SANDPILE GROUPS OF RANDOM BIPARTITE GRAPHS AND FAMILIES

OF DISTRIBUTIONS WITH THE SAME MOMENTS

JASON FULMAN, NATHAN KAPLAN, DEEPESH SINGHAL, AND S. OLE WARNAAR

ABSTRACT. Recently, there has been significant interest in applying the method of moments
developed by Wood and others to study distributions of finite abelian groups that arise in
number theory and combinatorics. When the moments do not grow too fast, they determine a
unique distribution. We construct large families of distributions that have the same moments.
These families include several distributions that arise naturally in the study of sandpile groups
of families of random graphs. Wood determined the distribution of Sylow p-subgroups of
sandpile groups of Erd6s—Rényi random graphs. This was extended by Mészaros to sandpile
groups of random d-regular graphs, who observed an interesting special case when d is even
and p = 2. We study Sylow p-subgroups of sandpile groups of random bipartite graphs and
similarly find a special case for p = 2. Although this distribution differs from that of Mészéros,
we show that they have the same moments and fit into our broader construction. To compute
the moments of the distributions we study, we apply combinatorial tools from the theory of
Hall-Littlewood functions.
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1. INTRODUCTION

A major goal of this paper is to study distributions of finite abelian p-groups that arise in the
study of Sylow p-subgroups of sandpile groups of bipartite graphs. We find an interesting special
case that occurs when p = 2 and investigate how it fits into a larger family of distributions. We
begin by recalling some background.

1.1. The sandpile group of a graph. For I' a graph with vertices labeled 1,2,... n, let
deg(i, j) denote the number of edges between the vertices labeled ¢ and j, where we allow for
deg(i,j) > 1. The Laplacian of ', denoted L(I") or just L, is the n X n matrix with entries

L[ et forits,
7 deg(d) for i = j.

The matrix L defines a linear map L: Z™ — Z". Let Zg denote the subspace of Z™ consisting of
vectors whose elements sum to 0. Since each row and column of L sums to 0, the image of L lies
inside Z7. The cokernel of L, denoted cok(L), is

cok(L) = Z"/Im(L) = Z & 7/ Im(L).

Tt is not difficult to show that the corank of L, that is, n — rank(L), is equal to the number of
connected components of I'. In the case that I" is connected, Z§/ Im(L) = Sr is a finite abelian
group called the sandpile group of I'. This group, which contains key information about I'; is the
subject of much current research. For example, Kirchhoff’s matrix tree theorem shows that |Sp|
is equal to the number of spanning trees of I'. We note that for a connected graph I', Sr can
also be defined as the cokernel of the reduced Laplacian of T', which is the matrix obtained from
L(T) by deleting its i*" row and column, for any i.

For a fixed constant 0 < u < 1, let G(n, ) denote an Erdés—Rényi random graph on n vertices
such that each of the (g) potential edges is included independently with probability u. For fixed
u, the limit as n — oo of the probability that G(n,u) is connected is 1. If Sg(, ) denotes the
sandpile group of an Erdés—Rényi random graph G(n,u), this implies that the limit as n — oo
of the probability that Sg(, ) is a finite abelian group is 1. If G is a finite abelian group, then
we write G, for the Sylow p-subgroup of G.

1.2. Distributions of partitions and finite abelian p-groups. A partition A = (A1, Ag,...)
of n is a weakly decreasing sequence of nonnegative integers such that |A| := Ay + Ao +--- = n.
The positive \; are called the parts of A and the number of parts, referred to as the length of the
partition, is denoted by {(\). We adopt the standard conventions of writing the unique partition
of 0 as 0 and the ‘rectangular’ partition consisting of r parts of size k as (k"). Given a partition
A, we denote by X = (N[, A}, ...) its conjugate, so that A, is the number of parts of A of size at
least 4. In particular \j = I(A). Let m;(X\) := X] — Aj, | be the multiplicity of parts of size i, i.e.,
the number of parts of A of size exactly i. If all parts of A are distinct, so that m;(\) < 1 for all
t > 1, then we say that A is a strict partition. For partitions A, p such that \; > u; for all ¢ > 1,
we write ¢ C A and say that p is contained in A. For p contained in A we by abuse of notation

write N .
v =3 (451).
i>1
where n(\/0) is more simply written as n(\). Here we note that n(\) may also be written as
n(A) =3 ;51 (i — 1)Ai, in accordance with its usual definition, see [?, page 3].
We define the ¢-shifted factorials

oo

(@5 Q)0 = [ J(1 —2g"™")

i=1
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and, for n an arbitrary integer,
(23 9)oo
TiqQ)y = ————.
(50 = g e
Thus, (z;¢)o =1,

n

(@50)n =[] = 2¢")

i=1
for n a positive integer, and 1/(q; ¢), = 0 for n a negative integer. For arbitrary integers m,n
we define the g-binomial coefficient

0 otherwise.

ifo0<n<m,

Let p be a prime and A a partition of length {(\) = r. Then a finite abelian p-group of type A
and rank r is a group of the form

Gr=Pz/pMz.
i=1
The exterior square of the abelian group G is the group
NG:=(GG)/(gog: g€aq).
We recall from [?, Section 2.4] that
i1
NG =P (z/phz)
i>1
In particular, | A2 G| = p"™M).

In order to simplify notation, for the remainder of the paper, if p > 1 is a real number then
q:=p1te(01).

For R a ring, let Mat,,(R) denote the set of n x n matrices with entries in R and Sym,, (R) C
Mat,, (R) the set of symmetric such matrices. For p a prime, let Z, be the ring of p-adic integers
and A € Sym,,(Z,) a random matrix chosen with respect to additive Haar measure on Sym,,(Zp,).
It follows from [?, Theorem 2] that

Pacsym, (z,)(cok(A) 2 Gy) = P™(N),

where
¢" MM (g5 9)n (4567 1100 /21
(@ Dn—13) TLis1(@% 6% pmany /21
Note that P$¥™(X) = 0 if I(A) > n. Letting n tend to infinity gives a distribution on partitions
where a partition A is chosen with probability

"M (g5 ¢%) oo
[1i21(0% ¢®) tminy2)”

PIm(N) =

n,p

Sym —

(1.1) PIm()) =
Taking limits, it also follows from [?, Theorem 2] that

lim Pyesym, (z,) (cok(4) = Gy) = PIT(N).

Although the distribution P;{gl was originally defined for prime p, it can be defined for any real
p > 1 by (L.1)), see [?, Section 4].
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1.3. Sylow p-subgroups of sandpile groups of random graphs. Wood proved a strong
universality result for cokernels of random symmetric p-adic matrices [?, Theorem 1.3]. Applying
this result shows that even though the reduced Laplacian of an Erd6s—Rényi random graph does
not give a Haar random element of Sym,,(Z,), as n — oo, the distribution of Sylow p-subgroups
of the sandpile group of an Erdés—Rényi random graph with n vertices converges to ng”g‘.

Theorem 1.1 ([?, Theorem 1.1]). Let p be a prime and X a partition. Then for an Erdés—Rényi
random graph G(n,u),
T}LI%OP((SG(n,u”p = GA) = PEOY,;?()‘)'

Nguyen and Wood proved stronger results about sandpile groups of random graphs [?]. For
example, they determined the probability that S, ., is cyclic. The sandpile group of a connected
graph comes with a canonical duality pairing. In [?, Theorem 1.1] Hodges proved an analogue of
Theorem that determines the probability that a finite abelian p-group arises as (Sg(n,u))p
together with a particular choice of pairing. In this paper, we do not pursue questions related to
pairings on sandpile groups, nor do we consider the joint distribution of (S¢(y,u))p at multiple
primes.

Now that the distribution as n — oo of Sylow p-subgroups of Erdés—Rényi random graphs is
understood, it is natural to ask about the distribution of Sylow p-subgroups of sandpile groups
for other classes of random graphs. Mészaros determined the distribution of Sylow p-subgroups
of sandpile groups of random d-regular graphs on n vertices, as n — oo [?]. Suppose d > 3 and
n is even. The random d-regular graph H, is obtained by taking the union of d independent
uniform random perfect matchings on the set of n vertices.

Theorem 1.2 ([?, Theorem 1.2]). Let p be a prime and A a partition.
(1) If d is odd, or d is even and p is odd, then

lim P((Su,)p = Gx) = PY2(N).

n—oo

(2) If d is even, then (Sg, )2 always has odd rank. Moreover, in this case

2! PIYR(N)if U(N) s odd,

0 otherwise.

nll_}IIOlO]P)((SHn)Q = G,\) = {
1.4. Sylow p-subgroups of sandpile groups of random bipartite graphs. We focus on
Sylow p-subgroups of sandpile groups of random bipartite graphs. Let n; > no be positive
integers and u a fixed real number 0 < v < 1. The Erdés-Rényi random bipartite graph
G(n1,n9,u) is a bipartite graph with vertex sets V; of size ny and V3 of size ny, where each of
the nino potential edges between a vertex in V; and a vertex in V5 is included independently
with probability u. Fixing a constant 0 < « < 1, we are interested in the large n limit of

Go(n,u) := G(n, [an],u).
Let Sg,, (n,u) denote the sandpile group of the graph G (n,u). We pose the following conjecture.

