THETA FUNCTIONS, ELLIPTIC HYPERGEOMETRIC SERIES,
AND KAWANAKA’S MACDONALD POLYNOMIAL
CONJECTURE

ROBIN LANGER, MICHAEL J. SCHLOSSER AND S. OLE WARNAAR

ABSTRACT. We give a new theta-function identity, a special case of which is
utilised to prove Kawanaka’s Macdonald polynomial conjecture. The theta-
function identity further yields a transformation formula for multivariable el-
liptic hypergeometric series which appears to be new even in the one-variable,
basic case.

1. INTRODUCTION

The recent discovery of elliptic hypergeometric series (EHS) by Frenkel and Tu-
raev [2] has led to a renewed interest in theta-function identities. Such identities
are at the core of many of the proofs of identities for EHS associated with root
systems. If, for |p| < 1 and z € C*,

o0

0(x) = 0(x;p) = [[ (1 — 2p*)(1 — 2~ 'p*)
k=0
is a normalised theta function, then three examples of theta function identities
featured in the theory of EHS are

- H?:l 0(zi/y;)

i=1 H?:Lj;&ie(zi/xj)
T H;L;f 0(zi/y;)0(ziy;)
TGy o (i /)0 (i)

=0 for z1---xp=y1 " Yn, (1~1)

=0 for n>2, (1.2)

and
O(ziy;) 17 0lqwi/z;) O(yir;) 11 0(ayi/y;) (
1.3)
Z;l E 0(qziy;) H 0(zi/x;) I%;L] 11 O(qyix;) H 0yi/y;)
|I|= me[} |I|=r J€In] J€1

where [n] := {1,2,... ,n}. The identity (1.1) is standard and can for example be
found in the classic text of Whittaker and Watson [21, page 451]. It was employed
by Gustafson in [4] to derive an A,,_; extension of Bailey’s very-well-poised g6
summation. In the same paper, Gustafson discovered the identity (1.2) [4, Lemma
4.14] and used it to derive a C,, extension of Bailey’s very-well-poised g1 sum-
mation. The identities (1.1) and (1.2) were also employed by Rosengren in [14]
to prove elliptic analogues of Milne’s A,,_; Jackson sum [12] and Schlosser’s D,,
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Jackson sum [17]. The identity (1.3) was only recently discovered by Kajihara and
Noumi [6, Theorem 1.3] by combining symmetries of the Frobenius determinant
with operator methods. They used it to extend Rosengren’s elliptic A,,_; Jackson
summation to a transformation between EHS on A-type root systems of different
rank, see [6, Theorem 2.1].

Let .
(@)n = (a;q,p)n = [ ] 0(ag";p)
k=0
be a theta shifted factorial (cf. [3, Ch. 11]), and set
(ah ceey ak)n = (a1>n e (ak:)n-

Then the main result of this paper is the following new identity for theta functions.

Theorem 1.1. Forn a nonnegative integer and v, w,q,t,x1,...,x, € C* such that
both sides are well deﬁned

- O(va; [tw)0(tq " x; /qu
(v, ZHQ i/tw)0(tg~" i /qw)

‘ (qu/t, qw/t to( vxl/qw O(qmx;/w)

= n] i€l

IU—T

H i 0(z;/q)0(q "z  /tw) 11 O(tzi/qz;)0(qri/z;)

(x;/t)0(q "z /qw) i O(x;/x;)0(te;/x;)
JEI
B " (v, q0(z;/q)0(q v /1?)
N ,_ZO (qu/t, qw/t Z 11 9 (q"vzi/tq)
|I\_r

H O(vz;/tw)b(q"ve;/q) Ty O(tw;/qxi)0(gz;/2i)
O(va;/qw)b(gmve;/t) v O(x;/z;)0(te/x;)
J¢I
After clearing denominators and replacing (t,v,w,z1) — (tq,tv,w™!, qtx) the
n = 1 case of the theorem takes the form

0(v)6(tx)0(tw)d(wz) B (tve)d(t*vwz) + 0(w)8(z)0(tv)6(tve)8(t2wz)d (tvwz)
= 0(v)0(z)0(tw)0(twz )0 (t*vz) O (tvwz) + 9(w)9(tx)9(tv)9(vx)H(twm)ﬁ(tszx()l. Y

This formula, which also follows from the (n,r) = (2,1) case of (1.3) upon clearing
denominators and substituting (z2,y1,y2,q) — (twzz1,v/x1,1/tz21,1), is & once-
iterated version of the Riemann relation?

0(x2)6(x/2)0(yw)(y/w) — O(zw)8(z/w)8(y=)0(y/ =)
= 20(ay)0(a/y)bw)b(z/w). (15)

We remark that formula (1.4) is a four-term identity involving four free param-
eters, each term containing a product of siz theta functions. For comparison, the
formula (1.1) ((1.2)) for n = 4 is a four-term identity involving seven (siz) free
parameters, each term containing a product of seven (ten) theta functions.

IRiemann gave a number of addition formulae for theta functions on arbitrary genus Riemann
surfaces, but it is not clear he actually was the first to discover (1.5).
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As will be shown in Section 4, Theorem 1.1 can be used to obtain identities for
EHS for the root systems of type A. More unexpectedly, however, it also implies a
combinatorial identity in the theory of Macdonald polynomials [11, Ch. VI], conjec-
tured in 1999 by Kawanaka [8]. For A a partition let Py(z;q,t) be the Macdonald
symmetric function in countably many independent variables © = (z1, z2,...). Let
a(s) and I(s) be the arm-length and leg-length of the square s in the diagram of A,
and let

[o )

(@;9)00 = [J (1 — ag®)
k=0
be a g-shifted factorial.

Conjecture 1.2 (Kawanaka). The following formal identity holds:

1+ qa(s $(s)+1 o (*tIi;q)oo (tzxixj; q2)oo
ZH(_QUHH() Pa(z;?,t%) = [ [ ~— 11 D20 (1.6)

A SEX i>1 (x747q>00 i<j (wzqu )OO

Using elementary results from Macdonald polynomial theory and (a special lim-
iting case of) Theorem 1.1 we can claim the following.

