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Notation

g : fin. dim. simple Lie algebra with Cartan matrix (ai ,j)

I := {1, 2, · · · , r} : index set

h :=< hj >⊂ g

{αi |i ∈ I} : simple roots

Linear map Λi : h→ C, Λi(hj) = δij is called fundamental
weight.

P :=
⊕r

i=1 ZΛi : weight lattice,

P+ :=
⊕r

i=1 Z≥0Λi : positive weight lattice.

W : Weyl group
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Outline

ι := (· · · , i3, i2, i1) : infinite sequence of indices in I
s.t. ik ̸= ik+1 (k ∈ Z>0) and ♯{k ∈ Z>0|ik = j} =∞ (for any j ∈ I ).

Fact(Kashiwara, Nakashima, Zelevinsky)

There exists an embedding of crystal

Ψι : B(∞) ↪→ Z∞ = {(· · · , a3, a2, a1)|al ∈ Z, ak = 0 (k ≫ 0)}.

Im(Ψι) (∼= B(∞)) : polyhedral realization of B(∞).

Problem1
Find an explicit form of Im(Ψι).
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Outline

Nakashima, Zelevinsky found how to calculate Im(Ψι) in the
case ι satisfies a positivity condition (1997).

In the case g = slr+1, ι = (· · · , r , · · · , 2, 1, r , · · · , 2, 1), ι
satisfies the positivity condition and explicit form of Im(Ψι) are
given (N,Z).

For any ι and g : rank 2, ι satisfies the positivity condition and
explicit form of Im(Ψι) are given (N,Z).

For fin. dim. simple Lie alg g, ι = (· · · , r , · · · , 2, 1, r , · · · , 2, 1)
satisfies the positivity condition and explicit forms of Im(Ψι) are
given by Hoshino (2006), J.Kim, D.Shin (2008).

To check the positivity condition for a given ι is not easy.

Problem2
Find a sufficient condition of positivity condition.
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Outline

Goal
g : type A, B, C or D.

Give a sufficient condition of the positivity condition.

For ι satisfying the sufficient condition, give an explicit form of
Im(Ψι).

Plan

1 Quick review of Crystals

2 Polyhedral realizations

3 Main results

4 Proof
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1. Crystals
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Crystal

Definition

A crystal is a set B together with the maps wt : B → P ,
εi , φi : B → Z ∪ {−∞} and ẽi ,f̃i : B → B ∪ {0} (i ∈ I ) satisfying the
followings: For b, b′ ∈ B, i , j ∈ I ,

(1) φi(b) = εi(b) + ⟨wt(b), hi⟩,
(2) wt(ẽib) = wt(b) + αi if ẽi(b) ∈ B, wt(f̃ib) = wtj(b)− αi if

f̃i(b) ∈ B,
(3) εi(ẽi(b)) = εi(b)− 1, φi(ẽi(b)) = φi(b) + 1 if ẽi(b) ∈ B,
(4) εi(f̃i(b)) = εi(b) + 1, φi(f̃i(b)) = φi(b)− 1 if f̃i(b) ∈ B,
(5) f̃i(b) = b′ if and only if b = ẽi(b

′),

(6) if φi(b) = −∞ then ẽi(b) = f̃i(b) = 0.

We call ẽi ,f̃i Kashiwara operators.
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Tensor product of crystals

Definition

The tensor product B1 ⊗ B2 of crystals B1, B2 is defined to be the
set B1 × B2 whose crystal structure is defined as follows:

(1) wt(b1 ⊗ b2) = wt(b1) + wt(b2),

(2) εi(b1 ⊗ b2) = max(εi(b1), εi(b2)− ⟨hi ,wt(b1)⟩),
(3) φi(b1 ⊗ b2) = max(φi(b2), φi(b1) + ⟨hi ,wt(b2)⟩),

(4) ẽi(b1 ⊗ b2) =

{
ẽib1 ⊗ b2 if φi(b1) ≥ εi(b2),

b1 ⊗ ẽib2 if φi(b1) < εi(b2),

(5) f̃i(b1 ⊗ b2) =

{
f̃ib1 ⊗ b2 if φi(b1) > εi(b2),

b1 ⊗ f̃ib2 if φi(b1) ≤ εi(b2),

for i ∈ I .
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A morphism of crystals

Definition

A morphism ψ : B1 → B2 of crystals B1, B2 is a map
B1

⊔
{0} → B2

⊔
{0} s.t. ψ(0) = 0 and

(1) wt(ψ(b)) = wt(b),

(2) εi(ψ(b)) = εi(b),

(3) φi(ψ(b)) = φi(b),

(4) ψ(ẽi(b)) = ẽiψ(b) if ψ(b) ̸= 0 and ψ(ẽi(b)) ̸= 0,

(5) ψ(f̃i(b)) = f̃iψ(b) if ψ(b) ̸= 0 and ψ(f̃i(b)) ̸= 0,
for i ∈ I .
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A strict morphism of crystals

Definition

A strict morphism ψ : B1 → B2 of crystals B1, B2 is a map
B1

⊔
{0} → B2

⊔
{0} s.t. ψ(0) = 0 and

(1) wt(ψ(b)) = wt(b),

(2) εi(ψ(b)) = εi(b),

(3) φi(ψ(b)) = φi(b),

(4) ψ(ẽi(b)) = ẽiψ(b),

(5) ψ(f̃i(b)) = f̃iψ(b),
for i ∈ I .