Conjecture 1.3. Let p be prime, a,u real numbers such that 1% <a<landO<u<l, and A
a partition. Then,

S m . .
PO (N) if p is odd,
2QN-1PIR(N) i p=2.

In Section [2] we present computational evidence in support of this conjecture. A result of
Koplewitz implies that the condition o > % is necessary.
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Theorem 1.4 ([?, Theorem 1]). Let p be a prime, 0 < a <1 and 0 < u < 1. Then

o(1) if 5 <a<l,
nILHOIOIE(rank ((SGa(n,u))p)) = (];;Zl)gn + 0(1) ifa = %7
(3 —a)n+0(1) ifa<.

In fact, his arguments show that when o < %, for any G,

lim P((SGa(n,u))P = G) =0.

n—oo

Conjecture [1.3]is related to the work of Bhargava, dePascale and Koenig on the distribution of
the ranks of sandpile groups of random directed bipartite graphs [?]. In forthcoming work [?] by
the third author, a proof of Conjecture for odd primes p will be presented.

1.5. Distributions of partitions with the same moments. A major focus of this paper is
the two distributions corresponding to Theorem for even d and p = 2, and Conjecture for
p = 2. These two distributions are not the same, but are closely related, and we shall explain
how they fit into a family of distributions. Before defining this family, we recall some material
concerning moments of distributions of partitions.

Let p be a prime and G and G, two finite abelian p-groups, indexed by the partitions A and
, respectively. Then we write Sur, (), ) for the set of surjective group homomorphisms from
G to G, and set Aut, (M) = Surp(A, A). Nguyen and Van Peski have shown that | Sur, (A, p)]
can be expressed in terms of Hall-Littlewood symmetric functions. For the definitions of the
Hall-Littlewood symmetric functions Py, Px, and Q,, we refer the reader to Section

Proposition 1.5 ([?, Proposition 6.2]). For partitions A\, u and p a prime,

PA/L(qaqza"';Q)
1.2 Sur, (A, p)| = ! ,
(1.2) [ Surp (A, )l P(¢,¢% . ;9)Qu(1,4,¢%,...;q)

where we recall that g := 1/p.

When p € A, then P/, is zero, so | Sur,(A, p)| = 0 as expected. Although Sur, (A, i) is not
defined when p is not a prime, may be used to define | Sury, (A, p)| for all p > 1. Therefore,
given a real number p > 1, a measure v on the set of partitions, and a partition p, we can define
the p-moment of v by

(1.3) My, (v) = > v(N)|Sury(A, ).
A

When p is prime, this is the expected number of surjections from a random group chosen from v
to the fixed finite abelian p-group G,.
Clancy, Kaplan, Leake, Payne, and Wood computed the moments of the distribution Pfgg‘.

Theorem 1.6 ([?, Theorem 11]). Let p > 1 be a real number and u a partition. Then the
u-moment of Posoygl 18
My (PR = p".
Moreover, when p is prime, this can also be expressed as | A2 Gl
Letting d and n go to infinity in Theorem [I.13] below gives a new proof of Theorem [I.6] valid

for all real p > 1. Wood showed that two distinct measures cannot have the same moments
provided the moments are not too large.
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Theorem 1.7 ([?, Theorem 8.2]). Let p > 1 be a real number and vy,vs a pair of measures on
the set of partitions. Suppose that for every u,

My, (1) = M u(v2) < pn(u).
Then v1 = vs.

The theorem implies that Pfggl is the only measure whose pg-moment is p™") for every p.
However, moments no longer determine the measure for larger values of the moments. A first
example is given by the distribution v that corresponds to Theorem for even d and p = 2.
For this distribution, M, ,(v) = 27+ " see [?7, Lemmas 8.11 & 8.12], and so we cannot apply
Theorem In fact, there is a one-parameter family of distributions sharing the same moments
that includes the p = 2 special case of Conjecture [[.3] We generalize this result by constructing
large families of distributions that share the same moments. These are interesting to consider
in light of recent advances in the study of the method of moments. For an overview of these
developments, see the ICM notes of Wood [?], and work of Sawin and Wood in which they
consider the question of when a collection of moments determines a unique distribution in a very
general setting [?].

We construct families of measures such that all measures within the same family have the
same moments. For k a partition, define the measure

(1.4) PImR()) 1= pEeizt SN P (),
Let [r] :=={1,...,r}. Then for x a partition of length r and S C [r], we further define
(15) P])S};,m’ﬂ()\) = (1 + (_1)27165 )\;;)Ppsym,n(A).

Theorem 1.8. Let p > 1 be a real number and p, x partitions. Then there exists a constant
C = C,, independent of i, such that

M

o (PSR < Cpr el 1),

Moreover, if k is strict and r :=(k), then for every subset S C [r] of odd size,
HSym, K DSym,k
(1.6) My, (Pp,}:? ) =M, (Ppy )

The second part of the theorem implies that by fixing a strict partition of length r, we obtain
2"~1 4 1 measures all of which have the same moments. We can take affine combinations of these
measures to get a 2"~ !'-parameter family of measures that all have the same moments, where
care must be taken to ensure that no partition is chosen with negative probability.

Let [r]oqa be the set of all subsets of [r] of odd size and @ : [r]oqqa — R. Then A, C R["loaa ig
defined as the polytope determined by the 27 linear inequalities

> (=)ETla(s) <1
S€[rloaa
for each T’ C [r]. The ambient dimension of A, is |[r]oaa| = 2"~*. Moreover, A, is full-dimensional
in R2"" since
{aeRrM: Y ja(s) <1} C A,

We will show in Lemma that A, is a 2"~ '-dimensional cube. Given a € A,., we define the
measure

(1.7) Py =y a(S)ﬁjysm=”+(1— > a(S))f’ﬁym”‘.
Se[r}odd SG[T]odd

Note that if a(S) = 0 for all S € [r|oaq, then Pyn™" simplifies to ]Sgym”“. The linear inequalities

that define A, are chosen so that ]55 %" does not choose any partition with a negative probability.
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Theorem 1.9. Let p > 1 be a real number and p, k partitions such that k is strict and l(k) = r.
Then ByW™" is a measure for all o € A, (i.e., Pyw™"(A) = 0 for all partitions \) such that
DSym, _ PSym,

(1.8) My, (Py™") = My, u(P™").
Furthermore, if pﬁﬁm’“ = ppsiém"{ fora,B € A, thena = .

In particular, if K = (r,r — 1,...,1) is the staircase partition of length r, then we have a
2"~ !_parameter family of measures parametrized by a € A,.. For each a, we have

Mp,u(ppsz;mﬁ) _ Mp,u(ppsymﬁ) < Cpn(u)-‘r(%;rl)l(u).

We highlight the r = 1 case. Note that A; = [—1,1] CR!. Given a € [~1,1] and k a positive
integer, we define the distributions

(2) (3)
q pSym, (k) M,(k) .4 pSym, (k)
—— P A) and P\ = ——F P)Y A).
SR b Ty e Y

We note that the distribution appearing in the special case of Conjecture for p = 2 is
Py ym:()(\). The superscript M in P %) stands for ‘Mészaros’. This is to highlight the fact

that the special case of Theorem corresponding to even d and p = 2 isthe p =2, k =1,
Iz

Sym, (k L
pvmk) (y) =

o = —1 instance of the family Pé\,/[ P
Theorem 1.10. For a € [—1,1] and k a positive integer,
M,(k)\ — Sym,(k)\ _ ,n kl
MP,IJ«(Pp,Q( )) - Mp,H(Ppy ( )) =p (1) +kl(p)

Note that if we take p equal to the empty partition, ;1 = 0, then >, P,}\fl(;(k)()\) =1 and
Yo Ppsym’(k)()\) = 1, meaning that these are distributions.

It follows from [?, Theorem 4.1] that if A is chosen according to PpS ym’(k), then the distribution
of \j =1(X) is
L
Lok (Ga)s
When k = 1, this same distribution was conjectured as the distribution of ranks of p-Selmer
groups of elliptic curves by Poonen and Rains in [?]. Moreover, in [?, Proposition 2.22] they
showed that for each « € [—1,1] and n a nonnegative integer,

]P’PPSym,(k) (/\/1 = b) =

n+1

E pyi,c1) (™) = ¢ (") (g; ),
which is equivalent to
My, 1o (Pp0) = g7 ("2")
This is consistent with Theorem m Furthermore, in [?, Corollary 2.12] Wood showed that if
v is a measure such that for each n > 0, Mp’(ln)(V) = q_(";l)7 then there exists an « € [—1, 1]
such that v and P%;(l) have the same distribution of p-ranks. This means that for each b > 0,
P, (X =b) =Ppu (M =b).
Next, we highlight the case r = 2. The inequalities defining A5 give the square
Agz{(al,ag)ERz: 1< a1 +as<1and —1<a1—a2<1}.
Given a strict partition k = (k1, k2) and (a1, @) € As, we have

P;{;nl’faz) = alﬁjy{‘f}’“ + agppsff;}’“ +(1—oq — ag)]sﬁym’”

= (14 (C1)Man + (<10 )prdi e pSim ),
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pSym,n

Note that the inequalities that define A; are precisely the ones needed to ensure that (01 1002)

never takes negative values.