Theorem 1.3. Kawanaka’s conjecture is true.

We finally remark that although Theorem 1.1 is new, a special limiting case
coincides with a limiting case of another theta-function identity, implicit in [14,
Corollary 5.3].

Theorem 1.4 (Rosengren). Forn a nonnegative integer and v, w,y, z,q, T1, . .., Ty
€ C* such that vw = ¢"~Yyz and such that both sides are well defined,

n

2:(—1)rq(r+1 —nr (VW) Z H yxl ijz H ij wx] H quz/xj
J€I

—T
ZTj .13 T
r=0 )r IC[n] i€l Jer i) i/%5)
[=r

_ y/v y/w)n Havwz

(v, y/vw)n

If we set p = 0 in Theorems 1.1 and Theorem 1.4 using 6(a;0) = (1 — a), and
then let t — oo in the former (so that its right-hand side vanishes unless r = 0)
and (y,2) — (0,00) (such that yz = ¢'~"ww) in the latter, we obtain one and the
same rational function identity (up to a rescaling of x; — wqx; in Theorem 1.1).

2. PROOF OF THEOREM 1.1

2.1. Preliminary remarks. Let the left- and right-hand sides of the identity of
the theorem be denoted as L(z; v, w, ¢, t; p) and R(z;v,w, q,t; p) respectively, where
x:=(x1,...,%,). Then, by

0(zp) = —20(z"";p) (2.1)

and

(a7 5Pk (@ Y50,0)k ( )‘“
(s Y o) (b~ Lq,p)k \b/
it follows that

L(z;v,w,q,t;p) = R(g™ 't fow™ oy~ w™t g7t p). (2.2)



4 R. LANGER, M. J. SCHLOSSER AND S. O. WARNAAR

Hence Theorem 1.1 may be reformulated as the symmetry

-1 4-1.
,t

L(z;v,w,q,t;p) = Lg 't ow™ oo™ w™t g ;D).

Alternatively, by

(@)n—t i (a)n(ql_n/b)k (é)k
Ot (B)n(g'"/a) \a/ ’

and the substitutions I — [n] — I and r — n — r, it follows that

e o1 —ma — (v,w)n q\"
L(z;v,w,q,t;p) = R(z;q "tw™ ", ¢ "t ! ¢, t;p 7(*) .
) ) ot \i

Hence Theorem 1.1 is also equivalent to

— — — — (U7w)n q n
L(z;v,w,q,t;p) = L(z; ¢ Mw™ ", ¢ "tv 17q,t;p)7(*) :
(qu/t,quw/t)y,

2. Proof of Theorem 1.1. Recall that x = (z1,...,2,). We begin by intro-
ducing a scalar variable u in the theorem by making the substitution z — z/u.
Then

i Z H q0(vz; [tuw) (tq’rxi/quw)
3 e 2 11 o i 7 )
[I|=r

H i 0(z;/qu)f(q "z /tuw) H O(twi/qz;)0(qri/z;)

(xj/tu)0(¢~"2;/quw) iy O(x;/x;)0(ta;/z;)
JEI
Zn: Z Hq@ (x;/qu)0(q vz, [t2u)
- qv/t qw/t il (2 /tw)0(q"vz; [tqu)
[I|=r

H O(vz [tuw)0(q"va;/qu) O(txj/qz;)0(qz;/x;)
0(va;/quw)b(qve;/tu) par O(x;/z;)0(te;/x;)
JEI
We denote the left- and right-hand sides of this identity by £(z;w,v,w,q,t;p) and
R(x;u,v,w,q,t;p) respectively, and further define
F=L-TR.
Comparing with our earlier definitions we thus have
R(w;u,v,w,q,t;p) = R(x/us v, 0,4, t;p).
We are mainly interested in the u-dependence of £, R and F, and will frequently
write L£(u), R(u) and F(u). The claim of the proposition is thus F(u) = 0, which
will be proved by induction on n, the cardinality of the alphabet x.
For n = 0 the theorem is trivial: F(—;u,v,w,q,t;p) =1—-1=0.

From
0(z) = —z0(pz)
it immediately follows that F is periodic along annuli, with period p:

F(pu) = F(u). (2.3)
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The function F(u) has simple poles at
zip* [t
k
VT, w
we 0T (2.4)
¢ "pFxi/w  for m € [r]
g™ pkvx;/t for m € [r],
where i € [n] and k € Z. If we show that these poles all have zero residue then, by
(2.3) and Liouville’s theorem, F(u) must be constant. By the periodicity (2.3) it suf-
fices to consider the poles (2.4) with k = 0. By the symmetry of F(x;u, v, w,q,t;p)
in z is also suffices to only consider i = n. From (2.2) it follows that
L(w;u,v,w,q,t5p) = Rz qtuv™ w v~ w™ g7 t7hp).

It is thus sufficient to only consider the residues of the poles

ZTn/t
u =
q "z /w for m € [r].

First we compute the residue at u = z,,/t. For L(u) only terms such that n & I
contribute and for R(u) only terms with n € I do. Hence, after an elementary
calculation which includes the use of (2.1),

. u—a a
im =
u—a O(a/u;p)  (Pip)%

and a shift r — r + 1 in R, (u), we find

Res,—i-1, (F(z3u,v,w,q,1:p)) = F(2™; 2, /qt, v, qu, q,t; p)

L 9o 1 9(w;p)9(t/q;p)TﬁG(qxi/wn;p)H(twi/qaﬁn;p)
2 (mp)i  Olqw/tip) 1t O(twi/zaip)0(zi/Tnip)

where z(") = (21,...,2p—1). By induction on n this vanishes.

Next we consider the pole at u = ¢~ ™x,/w. The only contributions to its
residue come from L(u) with (i) n € I and r = m or (ii) n € I and r = m — 1.
An elementary calculation shows that these two contributions are the same up to
a sign, and thus cancel.

