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Abstract

This article provides convergence analysis of online stochastic gradient descent
algorithms for functional linear models. Adopting the characterizations of the slope
function regularity, the kernel space capacity, and the capacity of the sampling
process covariance operator, significant improvement on the convergence rates is
achieved. Both prediction problems and estimation problems are studied, where
we show that capacity assumption can alleviate the saturation of the convergence
rate as the regularity of the target function increases. We show that with prop-
erly selected kernel, capacity assumptions can fully compensate for the regular-
ity assumptions for prediction problems (but not for estimation problems). This
demonstrates the significant difference between the prediction problems and the

estimation problems in functional data analysis.
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1 Introduction

In this paper, we consider a functional linear model
y - / B (w) X (u)du + <. (1.1)
T

Here, T is a compact subset in a Euclidean space R?, X is a random function, 8* is
an unknown slope function, € is a centered random noise independent of X, with finite
variance 0? = Var(g) < oo, and Y € R is the response. We write (L*(T), (-, )y, ||*|l,) the
space of square integrable functions on 7, and assume X, 3* € L*(T). Then, Model (1.1)
can be equivalently written as Y = (8%, X), + . Without loss of generality, we assume
that 7 = [0, 1]¢ throughout the paper.

We study two kinds of learning problems for Model (1.1). The estimation problem
asks one to recover the unknown slope function 8*, and the prediction problem asks one

to recover the linear functional on L?(7T), denoted by ¢*, which is given by

o f s (B f)y = /T 6" (u) f (w)d (1.2)

Mathematically, * is defined with *, which in turn is fully determined by ¢* through the
Riesz representation theorem. Nonetheless, it is well understood that the two learning
problems are different. In particular, the integral in (1.2) brings a smoothing effect,
leading to a weaker regularity requirement for the prediction problems [4, 7].

Write D = {(z¢,y:)}_, a sample of independent copies of (X,Y) in Model (1.1). We
study both the case of a finite sample T" < oo, and the case T' = oo where D models an
ongoing indefinite sampling process.

Both prediction and estimation problems can be solved by constructing an estimator
B of the slope function g*. In the literature, many works have been done on functional
principal component analysis (FPCA) [22, 4, 16]. FPCA defines 3 with a linear combina-
tion of the estimated eigenfunctions of C', which is the covariance function of the random
function X. Another approach of constructing ,@ is the kernel method, which adopts
a reproducing kernel K and represents B by the linear combination of kernel functions
(27, 5].

We adopt the kernel method and define ,5’ through stochastic gradient descent approach
in this paper. A reproducing kernel K on 7 is defined as a function K : 7 x T — R that

is symmetric (i.e. K(u,v) = K(v,u) for any u,v € T) and positive semi-definite (which



requires that the Gram matrix (K (u;,u;));;—; is positive semi-definite for any n > 1 and
any ui,...,u, € T). We further assume that K is continuous, exclude the trivial case
K =0, and let (Hg, (-,-) &, ||-|l) denote the reproducing kernel Hilbert space (RKHS)
associated with K [8, 23]. The stochastic gradient descent algorithm defines a sequence

{ Bt} of estimators, from 3; = 0 and then iteratively by

Ber1 = B — (/TBt(u)mt(u)du—yt>/TK(U,-):Et(v)dv, fort>1.  (1.3)

Here n; > 0 is the step-size. Based on the nature of the sample D, we study two settings

of the step-sizes {n;}.

o The online setting. We write |D| = oo and use D to model the outcome of an
ongoing and indefinite sampling process. The estimator B is being updated following
the sampling process. For example, we update the estimator to B = Btﬂ after
t steps of iterations and before the observation (x;y1,y;+1) is available. For the
online setting, the step-sizes {1} are designed to decrease, rendering Algorithm
(1.3) more and more conservative against the possible random noise brought by

new observations.

o The finite-horizon setting. We assume a finite sample D with size |D| =T < oc.
A constant step-size i, = n = n(T') is adopted throughout the iterations (1.3) with
t=1,...,T. The sample D is then exhausted and we use B = BTH as the derived
estimator. The step-size n(7T") can be optimized (at least asymptotically) over T
but it could be not trivial later to warm-start the iteration efficiently when new

sample points are available.

To measure the estimation performance of B , we use the expected squared Hx norm
E[||5 — 5*||%]. Write ¢ : L2(T) — L3(T) the estimator of the functional ¢*,

953f'—><37f>2=/7_5’(u)f(u)du.