1.6. Moment computations. Suppose v is a distribution on partitions given in terms of a real
number p > 1 for which v is the unique distribution with the collection of moments M, ,(v).
Sawin and Wood described how to go from this collection of moments to a formula for the
probability v()\), see [?, Theorem 1.6]. For another perspective on this question that uses the
theory of Macdonald polynomials, see the paper of Van Peski [?]. We take the opposite approach
here. If we are given the distribution v(\) for each A, how do we determine the moments?

A useful approach to address this question is to first interpret the distribution in terms of
Hall-Littlewood symmetric functions, and to then use properties of these functions to compute
moments of the distribution. Applying this method, we first study the moments of the distribution
Pgﬁm’”7 proving part of Theorem Then, when 7 = I(k) = 1, we use these same ideas to
prove Theorem [I.10] Finally, we apply our methodology to compute the moments of several
measures given in terms of a real parameter p > 1, not necessarily prime.

1.6.1. Moments of Cohen—Lenstra partitions. Let d be a nonnegative integer and u a real number
such that 0 < u < p. We consider the distribution Py, on partitions given by [?, Equation (1.3)],

ulM d
Pyu(A) = [Aut, ()] (@ @)in (ug; @)a [l()\)} ;

This is nonzero only when [()\) < d, and simplifies to the distribution of [?] for u = 1. From [?,
p. 181],

| Aut,(A)] = ¢72"M =M, (g),
where by (q) = Hi>1(q; @)m.(n)- Therefore,

[Alg2n(N)+IA| d
uq
Py.(A) = ——— (¢; ug; .
d, (M) br(q) (q Q)l(,\)( 4 q)d L()\)L
Since [?, page 213]
n(A) (.
- "My [ d

1.9 Py(1,q,...,¢¢ 7 q) = ——2 ,
() n T @ o,
where Py denotes a Hall-Littlewood polynomial defined in Section [3.I] we alternatively have
(1.10) Pru(A) = ullg"®F R (ug; q)4 Pr(1,q,...,¢" 5 9),

which we consider for arbitrary real p > 1 and 0 < u < p. We will give a short, new proof of a
closed-form formula for the y-moment of P, ,, first obtained in [?, Theorem 5.3]. Like the proof
of [?], our approach relies on the theory of Hall-Littlewood symmetric functions.

Theorem 1.11 ([?, Theorem 5.3]). Let p,u be real numbers such that p > 1 and 0 < u < p, and
let u be a partition. Then the pu-moment of Py, is given by

My (Pa) = (g3 )iy [l(i)] ;

which is 0 for I(u) > d.
Equations (|1.10) and (3.5) imply that

Poou(A) i= Tim Pyu(X) = (ug; ¢)oo (@)

IEPELIEVEREY
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The moments of these distributions are obtained from Theorem [I.11] by taking the limit as
d — oo,

Mp,u(Poo,u) =l

This was previously shown in the remark following Theorem 5.3 of [?].

1.6.2. Moments of distributions motivated by class groups of number fields in the presence of
roots of unity. Let K be a number field and p a prime. Suppose that K contains p™-roots of
unity but not p"*!-roots of unity. Denote the rank of the unit group of Ok by ¢ + 1. Lipnowski,
Sawin, and Tsimerman described a conjectural distribution for the relative class group CI(L/K)
as L varies among the quadratic extensions of K [?, Conjecture 1.2]. We focus on two special
cases of their conjecture. In [?] two-parameter families of distributions are considered, indexed
by nonnegative integers n and t. We will consider generalizations of the cases n =1 and t = 0.

When n = 1, the conjectured distribution was first described by Malle in [?] and is given by

t+1.

(t+1)|/\\+2n(/\)*(”$))( L)

bx(q)
This can be generalized to d € Z>1, p € (1,00) and t € (—1,00) by

q

Poci1t(N) = (—¢;0)e(4: ¢*)

1(N)

g ) (g )
(q2t+2;q2>d

Pd;l,t()\) = Pd)qt(A) .
Taking the limit d — oo, we obtain

(™)

q_( 2 )(th;Q)l(,\)
(@6
Note that this matches the previous definition if ¢ is a nonnegative integer. When p is a prime

and t a nonnegative integer, the moments were computed in [?, Section 8.3]. Here we compute
the moments by a different method that works for general p, t and also for finite d.

(1.11) Pa4(N) 1= 1 Pua(A) = Poog (V)

Theorem 1.12. Let p,t be real numbers such that p > 1 and t > —1, let d be a positive integer
and let p1 be a partition. Then the u-moment of the distribution Pg.1; s

()
M, (Ppis) = ¢ (g @y T d
A I e 11 .

Furthermore, the p-moment of the distribution P,y + is
My, (Poo:,l,t) = p(l(;))_t\#\.

When ¢t = 0 the distributions described in the first paragraph of this section were studied
by Garton, who computed their moments [?, Corollary 3.2.7]. He also gave a closed form
formula of the distribution when n =1 and n = 2 in [?, Theorem 1.2.4]. Lipnowski, Sawin, and
Tsimerman [?, Proposition 8.23] gave a closed form formula for any positive integer n when
t=0:

-S> X n—1
g~ == (B (grq)y,
Poono(A) = Py 1(N) ) : H(CI;QQ)(W(A)/ﬂ-
(4% 4%) o0 bl
This can be generalized to d,n € Z>; and p € (1,00) by
e (g a), =

Pin,0(N) := Pa1(N) (@ @) ra=i0y21 ] (@) ey 21-

(¢:9)a Pt
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Theorem 1.13. Let n and d be positive integers, p > 1 a real number and p a partition. Then
the p-moment of the distribution Py, o is
—yr ey (@59)d
My (Prno) =~ Tima ()00
pu(Fano) (@ @)a—1()
and thus

My (Posin0) = pi=t (MZ;)

1.7. Outline of the paper. In the next section, we present computational results supporting
Conjecture [I.3] In Section [3] we introduce some background material, focusing on the combina-
torial tools needed to compute moments later in the paper. In Section [4] we use these tools to
study the moments of the measures discussed in the introduction, proving Theorems
and In Section 5] we compute the moments of the distributions introduced in Section [1.6
thereby reproving Theorem and proving Theorems and In the final section, we
prove several technical lemmas that are used earlier in the paper.

2. NUMERICAL EXPERIMENTS SUPPORTING CONJECTURE [L.3]

In this section, we present numerical experiments providing evidence for Conjecture All
experiments were carried out in the computer algebra system Sage, and the corresponding code
is available in the repository [?].

Conjecture for p = 3 predicts that for 0 < u < 1, % < a <1, and X a partition,

Jim P((S6, ) = Gr) = PZF(N).

We conducted experiments for n = 100 and various values of (o, w), with 500 samples each.
Figure [T] shows the results for seven partitions A and compares the observed frequencies with the
values predicted by the conjectural distribution Psoygl()\)

0.71 — conjecture

= —  (o,u) =1(0.3,0.5

0.61——— a,u) = (0.4,0.5

a,u) = (0.7,0.2

0.51 — a,u) = (0.7,0.5

— a,u) = (0.7,0.8

0.4 —  (ay,u) =(1,0.25)

a,u) = (1,0.5)

0.3 —  (a,u) =(1,0.75)
0.2
0.1+

; i i 7 A

o M @  ® L)y 21 (1)

FI1GURE 1. Comparison of the conjectural distribution Posoygn and the empirical
distribution of (S¢, (100,u))3 for various choices of (a,u) and A with sample size
500.

The data corresponding to = 0.3 is visibly far from the conjectural distribution P()So}:g‘, which
is consistent with the fact that a < % = %. In contrast, for the data with o > % the empirical

frequencies for these seven partitions are quite close to the conjectural values Pfoygl.
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Conjecture for p = 2, predicts that for 0 < u < 1, % < a < 1, we have
Jim P((Sc, ()2 = Ga) = P (A).

We carried out experiments with n = 100 and various values of (a,u), taking 500 samples for
each pair and recording the frequency for which (Sg, (n,u))2 is isomorphic to Gy for the same
seven partitions A. Figure [2] compares these empirical frequencies with the conjectural values
PHY™ ().