Now that we have established that all poles of F(u) have zero residue we may
conclude that F(u) is independent of w. To show that it is actually identically
zero we take u = x,/t. In L(x,/t) only terms such that n € I contribute and in
R(zn/t) only terms with n ¢ I do. Again using (2.1) and making a shift r — r+1
in L(x,/t), we find

0(v; p)0(qu/tw; p)
0(qu/t; p)6(v/w;p)
By induction this once again vanishes. O

F(zy2n/t,v,w,q,tp) = F(2™; 2., qu,w, g, t;p)

3. PROOF OF KAWANAKA’S CONJECTURE

3.1. Preliminary remarks. Kawanaka’s identity complements a set of four Mac-
donald polynomial identities discovered by Macdonald [11, page 349]. In slightly
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more general form as given in [20], these identities may be stated as the following
pair of results (Macdonald’s formulae correspond to b =0 and b = 1)

1— qa(s)tl(s)+1
c(A .
S T (1= L ) Plsant
A

SEA

I(s) even
bt.’l?z, oo twlw]’ )
- (3.1a)
};[1 bqu) 1_]]: II],(])
1 — gas)gl()+1
) < Py(x;q,t
; 11 1 — qo(s)+1¢(s) ( )
a(s) odd
(1
11 +bi) (g3 ¢%) oo [  Gtiite gy,
. (l’ q ) i< (xszaQ)

where ¢(A) and r()\) are the number of columns and rows of odd length, respectively.
Due to its quadratic nature Kawanaka’s identity is significantly harder to prove than
(3.1).

If x contains a single variable then (1.6) simplifies to

Z Dk x _ (F1250)o0 (3.2)

P CEE) (% ¢)oo

which is the classical ¢g-binomial theorem [3, Equation (IL.3)].

If ¢ =t then (1.6) reduces to an identity for the Schur function sy proved by
Kawanaka [8]. Specifically, using that Py(x;¢,q) = sx(z) and a(s)+1(s)+1 = h(s)
with h(s) the hook-length of the square s, it follows that the ¢ = ¢ case of (1.6) is

2 H< q"( ))Sk(z) -11 ( (zﬁ(J)qo)o H 1—w;’ (33)

A sEX i>1

This result was reproved and reinterpreted by Rosengren in [15]. If @, is Schur’s
Q-function, see [11, Sec. IIL.8], then Rosengren observed that for u a partition of
length m

Qu(l,q,q2,~-~)<((_1;q)°°)m I @ -a)

q’q)oo 1<i<j<m

T (o).

A SEA

By (3.3) this results in a product-form for Q,(1,q,4¢?%,...) and, consequently, in a
product-form for the generating function of marked shifted tableaux [15, Corollary
3.1]. It is an open problem to find a corresponding interpretation for (1.6).

Another special case of (1.6) proved by Kawanaka corresponds to ¢ = 0 [7]. Using
Py(2;0,t) = Py(z;t) with on the right a Hall-Littlewood symmetric function, it
follows that the ¢ = 0 case of (1.6) is

1+tx; 1—t?z,x;
S [

A Vi1 i>1 vy
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with m;(\) the multiplicity of the part ¢ in A. This is in fact a special case of a
much more general identity for Hall-Littlewood functions proved in [20, Theorem
1.1]. So far our attempts to generalise (1.6) to include this more general result for
Hall-Littlewood functions have been unsuccessful.

3.2. Macdonald polynomials. Let A = (A1, Aa,...) be a partition, ie., \; >
Ao > ... with finitely many \; unequal to zero. The length and weight of A,
denoted by I(\) and |)\|, are the number and sum of the non-zero \; respectively.
As usual we identify two partitions that differ only in their string of zeros, so that
(6,3,3,1,0,0) and (6,3,3,1) represent the same partition. When |A| = N we say
that A is a partition of IV, and the unique partition of zero is denoted by 0. The
multiplicity of the part ¢ in the partition A is denoted by m;()).

We identify a partition with its Ferrers graph, defined by the set of points in
(i,§) € Z? such that 1 < j < );, and further make the usual identification between
Ferrers graphs and (Young) diagrams by replacing points by squares. The conjugate
M of X is the partition obtained by reflecting the diagram of X in the main diagonal.

The dominance partial order on the set of partitions of N is defined by A > pu if
M+ N >pr+ -+ p foralli > 1. If A > pand A # p then A > p.

If A and p are partitions then g C X if (the diagram of) p is contained in (the
diagram of) A, i.e., u; < A; for all ¢ > 1. If g C A then the skew-diagram A —
denotes the set-theoretic difference between A and p, i.e., those squares of A not
contained in p. The skew diagram A — pu is a vertical r-strip if | A—pu| := |A|—|u| =7
and if, for all ¢ > 1, \; — u; is at most one, i.e., each row of A — y contains at most
one square. For example, if A = (5,4,2,2,1) and p = (4,3,1,1,1) then A — u is a
vertical 4-strip. The set of all vertical r-strips is denoted by V, and the set of all
vertical strips by V = [J;2, V». The skew diagram X — p is a horizontal r-strip if
AN — p| = r and if, for all 4 > 1, A\, — u} is at most one, i.e., each column of A —
contains at most one square. The set of all horizontal r-strips is denoted by H.,.
and the set of all horizontal strips by H.

