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21 Generating functions

Probability generating functions

Definition . Let X be a non-negative discrete random
variable (its range is some subset of {0,1,...}). The
probability generating function (pgf) of X is defined to be

G(z) =E(z%) =) 2'Pr(X =),
1=0

where z Is a real (or, more usually, complex) variable.

We often write GG x to stress the role of X.
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Generating functions

Note. GG Is just a power series with coefficients

a; = Pr(X =1). S0, It has a radius of convergence R (the
series converges If |z| < R and diverges if |z| > R, with the
obvious adjustments when R = 0 or R = oo, both of which
can occur).

G certainly converges for all |z| < 1, because (by Abel’s
Theorem) G(1—) :=lim,11 G(z) = > -, Pr(X =4) =1, and
SO R>1.

Furthermore, G can be differentiated or integrated
termswise (on sets like {z : |z| < Ry < R}); for example
G'(z) = 2,z 1 Pr(X =14). Letting z T 1 we see that
G'(1-) = E(X). We also have G'(0) = Pr(X =1).
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Generating functions

Properties of (. The following properties are easily
obtained by differentiating G near 0 and 1.:

(@) Pr(X = 0) = G(0).

(b) In fact, Pr(X = k) = G¥)(0)/k!, k > 1, and so G
determines the distribution of X uniquely.

(c) G(1) = 1.

(d) BE(X) = G'(1).

(e) More generally, the k" factorial moment,
E(X(X -1 (X —k+1)=GW(1), k> 1.

(f) Var(X) =G"(1) + G'(1) — (G'(1))?.

Probability & Statistical Models (©) Philip K. Pollett



Generating functions

Note. G(1) (and G*)(1), et cetera) might not be defined if
R =1, so we have used the convention of writing G(1) for
the limit from below (lim,; G(2)).

Examples . If X has a Poisson distribution with mean A,
then

G(z) = ZZZ e_)‘)\— — e M=2) L eR.

i!
1=0
So, G¥)(2) = \Fe=M1=2) | Hence,
Pr(X = k) = GF(0)/k! = e N/ k!,
E(X(X -1)--- (X —k+1)) =\ and,
Var(X) =G"(1) +G'(1) — (G'(1))2 = X2+ X = X2 =\
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Constant. If X =c (orif Pr(X =¢) = 1), then Gx(z) = =€,
z € R.

Bernoulli. f X ~ B(1,p),then Gx(z)=1—p+pz, z € R.
Binomial. If X ~ B(n,p),then Gx(z) = (1 —p+p2)"*, z € R.

Geometric. If X has a geometric distribution with parameter
p.then Gx(z) = p/(1 = (1 —p)z), 2| <1/(1—p).

Negative binomial. If X has a negative binomial distribution
with parameters p and r, then Gx(z) = (p/(1 — (1 — p)z))",

2| <1/(1 =p).
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Generating functions are very useful for dealing with sums
of independent random variables.

Let X1, X5, ... be a sequence of independent (non-negative
iInteger-valued) random variables and let

0, If n =0,
S’n — n .
Then, Gg = Gx,Gx,---Gx,,n > 1, because

GSn (Z) _ E(ZS”) _ E(ZX1—|—X2+'~+Xn)

= E(z")E(z"?) - E(2") = Gx,(2)Gx,(2) -+ - Gx,(2) .
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For example, If X, X5, ... are iid with common pgf GG, then
Gs,(z) = (G(2))".

More generally, if NV Iis another independent non-negative
iInteger-valued random variable, then, remarkably,
Gsy(2) = GNy(G(2)), because

Gox(2) =B (%) =B (B(™[N))
- ((G(z))N) = Gn(G(2)) .
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Bernoulli trials . Let X, X»,... belid B(1,p) random
variables, so that G(z) =1 — p + pz. Then,

Gs, (2) = (G(2))" = (1 —p+pz)" (as expected, since
Sn ~ B(n,p)).

