n positive integers, let p = gkt
Then

Xero (6, 6:0) = Y M Pa(1,¢,¢%, 547" )

A
A<k

H9q p) JI 0@ *.q;p) (5.18)

(q @) 5 1<i<j<n
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By (5.11), the n = 1 case yields the i = 0 instance of the following generating function
identity for certain Kleshchev multipartitions [4, Theorem 3], [20, Theorem 3.5], [34, Theorem
1.4] or tight cylindric partitions of two rows [32, Theorem 13]:

(") et () 2=y L gL ght2, ght2)

$ q _ (@ g il et i3 (5.19)
s S50 (6 Dny—ns (G Dy =i (G Dy, (45 4%) 00 (@3 @) o

where 0 <1 < |k/2].

Proof. For even k the result follows by choosing ¢t = ¢?*~! in (1.12a) for ¢ = 1 and applying

(5.15) with k& and n interchanged, recalling that (¢;q)oo/(¢% ¢%)o0 = (¢;¢*)s. For odd k the

result follows from (5.10) and the a = 1, n — oo and x; = ¢ case of (2.16a). The identification

)

of the result as xxa,(q,q;q) for the affine Lie algebra A( _, is a direct consequence of (5.8).

(2)

This formula implies that for the level-¢ dominant integral weights of A; - | parametrised as
A= (ﬁ — A — )\Q)A() -+ (Al — )\2)/\1 + -+ ()\n—l — )\n)An—l + A An,

where (A1,...,\,) a partition such that A; + Ay < ¢,

n
p7p” ) . R ) ) s
XA(Q7 q; q) = ((2>()oo)n H e(q)\ri-n Z-‘rl;p) H e(q)\z Aj H—]’ q)\z+>\3+2n i ]+2;p).
qaq oo Q7q o0 ;=1 1<i<y<n
Here p = ¢lvM+hY — o620 For ¢ = k and Ay = - -+ = A, = 0 this yields the right-hand side of
(5.18). n

Corollary 5.6 (Agn) Rogers-Ramanujan identities, [63, Theorem 5.13]). For k,n positive inte-
gers, let p = ¢*+t2" 1. Then

Xeno (€%, ¢:0) = > dMNPPA(1,q, 8%, 3 %")

A
<k
(p1/2 1/2) ( n L 1/2 i—i  _i+j
- (442, ¢1/2) o )i 1H‘9 q"; p/ H e(qj »qﬂ;P)-

Proof. For even k we take t = ¢® in the o = 0 case of (1.12a) and apply

oo 1 1/2 (pq%*l;pz) H 9(qj7i,qi+j71;p)
1<i<j<k

(p1/2.p1/2) (p n 1.n

_ ) o0 1/2 i i
(@24 se(q Q)" P[LoG@50?) TI 0@ .a™ ),

=1 1<i<y<n

where p = ¢?**2"*+1 The odd case arises from (5.12) and (2.16a), specialised in the same way

as in the proof of Corollary 5.4. |

A fourth and final application of (1.12a) gives our second new Rogers—Ramanujan identity.
Corollary 5.7 (Bg) Rogers-Ramanujan identities). For k,n positive integers, let p = ght2n—1,
Then

Xero(6,—13¢) = Y ¢ Py (1,4,¢%, . 547 7%) = E : ;;’f’ IT 67 ¢ p), (5.20)
A & oo 1<i<j<n
A<k
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Proof. For the even-k case we specialise t = ¢>"2 in (1.12a) for 0 = 1 and apply (5.5).
The odd-k case follows from (5.14) and (2.16a) along the lines of the proof of Corollary 5.5.
The identification of the identity in terms of Bnl) arises as follows. We parametrise the level-¢

dominant integral weights of B%l) as

A = (E - /\1 - )\Q)AO + ()\1 - /\Q)Al + -+ (/\nfl - An)Anfl + 2)\nAna
where (A1,...,\,) is a partition or half-partition such that A\; + Ay < £. Specialising the Weyl—
Kac character formula [29, Equation (10.4.1)] for the BW-module L(A) according to ¢g 1.4,

and using the D%l) Macdonald identity — the fact that this is the right Macdonald identity is
reflected in the fact that 2n — 2 is the dual Coxeter number of Dq(ll) — yields

xalg, —1;q)
M n . . . .
(p?p)zo H e(in—Aj—H-j’ q>\i+)\j+2n—l—j+1;p) if \ is a partition,
= @D G, (5.21)
0 if X\ is a half-partition,
where p = ¢/t = ¢"+27=1 For £ = k and A\; = --- = A, = O this is the product on the right of
p=q q
(5.20). u

The next four corollaries are consequences of (1.12b).

Corollary 5.8 (Ag])_1 Rogers—Ramanujan identities, [63, Theorem 5.17]). For k,n positive
integers, let p = ¢**t2". Then

Xenn (60:0) = Y NPTV P (1,47, 5 ¢? )

A
A1 <2k
_ (P;0)5e ﬁg(pl/zqi—l,p) H H(Qj—i qi+j—2.p).