Let s = (i,j) be a square in the diagram of A, and let a(s) and I(s) be the
arm-length and leg-length of s, given by

a(s) =\ — 7, I(s) = \j —i.
Then we define the rational functions b{ (¢,t) and by (g,t) as

bi(a,t) =]

SEX

a(s)4l(s)+1
L gniot (3.4)
1— qa(s)+1tl(s)
The function bj (¢,t) is standard in Macdonald polynomial theory and is usually
denoted as by(g,t). Below we use both notations: by = bf. Note that by (g,t)
corresponds to the product in the summand of Kawanaka’s conjecture. Since under
conjugation arms and legs are interchanged, it easily follows that

by (g, 1) = by (t,q)/bA(t, ¢%). (3.5)

Subsequently we require non-combinatorial expressions for both by and by,.
From (3.4) it follows that

n

(£t~ ), (£t7 7, gt q)x, - A,
) =] 11 0

i=1 (qtn_zgq)Az 1S1<J§n (itj_z—"_l)qt]_l_l’q)/\t*)v ’
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where n is an integer such that [(A\) < n. From this and (3.5) we also find

n —i —it1 i1
- oy (St T (¢, —tg’ SEIN—A,
bu(a.t) = H ("5 t)a, H (770 —tg? =5 t)x s, (37)

where, again, [(\) < n.

Let &,, denote the symmetric group, acting on = (x1,.. ., %, ) by permuting the
z;, and let A,, = Z[z1,...,2,]%" and A denote the ring of symmetric polynomials
in n independent variables and the ring of symmetric functions in countably many
variables, respectively.

For A = (\q,...,\,) a partition of at most n parts the monomial symmetric
function m) is defined as

my(x) = Z x®,

where the sum is over all distinct permutations « of A, and z® = x7* ---z2». For
I(A) > n we set my(x) = 0. The monomial symmetric functions my for I(A) < n
form a Z-basis of A,,.

For r a nonnegative integer the power sums p,. are given by po = 1 and p, = m,,
for » > 1. Hence

pr(x) = Zx: (3.8)
i>1

More generally the power-sum products are defined as py(x) = px, (x) - - - pa,, ().

Define the Macdonald scalar product (-,-),; on the ring of symmetric functions
by

<p)\apu>q,t = 5>\u2>\ H 1T
i=1

with zy = [[,5;mi! @™ and m; = m;(\). If we denote the ring of symmetric
functions in n variables over the field F = Q(g,t) of rational functions in ¢ and t by
A, ¥, then the Macdonald polynomial Py (z; ¢, t) is the unique symmetric polynomial
in A, g such that [11, Sec. V1.4, Equation (4.7)]:

Pa(iq,t) = ma(@) + Y uru(q, t)my(x) (3.9)
<A
and
(P\,Pgs =0 if X#p.

The Macdonald polynomials Py(x;¢,t) with [(A) < n form an F-basis of A, p. If
I(A) > n then Py\(z;q¢,t) = 0.

Since Py(21,...,Tn,0;¢,t) = Px(21,...,2n;q,t) one can extend the Macdonald
polynomials to symmetric functions containing an infinite number of independent
variables x = (z1, z3,...), to obtain a basis of Ap = A®F.

A second Macdonald symmetric function is defined as

Q)\(x; qvt) = b)\(q,t)P)\(xa qvt)

The normalisation of the Macdonald inner product is then

(Px,Qx)q,t = 1.



THETA FUNCTIONS AND KAWANAKA’S CONJECTURE 9

Important in the proof of Kawanaka’s conjecture are the Pieri rules for Mac-
donald polynomials. Let g.(7;q,t) := Q(x;¢,1), or equivalently, [11, Sec. VI.2,

Equation (2.8)]
(t
[ e Zg, 20y’ (3.10)

=7 (@)
Then the Pieri coefficients ¢,,/, and v/, are given by [11, Sec. V1.6, Equation (6.24)]
Py (259, t)g,(%; 4, 1) Z Gusv(9,1) Pulws; q,t) (3.11a)
p—vEH,
Qu(w;q,0)g-(x50,t) = Y V(@ )Qu(wi g, ). (3.11b)
D EH,

3.3. Proof of Theorem 1.3. By (3.4) Kawanaka’s conjecture can be stated as

T4 i ¢
> b (g.)P(z;a% %) =[] ((; i @)oo 11 Ex e )2 (319)
A 17 (2adv Bl

i1 Q)oo i<j q )oo

Our initial steps closely follow Macdonald’s proof of (3.1). It suffices to prove
(3.12) for the finite set of variables z = (z1,...,2,). If we also denote 2’ =
(x1,...,2Zn,y) and let

®(z3q,t) ==y by (a,t)Pa(w; %, 1%) (3.13)
A

then, by induction on n, it is enough to prove that

O(a';q,t) = B(x;q,1t) (nyq;l o H ’z "Zy’qq)) . (3.14)

We will expand both sides of (3.14) in terms of P, (z;¢?,t*)y". After comparing
coeflicients this results in an identity for Pieri coefficients, given in Proposition 3.3
below.

Lemma 3.1. The right-hand side of (3.14) may be expanded as

0 *t; r—|lpu—v| ; —
> > %bu(Q,t)¢lt/u(q2,t2)Pu(x;q2,t2)yr~

—0 v (q;q)rfmfu\

Proof. By (3.13), the g-binomial theorem (3.2), and the generating function (3.10)
for the g,., the right of (3.14) is equal to

ZZ

VkrO’

(0, t) P (w34, £2)gr (.42, 42y
Recalling the Pieri rule (3.11&) this can be further rewritten as

> oy

k,r=0 KV
pn—vEH,

—tq)k , —v
- Z( (0,060 ) Palas s )

b, (@, 1) (@% 1) Pula; 2 12yt
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Q) ’
Z Z I g (g, g (6P 42 Pl 62 1)y
— v q (] r—|p—v|

[l, VGH

where the last equality is true since 1/(¢; q)r = 0 for k a negative integer. (]

Lemma 3.2. The left-hand side of (3.14) may be expanded as

Z Z b Q7 w)\/u(q t) u(xq tZ)y
)\ [LEH

Proof. Applying [11, page 348, Example 2]
Qf Q7 Z w/\/y, Qa (Z‘ q, t) |>‘_l""

)\—MEH

the left of (3.14) is equal to

> b () ny(@P 1) Pl 2, £2)y !

Ap
A—peH

=Y > (@@ )Pl )y D
Y

)
A—p€EH,

Equating the expansions of Lemmas 3.1 and 3.2, and extracting coefficients of
P, (z;¢%,t)y" it follows that the proof of Theorem 1.3 boils down to a proof of the
following identity for by (g,t).