— conjecture
—  («,u) = (0.45,0.5)
a,u) = (0.6,0.5
0.25 a,u) = (0.7,0.2
— —  (o,u) =(0.7,0.8
0.201 E— — a,u) = (0.8,0.5
- —  (ayu) =(1,0.25)
0.151 — a,u) = (1,0.5)
— S —  (a,u) =(1,0.75)
0.104 —
0.05 A 1
A

o Mm@ @G WLy @) (31

FIGURE 2. Comparison of the conjectural distribution P2S ym:1 and the empirical

distribution of (S (100,u))2 for various choices of (a,u) and A with sample size
500.

The data corresponding to o = 0.45 is far from the conjectural distribution P2S ymol which is
consistent with the fact that « < 1/2 = 1/p. In contrast, for the data with o > 1/2 the empirical
frequencies for these seven partitions are all close to the conjectural values predicted by the
distribution P5Y™?,

We determine the probability that the distribution PpS ym(k) chooses a partition of a specified
rank. We begin with a result of Wood.

Proposition 2.1 ([?, Corollary 9.4]). If X is a random partition chosen according to Pfoy,g‘, then

Ppsym (X =7) L)

Sym =r)=———— — .
P (—4:90)oo (@ 0)r

Proposition implies the following result.

Proposition 2.2. The probability p, 1 (r) that a partition chosen from the distribution Ppsym’(k)

has r parts is
r—k+1
1 q( 2 )

L0 (©:9)r
Conjecture [.3] implies the following conjecture.

Ppi(r) =
(
Conjecture 2.3. Let p be prime, % < a <1, and r a nonnegative integer.
(1) If p is odd, then

nh—{r;o P(rank((SGa(n,u))P) = T) = pp,O(T) = m (Q'Q)r.




12 JASON FULMAN, NATHAN KAPLAN, DEEPESH SINGHAL, AND S. OLE WARNAAR

(2) If p =2, then

lim P( rank((S, 1 g0
A, Prank((S5n)2) = 7) = paa(r) (L)oo (6:9)r
For various values of o and u, we randomly generated 500 bipartite graphs G (n,u) with

n = 100 to evaluate the 2-ranks of their sandpile groups. The resulting distributions, along with
the conjectured distribution from Conjecture are plotted in Figure[3] For o > 1/2 and all
values of u, there is close agreement with the conjectured distribution. We then conducted a
parallel experiment, generating a fresh sample of 500 graphs for each («, u) pair to independently
evaluate the 3-ranks. Figure [d] plots these results. As in the case p = 2, we see a clear threshold
phenomenon in the parameter «. For o > 1/3, the empirical 3-rank distributions track the
conjectural curve quite closely. In contrast, when « falls below the 1/p threshold (i.e., « = 0.45
for p =2, and o = 0.3 for p = 3), the empirical distributions place much less mass near small
ranks and exhibit noticeably heavier tails.

frequency
— conjecture
0.5 1 —  (a,u) = (0.45,0.5)
a,u) = (0.6,0.5
0.4 1 /!\\ a,Uu) = 07,02
' P AR —  (ayu) =(0.7,0.8
Vs T ¥ — (o, u) = (0.8,0.5
0.3 1 // \l\i\‘\ —  (a,u) =(1,0.25)
" N a,u) = (1,0.5)
024 ¢ —  (a,u) =(1,0.75)
0.1 - T T— 'i“'
L ; \ \ | rank
2 3 4 5

Ficure 3. Distribution of the 2-rank of the sandpile group of a random bipartite graph.

Next, we compute the expected value of p'»), for a random partition A coming from PpS ym, (k)
This is a natural quantity to consider as p'@**((Sca(m.w)e) = ISG (n,u)/PSG o (nu) |-
Lemma 2.4. Let A be a random partition chosen from the distribution Ppsym’(k)
value of p'™ is 1+ pP.
Proof of Lemma assuming Theorem [I.10, Note that
pl(k) — |HOH1(G)\, G(l))‘ = | SUT(G)\, G(l))‘ + | SL’lI’(G’,\7 G0)|
Theorem implies that E(| Sur(Gx,G))|) = p* and E(] Sur(Gx, Go)|) = 1. O
Conjecture [2.3] thus suggests that the following should hold:
(1) If p is an odd prime and % < a <1, then

. The expected

lim E(pe(Soaca)) = 2,

n—oo

(2) fp=2and L <a<1, then
lim E(2rank((5cu<n,u>)2)) —3.

n—oo
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frequency
0.7 1
e
0.6 A ’35@\ — conjecture
N —  (a,u) =(0.3,0.5
0.5 - \\ a,u) = (0.4,0.5
\\\\ a,u) = (0.7,0.2
04 1 AN — (o) = (07,05
k\& — a,u) = (0.7, 0.8)
| S —  (a,u) =(1,0.25
0.3 S a,u) = (1, 0.5)
O 2 | \QE\\\ [ OZ,’LL = 17075)
@ -—-——————- - ___ AN _
0.1 1 ‘\\‘\\\qo--""" .‘-"““‘\o
\s-"\:‘\l:t:_;_,{\
‘ ‘ : — . rank
1 2 3 4 5

FIGURE 4. Distribution of the 3-rank of the sandpile group of random bipartite graphs.

However, based on our experiments this might not always be correct. Perhaps these limits hold
for 8 < a < 1 for some 8 > 1/p.

Table [I] summarizes the results for p = 2 that were observed for 500 random graphs for each
(o, u). Notice that o = 0.45 < 1/2 produces an extremely large empirical value. Because the
expected values for small o diverge so massively from the asymptotic predictions, we display the
results in Table [l| rather than in a graph to explicitly highlight the scale of these extreme values.
For o > 1/2, the empirical expectations are already reasonably close to 3.

(a,u) ] (0.45,0.5) | (0.6,0.5) | (0.8,0.5) | (0.7,0.2) | (0.7,0.8) | (1,0.25) | (1,0.5) | (1,0.75)
E(277K) | 11382.922 2.820 3.094 3.240 2.952 3.070 2.972 2.882
TABLE 1. Observed values of E(21k) for (Sa. (nu)y)2 With n = 100 and 500

samples for each (o, u).

We ran a parallel experiment for p = 3. Table |2 reports the empirical values obtained from
our simulations of 500 samples for several (a,u).

In the experiment with a = 0.4, and u = 0.5 we obtained E(3"*") = 1110.184... from 500
sampled graphs. This is almost entirely explained by two unusual graphs: one whose Sylow
3-subgroup has 3-rank 12 (A = (1'2)) and one with 3-rank 9 (A = (2,18)). These two graphs
contribute 1102.25... in the empirical average. The remaining 498 graphs contribute only
7.97... to the average, which is still larger than 2 but orders of magnitude smaller than the full
value 1110.184. If we further exclude four graphs with 3-rank 5, then the observed average comes
down to 2.14....

For a = 0.3 the observed expectation is much larger than 2, which may be understood since
0.3 < 1/3. This time the large deviation from 2 is not caused by a few outliers; 289 out of the
500 graphs in our sample had a 3-rank of at least 4. For larger o the observed expectations are
all close to 2.
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(a,u) | (0.3,0.5) | (0.4,0.5) [ (0.7,0.5) | (0.7,0.2) | (0.7,0.8) [ (1,0.25) | (1,0.5) | (1,0.75)
E(37"F) | 71873408 | 1110 2.016 2.012 2.040 | 2.136 | 2.016 | 2.016

TABLE 2. Observed values of E(3'") for (Sg_(n4))3 With n = 100 and 500
samples for each («,u).

3. PRELIMINARY MATERIAL

3.1. Hall-Littlewood symmetric polynomials. A crucial ingredient in our computations of
moments is the theory of Hall-Littlewood symmetric functions. These have numerous applications,
such as to the representation theory of the general linear group over a finite field. A comprehensive
treatment is given by Macdonald in [?, Chapter 3] and we adhere to Macdonald’s notation in
this paper, except for the use of ¢ instead of ¢ in the definition of Hall-Littlewood polynomials.
Let Q(q)[z1,-..,7,]%" be the ring of symmetric polynomials in n variables with coefficients
in Q(¢). Two important bases in this ring are given by the Hall-Littlewood polynomials
Py(q) = Px(z1,...,2n;q) and Qx(q) = Qx(x1, ..., Tyn;q), where A ranges over all partitions of
length at most n. To define these polynomials, let A be a partition such that I(\) < n, and let

on(a) = Rt T At
q i1 q
Then
1 T —
Py(21,...,2n;q) = ( )‘1... An ! ),
w2 N
where S, acts by permuting the variables z1,...,z,. To define the second family of Hall-

Littlewood polynomials we require the multiplicative factor
ba(q) := H(Q;Q)mi()\)v
i>1

which then gives
(3.1) Qx(q) == bA(q)Pr(q)-
Thanks to the stability property

P ey Tt if [(A) <n-—1,
(32) P)\('Tla"'7xn—1aO;Q): A(Il, - ! q) ' ( ) . "