This result, which for n = 1 yields (5.19) for (¢, k) — (k, 2k), is a companion of Corollary 5.5.

Proof. The claim follows by taking ¢ = 0 and ¢t = ¢! in (1.12b) and applying the theta
function identity

°°H (—p"25p)0(¢*:p*) [ 0(¢ " a";p)

1<i<j<k

_ (q q H9 1/2 i— l,p H e(qj—i,qi—&—j—Q;p)
1<i<j<n

for p= q2k+2n. [
The next corollary, which is a companion to Corollary 5.4 and gives (5.16) for (k,i) — (2k, 1),

is our third new Rogers-Ramanujan identity.
Corollary 5.9 (D;QJ)r2 Rogers-Ramanujan identities). For k,n positive integers, let p = ¢g**+27,

Then

Xen, (02, =13q) = > ATV (1,q,¢%, P

A
M <2k

1/2, L
_( q pa ong i— 1/2 H 9((]]_2,(]14_]_1;]9).

(qq
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Proof. This follows by specialising t = ¢?"~! in (1.12b) for ¢ = 1 and using (5.17) for a = 1.
The identification of the g-series as xa,, ( 12 1, q) for the affine Lie algebra DgLJ)rl follows from
the product formula for ya (ql/z, —1; q) given on page 75 of [63]. |

Corollary 5.10 (Agi) Rogers—Ramanujan identities [63, Theorem 5.13]). For k,n positive in-
tegers, let p = T2+ Then

Xia, (€%, 059) Z g2 Py (1,47, g7

)\1<2/€
1/2. 1/2 i .n AP
_ (p )oo = IHH i— 1/2 1/2) H e(quz7ql+]fl;p).
(q/2;q1/2) g

1<i<j<n

Proof. The claim follows by specialising ¢ = 0 and ¢ = ¢*" in (1.12b) and using

oo pl/qu p 0(q2i;p2) H e(qj—i7qi+j;p)
1<i<j<k

(pl/Q;pl/Q)oo(p' 1/2, h1/2 j—i iti—1
- 0(q"~ ) I] 0@ .d" 7 p)
. n— 1 H ’ ’
(41254 %) 00 (g5 9)5% i1 1<i<j<n

2k+2n+1 [

for p=gq

The next identity, which is a companion of (5.20), is our fourth new Rogers—Ramanujan
identity.

Corollary 5.11 (Bg) Rogers—Ramanujan identities). For k,n positive integers, let p = g2kt2n—1,
Then

M n . . . .
XakA,, (q7 _1;q) - Z q"\H(”*l)l(’\o)P)\(l,q,qQ, - .;q2n72) _ EP»P;ZO H g(quz,qurj*Q;p).
A T 900 1<i<j<n

A <2k

Proof. We take 0 = 1, t = ¢*"~2 in (1.12b) and use

pizo H9(_p1/2q1—1/2;p)0(q21—1;pQ) H e(qj—z,qz+]—1;p)
00

1<i<j<k

— E i ;Zo H g(qJ z,qurj Q;p)
9, 49) 5 1<i<i<n

for p = ¢?*t27=1 The identification as X2kA,, (q, —1;q) follows from (5.21) with k& — 2k and

N =kforalll <i<k. [ |
Next we consider applications of Theorem 1.7.

Corollary 5.12 (BS) Rogers—Ramanujan identities [63, Theorem 5.15 & Remark 5.16]). For
k,n positive integers, let p = ¢*t2"~1. Then

1/2

XEAG_oyagronn (47750 4)

_ Z q (o+1) A|/2< H ( n—1/2, qn1/2)77%(/\)>P)\(17q’qz7 B .;q2n71)

=0
)\1§k’

(=" Y% ") o

PPOOHH i+(1—0)k/2— 1/2 ) H e(qj—z‘ qi+j+a—2_p)
(@2 ) o (G )% 1<i<j<n
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where mo(\) := oo and o € {0,1}.

For n = 1 and ¢ — ¢° the above result implies the i = k4 1 and i = 1 cases of Bressoud’s
even modulus analogues of the Andrew—Gordon identities [11,12]:

> e

s o (G Dy (G D (@556, (@ @)oo

n%+"'+ni+ni+"'+”k (qz” q2k—71—4—27 q2k+2 2k+2)oo

)

where 1 <7< k+1.

Proof. For even k this follows by specialising ¢t = ¢! in Theorem 1.7 and using

(P"2;p)oo (P P)hs (12, 12 i itjomt
9 Z ag 9 qj ’l’ql J]—0O ;p
(0 +1)(g;9)% an )Kggk ( )

n

_ v 1/2 H z+1 o)k— 1/2,p) H g(qj—i’qi-&-j-‘ra—Q;p)

i=1 1<i<j<n

for p = ¢***+2"~1. For odd k the result follows from Corollaries 5.8 and 5.9 combined with
(2.16b) for n — oo and z; = gitle—1/2, n

Corollary 5.13 (DT(ZZJ)rl Rogers-Ramanujan identities [63, Theorem 5.14]). For k,n positive
integers, let p = ¢**t2". Then

Xio (62, 4% q)
k—1
=) qAW( H (- (A)>PA(LQ’ .. .:q*")
Al)\gk i=0

1/2. 1/2. 1/2

:(—q @)oo (P07 )oo(ps P = 1 ﬁ i— 1/2;p1/2) H e(qui’qurjfl;p)’
=1

(q”;q2”)oo(q1/2;q1/2) 1<i<j<n

where my(A) 1= oo.