Proposition 3.3. For u a partition and r a nonnegative integer,
(=t Dr—u—
S T (4 ) (6, 82) = Z by (@ )a/u(@® ). (3.15)
v (qvq)r—\p—ﬂ
pn—veH A— ;LGH

Notationally it turns out to be slightly simpler to prove this in a form involving
the Pieri coefficient 9 /M(q, t) given by

Pll(x;(Lt)eT(x;qat) = Z w;/#(q,t)PA(a:,q,t),
A—/f\evr
where e, = P(;r is the rth elementary symmetric function
er(x) = Z Xiy Ty =+ T
11 <to<-<ip
Hence we replace all partitions in (3.15) by their conjugates and use [11, page 341]

by (g,t)
bu(q,t)

as well as (3.5). Finally dividing both sides by b (g, ?) it follows that (3.15) can be
rewritten as follows.

¢;L’/l/’ (q7 t) = ’(/};4/11<q7 t) and wN/;ﬂ (qa t) = wg\/ﬂ(ta q)a
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Proposition 3.3, For p a partition and r a nonnegative integer,

(_t;Q>r7m7u| b, (taQ) ’ 2 2 b;’ ((],t) / 2 2
z P V(taQ>: — (0 (t’q )
ZV: (Q; q)r—m—u\ b;t (t, Q) u/ z)\: bp/ (q7 t) Me
pn—vey A—pEV,

Crucial in our proof below is an explicit formula for ¢, Ju due to Macdonald [11,
Sec. VIL.6, Equation (6.13)]

(1 _ qm*ujtjfifl)(l _ qAr/\jtjfz#l)
w;/u(‘]at) = H

(1 — qri—hmiti=i)(1 — q/\i*AJ'tj—i) (3.16)

i<j
Ai=p;
Aj=pi+1

Proof of Proposition 3.3’. Let us denote the left- and right-hand sides of the iden-
tity of Proposition 3.3’ by LHS and RHS. Then

T

(—t;9)s by (ta) 2 o

LHS = v T (8, 62).

Sz::o (4:9)s % bu (¢, q) w820
p—vEVr_s

Let n denote the length of the partition pu, i.e., p = (u1,..., ) with g, > 1. We
can then replace the sum over v by a sum over k-subsets I of [n] such that i € T iff
w; —v; = 1. In other words, I encodes the parts of v that differ from those of u.
Using this notation as well as (3.6) and (3.16) we find

b, (t,q) _ H 1— gt H (14 g7~ gpi—ri =1y (1 — gI =i Tgri—ny)
1 (1 _ qj—itmfuj)(l + qj_itm,,tj,l)

bult,q) ey 1@

i€l
3¢l
1<J
(1 + qj*itl‘i*#«j)(l _ qj*iturujﬂ)
XII(P—W‘”%“*W*UU=+W—F%M*M)

icl
igl
1>7
and
/ = (1 — qra—ra—1d =ity (] — gui—mjgi—i=1y
wu/u(Qa ) = g (1 — qri—miti=i)(1 — ql"i_ltj_lt]-*’i)
71
5
Hence
by (t,q) ., o o
- Vo (t,07)
v bU (t> Q) nlv
u—vEVy
= Z H 1 —q" 'tk H (1 + g7~ gpimri =1y (1 — gI =i Lgni—ry)
IC[n] i€l Lt gnortiom=t i€l (1 — qi—ighi=mi)(1 + qd—igpa—p—1) 7
|T|=k i#1

resulting in
~ (—t;9)s L— g
R S L L Sl | g
. n—i+14p; —1
s=0 (:9)s IC[n] i€l I+q s
|I|=r—s
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H (1 + qj*i+1tuz‘*ﬂj*1)(1 _ qj*ifltuifﬂj)
Pt (1 _ qj—ituﬁuj)u + qj—itﬂi*l‘fjfl)
JEl
We next turn to the right-hand side, which is a sum over partitions A\ such that
A —pu € V.. Recall that p has exactly n parts. The maximum number of parts of
A is thus n + 7 (when A = U (17)) and the minimum number of parts of A is n.
Hence we can write

I(N)=n+s

Again we let I C [n] (with |I| = r — s) be the set of indices of those parts of p to

which a square is added to form A; i € T iff \; — u; = 1 for 7 € [n]. For example if

w=1(3,2,2,1) and A = (4,3,2,2,1,1) then n =4, r =5, s =2 and I = {1,2,4}.
From (3.7), after a tedious calculation, we obtain

byla,t) _ (=t;a)s I 1+ gt I (L+ g7 *eth)(1 — g" =7+t

bu(a,t) — (G@)s jop L= qnmretiom 20 (1= qna bt =h)(1 4 gn=itha)

il
(1 + @7 1= r L) (1 — I~ e —hg)
H (1 — qj_itlii*lij)(l + qj—it/u*ufrl)

el

i¢l

1<
(1 _ qj—itm—uj+1)(1 + qj—itm—uj)

% H (1 — qj*iflt#i—#j-l-l)(l + quiJrlt,uq:—#j)'

i€l

igl

1>]
Furthermore, from (3.16),

W plat) = [ Lo ge e g )
S ap (L= grutn=ate) (1 —gro—tin=it)

U g e
b (g (I g
i

1>

Putting these results together yields

r 1 + qn7i+st,u.7;+1

(—t;9)s

Ris = Y- s g~ pplba e

. _ an—it+s+1l4p;

= @as H e tr
|[I|=r—s

(1 + qnfj+s+1tujfl)(1 _ qnfjtuj)
X H (1 _ qn—j+stuj)(1 + qn—j+1tuj—1)