0 otherwise,

the Hall-Littlewood polynomials may be extended to symmetric functions in countably many
variables x1, s, .... In particular,

Py(z1,...,2n;q) if I(X) < n,

Py(x1,...,2,,0,0,...;q9) =
A 9 {O otherwise,

in accordance with (3.2).
Given the two families of Hall-Littlewood polynomials, we define the structure constants

2 (q) and g;,,(q) by

9)=>_ fr(a)Pa(g) and Qu(q) Zgw
A

The skew Hall—Littlewood polynomials are then defined by
P)\/,u, Z V q and Q}\/H Zg;,u/
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which are zero unless u C A. Equivalently, using Qx(q) = ba(q) Px(¢q) with b)(q) as above, one

has @
b
A g A
g 1% q = T N7 N v q )
D=5 gy b ) e
and hence
ba(q)
3.3 = P .
( ) Q)\/u (q) bu,(q) )\/M(Q)
This function admits the principal specialization formula (see [?, Equation (4.3)])
(34) Qk/u (1, q, q23 cee3q) = qn()\/u) H |: /”Lz+1:| ;
i1 q
which for p = 0 simplifies to [?, page 213]
(3.5) A (L,q,¢% . 5q) = "W).
A final result needed in this paper is the skew Cauchy identity [?, page 227]
1 —qz;y;
(3.6) D @O Pyulyia) = Qulwia) [T —— 2
A i,j>1 iY;
where z = (z1,z9,...) and y = (y1,y2,...) are alphabets of countably-many variables.

3.2. g-Hypergeometric series. Besides the use of Hall-Littlewood symmetric functions, many
of our proofs require results from the theory of basic hypergeometric series. In this section, we
recall the definition of such series and provide a list of summation and transformation formulas
used in the remainder of the paper.

Let (a1,...,ak;q)n := (a1;q)n - - - (a; q)n. Then, for nonnegative integers r, s, the ¢4 basic
hypergeometric series is defined as [?]

ai,...,a,
(b |: ! b Zq:| :r¢s(a17~~~7a7’;b17~~wbs;27Q)

bi,...,
_ Z Cll, ceey Qpy Q)k <(_1)kq(1§>)577’+1zk
Q7b17"'vbs;q)k ’

where it is assumed that the b; are in general position in C. We exclusively use terminating
series for which convergence is not an issue.

First we list three well-known summation formulas. The terminating form of the g-binomial
theorem [?, Equation (II.4)] is

—n

(3.7) 1¢o[q ;q,zq"] = zn:(—z)kq(g) mq = (2Q)n,

k=0

where, here and in the following, n is a nonnegative integer. Our second summation is the
terminating form of the 1¢; summation [?, Equation (II.5)]

1
(¢ @)n

and out third and final summation corresponds to the known evaluation of the Rogers—Szeg6
polynomial H,(z;q) at z = —q [?, Theorem 8.1]

(3.9) >0t [y] =@

—n

(3.8) (1 [qc

1, cq"} =
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We further require three transformation formulas for basic hypergeometric series, all of which
are limits of more general such formulas. Taking the b — 0 limits in [?, Equation (II1.6)]
and [?, Equation (I11.8)] yields

0,77 _ q(g) cz\" q " q/24" "¢,
(310&) 2¢1 |: c 3 q, Z:| = (C; q)n (—;> 3¢2 |: 07 0 4, Q:|
C(=omd®) Tgmg/e 2
(3.10b) = W 290 i 7 14, c]'

Equating the two expressions on the right and replacing z — ¢/b followed by ¢ — ¢/bz results in

b,q_n —n -b7 bzq—n7q—n
(3.11) 2¢0{ B ;q,z] =b""30, 0.0 74,91 -

This may also be obtained from [?, Equation (II1.7)] by replacing z by ¢z and then letting ¢ tend
to infinity.

Finally, we need a multiple basic hypergeometric series of Srivastava—Daoust or Kampé de
Fériét type. For k a partition of length at most r we define [?]

(3.12) Tz, ... 7$r) — i i ﬁ — (_q—m;Q)liHiﬂ x%)

1—Ki— —Ki—1-
lo=0  l,=0i=1 "7’ g g

where I3 = l,41 := 0. Each [; (for 2 < i < r) is summed from 0 to ;. Since k; < K;—1, the
denominator factor (¢~"i-1;q);, does not cause any issues and F* is well defined. As some
special cases, we note that for » = 1 we have F*1) = 1 and for r = 2,

J__.(Hl’mz) (1'2) = 3¢2(07 Oa q_ﬁz; _17 _ql_ﬁl y 4, x2)'
Furthermore, we have the stability property
]-‘(”17“"““1’0)(:1:2, cey ) = ]—"(“1""’““1)(962, e Teo1),s

so that F*(xa,...,x,) depends only on the variables xo, ... 3 TY(r) -

4. COMPUTING MOMENTS

4.1. Families of measures with the same moments. We first rewrite Posoy)g‘ in terms of
Markov chain transition probabilities. For integers a, b let

b+1 a

(4.1) K(@,h) = ') (g5 ez M 7

q
so that K(a,b) = 0 unless 0 < b < a. Further set

)
4.2 K(00,b) := lim K(a,b) = (¢;¢*)oo )
(12) (oe,t) = i K(ah) = (gia°)e o
It was shown in [?, Theorem 4.1] that
(4.3) PR (A = K(o0, X)) [T KN, Ai)-

i>1

Lemma 4.1. For a nonnegative integer a,

Xa:K(a, b) = 1.
b=0
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We defer the proof to Section [6.1} The lemma implies that for a fixed nonnegative integer a,
K (a,b) gives a distribution on {0,1,...,a}. We can interpret [?, Theorem 4.1] as saying that
with respect to the distribution P$Y™, we have the conditional probability P(\,; = b | X} =

o0, )
a) = K(a,b). Since ¢ < 1, by the dominated convergence theorem, we immediately obtain the
following corollary.

Lemma 4.2. We have -
> K(c0,b) = 1.
b=0

Moreover, we can express Pfoygl()\ﬂ Surp (A, p)| as a product over the function K(a,b).

Lemma 4.3. Given partitions pp C A,
PR (V)] Sury (A, )] = ¢ "W K (00, Ny — ) [T KON = s Myr = tig)-
i>1

Proof. We begin by noting that by (3.1), (3.5) and the homogeneity of the Hall-Littlewood
symmetric functions, Proposition may be restated as

(4.4) |Sur, (A, p)| = g WOy () Py (10,8, q).
Moreover, by (3.3 and (3.4),
bu(q) [X- — }
n(A/p) 7K H i i+1
q

Pyu(la,¢%, .. .50) =q br(0) N
1‘21 K3 7

and thus

—n(N)=n ()~ Ap = 1
| Sury (A, )| = V=)= Abu<q>H[x.J,l} .
i1 2 i dg

By the readily verified

H [)‘; - Mﬂl} _ bx(q) 1 H [ /\2 - H;+1 ]
/ I
q q

i>1 )\; - /‘L; bﬂ(q) (q7 q))‘/17:“/1 i>1 )\’H‘l - ,LL;:_;’_l

this leads to

(45) R O e g | I R
(Q;Q)/\’l—u’l i1 /\i+1 T Hip1ly

Finally, by (4.1) and (4.2)), this is equal to
| Sury (A, )| = ¢~y (g)

K(00, N1 — py) H KX — M;—‘rla )‘§+1 - N;+1)
2 -2 :
(Q7q )OO i>1 (Q7q )|'"Li2(>‘)“
Combined with the definition of Pfo{g‘ given in (1.1]) and the simple relation
H(QQqz)[miT(’\)"(qz;qQ)l_mi()\)/QJ = H(Q;Q)W(A) =bx(q),
i>1 i>1
this implies the claim. O

Lemma 4.4. For nonnegative integers a and k,
k

(46) Ea: K(a.b)g ™" = ¢~ ) (~1;9) > ((q_k’q)l glatit,
b=0

— (¢ L)

We defer the proof to Section As before, by the dominated convergence theorem we
obtain the following result in the a — oo limit.
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Corollary 4.5. For k a nonnegative integer,

(4.7) 3 K(o0,0)g ™ = ¢~ (=11 )1
b=0

We are now ready to prove the next theorem.