By the Dgi)rl diagram automorphism «a; +— «,—; for 0 < ¢ < n, the above g-series may also

be identified as xxa,, (ql/Q, ql/z; q).

Proof. For even k this follows by specialising 0 = 0 and ¢t = ¢*® in Theorem 1.7 and the
application of

1/2. S
(/% p)oo ppoo H9 i— 1/2;p1/2) H 9(q3—17qz+j—1;p)

( 1<i<j<k

(—q/ ;q)oo(pl/2 1/2 ﬁ 1/2 1/2 j—i i+j—1
- £ § TP ) T[ 6(¢ ¢ p)
(4% 4Y?) 00 (4; )% 1<i<j<n

for p = ¢?¢T2". For odd k the result follows from Corollary 5.10 and (2.16b) for n — oo and
@ = ¢~ 1/2. [

Our fifth new result is our first and only identity for Dg).
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Corollary 5.14 (D,(ll) Rogers-Ramanujan identity). For k,n positive integers, let p = ¢*+?"2,

Then
k—1

X (4, 4:4) = ) q“'( II (—q”‘lsq"‘l)mi(koﬂ(l,q,qz, )
Al)\gk 1=0
P _n—1. n—1 SN 1) o
— ( q; Q)oo( Q(q‘ qv)i]l )oo(pap)oo H 9((]]71,(]@4»]72;]))7 (522)

1<i<g<n

where my(A) = oo.

(

Once again, by the automorphisms of the Dnl) Dynkin diagram, we may replace Ay in the

above by A, A,_1 or A,.

Proof. For even k the second equality in (5.22) follows by taking ¢ = 1 and t = ¢**2 in

Theorem 1.7 and the use of

1/2 P
(p 2(pq) q)(p ;D) oo He 1/2) H e(qj—z,qz-i-j—Q;p)
’ i=1 1<i<j<k
_ (—Q;gl).oo)(f;p)oo H 6(¢7, % p)
T 9)o0 1<i<j<n

for p = ¢***?"=2, For odd k the result follows from Corollary 5.11 and (2.16b) for n — oo and
x; = ¢'. The identification of the g-series in terms of the Dq(ql) standard module L(kAg) follows
from (5.8). For Dg) with parametrisation

A== =)Ao+ (M —A)A1+ -+ (A1 — An) A1 + (M1 + An) Ay

where (A1, ..., \,) is a generalised® partition or half-partition such that A\; + Xy < £, (5.8) implies
that

(e, g q) = (=4 D)oo (0" 0" oo, 0) 5 [T 0(ah Y, gthznmizi,p),
. n
(Q7 q)OO 1<’L<]<TL
Here p = q”hv =¢'™?"2 For ¢ =k and \; = --- = \, = 0 this gives yields the product on the
right of (5.22). |

Finally, we consider four applications of Theorem 1.8, all but one of which are new.

Corollary 5.15 (Agi) Rogers—Ramanujan identities). For k a positive integer and n a nonneg-
ative integer, let p = ¢**2"+1. Then

Xk (4,45 9)
, 2k—1
_ Al/24(n+1/2)I(A° 2n+1, 4n+2 2 . 2n+1
=3 )( IT (@ +q™ )(mi(x)m)PA(anq B
A =0
M <2k
(q2n+1 q4n+2 fti 2 1 i i1
= e ) H9 i ) I 0@ hp),  (5.23)
79 1<i<j<n
where my(\) := oo and the prime denotes the restriction that the odd parts of A have even
multiplicity.

3QGeneralised in the sense that ), need not be nonnegative, as long as [An| < An—1.
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For n = 0 this is the i = 0 case of the somewhat unusual Rogers-Ramanujan-type identity*

ni4-4nd )+ 5 (n1—no+-+nop 1 —ngk)+3 (n1+na++ng;)

@1 0%) [(n1—n2)/2) (@5 0) [(nag 1 —no) /2] (6 Dz

WV

ny=--2ngg =0

B (_q2i+17 _ L 2L q2i+1)oo
— s , (5.24)
(4% ¢%) o

where 0 < 4 < k and the prime denotes the restriction that ng;_1 —ngj; is even for all 1 < j < k.