JEI
(1+ qj—i—ltm—uj+1)(1 _ qj—i+1tui—uj)
11 (L= @it ri) (14 g/ ~itrimrat)

i€l
JE1

Finally equating LHS and RHS we obtain
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(—=t:q)s Z H 1 — gnith
. —itlppi—1
5 (Ga)s o e L a T
[ I|=r—s
(1 4 qj—i+1t11i—/tj—1)(1 _ qj—i—ltui—/tj)
H (1 — qi—igpi—hi) (1 4 g —iri—Hs—1)

T

s=

el

JE¢I

T (_t;q)s 1+ q"—H‘StHH‘l (1 + qn—j-i-s—i-ltuj—l)(l _ qn—jtuj)
“ (¢;q) 2 1l 1= gnmitstipm 1;[, (1 —gnmdtstra)(1 4 gn7tter—t)
= J

S IC[n] i€l
[|=r—s
(1+ qjiiiltui7”j+1)(1 — qj*i+1tﬂi*lij)
<1l (1 — qi—itmi=ra) (1 + gi—itmi—ritl)

(3.17)
icl
J¢1
This is a limiting case of Theorem 1.1. To see this, take the theorem with p = 0
(recall that 0(z;0) = (1 — z)) and replace the summation index r by s. Then carry
out the simultaneous substitutions

(tv v, w, xz) = (_t’ _Eq_rta q_Tv qi_nt_ui/e)
(for all i € [n]) and take the e — 0 limit. Finally replacing s — r—s and multiplying
both sides by (—t;¢),/(q; q), yields (3.17). O

4. ELLIPTIC HYPERGEOMETRIC SERIES

4.1. A new multivariable transformation formula. To turn the theta-function

identity of Theorem 1.1 into an identity for elliptic hypergeometric series we apply

the well-known procedure of multiple principal specialisation, see e.g., [5,6,13,16].
For n, m integers, let

M) i ={m+1,m+2,...,m+n},

so that [n]o = [n]. In Theorem 1.1 replace

(1‘1,.732, . ,xn)
= (t1, g, .t g™ L, tag, L tag e ANGENG - tng™2TY)) (4.1)

where my + --- + my = n. (In the notation of A-rings [9] we are making the
substitution z +— Zi\; t:(1—q™)/(1-1q).)
Since 0(1) = 0 it follows that

[T6i/)) ( HH(Q%'/%))

i€l i€l
J¢l J¢1

vanishes unless I is of the form

N N
I= U[ki}mlJr"'eri*ki (I = U[ki}77n+-~+mi1)7

i=1 i=1
where ki, ...,ky are integers such that 0 < k; < m; for each i. Since |I| = r we
must of course further impose that |k| := ki +---+ kny = 7.

The rest is essentially a straightforward calculation, and we only sketch the
details pertaining to the right-hand side of Theorem 1.1:
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‘ N r—1

(4 1) Z ( )(N+1)T H (vt; [tw, vtiq" ),

qv/t qw/t bl (vt; [qu, vt;q" [t)m,

N
y Z H (ti/q,vtiq" /1%, vt; Jqu, vtiq" /1)y,
o1

(t;/t,vt;qm =1/t vt; [tw, vt;q" 1)y,

k1,...
\k\—r

Oskismi y H (g™ ti/ty tti/t;)r, (ati/t)ri—k
qt it [t gt [tk (ti/t) K-k,

where we have replaced n by |m|:=m1 + -+ + my. Using

131

|m|
§ E kah § : f\k\ ki,...
r=0 ki,...kn k1,
|k|:r OSkiSmi
0<k;<m;

and making the substitutions

(t,t;,v,w) — (b,abgt;/c,c,d),

we obtain N
(agt;/d, abt;)
(a;b,c,d;t) || ————~—
};[1 (agt;, abt; /d)
where, for t = (t1,...,ty) and m = (mq,...,my),

my N k+|k| . )

( atzq ) (abt;/c,abt;/d)g,

Vin(a; b, ¢, d;t) :

( k120 kNZO }—[1 ( (agt;/c,aqt;/d),

(atiaaquiti)|k| (aqti/b)k,;+|k>
(agti/b,aq™it )k (abti)r, k|

(¢, d) x| (g)(N“)'k' M (gt bt )k (ati/t)k ok,
(cq/b,dq/b) x| (gt=mat; /bty qti/tj)k, (bti/t;)k,—k,

We note that a particularly succinct way to express this elliptic hypergeometric
series follows by introducing kny41 := —k1 —--- — kny. Then

ij=1

my N+1
bti/CtN+17bti/dtN+1)k.
1 tn ,b C, d t :
Vin(1/tn-1 kzo kZO 1_[1 (qti/ctny1, qti/dtni1)r,
1 N 7
N+1 N (

. N+1
y H H a0t )k Y (@t )k -k,
(g =moti/bt g, ati [ty)n, 2y (Ot /8-,

i=1 j=1

A similar calculation may be carried out for the left-hand side of the theorem and
we find exactly the same multiple basic hypergeometric series, but with a replaced
by G := cd/ab and t; replaced by s; := ¢~™i/t; for all i. As a result we can claim
the following transformation formula for A _; elliptic hypergeometric series.

Theorem 4.1. Let a = cd/ab and s;t; = q~™ for all i € [N]. Then

N
R (agt;,aqs;/c, aqs;/d, aqt;/cd)m
Vm ;b7 7d;t :Vm ;bv 7d; ~ ~ .
(aibocdit) =Vnlasbesdio) L G o T gsafed)m
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For N = 1, after rescaling (a, a) — (a/t1,a/s1) and replacing m; — n, this gives

i 0(aq?*) (a,b,c,d,ab/c,ab/d,abq™, g~ ™) (aq/b)ak (g)Qk
i= 0(a) (g,aq/b,aq/c,aq/d,cq/b,dq/b,q'~"/b,aq" )i (ab)ar \b
_ (ag,aq/c,aq/d, aq/cd)y