Theorem 4.6. Let p, s be partitions and v := (k). Then

Mp’#(PpSym’”) =q" Sis1 (M137) <H(_1; Q)ni>]‘w <qml(u)+17 o qmr—l(ﬂ)+1).

i=1

Proof. Recall that K (a,b) is defined in (4.1)) for all integers a,b and vanishes unless 0 < b < a.
By (L3), (L) and Lemma

Mp,u(fj,fym’“) = Z g i MAQK(OO, N = 1y) H K (N, = gy Nt — Mign)-

A i>1

Since we have seen that (4.7)) follows from (4.6) by taking the a — oo limit and appealing to the
dominated convergence theorem, we may in the following first evaluate

AN;M,H = Z q_n(u)_zz;l MMK(N - ,U//17 )‘11 - Mll) H K<>‘; - /1’{£+17 )‘;+1 - /’L;Jrl)a

A

i>1

for N a nonnegative integer such that N > I(u), and then take the N — oo limit to obtain an
expression for M, ,(P5Y™"). Replacing A} — v; + pj in the definition of Ay, . and using that
p; — pipq = m;(p) yields

Ang = S q "0 =St s Ctid) TT K (viey +mia (1), vi)

i>1

T
=g MW= i Z H quyiK(Vi—l +mi_1 (), Vi) H K(Vi +mi(p), Vi+1)>

v =1 [>1d
where v + mq(p) :== N — pj. By Lemma [4.1] this simplifies to
) T
AN;},L,N — q—n(ll)_Zi:1 Ry Z H q_mwK(Vifl + mi—l(/u’/), Vi)-
Vtye.yUp 20 i=1
Next we claim that for 1 <s <r+1and vp,...,vs—1,Mm0,...,Mr_1 € Zx0,

(4.8) Z H q "V K (Ve +mis1, ;)

Vgy..oyVp 201=1
s—1
= H g "V K (vier +mio1, 1)
i=1
r —(';i)+(mi—1+1)l'i(

ES f" q 1; q) (q iy q)l +1

ls”s—l b Ki bl i i1
X .. q S ‘ — ,
1.=0 1 0 H (q3 7]‘7q)l7( ql K17q Kl;Q)l,;+1

i=$
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where [,; := 0. Clearly this is true for s = r + 1. Now assume (4.8]) is true for some s > 1.
Then, summing both sides of (4.8 over vs_; yields

r
kv
E Hq ¢ lK(Vifl +mi71;Vi)
Vs—1,- Vr>0i:1

H _RLVZK Vz 1+ mg— I;Vz)

S 3 (e K i)

=0 “vs_ 120

« H A 19q)ni(q‘”";q)zi+zi+1>
(¢, =L @), (=gt =", g7 "5 q)1,

Since I, is summed from 0 to kg and since k is a partition, we have ks_1 — I > 0. Hence we
may apply Lemma [£.4] for k = k,_1 — I, to rewrite the sum over v,_; as

Ks—1—ls —(ks—1—1s).
_ ms,l—zs) (q ST ,Q)ls_l (Vs—2t+ms_o+1)l
T (), g
L@y IEI:ZO (¢ =19,

Fs—1 q_(NS2_1)+(Vs—2+ms—2+1)ls—1 (

2.

ls—1=0

Ks—1.

L@ ny (@ @)1,y 41,

(@ =191, (—g" "1, g7 "=15q),

3

where in the expression on the right we have changed the upper bound in the sum over I5_; from
Ks—1 —ls to Kg_1 using the fact that the summand vanishes unless I5_1 + 13 < ks_1. Substituting
the above into the preceding equation results in

T
ru
E Hq ‘ ‘K(Vi71+mi7171/i)
Vs—1,.- 7Vr>0i:1

H mVLK Vz 1+mz 17VZ)

frs—1 r _<Zi)+(7ni—1+1)li —1: — K.
< 3 - qu wes I q (L @)e (07" Dttt

le_1=0 1, =0 i—s—1 (Q7*1;Q)li(7q17maqim;Q)lH-l

Since this is (4.8) with s replaced by s — 1, this proves (4.8) for all 1 < s < r + 1. Taking s =1
and m; = m;(u), this implies that

(ml 1(u)+1)l( Q) w, (g

G "+,
AN; K= q 7>1 2 qlll/o . AT li41 ,
K Z Z H ((L_]-aq)li(_ql K17q7f€1;q)li+1

11=0 1,=0 i=1

where vy +mo(p) = N — pi) as before. In the large N limit, the summand vanishes unless I; = 0,
leading to

MP,H(IBpSym’”) = lim Ay,

N—o00

K2 Kr T q(mi_l(p‘)_‘—l)li(_l;Q)”l( T

S S G B 4
P> IZOE (q,—l;q)zl( q gy

15=0 4
K2

q)
),
g m1 1(p)+1)l; —1; ) ( —Ki. ) v
— g 2 Mk ( d)r; y4) i+l
=q 21( 2 )Z ZH q 1 _q1 1 q i g )

12=0 1,=0i=1 l;

Li+lit

+1
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where I; = l,11 := 0. Recalling definition (3.12]) completes the proof. O

Corollary 4.7. Let x be a partition of length r and p an arbitrary partition. Then there exists
a constant C = C,; independent of p such that

M, (ppSym,H) < Cpn(u)JrIﬂll(u)_
This corollary proves the first claim of Theorem [I.§

Proof. Since p > 1 (and thus ¢ = 1/p < 1),

MU Q)14 ; 1)l
‘p(qmm ) ’_ Z ZH _ + g W+
lo=0  1,=0i=1 (a _1 L
Z Z H q MQCI)Z +lig1
12=0 1—011 ¢ L =g g |

which is independent of u. Furthermore,

> (“4 N ) = n(u) +n(s) + > pirs

i>1 i>1
< n(u) + 3wy = () + () + |rli(w)
ihj>1
and thus
plist (M3) < pn(n(e)+Hsllm)
The result now follows from Theorem [£.6 O

Next, we will show that for k a strict partition of length r and S € [r]odq, the measures
Pps’ %" have the same moments as Ppsym’”. For this, we need to evaluate sums of the form

Zb(fl)bK(a, b)g k.

Lemma 4.8. For a nonnegative integer a and a positive integer k,

a k— 1 (a— k+2)j+() kE—1
DK (a b= = (—1yegeti-("F . .
> (DM K(e b = (-1 D .

We defer the proof to Section Once again the dominated convergence theorem implies
the a — oo limiting case.

Corollary 4.9. For k a positive integer,

o0

(4.9) > (—1)"K(o0,b)g 7 = 0.

b=0

We now have the tools to show that Iz’i %m,,.; for k and S as above has the same moments as

Ispsym"", thus proving the second part of Theorem Throughout the rest of the paper, we use
X(+) to denote an indicator function where x(true) =1 and x(false) = 0.

Theorem 4.10. Let k, pu be partitions such that k is strict. Set r:=1(k). Then, for S € [r]odad,
HSym, HSym,
My . (Pp,}é‘ K) = M, (Pp - R)'
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Proof. From definition it follows that it suffices to prove that for every partition u, we have
D _(—1)Eies MBI ()| Suny (A, )] =0,
A

provided S € [r]oaqa. By and Lemma we see that the left-hand side is equal to

D (—1)Zies Mg M (00, Ay — ) [T B (N = #has Ny = i)

A i>1

By substituting v; = A, — ! for ¢ > 1 and defining v + mo(p) = oo, this simplifies to
Z(_1)Zies(w+u§;)qfn(u)722:1 ri (Vitug) H K (viey +mi_1(p), ;)

v =1

= (—1)Zies Mg =2imy Z H(_l)X(iES)Wq_MWK(Vzel +mi—1(p),vi) H K (vi +mi(n), vigr).

v i=1 2T

By Lemma [£.1] this can be simplified as

(—1)Sies g n00-Sica w57 T(—1XUEq K (v, + iy (), vs).

Visevr20i=1

Let us denote

T
Bips = Z H(_l)xues)yiq_myiK(Viq +mi—1 (), vi).
Vi,...,vp 204=1
Therefore, it is enough to prove that B, , s = 0 whenever « is a strict partition of length r and
S € [r)oaa- We prove this by induction on r.
The base case is r = 1. Since the set S has odd size, the only possibility is S = {1}. Therefore,
the base case is that for k a strict partition of length 1,

Buyus = 3 K(00,1)(=1)"1q 1" =0,
V1 =0
This follows from Corollary [£.9]
Next, assume that the claim is true for some r. We will prove it for r + 1. Let « be a strict
partition of length r + 1 and S C [r + 1] be a subset of odd size. We divide the proof into two
cases.

(1) Case 1: r+1 € S. Denote

T:{(SU{T})\{T+1} itr¢s
S\ {r,r+1} ifres.

Note in particular that T' C [r] is a set of odd cardinality. For 0 < j < k,41 — 1, let 7@
be the partition (k1,...,kr—1, k- — 1 — j). Since k is a strict partition of length r + 1
and j + 1 < Kpp1, 7Y is a strict partition of length 7.