Proof. We take 0 = 0 and ¢t = ¢*>"*! in Theorem 1.8 and apply

(—p; D)oo (p; )%, i %. 2 i it
@0k [To(*50*) ] 0(@ " qa:p)
"4)oo i=1

1<i<j<k

_ (—q; Q).oo(f;p)oo He(qkﬂ;p)g(qul;pz) H 0(qj7i7qi+jfl;p)
(Q7Q)OO i=1 1<i<j<n

for p = ¢?*+27+1 Parametrising the level-¢ dominant integral weight of Agl) as
A==2X)Ao+ (A1 = 22)A1 4+ -+ (A1 — M) Aot + A Ag,

where (A1,..., ;) is a partition such that A\; < |¢/2], the Aéi) case of (5.8) takes the form

("5 6" ) oo (3 D)% T o Ntn—ict 0-2\i+2i-1. 2
xa(¢: ¢;9) = 0(q™ ip)0(g T p
o (4:4%) oo (@ )% Zl;ll ( 2)8 v)
% H e(q)\i*)\jfi"’j, q/\¢+/\j+2nf’i*j+2;p)7
1<i<j<n
where p = ¢"th" = ¢!*27+1 For ¢ = 2k and A\; = --- = A\, = k this is gives the product on the
right of (5.23). |

Corollary 5.16 (BS) Rogers-Ramanujan identities). For k,n positive integers, let p = ¢*¢T2n=1,
Then

X2k, (€%, —1;q)

2k—1
_ Z/ ql)\|+(n—1/2)l()\0)< H (qQ?~b—1;q4n—2)[mi(/\)m>PA(1,q7qz7 N .;q2n—1)

A i=0
M <2k
(@1 4" D)oo (P ) T 1 i 42
= 0(—4"";p) (¢’ d" % p) (5.25)
_1 ) ) ) )
2(4% 6%)oo (4 95 }_[1 KE@
where my(\) := oo and the prime denotes the restriction that the odd parts of A have even

multiplicity.

For n =1 this is (5.24) for ¢ = k.

“In an earlier version of this paper, only the i = 0 and ¢ = k cases of (5.24) were stated. Matthew Russell
subsequently discovered the remaining cases, which are proved in the appendix.
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Proof. We take 0 = 1 and ¢t = ¢***! in Theorem 1.8 and apply

(—p;p)oo(p;p)lgo £ 2i—1,,2 j—i _i+j—1,
(g;9)%, He(q ) 1 o)

1<i<j<k
J—t i+]
2( ) n 1 He H 9(q q p)
q-;9q 1<i<j<n
for p = ¢?*+27n=1 The stated specialisation is somewhat unusual in that it does not lead to a

product form for weights other than ¢A,,, for which it follows from the Weyl-Kac formula and
the Bg) Macdonald identity that

xea, (¢, —1;q)

(¢* % q4” %) oo H9 ) TI o a7 2%p) it
' q ,p) if £ is even,
= 2((] ) ) 1<i<j<n
0 if £ is odd,
where p = q”hv = ¢'*?"=1_ The product on the right of (5.25) corresponds to £ = 2k. |

Corollary 5.17 (Agn) 1, Rogers-Ramanujan identities [63, Theorem 5.17]). For k,n positive
integers, let p = ¢***2". Then

X, (62,4 9)
2k—1

! ° n n n
— EA: q|>\\/2+nl(>\ )( 1}) (qz ;q4 )[mi(x)/ﬂ)PA(lququ---;q2 )
A <2k =
2n. 4n 1/2 . ) R
_ (q 4 ) ( 7p p p oo He — ’p1/2q271;p) H e(quz7ql+j72;p)7
2(q; 9)% \<iSi<n

where mo(\) := oo and prime denotes the restriction that the odd parts of A\ have even multi-
plicity.

Proof. We set 0 = 0 and ¢t = ¢>" in Theorem 1.8. The claim then follows from

(—p;p)oo(p;p)]éo d 2i.,2 j—i i+j.
G ok [To(*p%) I 0" d:p)
oo 5

1<i<j<k

_pl/2. RNAY L . ) AP
_ ( p 7p)oo(p»p)oo HQ(—ql_l,pl/qu_l;p) H 9(q3—27q1+]—2;p)

2(q; )%, 1<iZi<n

for p = ¢2k+2n, |

Corollary 5.18 (Dg}rl Rogers—Ramanujan identities). For k,n positive integers, let p = g2ht2n,
Then

2k—1
Xieao (=1 034 Z gt ( I (a**54™) [mz_(k)/ﬂ>PA(1,q, @)
)\1<2k =0
2n. A4n n .
_ (q 4 ) ((f;’qf pv oo H9 2i— 1 H Q(qg—z’qzﬂ 17p)

1<i<j<n

(5.26)
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where my(\) := oo and the prime denotes the restriction that the odd parts of A have even
multiplicity.
Proof. Let
k
Ok.nlq H ) I 0@ d ),
i=1 1<i<j<k
where p = ¢?**t2". Taking 0 = 1 and t = ¢*" in Theorem 1.8 and applying

Okn(2) = Onk(q)

yields the second equality in (5.26). To obtain the first equality we parametrise the level-¢

dominant integral weights of D! _)H as

A= =2 )N+ A1 —A)A1 + -+ (A1 — M) A1 + 20,A,,

where (A1,...,\,) is a partition or half-partition such that A\; < |¢/2]|. By specialising the

Weyl-Kac character formula for the Dg)