An injective strict morphism is said to be strict embedding.
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Examples of Crystal

Uq(g) = Uq(g)
−Uq(g)0Uq(g)

+ : triangular decomp. of the quantum
group

Crystal base B(λ) of the fin. dim. irr. repr V (λ) of Uq(g) is a
crystal (λ ∈ P+).

Crystal base B(∞) of Uq(g)
− is a crystal.

∃ uλ ∈ B(λ), u∞ ∈ B(∞),

B(λ) = {f̃j1 · · · f̃jluλ|l ∈ Z≥0, j1, · · · jl ∈ I},

B(∞) = {f̃j1 · · · f̃jlu∞|l ∈ Z≥0, j1, · · · jl ∈ I}.
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Examples of Crystal

For i ∈ I ,
Bi := {(n)i |n ∈ Z},

εj((n)i) = φj((n)i) = −∞ (i ̸= j),

wt((n)i) = nαi , εi((n)i) = −n, φi((n)i) = n,

ẽj((n)i) = f̃j((n)i) = 0 (i ̸= j),

· · · (−2)i
ẽi−→ (−1)i

ẽi−→ (0)i
ẽi−→ (1)i

ẽi−→ (2)i
ẽi−→ · · ·

· · · (−2)i
f̃i←− (−1)i

f̃i←− (0)i
f̃i←− (1)i

f̃i←− (2)i
f̃i←− · · · .

⇒ Bi is a crystal.
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ẽi−→ (1)i
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A crystal structure of Z∞ι

Z∞ := {x = (· · · , x4, x3, x2, x1)|xk ∈ Z, xl = 0(l ≫ 0)}.
ι := (· · · , i3, i2, i1) : infinite sequence of I
s.t. ik ̸= ik+1 (k ∈ Z>0) and ♯{k ∈ Z>0|ik = j} =∞ (for any j ∈ I ).

We define a crystal str. on Z∞ ass. to ι as follows:
(After, we will see B(∞) ↪→ Z∞)

σk(x) := xk +
∑
j>k

⟨hik , αij ⟩xj (k ∈ Z≥1, x ∈ Z∞).

By xj = 0 (j ≫ 0), σk(x) is well-defined for x ∈ Z∞, and we get

σk(x) = 0 (k ≫ 0). (1)

Next, σ(i)(x) := maxk∈Z≥1; ik=iσk(x) (i ∈ I ). By (1), σ(i)(x) ≥ 0.

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 13

/ 66



A crystal structure of Z∞ι

Z∞ := {x = (· · · , x4, x3, x2, x1)|xk ∈ Z, xl = 0(l ≫ 0)}.
ι := (· · · , i3, i2, i1) : infinite sequence of I
s.t. ik ̸= ik+1 (k ∈ Z>0) and ♯{k ∈ Z>0|ik = j} =∞ (for any j ∈ I ).

We define a crystal str. on Z∞ ass. to ι as follows:
(After, we will see B(∞) ↪→ Z∞)

σk(x) := xk +
∑
j>k

⟨hik , αij ⟩xj (k ∈ Z≥1, x ∈ Z∞).

By xj = 0 (j ≫ 0), σk(x) is well-defined for x ∈ Z∞, and we get

σk(x) = 0 (k ≫ 0). (1)

Next, σ(i)(x) := maxk∈Z≥1; ik=iσk(x) (i ∈ I ). By (1), σ(i)(x) ≥ 0.

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 13

/ 66



A crystal structure of Z∞ι

Z∞ := {x = (· · · , x4, x3, x2, x1)|xk ∈ Z, xl = 0(l ≫ 0)}.
ι := (· · · , i3, i2, i1) : infinite sequence of I
s.t. ik ̸= ik+1 (k ∈ Z>0) and ♯{k ∈ Z>0|ik = j} =∞ (for any j ∈ I ).

We define a crystal str. on Z∞ ass. to ι as follows:
(After, we will see B(∞) ↪→ Z∞)

σk(x) := xk +
∑
j>k

⟨hik , αij ⟩xj (k ∈ Z≥1, x ∈ Z∞).

By xj = 0 (j ≫ 0), σk(x) is well-defined for x ∈ Z∞, and we get

σk(x) = 0 (k ≫ 0). (1)

Next, σ(i)(x) := maxk∈Z≥1; ik=iσk(x) (i ∈ I ). By (1), σ(i)(x) ≥ 0.

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 13

/ 66



A crystal structure of Z∞ι

Z∞ := {x = (· · · , x4, x3, x2, x1)|xk ∈ Z, xl = 0(l ≫ 0)}.
ι := (· · · , i3, i2, i1) : infinite sequence of I
s.t. ik ̸= ik+1 (k ∈ Z>0) and ♯{k ∈ Z>0|ik = j} =∞ (for any j ∈ I ).