By applying Lemma with a = v + m,.(u) and k = k,11, we obtain

vrtmy(p) Krp1—1
Z (=) K (v +my (), vpg1)g” "t = Z (_l)wq(j—i_l)w@j;mr(#)ﬁrﬂ7
vrp1=0 Jj=0
where
Cioms = (_1)m+qu+1—(k;rl)+(m—k+2)j+(§)% {k - 1} '
q

(—¢%q); J
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Therefore,
KRpr41— 1

B/-c,,u,S = Z (pj;mr(;t),rw+1 BT(.7)7N7T-
§=0
By the induction hypothesis, BTQ)’#’T =0 for all 79). We conclude that By s =0.
(2) Case 2: 7+1¢S. So S C [r] is a set of odd cardinality. For 0 < j < 41, let 70) be
the partition (k1,...,Ky—1, Kk, — j). Since k is a strict partition of length r + 1, 7(9) is a
strict partition of length .
By applying Lemma with a = v, + m,.(u) and k = k,11, we obtain

vyt (1) K1
Z K(vr +mp(p), vegr)g” "t = Z 4" hjim (1) g
Vrg1=0 =0
where
by = g~ OFe03(y ), @505
imyk = ; .
! (qv 717 Q)J
Therefore,
Kr4+1
B’““v‘s = Z wj§mrr~(li)ﬁy»+1BT(j),u,S-
7=0

By the induction hypothesis, B.i) , ¢ = 0 for all 1) so that By s =0.
Since we have completed the induction step for r +1 € S and r + 1 ¢ S, this completes the
proof. O

To conclude this section we prove Theorem In this proof we apply Corollary which
we will prove in Section [6.2]

Proof of Theorem [I.9. First we show that for @ € A,, we have Py%™"()\) > 0 for all A. By (L.5)
and (|1.7)), (95
ﬁi}&m,n()\) = (1 + Z (—1)Zi65 A a(S)) ppsym,n()\).

Ser]oda
Since

(_]_)Zies Aj — (_1)Zi€S x(X] odd) — (_1)|S|+Eigs x(A; even) — _(_1)Zi€S x (N even)’

this implies
o= (1 X 1 a(s) ) B,
S€[r]oaa

where T := {1 <i < r: ) is even}. By the definition of A,, the right-hand side is nonnegative.
Next, to obtain (|1.8]), we proceed as follows:

Myu(P55=) = 37 al)Mpu (B + (1= D al8)) My (P™)
S€[r]odaa S€[r]oaa
= My (P,
where the second equality follows from Theorem
Finally, suppose that Pgﬁm’” = P;'};m’“ for a, B8 € A,.. Since ppSym,n()\) > 0 for every partition
A, it follows that for every subset T C [r],

> CDEa(s) = 3 (—1)ETIB(S).

Se[r]oaa S€lr]oad
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By Corollary this implies a = S. O

4.2. Normalized measures. The measures P5¥™" and PSY™* have not been normalized to
sum to 1 over all partitions. In this section, we define the appropriate normalization constants to
turn them into distributions. We then compute the moments of these normalized distributions,
which allows us to deduce Theorem We also highlight the case where I(k) = 2.

For a partition k, we define the distribution on partitions given by

PSym,k
Pp

’ 1
PSym,m — n(k") ( > )
P ! 11 (—Liq)w ) Fr(q,---.q)

i>1

Analogously, for x strict of length r,

PSym s n(x’) <11[ 1 ) Pps,}(;m’m
=g ,
P (=1;q)x, ) Fo(q,---,q)

i=1

where a € A,..
It follows from Theorem and Theorem that for every a € A,,

]:n(qml(u)ﬂ, . qmrfl(u)ﬂ)
Fr(q,---5q)

Mpvﬂ(PpS,}l;m’K) — Mp,/.L(Ppsym’N) — q*n(ﬂ)*zi% Bk
For p = 0 this implies that
DB = 2 BTN =1,
A A
so that PSY™* and Pps,}&m’” are distributions. In particular, for » = 1, we have F*) = 1 so that

()
q PSym, (k)
(—Ligk

Sym, (k) __
P (k)

and
M,(k)) _ Sym, (k)Y _ —n(u)—kl(x) _ n(p)+kl
Mp,u(Pp,a( )) - MP,M(Ppy ( )) = ¢ MR = () +kl(e)
establishing Theorem Similarly, for r = 2, we obtain
qn(n')PpSym,n

PSym,ka _
P (=1L;q), (=159) k5 302(0,0, g7 725 =1, —¢="15¢,q)

and

_"(H)—Hlull—ﬁzulz 3¢2(07 07 q—nz; _17 _ql_ﬁl v 4, qM1_}1«2+1)
302(0,0,q7"2; =1, —q'="1:q,q)

My, (szm,ﬁ) =M, (Psymﬁ) =4

)

where a € As.

5. MOMENTS OF OTHER MEASURES

5.1. Moments of the standard Cohen—Lenstra distribution. Let d be a nonnegative
integer and u a real number such that 0 < u < p. In this section, we compute the y-moments of
the distribution Py, providing a new proof of Theorem [L.11}

We start by defining transition weights that factorize the distribution Py ,. For a,b integers
and w > 0, define

— b (wg; q)a [a
&) Lulab) =’ (wq; q)s [b]q'
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We note that L,,(a,b) vanishes unless 0 < b < a. Similarly, define
Ly (00,b) := lim Ly(a,b) = v 7(wq;q%° .
a=00 (¢, wa;q)s
In analogy with Lemma we show that », L (a,b) =

Lemma 5.1. For a a nonnegative integer,

i L, (a,b)=1.
b=0

Proof. Using basic hypergeometric notation,
a
> Lu(a,b) = (wg; q)a 164 [
b=0

where the last equality follows from ([3.8)). O

—a

1 ;q,wq““} =1,
wgq

Corollary 5.2. We have
> Lu(o0,b) =1.
b=0

Proof. This follows from Lemma and an appeal to the dominated convergence theorem. [J
Next, we record the transition factorization of the distribution Py,,.
Proposition 5.3. For \ a partition,
Pa) = Lu(d ) TT LulV M),

izl
Therefore, with respect to the distribution Py, on partitions,
PNy, =b| X, =a) = Ly(a,b) and P(A\} =b) = L,(d,b).
Proof. Let A = (A1, Ag,...) be a partition. Further let A := d. Then, by (5.1),

T LtV X, Huxzﬂqxzilwq)ké[ﬁ] _ g2+ (g, ugs )
1l i+1) U (g ), Nl , (@ 9)a-10:)b2(q)

i+1

= P,(\). O

Proof of Theorem[I.11. By ({4.4)) and the homogeneity of the Hall-Littlewood symmetric func-
tions,
| Sur, (A, p)| = g "INy (@)ul TPy (ug, ug, s g).

Therefore, the g-moment of Py, is given by

Mp,u(Pd,u) = Zpd u | Surpo‘ :u)|
= u‘“‘q‘”(“) (ug;@)a Y ba(@)Pr(1,q,. ., q* ) Py (g, ug®, .. q)
A
= ullg™" " (ug; q)a Y OA(Lq; -, q" @) Paju(ug, ug®, .5 q).

By the skew Cauchy identity (8.6) with z; = ¢! for 1 <i < d, z; =0 for i > d and y; = ug’
for j > 1, this simplifies to

MP’I»‘«(Pd,u) = U’W‘q_n(u)Qu(lv q,. .- 7qd_1; q)
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Finally, by (1.9) this yields
d
My (Pr) = ul (g: ) [ ] | 0
il (w) 1(w) .

5.2. Moments of a generalization of Malle’s distribution. In this subsection, we prove
Theorem [I.12] First, recall that

(D) 1,
q q yq
Paaa(N) = Page () 410

(¢*%%6%)a
We note that by the g-binomial theorem 1’ with (z,n) — (—wzg, a),
7@ (wq;
G
5.2 Ly — =1
(5:2) Z (wq, —wzq; q)q

The dominated convergence theorem implies that
~(3) (wq;
ZL 00.b) g (wgq)y
= (wq, —wzg; @)oo

Taking z = 1 and using (a, —a; q),, = (a?; ¢*),, this provides an algorithm for choosing a random
partition according to Py ;.

Proposition 5.4. For \ a partition,

—(3) (gt
q (q ,q)x
Pae3) = (% ) f(d 20) T Lar (N i)

iz1

With respect to the distribution Py, + on partitions,

—(5) (t+1
P0G =) = (q2t(+qz; ¢ ,)C(]z)

We are now ready to prove Theorem [1.12

Proof of Theorem[1.12 By (1.10) and (4.5),

-n — ,’LL ; )\,L i
Pru(N)| Sur, (A, p)| = ull gn/mFn()=n(m)+A=lul . (g, uq .q)d { - ft } .
(@ Qa3 (G D, 2 N,

¢ (d,b) and PN, =b| X =a)= Lg(a,b).