Aéi)fl Macdonald identity that

-module L(A) according to ¢_1 g4, it follows from the

xa(=1,4;9)
(4*"5¢") (p2 P?)oo (P D)5 ! T +2n-2i
00 : oo\t /) oo He(q2)\l+2n 2@+1;p2>
- H 9 A=A q’\"+)‘f'+2”_i_j+1;p) if \ is a partition,
1<i<j<n
| 0 if A is a half-partition,

where p = q“‘hv = ¢*? For k = ¢ and A\ = --- = \, this is the product on the right of
(5.26). |

5.3 Proofs of Theorems 1.5-1.8

So far, we have only given conditional proofs of the q,t—Rogers—Ramanujan identities, based
on the conjectural Jacobi—Trudi identities. For proofs that are unconditional we apply Ismail’s
analytic argument [28]. Because this works in the exact same manner for all four theorems, we
only present the details for Theorem 1.5.

Proof. Fix ¢ € C such that |¢| < 1 and denote the difference between the left- and right-hand
sides of (1.10) by f(t). Let D denote the open unit disk in C. Then f : D — C is analytic
in an open neighbourhood U C D of 0. By (5.9), (5.10), (5.12), (5.14), which were previously
proved in [25, Theorems 1.1-1.3], f(¢"V) = 0 for all positive integers N. Since the (geometric)
sequence (¢™V)n>1 has limit point 0 € U, f(t) = 0 for all t € D by the identity theorem for
analytic functions. |

There is one problem with the above proof method in that it assumes the truth of all of the
Rogers—Ramanujan identities stated in Section 5.2. Eight of these are new and therefore require
independent proofs. It is not difficult however to adapt the method of proof from [25,63] to
obtain the missing proofs. In each case, the required calculations are quite lengthy and hence
we will give the full details of the most complicated to prove case (Corollary 5.7) and for the
remaining cases we will only briefly indicate the key steps.
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Proof of Corollary 5.7. We require the special case of [63, Proposition 5.10] obtained by set-
ting (t2,t3) = (0, —1) and letting N tend to infinity. In this case we may replace the nonnegative
integer m in the proposition by the nonnegative integer or half-integer k/2, as is explained just
above [63, Eq. (5.2.32)]. Then

n
—t1 2 1
Z t|>\\/2p>\ (1) H i3 t)oo H -
A i=1 (t27; t)oo 1<i<j<n (twij5t)oo
A<k
Aclot”) T (et e Tq (. 6\ () (@i O,
o L BT 3 (k41)r (_J> (%) I mi (5.27)
m%;;o Ac(x) E ' }_:[1 T (ti/zjt)r,
where, for z = (x1,...,2,),
n
— 2 _ Jj—1 2n—j+1
Ac(z) = H(l - ;) H (i —zj)(@izj — 1) = | det | (27 — )-
=1 1<i<g<sn
We note that the simultaneous substitutions (t'/2,z1,...,2,) — (—tY/2, —z1,...,—x,) leave
(5.27) invariant. As our next step we observe that the series on the right of (5.27) is the function

L(,O()oon)(xl, ..., Zp) defined in [7, Equation (A.1b)] with (m,q) — (k,t) and by,...,bgr1 — 00,

¢y = - = cpp1 = —tY/2. This puts us in a position to iteratively apply [7, Lemma A.1]. In
particular, in (5.27) we first replace n +— 2n — 2 (for n > 2) and then make the substitution

(xla o 7x2n—2) = (xlv T2,Y2,T3,Y3,- -+, xn—l;yn—laxn)-

Taking the limits y; — a;i_l for all 2 < ¢ < n— 1 using [7, Lemma A.1], and then taking the
further limits 1 — /2 and x,, — 1, yields

R 1 1
t"\‘/QP)'\(xl Ty, ..o Tn;t) =
- . . +
EA: N ) 1;[1 O(—wi;t) KKHJ.@ (=)0 (wiay;t)
A<k
n 1
D S ) |
71,720 =1
7’2,...,7"n_1EZ
where xq := t1/2, 2, := 1, and
n
. . j—1 2n—j
Ap(z) = H(l — ;) H (2 —xj)(xixy — 1) = 15}3271 (xl —x; )
=1 1<i<g<n

Denoting the summand on the right by S, we have
S(T177'27~~~77’n7177'n) = S(_l_"‘ly"?ww"'nflfrn) = S(T1,T2,~~,Tnf1,—7”n)'
These symmetries imply that the above sum over r1,...,7, can be simplified to

Z AB(—xtr)Hxl(k—i-Qn Driypg (k+2n—1)r7 —(n —%)n’

rezn” =1

although in the following we find it slightly more convenient to drop the condition that |r| is even
and divide the series by two. We now specialise t — ¢?"~2 and x; — ¢"~% (which is consistent
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with 1 = ¢t'/2 and z,, = 1) and use the homogeneity of the Hall-Littlewood polynomials, (2.17)
and multilinearity, to obtain