We define a crystal str. on Z∞ ass. to ι as follows:
(After, we will see B(∞) ↪→ Z∞)

σk(x) := xk +
∑
j>k

⟨hik , αij ⟩xj (k ∈ Z≥1, x ∈ Z∞).

By xj = 0 (j ≫ 0), σk(x) is well-defined for x ∈ Z∞, and we get

σk(x) = 0 (k ≫ 0). (1)

Next, σ(i)(x) := maxk∈Z≥1; ik=iσk(x) (i ∈ I ). By (1), σ(i)(x) ≥ 0.
Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases

March 26, 2019 at Osaka City University 13
/ 66



A crystal structure of Z∞ι

σk(x) = 0 (k ≫ 0). (1)

We also set

M (i) = M (i)(x) := {k ∈ Z≥1|ik = i , σk(x) = σ(i)(x)}.

Note that by (1),

max M (i) <∞⇔ σ(i)(x) > 0.

Now we define f̃i : Z∞ → Z∞ and ẽi : Z∞ → Z∞ ∪ {0} as

(f̃i(x))k := xk+δk,minM(i) , (ẽi(x))k :=

{
xk − δk,maxM(i) if σ(i)(x) > 0,

0 otherwise.
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A crystal structure of Z∞ι

We also define
wt(x) = −

∑
j∈Z≥1

xjαij ,

εi(x) = σ(i)(x), φi(x) = ⟨hi ,wt(x)⟩+ εi(x).

Theorem (Nakashima, Zelevinsky)

(Z∞, ẽi , f̃i , εi , φi , wt) is a crystal. We denote it by Z∞
ι .

Next, we will see B(∞) ↪→ Z∞
ι .

The image of this embedding is called a polyhedral realization.
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2. Polyhedral realizations
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Kashiwara embedding

Theorem (Kashiwara)

For ∀i ∈ I , there uniquely exists a strict embedding

Ψi : B(∞) ↪→ B(∞)⊗ Bi , u∞ 7→ u∞ ⊗ (0)i .

Ψi is called a Kashiwara embedding.

Using this theorem repeatedly, for a sequence il , · · · , i1 ∈ I , we obtain

Ψil ,··· ,i1 = Ψil ◦Ψil−1
◦· · ·◦Ψi1 : B(∞) ↪→ B(∞)⊗Bil⊗Bil−1

⊗· · ·⊗Bi1 .

Fact

We suppose that ♯{1 ≤ k ≤ l |ik = j} ≫ 0 (∀j ∈ I ). For b ∈ B(∞),

Ψil ,··· ,i1(b) ∈ u∞ ⊗ Bil ⊗ Bil−1
⊗ · · · ⊗ Bi1 .
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Polyhedral realization

ι := (· · · , i3, i2, i1) : infinite sequence of I
s.t. ik ̸= ik+1 (k ∈ Z>0) and ♯{k ∈ Z>0|ik = j} =∞ (∀j ∈ I ).

Let us construct a map
Ψι : B(∞) ↪→ Z∞

ι := {(· · · , al , · · · , a2, a1)|al ∈ Z, ak = 0(k ≫ 0)}
as follows:

For b ∈ B(∞), taking m≫ 0, we get

Ψim,··· ,i1(b) = u∞ ⊗ (−am)im ⊗ (−am−1)im−1 ⊗ · · · ⊗ (−a1)i1

with some −aj ∈ Z.
Then we set Ψι(b) := (· · · , 0, 0, am, · · · , a1).
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Polyhedral realization

Theorem (Nakashima, Zelevinsky)

The above map Ψι : B(∞) ↪→ Z∞
ι is a unique strict embedding of

crystals s.t. Ψι(u∞) = (· · · , 0, 0, 0).

Definition

ImΨι(∼= B(∞)) is called a polyhedral realization of B(∞).

Problem
Find an explicit form of Im(Ψι).

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 19

/ 66



Polyhedral realization

Theorem (Nakashima, Zelevinsky)

The above map Ψι : B(∞) ↪→ Z∞
ι is a unique strict embedding of

crystals s.t. Ψι(u∞) = (· · · , 0, 0, 0).

Definition

ImΨι(∼= B(∞)) is called a polyhedral realization of B(∞).

Problem
Find an explicit form of Im(Ψι).

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 19

/ 66



Polyhedral realization

Theorem (Nakashima, Zelevinsky)

The above map Ψι : B(∞) ↪→ Z∞
ι is a unique strict embedding of

crystals s.t. Ψι(u∞) = (· · · , 0, 0, 0).

Definition

ImΨι(∼= B(∞)) is called a polyhedral realization of B(∞).

Problem
Find an explicit form of Im(Ψι).

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 19

/ 66



Polyhedral realization
Problem
Find an explicit form of Im(Ψι).

Nakashima and Zelevinsky found a way calculating Im(Ψι) if ι
satisfies a positivity condition.

Defining a set Ξι ⊂ HomZ(Z∞,Z), they described Im(Ψι) as

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Ξι}.
Let us see the positivity condition and a construction of Ξι.