(&q,aQ/C ag/d, aq/cd)y,
" Z 0(aq*) (a,b,c,d,ab/c,ab/d,abq™, q ™)k (aq/b)ak (g)%
9(&) (Qa dQ/ba &q/C, dQ/da CQ/b, dq/b7 ql_n/b7 dqn-‘rl)k (db)Qk b ’

k=0
(4.2)

where @ = ¢ "cd/ab. Curiously, even this one-dimensional case, which may also
be written as a transformation between 90Vjg elliptic hypergeometric series (or for
p = 0 as a transformation between 14,W7i3 basic hypergeometric series), is new. To
the best of our knowledge it is the first-ever example of a transformation that does
not yield a summation upon specialisation of some of its parameters. We award
AU$25 for a proof of (4.2) based on known identities for one-variable elliptic
hypergeometric series, and AU$10 for a proof of the p = 0 case using identities for
basic hypergeometric series. We do remark that (4.2) may be viewed as a somewhat
strange generalisation of Jackson’s g¢s summation [3, Equation (I1.21)]. Indeed,
after taking p = 0 the b — 0 limit can be taken. Close inspection reveals that on
the right the summand vanishes unless k = 0, resulting in Jackson’s sum

(aq,aq/cd; q)n
(aq/c,aq/d; q)n

The same in fact applies for general N, and setting p = 0 and then taking the
b — 0 limit in Theorem 4.1 leads to the following A _1 extension of Jackson’s g5
summation.

For t = (t1,...,tNn) let

Ws(ase,d,q " q,a9" " Jed) =

A= JI -t

1<i<j<N

be the Vandermonde product, and set

Aftg®) tig" — t;q"
Alt) 11 ( ti—t; )

1<i<j<N
Corollary 4.2. For my,...,my nonnegative integers, |m|:=my +---+mpy and
ea(k) =2, kik; we have
N v
Z A(tqk) H(l _ atiqkﬁ-lkl) - (c, d)‘k‘ q_e2(k)
Koo hn >0 A(?) il 1 —at; [[.2,(aqti/c,aqt;/d),

N/ —m,
% ﬁ( |k\ Hj:l(q it [t )k (atiq|m+1)ki>
Ny | 1(qt Stk (@@™ ) g cd

B ﬁ (agti, aqt;/cd)m,

= (agti/c, aqt; [,
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This same result also follows by taking the d — oo limit in the U(n) (or Ay_1)
Jackson sum [12;, Theorem 6.14], or, alternatively, by taking the b — oo limit in
the Dy Jackson sum [1, Theorem A.12].

By a standard analytic argument, see e.g., [14], the sum over the N-dimensional
hyper-rectangle in Theorem 4.1 may be transformed into a sum over the N-simplex
ki,.. . kn >0, k1 +-- -+ kny <n.

Corollary 4.3. For a = cdq~"/ab

N . .
(a:byc,ds 5, 1) = (@:b,c,dit, s H (aqt;,aq/dt;,aqs;/c,aq/cds;)n

(ags;,aq/ds;,aqt;/c,aq/cdt;)y’

i=1

where

(at: qk HFY) (abt; /e, abg™t)y,
Wa(aib,c,dys t) = Y H( (agti/c, aq™+ti)x
k1,...,kn>01=1 v o

|k|<n

(ati, ab/ds;) | (aqti/b)kiﬂk)
(agti/b,aq/ds:) k) (abli)i,+ k|

y (qu_")\k\ (g)(l\“rl)“c‘ IJ—V[ (dtpSJ,bt?/tJ)kl (qti/tj)k:ifkj'

(cq/b,q' = /b))y 2, (datis;/b,qti/t;)e, (Oti/t;)e,—k

From the p = 0 case of Theorem 4.1 we may also deduce the following double
multi-sum identity:

Corollary 4.4. For my,...,my nonnegative integers and |m| = my + -+ my
we have

3 H( (atiq™) 1,45, (aqti/cd)y, 1k, k) (abt;/c,abt;/d),
Ve i abtiq!™ ), 1, (abt;/cd);,1p,— k5 (agqti/c,aqt;/d);,
l; -Hf <m;

N (abty — edg It (cdfati)gy (edg' MR fabty),,
(abt; — cdglFI=ti=Fi) (cdq/abt;) ) (cdg=btFI=F: at; )y,

x ﬁ (g™t /t)ihs (Oti/ti)r, (@bt /t))h,
(@bt ) (ati/t)e (@ Tt /),

_ EDik -kl
(cq/b,dq/b)k| A(?)

) ) N ) )

det  |(t.glitkiyN=i (1 _ pN—i+1 (1 — atyglithitimly (tigth —t,.q™r)

X e (’Lq ) . l-+k'+|m| ALtk m
1<i,j<N (1 —abt;qlthitiml) 2L (btiglithi — t,.q™r)

4,j=

N
i m; m bt t i qt’i bt; mi—m;
= b [ e (i
q m; 1<i<j<N 1/ vy)mi—m;
(C; d)|7n\ (abti/C, abtl/d)mz (abti)‘m| (aqti/b)mi+|m| .
(Cq/b’ dq/b)‘m| i=1 (aqtl/c7 aqtl/d)mz (aqtl/b)hn\ (abtl)m1+\m|

Proof. We define
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f a; b e, d t ﬂ abti/c,abti/d)ki (Uﬂfi)|k| (aqti/b)kiﬂk‘
= (agti/c,aqti/d), (aqti/b)j  (abti), k)
N
(¢ d) i Nk~ (NHDK] H (Ot /tj)n; (ati/t;)r,—k,
(ca/b, da/b)y i1 (@it (Oti/t)ki—r,
and
M, (a;b, ¢, d; t) ﬁ (1 — atigh* ) (abg™ ti)n (agti/c, agti/d)m,
ikl W0 =at)  (ag™ ™) (agti, aqti/cd)m,
Mt )
k| N TR gk
4 H 1 Tt bt ),
1,]= 1

Then the p = 0 case of Theorem 4.1 may be put as
Z Mk (a; b, e, d;t) fi(a; b, e, d; t) = Z Mk (a5 b, ¢, d; s) fr.(a; b, ¢, d; s),