Since

Y

v o (gt q)x i
ulM g =m0 =1l (yq: ¢) 4 = yl# H(uqui)/\rmq(/\rﬂi)z s —1TH

this yields
(5.3)

Pau(N)] Surp()\, )l

. Mi +1 ’ ’
— UW‘M H(uqli;+1))‘;+1*N;+1q()‘;+1*/fi+1)2 (uq - CI),\ “Him [ A; B ‘LL;JFI :|
(QHZ)d—u’l >0 (uq“”ﬂL $q) N

i+1*/‘2+1
= 5 (| T Bt (X1 = X = ),

i1

/ /
Nig1 = Hig1l,
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where X)) := d. With u = ¢*, this implies

P14 (A)[Surp (X, )

ey
B gm=(2) (g1, i) (@ D) { ] HL o (N — 1N, — 1)
2 17 (Y

t+1. t+1.
(@ @)a(=a"5 q)a i1

For a positive integer N such that N > uq, we define

Pa;1,e(A)| Sury (A, p)|
SN i Z (qt+1 q))\l
UCAC(N)
Then
—_(t1tin)
Sn — ( Hul- (" )(qt+15q)ll+u1(Q;Q)l(u)[ d }
N = t+1. — tr1.
I,y >0 (q ,Q)d( q 7q)d l(,Uz) q
N
X Lo+ (d —1(p), 1) H Lo (lLioi+ mil(M)Ji))
i=2
(n) —l(p) _
B tlul ("% )( )l(“) Z lll(u’)( I(p)+t+1. q)llL (d W l)
— ( qd+t+1 l( ) l(u) — l(ﬂ)+t+1 7qt+1 )d Z(H) l(#)+t ,LL7 1),
where Lemma has been utilized to carry out the summations over Iy, ..., I, i 1n that order.

The sum over [ once again is equal to 1 by (5.2) with (w,z,a) — (¢W+t g1 d — (),
resulting in

e
oo "= () (g )i [ d}
N — .
(=gt g)y g (1)),
Letting IV tend to infinity shows that

Mp,;t(Pd;l,t) =

) (g 91 {(d ] .
1w,

(=gt )y (1)

Finally, letting d tend to infinity, we find

M, (Pooi14) = g1 = (%), O

p;p

5.3. Moments of a generalization of Garton’s distribution. In this section, we prove
Theorem [[.13]

Proof of Theorem[1.13 Recall that

’

-5 Ai n—1
g T (G )(q,q)
Pyno(A) = Pai(N) (g5 4%) [(d=1(2) /2] H @G ) s ()21
(q,q)d Pl
Then, by (5.3),
Pin,0(N)|Sury (A, )]
n A
dlq 2o ( 21)((]; q))\/ n-
= (¢:9) [ } = (@) m, L — iy N — 1),
i) (:0)d [[ 0721 H s b)



SANDPILE GROUPS OF RANDOM BIPARTITE GRAPHS 27

where A := d and mg(A) :=d —I()\). Now assume that N is an integer such that 1,7 < N and
consider the sum

Z Pd;n,O ()‘)| Surp()‘a ,u’)|

Sy = : .
AN (@ @)xy
Once again applying Lemma [5.1] yields
Sn = (¢;9) [ d ] 2 <q_ - (lizug)(q;q”nﬂ% (4 @) [(d=10)—11) /21
- y q4)1
o (¢:9)a

N
X Ly (d —1(p), 1) 1:[1(% C) (i1 i (1)) /2] quu; (Lic1 + mi—1(p), lz))

~

n (li+u;

= (q;9); [d] > <q—2i=1 : )(‘13q)lnw;(q%q2)[<d4<u>41>/z1
I 1) LT (43 9)a

)

=

X Lo (d = 1), 1) | (65 6% rtms—tmas ()21 L (Lic1 +mi—1(p), lz))

i=2
Recalling the definition (4.1)) of K (a,b), we now observe that

)iy () = g e (Bt gy
(447 [(a—b)/21 Lo (a, ) = q (@5 Q)be (@)

Hence the above may be rewritten as

SN :q_ ;1:1 (“21) ((q)’q)d Z K(d—l(,u),ll)HK(li—1+mi—1(M),li)-
GAd=1m) 4, "5 i=2
By Lemma [£.1] we can now carry out the remaining n sums, so that
Sy = ¢~ T () (@0
(@ Q) d-1(n)

Since this is independent of N,

—sn ) (659)a
My (Pa) — g~ S0 () _00)s_
i (Pino) (43 @a-1()

Taking the d — oo limit, we finally get

’
n Hy

M, (Poo;n,O) =q Zin (3 ) U

b,p

6. TECHNICAL LEMMAS

6.1. Lemmas for K(a,b). In this section we will prove Lemmas and To this end
we prove a result that implies all three lemmas as easy corollaries.

Proposition 6.1. Let a be a nonnegative integer. Then
a t —a

(6.1) ZK(@, b)tt = 2(;50[ ’(i i q, —q“"'l} .
b=0

We remark that the essence of this lemma is a change of basis in the polynomial ring (Z[q])[t]
from the standard basis {t’},>¢ to the basis {(t; q)p}p>o0-
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Proof. According to (4.1)),
b+1

K(@,5) = ) (g5 ems M

We now use (3.9) to write (g; qQ)P%b] as a sum. Then

a a - A a—b
I e K I E S U K Y
D K@t =3 || a2t { B } (—a)
b=0 b=0 - -4 k=0 q
. [a] L= [a—k () (b
=>_[,| 9 , | 4@
k=0 "+ -9 b=0 q
a Mo
=2 || O -t
k=0 " -4
o 0,¢7% 4
_( qtvq)GQ(bll:_q_a/taQat]a

where the second-last equality follows from the g-binomial theorem (3.7). Finally, (6.1) results
by application of the transformation formula (3.10b)) for (n,c, z) = (a,—q~%/t, q/t). O

Corollary 6.2. Lemma holds.

Proof. Since for t = 1 the 2¢ series on the right-hand side of (6.1]) trivializes to 1, the claim
follows. H

Corollary 6.3. Lemmal[].4] holds.
Proof. Let k be a nonnegative integer. Specializing t = ¢~* in (6.1)) then gives
a -k ,—a
_ qa ",q a
Y K(a,b)g bkz(bo[ e “]-

b=0
We once again apply (3.10b)), this time with (n,c, z) = (k, —1,¢%*1), to find

S K(ab)g = ¢~ G (13 9)k 50 [O’_q 4, q““} :
b=0

This is equivalent to the statement of Lemma [4:4] O
Corollary 6.4. Lemmal{.§ holds.
Proof. Let k be a positive integer. Specializing ¢t = —¢~* in (6.1]) gives

—k

1

a

1 —bk _ —aha
Z( 1) K(aab)q 2¢0 - 74, —4q .

b=0
First we apply the transformation formula (3.11)) for (n,b,2) = (a, —¢~*, —¢**!) to obtain
—k —a
_ a _(kt1 —q »q » 4
D R P e T
b=0 )

Assuming k is a positive integer, by (3.10a)) for (n, ¢, z) = (k — 1, —¢?,¢%*1) this can be further
rewritten as

a 1-k

O qlfk
PSR G B
—q

- - a a+1—(*tt
>Rl = (-1 ) e, |
b=0

Since this is the lemma expressed in basic hypergeometric form, we are done. O
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6.2. The shape of A,.
Lemma 6.5. Forr > 1, A, is a 2"~ -dimensional cube.

Proof. For each subset T C [r], consider the linear form

yrl@ = 3 (~1)7la(9).

S€[r]oaa

Recall from the defining inequalities of A, that yr(S) < 1 for every subset T' C [r]. If we
denote the complement of T with respect to [r] by T¢ = [r] \ T, then yr<(a) = —yr(a). Let
X ={T C[r]: 1¢T}. Since exactly one of T and T° is in X, the defining inequalities for A,
can be restated as |yr(a)| < 1 for every T € X. Now consider the linear map

H : Rlleaa RX7 (Ha)(T) = yT(a)~

Then A, = H1([-1, 1]2T_1). Hence we want to show that H is a scalar multiple of an orthogonal
map. We will show that HTH = 2"~11.
We identify X with [r]oqq by defining

S(U) = U, if |U] is odd,
U u{1}, if|U]is even,

for U € X. Note that we have TN S(U) =T NU for T,U € X. Therefore, for T € X

yr(a) = Z (71)|T0U|Q(S(U)).

veX

Our goal is thus to show that for 77,75 € X,

r—1 _
G S CS VA {2 if Ty = Ty,

bex 0 otherwise.

Let T7 AT, be the symmetric difference of 77 and 7. Then

(_1)|T10U\ (_1)|T20U\ — (_1)|(T1AT2)0U|.

The result now follows from the fact that

Z (_1)‘(T1AT2)|’TU‘ _ {27’1 if TlATQ = @, D
Uex 0 otherwise.

Corollary 6.6. Let a, 8 € A, such that

Yo (F)EMTlas)= Y (-1)IFTIR(S)

SG[T](,,M SG[T]odd
for every subset T C [r]. Then a = .

Proof. Let H be the map defined in the proof of Lemma [6.5l The conditions on & and £ imply
that H(a) = H(B). Since H was shown to be injective, this further implies that & = 8. O
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