For ι = (· · · , i3, i2, i1) and k ∈ Z≥1,

k− := max({l ∈ Z≥1|k > l , ik = il} ∪ {0}),
k+ := min{l ∈ Z≥1|k < l , ik = il}.

ex) ι = (· · · , 2, 1, 2, 1, 2, 1)⇒ 1− = 0, 2− = 0, 3− = 1, 4− = 2,
5− = 3, 6− = 4, 1+ = 3, 2+ = 4, 3+ = 5, 4+ = 6.
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Calculations of Polyhedral realization

For k ∈ Z≥1, we define xk ∈ HomZ(Z∞,Z) as
xk(· · · , a3, a2, a1) := ak .

For each φ ∈ HomZ(Z∞,Z), we write

φ =
∑

ckxk , ck ∈ Z.

Let βk ∈ HomZ(Z∞,Z) (k ∈ Z≥1) be

βk = xk +
∑

k<j<k+

⟨hik , αij ⟩xj + xk+ .

For φ =
∑

ckxk ∈ HomZ(Z∞,Z) and k ∈ Z≥1, we define
Sk(φ) ∈ HomZ(Z∞,Z) as

Sk(φ) :=

{
φ− ckβk if ck ≥ 0,

φ− ckβk− if ck < 0.
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Polyhedral realization

For φ =
∑

ckxk ∈ HomZ(Z∞,Z),
Sk(φ) :=

{
φ− ckβk if ck ≥ 0,

φ− ckβk− if ck < 0,

where we set β0 := 0. We also define

Ξι := {Sjl · · · Sj1xj0|l ≥ 0, j0, j1, · · · , jl ≥ 1}.

Positivity condition

If k− = 0 (k ∈ Z≥1) then ck ≥ 0 for any φ =
∑

ckxk ∈ Ξι.

∗ Positivity condition : a technical condition

Theorem (Nakashima, Zelevinsky)

If ι satisfies the positivity condition then

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Ξι}.
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An example of the polyhedral realization

Example) g : type A2, ι = (· · · , 2, 1, 2, 1, 2, 1).
1− = 2− = 0, k− > 0 (k > 2).

We write a vector (· · · , x6, x5, x4, x3, x2, x1) as

(· · · , x3,2, x3,1, x2,2, x2,1, x1,2, x1,1). (xl ,1 = x2l−1, xl ,2 = x2l)

Recall) positivity condition ⇔ the coefficients of x1 = x1,1 and
x2 = x1,2 in each φ ∈ Ξι are non-negative.

Similarly, we write Sl ,1 = S2l−1, Sl ,2 = S2l .
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An example of the polyhedral realization

Example) g : type A2, ι = (· · · , 2, 1, 2, 1, 2, 1).
For k ∈ Z≥1, we obtain

xk,1
Sk,1

⇄ xk,2 − xk+1,1

Sk,2

⇄ −xk+1,2,
Sk+1,1 Sk+1,2

xk,2
Sk,2

⇄ xk+1,1 − xk+1,2

Sk+1,1

⇄ −xk+2,1,
Sk+1,2 Sk+2,1

and other actions are trivial. Thus

Ξι = {xk,1, xk,2−xk+1,1, −xk+1,2, xk,2, xk+1,1−xk+1,2,−xk+2,1|k ≥ 1}.

The coefficients of x1,1 and x1,2 in each φ ∈ Ξι are non-negative.
∴ ι satisfies the positivity condition and

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Ξι}.
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An example which does not satisfy the positivity

condition

Example) g : type A3, ι = (· · · , 2, 1, 2, 3, 2, 1).

x1
S1→ −x5 + x4 + x2

S2→ −x5 + x3
S5→ −x4 + x3 − x2 + x1.

Thus, −x4 + x3−x2 + x1 ∈ Ξι and 2− = 0.
∴ ι does not satisfy the positivity condition.

Problem
Find a sufficient condition of the positivity condition.
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3. A sufficient condition of the positivity condition (Main
results)

Yuki Kanakubo, Sophia University (joint work with T. Nakashima)Positivity condition of Polyhedral realizations of crystal bases
March 26, 2019 at Osaka City University 27

/ 66



Infinite sequences adapted to A

A = (ai ,j)i ,j∈I : The Cartan matrix of g

Definition

If ι satisfies the following condition, we say ι is adapted to A :
For i , j ∈ I with i ̸= j and ai ,j ̸= 0, the subsequence of ι consisting of
i , j is

(· · · , i , j , i , j , i , j , i , j) or (· · · , j , i , j , i , j , i , j , i).

Example) g : type A3, ι = (· · · , 2, 1, 3, 2, 1, 3, 2, 1, 3)
subsequence consisting of 1, 2 : (· · · , 2, 1, 2, 1, 2, 1)
subsequence consisting of 2, 3 : (· · · , 2, 3, 2, 3, 2, 3)
Since a1,3 = 0 we do not need consider the pair 1, 3.

Thus, ι is adapted to A.
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Infinite sequences adapted to A

Example) g : type A3, ι = (· · · , 3, 2, 1, 3, 2, 3, 1, 2, 3, 1, 2, 1)
subsequence consisting of 1, 2 : (· · · , 2, 1, 2, 1, 2, 1)
subsequence consisting of 2, 3 : (· · · , 3, 2, 3, 2, 3, 2)

ι is adapted to A.