0<k;<m; 0<k; <m,;
i€[N] i€[N]
where & = cd/ab and s;t; = ¢~™ for all i € [N]. According to [10, Theorem 2.3;
with the simultaneous substitutions b +— t1 ...tx/a, a;(y;) — btiq¥i, ¢;(y;) — tig¥,
for ¢ € [N]] the inverse of the infinite-dimensional lower-triangular matrix M, is
given by

M

mk

my N
Ya;b,c,d;t) = AA(Z)Q)

i=1

‘ ) ) 1— at<qk"+"”| it qmr)
«det|(tigtyNi (1N | .
1<ig<N [< ) ( (1 — abt;ghitiml) H bt gk —togmr)

(ati)r,+1m|  (abty, agt;/cd)y,
(abti)i; +m| (aqti/c,aqti/d)k,

« gk=Im] H g "t /15, 0t /), (qti/bt;)m,
(qti/tja ™ibti/t;)k, (ati/tj)m,

Hence the p = 0 case of Theorem 4.1 is equivalent to

Z Z ~Ha; b, e, d; t) Mg (a; b, ¢, d; 8) fr(@; b, ¢, d; 8) = finlasb, e, d;t),

0<k;<m; k;<l;<m;
1€[N] 1€[N]

1,7=1

where G = cd/ab and s;t; = q~% for all i € [N]. Using

§ Cm,l,k = § Cm,l+k,k

0<k;<m; li ki >0
ki<l;<m; lit+k;<m;
1€[N] 1€[N]

and the explicit forms for fr, M, and M k this gives (after some elementary
manipulations) the result as stated in the Corollary. (]

We remark that for N = 1 the identity in Corollary 4.4 (in which case the
determinant appearing in the summand of the double sum factorises) admits the
following elliptic extension:
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0(abg* %) (ag™,q"™)iyr  (b,ab/c,ab/d,aq/cd);
6(ab) (bg'=™ abg™ )11k (q,aq/c,aq/d,ab/cd); q

0(cdq®='/ab) (cdg'~'/ab?) (b,e,dycd/a)y, k
0(cdq="/ab)  (cdg™'/a)i (g, cq/b,dq/b, cdq/ab)y
_ (aq/b)am (abq,b,c,d,ab/c,ab/d)m, (g)m (4.3)
(a‘b)Qm (1/b’ a(J/bv GQ/CV G'Q/dv Cq/bv dQ/b)m . .

This can proved by inverting the transformation in (4.2) using the elliptic matrix
inversion of [19, Equation (3.5); » = 1]. As the explicit form of the elliptic extension
of the multivariate matrix inversion of [10, Theorem 2.3] is not (yet) available, we
were unable to extend our basic (p = 0) double multi-sum identity in Corollary 4.4
to the elliptic case.

1,k>0

4.2. Relation to the g, -Littlewood—Richardson coefficients. The p = 0 in-
stance of the transformation in Theorem 4.1 is closely related to an identity that
arises by exploiting some basic symmetries of the ¢, t-Littlewood-Richardson (LR)
coefficients. The latter are defined by [11 Sec. VL7

P,u(x;qat)P xz; qa Zfl‘” q, P)\(x q, ) (44)

Iteration of (4.4) yields
Pu(w;q.t)Py(x3q, ) Pyl q,t) = Y i, (0,1 1, (a0, £) Pr (w30, 1).
AT

Since the left-hand side is symmetric under interchange of v and p, we also have

Pu(;q,t) Py (239, t) Pp(; g, t Z (@) 15, (@, ) Pr (w30, ).

By equating coefficents of P, (z;q,t) we immediately get the general identity
Z Qv qa f)\p Q7 Z o Qa f)\y q, ) (45)

We now assume that v and p are partitions containing a single part only. Then the
four ¢, t-LR coefficients in the above transformation all become Pieri coefficients,
and hence completely factorise. Specifically we set p = (u1,...,un), v = (r) and
p = (). Using (3.11a) the transformation (4.5) then simplifies to

Z QST/)\ q, )¢A/u q,t Z ¢T/)\ q, )¢A/M(Q7 ) (46)
T— )\E'H T— )\EHF
A—peH, A—peHs

If we finally apply Macdonald’s formula [11, Sec. VI.6, Example 2(a)]

[[ Jeveree sy
Pl B (g )

(b)\/u(q’ t) =

1<i<j<I(N)

where f(u) := (tu;¢)oo/(qU; ¢)o, We obtain a transformation for multiple basic
hypergeometric series. To make this explicit we note that since I[(p) < N we have
I(A) < N+1andi(r) < N+ 2. We also have |7| — |u| = s + r so that Tn42 may
be eliminated by Ty12 = |u|+ 7+ s — (71 + -+ + Tv4+1). Finally we note that
since |\| = |u| + 7 on the left and |\| = || + s on the right, we may in a similar
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manner eliminate the summation index Any41 on both sides. If we then shift the
remaining summation indices A1,...,Ax by A\; — A; + p; (for @ € [N]) and carry
out some simplifications we arrive at the p = 0 case of Theorem 4.1 subject to the
simultaneous substitutions

(Cl, b7 C, da ti) mi) — (q_r7 tv qTN+1_Tta q|u|+s_(‘r1+m+TN+l)a q#itN'Fl—’i’ Ti — Ml)

for i € [N].

We further remark that the identity in Corollary 4.4 is related to a recursion
formula for the ¢, t-Littlewood—Richardson coefficients given in [18]. More precisely,
[18, Theorem 2.1] describes an explicit recursion in n for the ¢,¢LR coefficient
N (t,q) where A, u, and v are three partitions with I(u) < m, I(v) < n+1, and

"
\,5| + |v| = |A|]. Choosing m = 1 this coefficient reduces to a Pieri coefficient and
hence factorises. As a result one obtains an identity equivalent to Corollary 4.4.
This should come as no surprise since [18, Theorem 2.1] is derived in exactly the
same way as Corollary 4.4 above; by the use of multidimensional inverse relations.
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