More interesting is the situation where the number N of
bernoulli trials is random: Gg, (2) = GnN(1 — p + pz). For

example, if N ~Poisson()\), then Gy (z) = e *172) and so

Gg.(2) = e MA-(1=p4pz)) — —pA(1=2)

)

and we deduce that Sy ~Poisson(p)\). This result was
obtained by laborious means in the section on conditional
distributions.
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Definition . If X and Y are two random variables that take
values in the non-negative integers, then their joint
probability generating function (joint pgf) is defined by

The extension of this definition to n» random variables is
obvious.
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Properties of (' xy. The following properties follow
iImmediately from the definition:

(a) Gxy(0,0) =Pr(X =0,Y =0).
(b) In fact,

11 *Gyxy

Pr(X =7,Y =k) = :
t /> ) gV k! Oul Ovk

(0,0).

(C) GX,Y(L 1) = 1.
(d) Gx(u) =Gxy(u,1), Gy(v) = Gxy(L,v).

(e) X and Y are independent if and only if
Gxy(u,v) = Gx(u)Gy(v), for all v and v.
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(f) Covariance:
GQGX Y

E(XY) = 1.1
( ) ou Ov (1,1),
and so
aZGXY aGX,Y aGX,Y
Cov(X,Y) = 5 (1,1) — " (1,1) 5 (1,1).
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Example. LetO<a<landa< < oo. Forj=0,1,...
and £ =0,1,...,4, suppose that

Pr(X =4,Y =k =(1—a)(8—a)lg71

Then, whenever |v| < 1/6 and |u| < §/a,

S
Gxy(u,v) :ZZujvk (1 — a)( —a)ajﬁk_j_l
7=0 k=0
_ L S 1= (Bup !
=gt Z( ) T

7=0

Probability & Statistical Models (©) Philip K. Pollett



Generating functions

Ty S

(1 —pv)p3 l—au/B 1—auv
(1—a)(f—a)

(1 —auv)(f —au)

(Note that |v| < 1/3, |u| < B/a = |uv| < 1/a.) The marginal
pgfs are given by

(1 —a){d —a/p)

Xt =D = a1 (/B

and
1 — «

Gy(v) = G(1,v) =

1 —av
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Clearly X and Y are not independent. However, Y has the
geometric distribution Pr(Y = k) = (1 — a)a®, while X has
the same distribution as the sum of two independent
random variables X7, X5 with Pr(X; = j) = (1 — a)o’ and

Pr(Xa=j) = (1 —a/B)(a/B).

We also have Cov(X,Y) = a/(1 — a)?, because (after a
modicum of algebra)

32Gx,y B 2002 a2 o)
o P A T e T
a(af — 202 + B)

B

E(XY) =
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while E(Y) = o/(1 — o) and

2 o/ :(045—20424—04)
l—a 1-a/f (1-a)(f-a)

E(X) =
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while E(Y) = o/(1 — o) and

2 o/ :(&5—20424—04)
l—a 1-a/f (1-a)(f-a)

E(X) =

Moment generating functions

Definition . The moment generating function (mgf) of a
random variable X is the function M given by

M(t) = E(e!?), provided the expectation exists on some
open interval I containing O (here ¢ is usually taken to be
real). We often write My to stress the role of X.

Probability & Statistical Models (©) Philip K. Pollett



Generating functions

Thus, If X is a continuous random variable,
oo
MX(t):/ e fx(x)dr, tel,
— 0

while If X Is a discrete random variable,

Mx(t) =) €™ fx(xn), tel,

where {x1, 2, ...} IS the range of X. Notice that if X takes
values in the non-negative integers, then Mx(t) = Gx(e!),
t € I, where G x Is the pgf of X, so we would not normally
use mgfs in this case.
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Properties of /. The following properties follow
Immediately from the definition:

(a) M(0)=1.

(b) E(X) = M'(0).

(c) In fact, E(X") = M®™)(0), n > 1.

(d) Taylor's Theorem:

M(t) = iE()f”) t", tel.

n
n=0
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That is, M is the so-called factorial generating function
of the sequence of moments {E(X")}.

(Note that, of necessity, all of the moments of X exist.)