Example) g : type A3, ι = (· · · , 2, 1, 2, 3, 2, 1)
subsequence consisting of 1, 2 : (· · · , 2, 1, 2, 2, 1)

ι is not adapted to A.
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A sufficient condition of positivity condition

Problem
Find a sufficient condition of positivity condition.

The following theorem is an answer of the above Problem:

Theorem (K, Nakashima)

Let g be of type A,B,C or D. If ι is adapted to the Cartan matrix of g
then ι satisfies the positivity condition.

Example) The following ι satisfy the positivity condition (g:rank 4):

ι = (· · · , 1, 2, 3, 4, 1, 2, 3, 4),
ι = (· · · , 3, 1, 4, 2, 3, 1, 4, 2, 3, 1, 4, 2),
ι = (· · · , 4, 3, 1, 2, 4, 1, 3, 2, 1, 4, 3, 2).
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Tableaux description of Ξι

Next, let us consider the following problem:

Problem
Find an explicit form of Im(Ψι).

In what follows, we suppose that ι is adapted to the Cartan matrix of
g and let us construct an explicit form of Ξι by using Young
tableaux.

Recall

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Ξι} (∼= B(∞))
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Tableaux description of Ξι

Recall

ι is adapted to A = (aij)
def⇔

For i , j ∈ I (i ̸= j , ai ,j ̸= 0), the subsequence of ι consisting of i , j is

(· · · , i , j , i , j , i , j , i , j) or (· · · , j , i , j , i , j , i , j , i).

Let (pi ,j)i ̸=j , ai,j ̸=0 be the set of integers s.t.

pi ,j =

{
1 if (· · · , j , i , j , i , j , i),
0 if (· · · , i , j , i , j , i , j).

For k (2 ≤ k ≤ r), we set

P(k) :=

{
p2,1 + p3,2 + · · ·+ pr−2,r−3 + pr ,r−2 if k = r , g : type Dr ,

p2,1 + p3,2 + p4,3 + · · ·+ pk,k−1 if o.w.
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Tableaux descriptions

ι = (· · · , ik , · · · , i3, i2, i1).

For k ∈ Z≥1, we write

xk = xs,j , Sk = Ss,j ,

if ik = j and j is appearing s times in ik , ik−1, · · · , i1.

Example) ι = (· · · , 2, 1, 3, 2, 1, 3, 2, 1, 3)
(· · · , x7, x6, x5, x4, x3, x2, x1) = (· · · , x3,3, x2,2, x2,1, x2,3, x1,2, x1,1, x1,3)

Example) ι = (· · · , 1, 2, 3, 1, 2, 1)
(· · · , x6, x5, x4, x3, x2, x1) = (· · · , x3,1, x2,2, x1,3, x2,1, x1,2, x1,1)
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Tableaux descriptions

g = Ar case

For 1 ≤ j ≤ r + 1 and s ∈ Z, we set

j
A

s := xs+P(j),j − xs+P(j−1)+1,j−1 ∈ HomZ(Z∞,Z).
(xm,0 = xm,r+1 = 0 for m ∈ Z, and xm,i = 0 (m ≤ 0, i ∈ I )).

j
s =

j
A

s are obtained from 1
s = xs,1 by operators Sm,j

(1 ≤ s):

1
s

2
s

3
s

· · · r
s

r+1
s

Ss,1
++

Ss+P(2),2
++

Ss+P(3),3

** ++
Ss+P(r),r

,,
ll

Ss+P(r)+1,r

hhkk
Ss+P(3)+1,3

kk
Ss+P(2)+1,2

kk
Ss+1,1
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Tableaux descriptions

g = Br case

For 1 ≤ j ≤ r and s ∈ Z, we set

j
B

s := xs+P(j),j − xs+P(j−1)+1,j−1,

j
B

s := xs+P(j−1)+r−j+1,j−1 − xs+P(j)+r−j+1,j .

1
s

2
s

3
s

· · · r
s

r
s

r−1
s

r−2
s

· · · 1
s

Ss,1
++

Ss+P(2),2
++

Ss+P(3),2

** ++
Ss+P(r),r

,,

Ss+P(r−2)+2,r

,, (( ++++

kk
Ss+1,1

kk
Ss+P(2)+1,2

kk
Ss+P(3)+1,2

hh ll
Ss+P(r)+1,r

ll
Ss+P(r−2)+3,r

kk jjhh
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Tableaux descriptions

g = Cr case

For 1 ≤ j ≤ r − 1 and s ∈ Z, we set

j
C

s := xs+P(j),j − xs+P(j−1)+1,j−1,

r
C

s := 2xs+P(r),r − xs+P(r−1)+1,r−1,

r
C

s := xs+P(r−1)+1,r−1 − 2xs+P(r)+1,r ,

j
C

s := xs+P(j−1)+r−j+1,j−1 − xs+P(j)+r−j+1,j .
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Tableaux descriptions