A p (1 2 oy N
q A 7Q7Q7"'7q - 9 (528)
XA: ( ) Uz a)%

A<k
where

_ ifij(nfl)r 2n7ifj+2(nfl)r (n—1)r2+4(n—i)r
V= e (S )
reZ

for y; = "2 and p = ¢Ft2~1 Next we swap i and j in the determinant, replace r by —r

in the term of the summand on the right and then again appeal to multilinearity. As a result,

N: Z ﬁy?(n—l)r‘z‘—iﬂ-po(n—l)(T;) det ((yipri) +(yp )Qn j— 1)

rezn i=1 1<i,j<n
+.
1<i<j<n
j—i  2n—i—j+1,
IT 6@ ¢ 7*hp)
1<i<j<n
j—i itj—1,
T ¢ ".¢" 5p).
1<i<j<n

Here the second equality (which holds for arbitrary y;) follows from the variant of the Dg)
Macdonald identity stated in [33, Appendix A.2] and the third equality uses that y; = e

Substituting the above in (5.28) completes the proof. |

Sketch of proof of Corollary 5.5. As in the proof of Corollary 5.7 the staring point is (5.27),
but this time we carry out the substitutions n — 2n — 1 followed by

(xla ERE 7x2n—1) = (xlv T2,Y2,T3,Y3, .-, -’L'n,yn),

and then take the limits y; — xi_l for all 2 < i < n and z; — /2. Then carrying out
manipulations similar (but simpler, since only the sum over r; instead of r and r, requires

special attention) to the proof of Corollary 5.7, specialising ¢ + ¢>*~! and z; ¢"t1/2 and
using the B,(ll) Macdonald identity yields the identity (5.18). |

Sketch of proof of Corollary 5.9. This time the starting point is the special case of [63,
Proposition 5.10] obtained by setting (t2,t3) = (0, —t'/2) and letting N tend to infinity:

o m (—txy: 1
LN /2t (1 ) iit)oc
Z (; H tac i) oo H (tzixj;t) oo

A i=1 1<i<yj<n
A <2k

y Z AABB(Z:t H (2k+1)nt(n+l)+kr ﬁ (_ﬁ)”t(g’)%, (5.29)

71,00, =0 i=1 ij=1 Ly (txi/xj;t)ri

The rest of the proof is the exact same as the proof of Corollary 5.5, including the use of the
Bg) Macdonald identity in the final step. |

Sketch of proof of Corollary 5.11. The identity follows by taking (5.29) and then following
the exact same steps as in the proof of Corollary 5.7. |
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Sketch of proof of Corollary 5.14. We begin with the special case of [63, Proposition 5.10]
obtained by setting (to,t3) = (—1,—t'/?), letting N tend to infinity and replacing m by k/2.
Then

k—1 n
1
[Al/2 1/2.,1/2
>t (H( ), (/\)>P>\ wt) =11 i (1 2z;; t1/2) 11 (twiz;;t)
A 1=1 z:l ® 1<i<j<n v v

A<k
<y S “ H hrgbirte i T (—22)"4C0) (it
7’17-”77"7120 =1 7‘7—1 :I:j (txl/xj; t)rz

The remainder follows the exact same steps as in the proof of Corollary 5.7. |

Sketch of proof of Corollary 5.15. In [63, Proposition 5.10] we set to = —t3 = —t1/2 and
let N tend to infinity. Then

2k—1 n
/ 1
HIAHO) /2 b g2 P (a:1) -
> [T )t ) PA(st) = [ ] (a7 tz) |1 (twr;: Fe

N A . i=1 = 1 1<i<j<n
152
n n
% 2 : AD I‘t rlmantkr +r; H (_ﬁ)”t(g’b) ('/I;Z'(I;yt)rZ : (53(])
715,70 20 ’i=1 i,j=1 :E] (txl/x]’ t)"”l

where the prime in the final sum over )\ denotes the restriction that the odd parts of A must
have even multiplicity, and

1<i,j<n > ° ¢

We now replace n +— 2n + 1 followed by

(.Tl, e 73:2714—1) = (.Tl, Y1,22,Y2, -+, xnvynaxn-i-l)a

and then take the limits y; — x;l forall 1 <i < nandz,yp — 1. Carrying out the specialisation

t = ¢ and x; — ¢" " and using (2.17) on the left and the Agl) Macdonald identity on the
right yields the result. |

Sketch of proof of Corollary 5.16. As in the previous proof, we take (5.30) but now carry

out the same steps as in the proof of Corollary 5.5, including the use of the Bﬁf) Macdonald
identity to obtain the product of theta functions. |

Sketch of proof of Corollary 5.18. Yet again we take (5.30) but then follow the proof of
Corollary 5.7, except that in the final step we use the Agi)fl Macdonald identity. |

6 Open problems

To conclude the paper we list a number of open problems pertaining to affine Jacobi-Trudi and
q,t-Rogers—Ramanujan identities, beyond the obvious problem of proving Conjectures 1.2-1.4.