(e) Convolution: If X, Xs,... are independent and
S, = X1+ Xo+--- X, then

Mg, = Mx, Mx,---Mx,, n=>1,

In an interval containing O over which all of the mgfs
mentioned on the right-hand side exist.
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Examples . If X has an exponential distribution with
parameter A, then

> A
Mx(t) = / e e M dr = PUL t € (—o0,\).
0 _

So, MM (t) = nIA/(A —t)"t1. Hence E(X") = nl/\". So,
Var(X) =2/)% — (1/)\)? = 1/)\2%

Uniform. If X ~ Uf(a,b), then fort € R,

ebt_eat

e —C_ 40
Mx(t) = { tb—a)’ 70,

1, t =0,
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Gamma. If X ~ T'(a, \), then

Mx(t) = (%)a, t € (—o0, ).

Normal. If X ~ N(u,o?), then

1
Mx (t) = exp (,ut + 502752) , teR.
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Cauchy. If X has a Cauchy distribution, ie,

1
fX(SC) = 7T(1 —I—ZL‘2) r R,

then E(|X|") = oo and so X has no mgf.
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Let X1, X5, ... be a sequence of independent random

variables, assumed to have mgfs Mx,, Mx,,..., and, as
before, set
0, If n =0,
Sp = " _

Then, Mg = Mx, Mx,---Mx_,n > 1, because
Mg, (1) = B(e!) = B (!(0+X0)

=B () B (0] = My, (8) - M, (1),
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For example, if X1, X, ... are iid with common mgf M, then
Msg, (t) = (M(¢))".

More generally, if NV is an independent non-negative
iInteger-valued random variable with pgf G, then
Mg, (t) = Gn(M(t)), because

Msy(t) = B (') = E (£ (¢*|N))
— ((M(t))N) =GN (M(2)).
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Generating functions

Example . If X1, Xo,...,X,, are independent with
X; ~ F(Ozi, )\), then

and so S, ~T(D>_1; ai, A).

Probability & Statistical Models (©) Philip K. Pollett



Generating functions

Example . Customers arrive at a supermarket checkout at
rate A > 0 (customers per minute).

Their service times are assumed to be iid exp(u) random
variables where u > \. Let p = \/u (< 1) be the traffic
Intensity.

Suppose that you arrive to find n customers ahead of you
with probability (1 — p)p™. Your waiting time W Is then the
sum of the service times, X, Xs, ..., Xy, of the N
customers ahead of you.

What is the distribution S = W + X1, the total time you
spend at the checkout ?
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We have

It follows that S ~ exp(u — ).
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The following slightly more general result is very useful.

Let aj,aq,... be real constants and let S,, = >, a; X;, for
n > 1. Then,

Mg, (1) = B(e!) = E (el Xttm )

n

—F (eta1X1) ... E (etaan) — MX1 (Cth) e MXn (ant> .

For example, If X, Xo,...X,, are iid with common mgf M,
then the mgf of the sample mean X = (1/n) _, X; is given

by My (t)=(M(t/n))"
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Example . Let Xy, Xo,... X, be iid random variables with
common mgf M. Let X,, = (1/n) >, Xi.

We have just seen that Mg (t) = (M (t/n))".

Let 4 = E(X), and assume that 4 Is finite. Then, from
Taylor's theorem, M (t) = 1 + ut 4 o(t), for t near 02.

Then, for fixed n > 1 and ¢ near 0,

Mg (t) = (1 4 %t +o (%))n |

aNotation: f(t) = o(g(t))ast — 0if f(t)/g(t) — 0

Probability & Statistical Models (©) Philip K. Pollett



Generating functions

So, the same must be true for fixed ¢t and n large.

Letting n — oo, we see that My (t) — M,(t), where
My, (t) = exp(ut).

The latter is the mgf of the (almost surely) constant random
variable Y = p.

We might therefore postulate that X,, = p in the sense that
the distribution of X,, converges to that of the constant ..
This is known as the Weak Law of Large Numbers: the
average of a set of iid random variables converges “In
distribution” to their common mean.
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Example . Let X1, Xo, ..., X,, be independent with
X; ~ N(ui,0?), so that

(]

1
Mx.(t) = exp <uit + §0§t2) , teR.

Let S,, = a1 X1 +...a,X,, Where a4, ..., qa, are real
constants. Then, for ¢t € R,

1
exp (,uz-az-t + 5022@%752)

Mg, (t)

(]

n n
1
— exp ( E a; it + 5 E a?a?ﬁ) :
i=1

1=1

n

1
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and so S, ~ N(u,c%), where =35 a;u; and o = > a?o?.