g = Dr case

For s ∈ Z, we set

j
D

s := xs+P(j),j − xs+P(j−1)+1,j−1, (1 ≤ j ≤ r − 2, j = r),

r−1
D

s := xs+P(r−1),r−1 + xs+P(r),r − xs+P(r−2)+1,r−2,

r
D

s := xs+P(r−1),r−1 − xs+P(r)+1,r ,

r−1
D

s := xs+P(r−2)+1,r−2 − xs+P(r−1)+1,r−1 − xs+P(r)+1,r ,

j
D

s := xs+P(j−1)+r−j ,j−1 − xs+P(j)+r−j ,j , (1 ≤ j ≤ r − 2).
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Tableaux descriptions

g = Dr case

1
s

· · · r−1
s

r
s

r
s

r−1
s

· · · 1
s

Ss,1
** ++

Ss+P(r−1),r−1

66

Ss+P(r),r

��

��

66
)) ++

kk
Ss+1,1

hh
vv Ss+P(r−1)+1,r−1

]]

Ss+P(r)+1,r

]]

vv

kk hh
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Tableaux descriptions

For X = A, B, C or D,

j1

j2
...

jk−1

jk

X

s

:= jk
X

s + jk−1

X

s+1 + · · ·+
j2

X

s+k−2 +
j1

X

s+k−1
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Partial order set

Let us define the following posets:

JA := {1, 2, · · · , r , r + 1}, 1 < 2 < · · · < r < r + 1.

JB = JC := {1, 2, · · · , r , r , · · · , 2, 1},

1 < 2 < · · · < r < r < · · · < 2 < 1.

JD := {1, 2, · · · , r , r , · · · , 2, 1},

1 < 2 < · · · < r − 1 < r
r < r − 1 < · · · < 2 < 1.

For j ∈ {1, 2, · · · , r}, we set |j | = |j | = j .
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Tableaux descriptions

For X = A, B,

TabX := { j1

j2
...

jk

X

s

|k ∈ I , ji ∈ JX , 1− P(k) ≤ s, (∗)Xk }

(∗)Ak : 1 ≤ j1 < j2 < · · · < jk ≤ r + 1,

(∗)Bk :

{
1 ≤ j1 < j2 < · · · < jk ≤ 1 for k < r ,

1 ≤ j1 < j2 < · · · < jr ≤ 1, |jl | ̸= |jm| (l ̸= m) for k = r .
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Tableaux descriptions

TabC := { j1

j2
...

jk

C

s

|k ∈ {1, · · · , r − 1}, ji ∈ JC , 1− P(k) ≤ s, (∗)Ck }

∪ { r+1

j1
...

jt

C

s

|0 ≤ t ≤ r , ji ∈ JC , 1− P(r) ≤ s, (∗)Cr },

where r+1
C

s := xs+P(r),r , (∗)Ck :

{
1 ≤ j1 < · · · < jk ≤ 1 for k < r ,

r ≤ j1 < · · · < jt ≤ 1 for k = r .
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Tableaux descriptions

TabD := { j1
...

jk

D

s

|k ∈ {1, · · · , r − 2}, ji ∈ JD , 1− P(k) ≤ s, (∗)Dk }

∪{ r+1

j1
...

jt

D

s

|0 ≤ t ≤ r , ji ∈ JD , 1− P(r − 1) ≤ s, (∗)Dr−1}

∪{ r+1

j1
...

jt

D

s

|0 ≤ t ≤ r , ji ∈ JD , 1− P(r) ≤ s, (∗)Dr }.
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Tableaux descriptions

r+1
D

s := xs+P(r),r ,

(∗)Dk :


1 ≤ j1 < j2 < · · · < jk ≤ 1 for k < r − 1,

r ≤ j1 < · · · < jt ≤ 1, t is odd for k = r − 1,

r ≤ j1 < · · · < jt ≤ 1, t is even for k = r .
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Explicit forms of Ξι via tableaux descriptions

Theorem (K, Nakashima)

g : type X (=A, B, C, or D), ι : adapted to the Cartan matrix of g.

Ξι = TabX.

⇒An explicit form of Ξι via Young tableaux.

Remark

If X=B, C or D then the tableaux descriptions of the homomorphisms
are not unique:

Example) r

r

B

s

= r−1

r−1

B

s

.
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Explicit forms of Im(Ψι) via tableaux descriptions

Corollay

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ TabX}

= {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Tabr
X , xm,i = 0 (∀i ∈ I , m > r).}

Tabr
X := { j1

j2
...

jk

X

s

∈ TabX |s ≤ r} : a finite set

Thus, Im(Ψι) can be written via finitely many inequalities and finitely
many variables xm,i .
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Explicit forms of Ξι via tableaux descriptions

Example) g : type A2, ι = (· · · , 2, 1, 2, 1, 2, 1). We have p2,1 = 0.

Tab2
A

= { i
A

s |1 ≤ i ≤ 3, 1 ≤ s ≤ 2} ∪ { i

j

A

s

|1 ≤ i < j ≤ 3, 1 ≤ s ≤ 2}

= {xs,i − xs+1,i−1|1 ≤ i ≤ 3, 1 ≤ s ≤ 2}
∪{xs+1,i − xs+2,i−1 + xs,j − xs+1,j−1|1 ≤ i < j ≤ 3, 1 ≤ s ≤ 2}.