One such problem is to better understand algebraically for what values of the parameters ¢, s
in P]?CZ)(CC; t,s) and P(C]i’;)(:x; t,s),ort,si,s2in P(%:L)(CE; t, s1, s2) one should expect further Jacobi—
Trudi formulas. Our list of results is definitely not complete, and for example we conjecture
that the additional Aéi,)_l identity

1 L2 (=1 (- ..
P(]Igcg)(x;tat)zf det ((_1)ylt2Kyi2 G 1)yz(en—i+j—Kyi(x)+en+i+j—Ky1:—1(x))>

2 1<i,5<k
yEZk
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holds, where K = 2k. What is unusual about this Jacobi—Trudi formula is that there does not
appear to be a companion for é,.. As a consequence, the ¢, t-Rogers—Ramanujan identity

2k—1
> q|A< 11 (75;tQ)[mi(A)/2}>PA(1,q,q2,---;t)

A =1
A <2k

2.2 Lo\k—1 K A o
_ (p ap(;ooq()]:p)oo He(pq%—l;pQ) H e(q]—l,qz-iﬂ—l;p)’
/00 i=1

where p = t¢?*, does not appear to have a counterpart for

2k—1
> q|A|/2< H(t;tz)(mi(x)m)PA(l,q,q2,-.-;t)-

A =1
A <2k

It remains unclear if this is an isolated case or that further such results exist. In particular we
note that the affine Lie algebras B,gl) and D](Cl) are currently missing from our list of ¢, --Rogers—
Ramanujan identities.

It would also be interesting to consider the determinants in Conjectures 1.2-1.4 with K =
2k +a (where a is one of 0, 1, 2 depending on the conjecture) replaced by K = 2k +2¢+a for £ a
nonnegative integer. For example, what are the P)\C "(x;t,0) and (7 - - - 2,) "*Py(z; ) expansions
of

| Jet (75(“”1)% I (i a1y (B) = npitioa(erta )y, @))7 (6.1)
k <)==

YEL

The answers to these questions should imply further character identities. For instance, in the
simplest possible case, namely k = ¢ = 1, we have

[n/2]

2_ .
§ t3v y(en76y( )_ €n— 6y+2 E t* P?Z 2s) 55 t,O)
YEL

= (.Il c. {L‘n)i Z t82P(2r712s)(iU; t)

r,520

Here the equality between the expression on the left and the second expression on the right
follows from

e (A RN
yeZq n—3yq n—3y+1

— an identity equivalent to the Bailey pair A(5) in Slater’s list — whereas the equality between
the two expressions on the right may be established using the k£ = 1 case of (2.21a) and

Bn
P(1n (x;t,0) ZPlk)xtO

Specialising x; = ¢*~'/2 for 1 < i < n, or first using (2.25b) and then specialising x; = ¢ for
1 <1< n, yields

Z q(0+1)(r+s)t52p(2r,l2s) (1’ PN s t)

r,5=>0

Ny uy-o) | 2O Gyn)yto-2)| 2nEO

_Z 1 n—6y+o 1 n — 6y + 2
YEZ q q
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for o € {0, 1}. Taking the large-n limit and applying Watson’s quintuple product identity [83] —
the Agg Macdonald identity (5.4) for k = 1 — gives the further ¢, --Rogers—Ramanujan identity

2 q(0+1)(r+5)t82p(2r712s)(l,q, A2, .. .;t) _ (p?p)oo ‘9(q2—a;p)0(pq4—2a;p2)’
et (¢ @)oo

where p = t2¢'2. For t = ¢ this is

>

21 9.2
q(r-l—s) +2s%+0(r+s) B (q14;q14)oo

0 (q270'; q14)9 (q10+20‘; q28) ’

5 @G (@0
which is a well known formula for the (normalised) character Xfé?g(Q) of the Virasoro algebra
of central charge ¢ = —25/7 and conformal dimension —5(1 — 0)/28, see e.g., [9].

Recalling the notation (4.4), (6.1) for t =1 is

(z1--an)7F 1<(%ejt<k (Fi—j 20041 (®) = Figjo(ere41) (7)),

for which Huh et al. [27, Theorem 3.3] obtained a combinatorial expression in terms of cylindric
tableaux as follows:

RN (DD S I SR

AePar?$2 AePar? 27 TECSSYTy2k,2042(N)

Here the prime in the first sum denotes the restriction that A must be even and the double prime
in the second sum denotes the restrictions that \| — X, = 2¢ + 2, the last 2¢ 4 2 parts of A are
odd and the other parts are even. Is it possible to extend this result to (6.1) by introducing an
additional statistic on cylindric tableaux?

A final question is to find partition theoretic interpretations for the Rogers—Ramanujan iden-
tities listed in Section 5.2. From the recent work in [15,19,21,33,61,62,67] on the Capparelli—
Meurman—Primc—Primc (CMPP) conjectures, we know that, at least conjecturally, the GOW
identities of Corollaries 5.1-5.3 admit interpretations as identities for the generating function of
restricted sets of coloured partitions. It is natural to suspect that such an interpretation is not
limited to the first three corollaries, and it would be extremely interesting to find a partition
theoretic interpretation in terms of coloured partitions for the remaining 14 corollaries.
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A Proof of (5.24)

In this appendix we prove the full set of Rogers—Ramanujan identities (5.24), which for 1 < i <
k — 1 were conjectured by Matthew Russell after reading an earlier version of this paper.