The prediction performance of ¢ is measured by the expected excess generalization error

E[£(¢)]. Here for any linear functional ¢ on L*(T),
E(p) =E[(Y — p(X))* = (Y — 9" (X)),
where the expectation is taken with respect to the distribution of (X,Y’) in Model (1.1).
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As a technical instrument, the integral operator Ly : L*(T) — L*(T) is defined with
the reproducing kernel K, by

LMﬂjAMwﬁWW (1.4)

It is well understood in the literature that Ly is positive semi-definite (thus self-adjoint),
and of trace class (so, compact). See, e.g., [23, Theorem 4.27]. The power L} with
r € (0,00) is well defined by the spectral theorem. In terms of L, the iteration (1.3) is

equivalently written as

Brir = B —mi <<Btal't>2 - yt) Lz, fort>1. (1.5)

For the sake of simplicity we assume E[X] = 0 and || X||z = 1 a.s. Consequently,

E[Y] = 0. The covariance function C' has the form
C(u,v) = E[X (u)X(v)], foru,veT.

Obviously C'is also a reproducing kernel. We further assume that C'is continuous, exclude
the trivial case C' = 0, and define the operator Lg on L?(T) in the same way as (1.4) by
substituting K with C. So, L¢ is self-adjoint, positive semi-definite, of trace class, and
thus compact. The power L7, with > 0 is well defined. For any f,g,h € L*(T), we
define f ® g as a rank-one operator on L*(7T) defined by (f ® g)h = (g, h), f. For any
linear functional ¢(-) = (5, ), on L*(T), the excess generalization error can be written in
terms of the norm of L*(T),

E(gp) =E [(Y - <57X>2>2 - (Y - <ﬁ*7X>2)2]
=E[(8— 8" X)3] =E[(B— B, X @ X(8— )]
= |1LL*(5 - B8Y)I2. (1.6)

Since T is compact, we write

= K :
f = max (u,u) € (0,00)

Recall that by the positive semi-definiteness, |K (u,v)| < /K (u,u)K (v,v) < k* for any
u,v € T. The spectral norm of Ly is bounded by ||Lg/|lopr2) < k*. For the sake of

simplicity we assume || L¢||opr2) < 1.



Modern scalable computing and stochastic optimization techniques make stochastic
gradient descent a popular approach across various applications. Theoretical analysis
of its convergence is recently extensively studied. The present work aims to establish a
novel capacity-dependent convergence analysis for stochastic gradient descent (1.3) which
is applied to solve the linear functional model (1.1) in an RKHS. We study prediction
problem through the convergence of excess generalization error (1.6) and estimation prob-
lem through the strong convergence in an RKHS. Our analysis developed in this paper
leads to fast rates for both types of convergence. State-of-the-art convergence rates in
RKHS metric are obtained. Our error estimates fully exploit the spectral structure of the
operators and the capacity condition encoding the smoothness of kernels and covariance
function. Our work provides insights for the applications of kernel methods to functional
data analysis, and better understanding of the difference between the estimation problems
and the prediction problems in functional linear models.

The remaining sections of the paper are organized as follows. In Section 2, we provide
convergence analysis of Algorithm (1.3) with explicit rates, for both excess generalization
error and estimation error. Section 3 provides comprehensive discussion on our main
assumptions, and literature discussions. Detailed error analysis is put in Sections 4, 5,

and 6. In Section 7 we give a simple numerical experiment with an example used in [5].

2 Main Results

In this section we list some main assumptions and present the convergence rates of the
stochastic gradient descent algorithm (1.3), in the finite-horizon and online settings, re-
spectively. We provide discussions of the assumptions in Section 3.

Denote %k = LlC/QLKLlc/2 and %o = L}(/2LCL}{/2. It is easy to verify that both of the

operators Lk and Z¢ are self-adjoint, positive semi-definite, of trace class, and compact.

Assumption 1 (Regularity Condition of the slope 3*). There erxists some g* in L*(T)
and r € (0,00) such that

LB = L.

One can see Section 2 and 3 of [20] for more illustrations, and Theorem 3 in [7] for a
more insightful description of Assumption 1. In particular, we have Remark 2 in Section

3 that provides some insights.



For any positive semi-definite compact operator L, let Tr(L) denote the trace of L,
i.e., the sum of all the positive eigenvalues (counting multiplicity) of L. In particular,
Tr(L) < oo if and only if L is of trace class.