(In the section on random vectors, we proved a more
general result, which allowed the X;’s to be correlated.)
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and so S, ~ N(u,c%), where =35 a;u; and o = > a?o?.

(In the section on random vectors, we proved a more
general result, which allowed the X;’s to be correlated.)

Definition . If X and Y are two random variables then their
joint moment generating function (joint mgf) is defined by

My y(t,u) = E(e!*T4Y); the expectation is assumed to exist
for (¢,) in a subset I of R? containing the origin.
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For example, If X and Y are jointly continuous,

©.@) 0. @)
Mx y(t,u) = / / e vy (2, y) dyda
— 00 — 0
while if X and Y are discrete,

MX Y(t u Z Z bty fX y(lljz, yz)

)

The extension of this definition to n» random variables is
obvious.
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Properties of 1y . The following properties follow
iImmediately from the definition:

(a) MX7y(O,O) = 1.

O*Mx y
(b) E(XY) = T (0,0).
. EM v
(c) Infact, E(X7Y*) = 57k (0,0).

(d) Mx(t) = Mxy(t,0), My(u) = Mxy(0,u).

(e) X and Y are independent if and only if
Mxy(t,u) = Mx(t) My (u), for all ¢ and w.
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Example . If X and Y have a bivariate normal distribution
with parameters pux, iy, 0%, o and p, then it is easily
shown that X and Y have a joint mgf given by

Mx y (t,u) = exp {uxt + pyu
+ %(O'%(LQ + 2p0 xoytu + 0'32/u2)} :

for (¢,u) € R>.
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More generally, if X (€ R™) has the multivariate normal
N (e, V) distribution, where p = E(X) and V = Cov(X),
then

MX(t):E(eXtT):eXp (utT—F%tVtT) , te R".

We see that X1, ..., X,, are independent
(Mx = My, --- Mx, ) iff V is a diagonal matrix.
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Theorem . Let D be an n x m matrix with rank m < n, and
defineY = (V1,...,Y,) by Y = X D, where
X =(X1,...,Xn).

If X ~N(0,V),thenY ~ N(0, D' VD).

Proof.
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For completeness sake, we mention two more transforms.
The Laplace-Stieltjes transform

This Is the most important generating function associated
with a non-negative, continuous random variable.

For non-negative, discrete random variables the pgf is
preferred, even though the Laplace-Stieltjes transform is
well defined. It is closely related to the classical Laplace
transform of a function.
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Definition . Let X be a non-negative random variable. The
Laplace-Stieltjes transform (LST) of X Is defined to be

L(t) = E(e”*), where ¢t > 0 (more generally, Im(t) > 0).

The expectation exists for all such t. L(t) Is real, positive
and finite, for all ¢ > 0. We often write L x to stress the role

of X.

Warning. When setting Mx (t) = Lx(—t) note carefully that
the mgf and the LST have different domains. For example,
If X ~exp(A), then Lx(t) = \/(A+1t), defined for all ¢ > 0.
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The Characteristic function

This is the “Rolls Royce” of generating functions. Every
random variable has a characteristic function, no matter
how strange. It is closely related to the classical Fourier
transform of a function, and has analytical properties vastly
superior to those of the mgf. (The mgf is not used in serious
establishments!)

Definition . The characteristic function (cf) of X Is the
function ¢ : R — C, defined for all t € R by ¢(t) = E(eX).

(Here i = /—1.)
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Note. If Z = X + Y Is a complex-valued random variable,
then E(Z7) := E(X) +E(Y), where the expectation on the
right-hand side is the one we’re used to.

So, ¢(t) = E(costX) 4+ tE(sintX).

The cf has many beautiful properties. For example,
o(—t) = o(t), P—x)(t) = ox (1), from which it follows that a

random variable is symmetric (X and —X are identically
distributed) if and only if its cf is real valued.

If X has a Cauchy distribution, then ¢x (t) = e,

More |later!
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