Theorem A.1l. For k a positive integer and i an integer such that 0 < ¢ < k,

Z’ q

ny=->ngp 20

L2+ 402 )43 (n1—no+-+nop_1—n2k)+ 3 (n1+na++no;)

4% 4%) [(n1—n2)/2) - (@25 6) (o1 —now)/2) (G Doy,

B (_q2i+17 _q2i+1’ q2i+1; q22'+1)oo
- 2 2 9 (Al)
(4% ¢%) oo

where the prime denotes the restriction that noj_1 — noj s even for all 1 < j < k.
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Before proving this theorem we prepare some preliminary results. For nonnegative integers
r and s let @5 denote the basic hypergeometric series

(o)

s—r+1
ay ..., ar (a1, ..., ar; Q) ( k (k)) A
. 1q, 2| = E -1 2 z".
¢S|:b17"-7b8 1 :| k:O( 7b87Q)k ( )q

Q7b17"'

Lemma A.2. For n a nonnegative integer,

n

Zqu(Tgl)Hn—r(z; q) [Z] = 2P {—wq/z, v 34, an] ) (A.2)
r=0 q

where Hy, is a Rogers—Szegd polynomial, see (2.14).
Proof. Denote the expression on the left of (A.2) by f,(w, z;¢). Then
n n—r n n—k
Co) — rok (PO —T I k|7 - ([ —k
fn(w,Z,q)—Zszq(z)[ I ] [7‘] _Zz [k] Zw q(z)[ - ] .
r=0 k=0 q q k=0 9 r=0 q

The sum over r evaluates to (—wq; ¢),—x by the g-binomial theorem [24, Equation (II.4)]

n

falw, z3q) =) 2 (—wa; q)n—r [Z]
k=0

_qfn/wvcb 7; .

= (—wq; @)n 201 [ 0. Z]

q

Taking the b — 0 limit in the transformation formula [24, Equation (III1.8)] yields

0,q7" ] 1 [q/z, qg" Z]
4, 2| = 4, — |-
2¢1 |: ¢ q (ql_"/c; q)n 2¢0 - q c

Applying this to the above expression for f,(w, z; q), we obtain the right-hand side of (A.2). N

Corollary A.3. Forn a monnegative integer,

rzi(:)w”q(rgl)ﬂnr(—wq; q) m =1

q
Proof. We specialise z = —wq in (A.2). Since the 2¢ series has a numerator parameter equal
to 1, the series trivialises to 1, resulting in the claim. |

Corollary A.4. For n a nonnegative integer,

(3946 (0
@)= B ! (:9)n 1. (A.3)

0<s<r<n Ln—r)/21 (0% G%) (r—s)/2(03 @)

r—S8 even

Before proving this result we note that in the n — oo limit it yields (A.1) for i = 0 and k = 1.
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Proof. We begin by noting that

1 _ (4 @) 2 _ Hu(=g9)
(4% @*) |m/2) (4 @)m (4 @)m

where the final equality follows from [81, Equation (1.10c)]. Using the above identity and
replacing the summation index s — r — 2s, it follows that

i “f g st 8(23“)(q; QnHn—r(—4;q)
—0 =0 n r(q q ) (q;q)T—QS

—’I"

" 5 o,
—Zq Hyr(—q; Q)[ } 29251[ o 4 ,q]-
According to the ¢ — 0 limit of the ¢-Chu—Vandermonde summation [24, Equation (IL.6)]
a,q "
2¢>1[ 0 ;q,q] =a”.

Applying this for (¢, a,n) — (¢%,¢*~2I"/?1, |r/2]), we find

n
r+1 n
= Zq( 2 )Hn—r(_Q; Q) |:7’:| :
r=0 q
By Corollary A.3 for w = 1 we are done. |

We are now ready to give a proof of Theorem A.l assuming the the truth of the result for
i = k. This case is the n = 1 instance of Corollary 5.16.

Proof of Theorem A.1. As remarked above, we may assume the theorem holds for i = k.
Combining this with the remark immediately following Corollary A.4, there is nothing to prove
for k = 1. In the following we thus assume that £ > 2 and 0 < 7 < k. Now denote the sum on
the left-hand side of (A.1) by S, x(¢) and its summand by S; k., ... no (¢). Then

!/
Sik(q) = Z Si k. mar (@)

ny=--2ng =0

/
= Z Sik—2n1,...inan—s (Q)gn%ﬂ(q)

ny=-2ngp_220

/
= Z Si,k—?;?u ..... n2k—2 (q)

ny=--2ng,_920
= Py k—1 (q)a

where the second equality uses the definition of g, (¢) and the third equality follows from Corol-
lary A.4. If 4 > 1 this may be iterated to give

_2i+1
)

2i+1
Sik(q) = Sii(q) = (=4

2i+1.

) oo

—q ,q
(4% ¢%) oo

If, on the other hand, ¢ = 0, iteration leads to

Sok(q) = So01(q) = W

This completes the proof. |
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