©

10.
11.

12.

13.

14.
15.

16.
17.
18.

19.

® N e e D

Formula Sheet
Basic sums: Y. ;i = sn(n+ 1), Z? (P =dnn+1)@2n+1), X0 3 =in2(n+1)% n> 1
Binomial coefficients: (}) := (o=l k),k, =(,".),n>=k=>0, ("H) =)+ (") nk>1.
Sums of them: 3 (*571) = (*14), kyn 20, S0, ()(1) = (7)
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,m>0,n,01=0,...,m.
Binomial theorem: 7 o (7)a’b" " = (a +b)", n >0, a,b € R.

Sum of a geometric progression: Y . ,a’ = 171‘17:;1 ifa#1,and Y | ja'=n+1lifa=1.

Derivative: f/(a) := limy,_q 7f(a+h)ff(a) = lim,_, f(m) f(a)

Differentiation: ¢ (f+¢) = &+, £ (f9) = [ +od. & (fog) = L3 ((fog)(@) = f(9(2))).

Integration by parts: if g(x) = G'(x thenf f z)dx = f(b)G(b)— a)G(a —fa [(2)G(x) dx

Taylor’s theorem: if f, f/,..., f*Y) are defined on [a,z], then (using the Lagrange remainder)
fl@)=fla)+ flla)(x —a)+---+ %(w —a)" + %(w —a)"* for some t € (a,r).

Triangle inequalitieS' x| = yl| < |z +y| < |z + |yl
Logarithm: In(z) = [ 1 dt, z > 0, In(zy) = In(z) + In(y), In(y*) = aln(y), log,(z) = In(z)/ In(a).

Exponential: exp :=In"', e := exp(1), e := exp(z), e* ¥ = e%e¥, a® 1= ™) ¢7tY = g%aq¥ a > 0.
%e‘“:ae‘w, a€R, d‘i a’® = bln(a)a®®, a >0, Z;X)O“i—,l =e% lim,_ e (1+%)n:e“, a €R.
Geometric series: Y .2 a’ = 1=, > ia~! = ( ) la| < 1,372, % =1In (ﬁ), —-l1<a<l

Binomial series: 3220, (") (~1)ial = (ﬁ) n>1,Ja < L.
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sinx
cosx’

Trigonometric functions: tanx = sin(2x) = 2sinz cos z, cos(2z) = 1 — 2sin® z = 2cos® z — 1,

sin(x + §) = cosx, sin(x + 2k7) = sinx, cos(x 4 2k7) = cosz, tan(z + km) = tanz,

d I d
,dzsmx—cosx g COST = —sinw, dztanx—l—&—tan z,

sin(z + y) = sinz cosy + coszsiny, cos(z + y) = cosx cosy — sinzsiny,

sinx +cos?z =1

tan(m—i—y):%,sinx:x—g—?+%—%+~-,cosle—g—i—%—%—i—
Gamma function: T'(a) = [( 2 te %dz, « > 0, T(a+ 1) = ol (@), T(n+ 1) =n!, I'(}) = ﬁ,
Beta function: (a,b) f 20711 — 2) " ldr = Flle(zigl;), a,b> 0.
Sterling’s formula: n! ~ 270" 1/2e=" as n — oo, n! = 2rn"T1/2e(="+17) for some t € (0,1).

Probability. € is the sample space, A, B,--- are events, P(-) is probability measure, X,Y,--- are
random variables (rvs), S is the range of X if X is a discrete rv, F'x denotes distribution function,
fx denotes probability density function (pdf) when X is a continuous rv, and, E(-) is expectation.

(a) P(AUB)=P(A)+P(B)-P(ANB), P(A|B):=P(ANB)/P(B), P(B|A)=P(A|B)P(B)/P(A).
(b) Total probability: P(A) =Y, P(ANB;) =), P(A|B») (B;), where {Bl} is a partition of Q.
(¢) Fx(z):=Pr(X <z). If X is a continuous rv, Fx(z) = [*_ fx(u

(d) E(X) =) ,cgrPr(X =) (discrete), E(X) = ffc fo(x) dx (contlnuous).

(e) E(g(X)) = > ,eg9(@) Pr(X = x) (discrete), E =[" g (x) dz (continuous).

(f) Var(X) := E((X —~E(X))?) = E(X?)— (E(X))? ,Var(X+Y) :Var(X)+Var(Y)+2C0v(X, Y).
(g) Cov(X,Y) :=E((X - E(X))(Y - E(Y))) = E(XY) - E(X)E(Y).

(h) Conditional expectation: E(E(Y|X)) =E(Y), E(Yg(Z)|Z) = g(Z)E(Y|2).