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Tab2
A, xm,1 = xm,2 = 0 (3 ≤ m)}

={x ∈ Z∞|xs,i − xs+1,i−1 ≥ 0 (1 ≤ i ≤ 3, 1 ≤ s ≤ 2), xm,i = 0 (3 ≤ m)},

Rem) xs,i − xs+1,i−1 ≥ 0 (1 ≤ i ≤ 3, 1 ≤ s) ⇒
xs+1,i − xs+2,i−1 + xs,j − xs+1,j−1 ≥ 0 (1 ≤ i < j ≤ 3, 1 ≤ s).
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Explicit forms of Ξι via tableaux descriptions

Example) g : type A2, ι = (· · · , 2, 1, 2, 1, 2, 1). We have p2,1 = 0.

Furthermore,

Im(Ψι) =

{x ∈ Z∞|xs,i−xs+1,i−1 ≥ 0 (1 ≤ i ≤ 3, 1 ≤ s ≤ 2), xm,i = 0 (3 ≤ m)}

= {x ∈ Z∞|x1,2 ≥ x2,1 ≥ 0, x1,1 ≥ 0, xm+1,2 = xm+2,1 = 0, ∀m ∈ Z≥1}.

Remark

In this way, when we decide ι (so that pi ,j), reductions of inequalities
are happened. Thus

Im(Ψι) = {x ∈ Z∞|φ(x) ≥ 0, ∀φ ∈ Tabr
X , xm,i = 0 (∀i ∈ I , m > r)}

includes unnecessary inequalities.
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4. Proof
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Proof

In the case g is of type Ar and ι is adapted to the Cartan matrix of
g, let us prove

ι satisfies the positivity condition.

Ξι = TabA.
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Proof

Lemma

For l ∈ Z≥1, we have SlTabA ⊂ TabA.

[Proof.]
We set P(m) := p2,1 + p3,2 + · · ·+ pm,m−1 (1 ≤ m ≤ r). (P(1) := 0).
Let T ∈ TabA be the following tableau:

T = j1

j2
...

jk
s

=
k∑

i=1

ji
s+k−i =

k∑
i=1

(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1)

with 1− P(k) ≤ s and k ∈ I .
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Proof

Note that since

ji
s+k−i +

ji+1
s+k−i−1

= xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1

+xs+k−i−1+P(ji+1),ji+1
− xs+k−i+P(ji+1−1),ji+1−1,

if ji+1 = ji + 1 then we get

ji
s+k−i +

ji+1
s+k−i−1

= xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1

+xs+k−i−1+P(ji+1),ji+1 − xs+k−i+P(ji ),ji
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Proof

Note that since

ji
s+k−i +

ji+1
s+k−i−1

= xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1

+xs+k−i−1+P(ji+1),ji+1
− xs+k−i+P(ji+1−1),ji+1−1,

if ji+1 = ji + 1 then we get

ji
s+k−i +

ji+1
s+k−i−1

= hhhhhhhxs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1

+xs+k−i−1+P(ji+1),ji+1 −hhhhhhhxs+k−i+P(ji ),ji

= xs+k−i−1+P(ji+1),ji+1 − xs+k−i+1+P(ji−1),ji−1.
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Proof

Recall

T =
∑k

i=1(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1)

For φ =
∑

ckxk ∈ HomZ(Z∞,Z) and k ∈ Z≥1,

Sk(φ) :=

{
φ− ckβk if ck ≥ 0,

φ− ckβk− if ck < 0.

⇒ if ck = 0 then Sk(φ) = φ.

Thus, we have SlT = T ∈ TabA except for the following case:

Sl = Sm,j and (m, j) belongs to

{(s + k − i + P(ji), ji)|i = 1, 2, · · · , k , ji+1 > ji + 1}
∪ {(s + k − i +1+ P(ji − 1), ji − 1)|i = 1, 2, · · · , k ji − 1 > ji−1}.
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Proof

Recall

ji
s+k−i

ji+1
s+k−i

Ss+k−i+P(ji ),ji --
mm
Ss+k−i+P(ji )+1,ji

If Sl = Sm,j and (m, j) = (s + k − i + P(ji), ji) with ji+1 > ji + 1 then

SlT = Sl
j1
...

ji

ji+1
...

jk
s

= j1
...

ji+1

ji+1
...

jk
s

∈ TabA.
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Proof

If Sl = Sm,j and (m, j) = (s + k − i + 1 + P(ji − 1), ji − 1) with
ji − 1 > ji−1 then

SlT = Sl
j1
...

ji−1

ji
...

jk
s

= j1
...

ji−1

ji−1
...

jk
s

∈ TabA.

Thus we have verified SlTabA ⊂ TabA.
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Proof

For s ∈ Z≥1 and k ∈ I , we can verify

xs,k =
k∑

i=1

(xs−P(k)+k−i+P(i),i − xs−P(k)+k−i+1+P(i−1),i−1)

= 1

2
...

k
s−P(k)

∈ TabA.