Assumption 2 (Capacity Condition).
Tr(L%) < oo, for some 0 < s <1

Note that since £k is a trace-class operator, Assumption 2 with s = 1 holds true

automatically.

Assumption 3 (Moment Condition). For Model (1.1), there exist a constant ¢y > 0
such that for any f in L*(T),

E[(X, /)4 < ew (B[(X, £)2])° (2.1)

2.1 Analysis of the Prediction Error

In this subsection, we study the estimator ¢ = (B, )9 for the prediction problem and

bound the expected excess generalization error.

Theorem 1. In the online setting, define {p; = (B4, -)2} through (1.8). Under Assump-
tions 1 (withr >0), 2 (with 0 < s < 1), and 3, set n; = not~? with

2r+1°

g};s’ when 2r > 2 — s.
-8

9_

= = 2.2
1+ min{2r,2 — s} (22)

min{2r,2 — s} { 2 when 2r <2 — s,

If 0 < o < min{l,k2,C}} (where C} is a constant, and it will be specified by (5.20) in
the proof), then

(t+1)77, 0<s<1,

£>1, (23
(t+1)Clog(t+1), s=1, for any ¢ 2 (2:3)

El€(¢e)] < {

where Cy is a constant independent of t, and it will be specified by (5.22) in the proof.

For the piecewise definition (2.2), we let the domains overlap on purpose to highlight
the continuity of € on the whole domain » > 0 and 0 < s < 1. The index 6 as a function
of r and s is also visualized in Figure 1. Without Assumption 2 (i.e., case s = 1 in (2.3)),
the convergence rate O((t + 1)72/ 1 Jog(t + 1)), saturated as O((t + 1)~/?log(t + 1))
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Figure 1: The index # in Theorem 1 as a function of (r, s). Here the double-headed arrows

show the gradient directions.

for r > 1/2, is also obtained in [7]. Here, r indicates the regularity of the target function
p* as described in Assumption 1. The saturation means beyond r € (0,1/2], further
improvement of such regularity (i.e., increasing of r) does not help to improve the rate
E[E(Pi41)] converges to zero. In this paper, Theorem 1 suggests that Assumption 2 on
capacity with s < 1, not only removes the logarithmic factor in the convergence rates,
but also uplifts the saturating boundary from 1/2 to 1/2 + (1 — s)/2.

In the following, Theorem 2 shows that in the finite-horizon setting, Algorithm (1.3)
does not suffer from the above discussed saturation, and the expected prediction error

converges to zero in a rate arbitrarily close to O(T 1), for sufficiently large 7.

Theorem 2. In the finite-horizon setting with 1 <T = |D| < oo, define ppi1 = <BT+1, Yo
through (1.3). Under Assumptions 1 (with r > 0), 2 (with 0 < s < 1), and 3, set the
constant step-size n; = noT2/@ D with 0 < ny < min{l,x72,C3} (where C3 is a
constant independent of T, and it will be specified by (5.25) in the proof). Then,

T—2r/@r1) when 0 < s < 1,

2.4
Tf2r/(2r+1) 10g(T + 1)’ when s = 1. ( )

E[€(¢rs1)] < Oy {

where the constant Cy is independent of T, and it will be specified by (5.27) in the proof.

The capacity independent convergence rate O(T /21 1og(T +1)) for s = 1 in (2.4)
is first derived in [7]. In the finite-horizon setting, the capacity assumption 0 < s < 1

helps remove the logarithmic factor.



2.2 Analysis of the Estimation Error

In this subsection, we study the estimator B for the estimation problem. The analysis

employs the following Assumption 4 to replace Assumption 1.

Assumption 4 (Regularity Condition of the slope 3*). There exists some gt in L*(T)
and r > 0, such that

* 1/2 cpr
5= LK/ gcgf-
This assumption implies that the slope 5* lies in the range of L}{/Q, ie., /" € Hk.

Theorem 3. In the online setting, define {f;}1>1 through (1.3). Under Assumptions
2 (with 0 < s < 1), 8, and 4 (with r > 0), set step-sizes 1, = not =% with 0 < 1y <
min{1, k=2, C3} (where C§ is a constant independent of t, and it will be specified by (6.6)
in the proof), and

2r4-s+17
1/2, when 2r > 1 — s.