(i) Probability generating function (pgf): if X is a non-negative discrete rv, Gx(z) = E(2).

(j) Moment generating function (mgf): if E(|X|*) < oo for all k, Mx (t) = E(e!).

(k) Laplace-Steiltjes transform (LST): if X is a non-negative rv, Lx (t) = E(e™*X), ¢ > 0.

(1) Characteristic function (cf): if X is any rv, ¢x () = E(e?¥), t € R (here i = /—1).



20. Discrete distributions: Here X is a discrete rv taking values in a denumerable set. The mean,
variance and probability function are listed, together with the pef G(z) = E(2%), |2| < 1.

Constant Pr(X =c¢) =1, E(X) = ¢, Var(X) =0, G(z) = z°.
Binomial (B(n,p): 0 <p<1,n>1)E(X)=mnp, Var(X) = np(1 — p),
Pr(X = j) = (Np(1—p)" 9, jE{0,1,..,n},  G(2) = (1—ptp2)™.

The Bernoulli distribution is the special case B(1,p).
Poisson (Poisson(A): A > 0) E(X) = Var(X) = A,

Pr(X =j)=e 2 je{0,1,...},  G(z)=e X072,
Geometric (0 < q < 1) E(X) = q/(1 — q), Var(X) = ¢/(1 — q)2,
Pr(X=j)=(1-¢q)¢, j€{0,1,...}, (Note: Pr(X >j)=¢’) G(z) = =1,
Negative binomial (0 < g <1,n > 1) E(X) =ng/(1 — q), Var(X) = ng/(1 — q),
Pr(X =)= (") (1—qrg, je {01} G = (L)

Hypergeometric (N > 0,0 <n,a < N) E(X) = na/N, Var(X) = na(N —n)(N —a)/(N*(N — 1)),

Pr(X =j) = (‘;) (]Z:;)/(]T\[) , j € {max(0,n4+a — N),...,min(n,a)}, G(z) = complicated.

21. Continuous distributions: Here X is a continuous rv taking values in a subset of R. The mean,
variance, pdf f : R — [0,00) and (if it can be written down explicitly) the distribution function
F :R — [0,1] are listed; f takes the value 0 outside the range given, so that F' takes the value 0 below
that range and 1 above. The mgf M (t) = E(e!), or cf ¢(t) = E(e!*X), whichever is appropriate, is
also listed. For non-negative rvs, the LST satisfies L(t) = E(e™*X) = M(—t), t > 0.

Uniform (U(a,b): a < b) E(X) = (a+b)/2, Var(X) = (b — a)?/12,

f@) =3k, Fa) =42, a<z<b,  M(0)=1, M(t)= =57, t #0.
Exponential (exp(\): A > 0) E(X) = 1/A, Var(X) = 1/)%,
fl@)=Xe* Flz)=1—e? >0, M) =5, t<X

Pt
Gamma (T(a,\): a >0, A > 0) E(X) = a/A, Var(X) = a/\?

f(z) = )\e—xx(xlfz:;17 2>0, M) = (ﬁ) Ct< A

The Chi-squared distribution x2 (n > 1) is I'(n/2,1/2). The Erlang distribution is I'(n, \), and

flx) = de N (():l;!l , F(z)=1-— e‘MZZL:_Ol (Aﬁ)i , x> 0.

Beta (a > 0,b>0) E(X) =a/(a+b), Var(X) = ab/((a + b)*(a + b+ 1)),
fla) = 5(;,1,)33&_1(1 -z 0<e <1, M (t) = complicated.
Normal (Gaussian) (N(u,0?): p € R, 02 > 0) E(X) = u, Var(X) = o2,

(x—p)?/o?), z €R, M(t) = exp (ut + 10%t?), t € R.

fla) = oo exp (

_1
2
Multivariate Normal (N(u,V): p € R", V +ve-definite symmetric) E(X) = u, Cov(X) =V,
flz) = Wexp (—2(@—p)Vz—wT), zeR", M) =exp (ut” + 3tVtT), t e R™.
Cauchy (m € R, b > 0) median= m (Note that E(X) does not exist: E(XT) =E(X~) = o0)

f(z) = m, F(z) =1+ Larctan (332) , z € R, p(t) = ™ttt e R,

Weibull (A >0, 8> 0) E(X) = A"YAT(1+1/B), Var(X) = \=2B{T(1 +2/8) — (T(1 +1/B))?},
f(z) = \BxP~Lexp (—/\zﬁ) , F(z) =1—exp (f)\scﬁ) , x>0, M (t) = complicated.
Laplace (« € R, 3> 0) E(X) = «, Var(X) = 2532,

fl@)=gsexp(—|z—al/B), s€R,  M(t) = S5z, t| <1/8.