Hence by the previous lemma SlTabA ⊂ TabA, we obtain

Ξι = {Sjm · · · Sj1xs,k |m ≥ 0, j1, · · · , jm ≥ 1, s ∈ Z≥1, k ∈ I}
⊂ TabA.
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Proof

Corollay

ι satisfies the positivity condition.

[Proof.]

Recall
ι satisfies positivity condition ⇔ the coefficient of x1,j (j ∈ I ) in each
φ ∈ Ξι ⊂ TabA is not negative.

Recall
Each tableau in TabA is in the following form:

T =
k∑

i=1

(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1)

with 1 ≤ j1 < · · · < jk ≤ r + 1, k ∈ I and 1− P(k) ≤ s.
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Proof

T =
k∑

i=1

(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1).

(1 ≤ j1 < · · · < jk ≤ r + 1, k ∈ I and 1− P(k) ≤ s).

Note that ji ≥ i (1 ≤ i ≤ k). If ji > i (⇔ ji − 1 ≥ i) then by
pl ,l−1 = 1 or 0 (l = 2, 3, · · · , r),

k − i + 1 + P(ji − 1) = k − i + 1 + p2,1 + p3,2 + · · ·+ pji−1,ji−2

≥ k − i + 1 + p2,1 + p3,2 + · · ·+ pi ,i−1

≥ p2,1 + p3,2 + · · ·+ pi ,i−1 + pi+1,i + · · ·+ pk,k−1 + 1

= P(k) + 1 ≥ 2− s. (∵ 1− P(k) ≤ s)

Thus we have s + k − i + 1 + P(ji − 1) ≥ 2.
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≥ p2,1 + p3,2 + · · ·+ pi ,i−1 + pi+1,i + · · ·+ pk,k−1 + 1

= P(k) + 1 ≥ 2− s. (∵ 1− P(k) ≤ s)

Thus we have s + k − i + 1 + P(ji − 1) ≥ 2.
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Proof

T =
k∑

i=1

(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1).

(1 ≤ j1 < · · · < jk ≤ r + 1, k ∈ I and 1− P(k) ≤ s).
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Proof

T =
k∑

i=1

(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1).

(1 ≤ j1 < · · · < jk ≤ r + 1, k ∈ I and 1− P(k) ≤ s).

If ji = i then we have j1 = 1, j2 = 2, · · · , ji−1 = i − 1. Recall that if
ji = ji−1 + 1 then xs+k−i+1+P(ji−1),ji−1 are cancelled.
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Proof

[Proof of Ξι = TabA]

We have already proved Ξι ⊂ TabA.
Let us take T ∈ TabA,

T = j1

j2
...

jk
s

=
k∑

i=1

(xs+k−i+P(ji ),ji − xs+k−i+1+P(ji−1),ji−1),

and prove T ∈ Ξι.
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Proof

Recall that we have

i
s+k−i

Ss+k−i+P(i),i−→ i+1
s+k−i

Ss+k−i+P(i+1),i+1−→ · · ·
Ss+k−i+P(ji−1),ji−1−→ ji

s+k−i

for i ∈ {1, 2, · · · , k}.
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Proof

Since

xs,k = 1

2
...

k−1

k
s−P(k)

, T = j1

j2
...

jk
s

we obtain
T =
(S∗,j1−1 · · · S∗,2S∗,1) · · · (S∗,jk−1−1 · · · S∗,kS∗,k−1)(S∗,jk−1 · · · S∗,k+1S∗,k)xs,k
∈ Ξι.
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Conclusion and remarks

Conclusion

In the case g is of type A, B, C or D, we shown that

ι is adapted to the Cartan matrix of g

⇒ ι satisfies the positivity condition.

We found a description of the polyhedral realizations Im(Ψι) via
a set of tableaux.

Remarks

We didn’t try the exceptional cases or Kac-Moody cases, and
the crystal bases B(λ).

‘ι satisfies the positivity condition⇒ ι is adapted′

does not hold.
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Conclusion and remarks

Remarks
In the case g is simple, we can construct a Kashiwara embedding

Ψi : B(∞) ↪→ Zl(w0)

by using a reduced word i of the longest element instead of an
infinite sequence ι.

For reduced words, we can define the notion of adapted as in
the notion for infinite sequence.
If i is adapted, we can extend it to an infinite sequence ι
adapted to the Cartan matrix of g.

Ex) i = (3, 1, 2, 3, 1, 2)⇒ ι = (· · · , 3, 1, 2, 3, 1, 2, 3, 1, 2).
Then we obtain

Im(Ψι) = {x ∈ Z∞|xk = 0 (k > l(w0)), φ(x) ≥ 0 ∀φ ∈ Ξι}
= Im(Ψi).
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Conclusion and remarks

Remarks

i is adapted to the Cartan matrix of g ⇒ we can extend i to ι
satisfying the positivity condition.

Open problem

The following is true or not? :

i is not adapted to the Cartan matrix of g ⇒ we can not extend
i to ι satisfying the positivity condition.
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