(2.5)

{ 2ris when 2r <1 —s,

Then,

(t + 1)72r/Q4s+2r) 2r < 1—s,

oranyt>1, (2.6
(t+1)"0=921og(t +1), 2r >1—s, 4 yt=1 (26)

E[|Bis1 — 8°1%] < Cs {

where C3 is a constant independent of t, and it will be specified by (6.10) in the proof.

In the definition (2.5), € is a continuous function of r > 0 and 0 < s < 1. So we
purposely use two overlapping domains. The power index of the rates in (2.6) will be

elucidated in Figure 2.

Remark 1. Theorem 3 does not work in the capacity independent setting s = 1, where

the convergence analysis remains an open problem.

Next we establish unsaturated convergence rates of estimation error for the finite-

horizon setting.

Theorem 4. In the finite-horizon setting with 1 < T = |D| < oo, define {Bt 1<t <
T+ 1} through (1.3). Under Assumptions 2 (with 0 < s < 1), 8, and 4 (with r > 0), set



Figure 2: The power index @(r, s) of the convergence estimate (2.6) in Theorem 3. The
thick black line marks the boundary 2r = 1 — s of the two regimes. @ = —2r/(1+ s+ 2r)
when 2r < 1—s,and @ = —(1 —s)/2 when 2r > 1 —s. Contours of @ are plotted in solid
blue lines, and further extended by dotted lines.

the constant step-size 1, = noT~T2/A+s+20) ith 0 < ny < min{l, k2, C3} (where C3
is a constant independent of T, and it will be specified by (6.11) in the proof). Then,

E[|Bri1 — BN < CuT—2r/0Fe420), (2.7)
where the constant Cy is independent of T, and it will be specified by (6.16) in the proof.

The rates (2.7) in Theorem 4 does not saturate for » > 0, and are arbitrarily close
to O(T~1) for sufficiently large r. For a fixed r > 0, with a smaller s one has a faster
rate in (2.7). Here, a smaller s indicates a stronger capacity assumption (Assumption 2).
As we shall see in Theorem 5 below, a smaller s corresponds to faster eigenvalue decay

for £k (equivalently, faster eigenvalue decay for %), and a smaller hypothesis space
L2 Z5(L2(T)) in Assumption 4.
3 Comparisons and Discussions

There has been rapidly growing literature focusing on stochastic gradient descent and its
variants in an RKHS or general Hilbert spaces [26, 9, 21, 18, 14, 2, 11, 12]. We refer the

9



readers to these papers and references therein. Our paper contributes to the theoretical
analysis of functional linear regression in an RKHS that stems from the works of Yuan
and Cai [27, 5] which establish capacity dependent analysis for batch learning. As far as
we know, the convergence of stochastic gradient descent has not been investigated in the
context of functional linear regression in an RKHS till the very recent paper [7] in which
the authors conduct capacity independent analysis of the prediction error.

Under the batch learning setting, Yuan and Cai [27] derive the minimax optimal con-

vergence rate T2/ (2s++1

) of the excess generalization error £((pry;) for prediction, with
the regularity assumption 5* € Hx and capacity assumption on the rates of eigenvalue
decay, \i(Lx) ~ i~ (here a; ~ b; means a;/b; being uniformly bounded away from zero
and infinity as i — oo) and \;(L¢) ~ i72%2, where s1, 85 > 1/2 and s, = s1+8,. Later, Cai
and Yuan [5] derive the same rate with a different capacity assumption \;(-Z¢) ~ i~2%*.

Compared with these works, the strength of our analysis includes that first, our As-
sumption 2 on capacity, Tr(.Z5) < oo, is way more general. We shall see in Theorem
5 that this is roughly equivalent to the assumption \;(-Zx) = O(i~Y/*). We shall see in
Remark 3 that although the eigenvalues {\;(-Z%)}2, are arranged non-increasingly, in
general there is no exact index s, such that \;(-Zx) ~ i 2** (same for other compact op-
erators including Ly, L¢, and %¢). Second, our analysis supports finer characterizations
Llc/zﬁ* = %% (g*) (Assumption 1) and * = L}(/ngg(gf) (Assumption 4) of slope function
regularity. This leads to a better convergence rate O(T~?/™*1) in Theorem 2, than
O(T~%+/25+1) when r > s,. Third, we proved the non-trivial convergence rates for the
estimation error ||3—3*||% in Hx metric, O(T~2/2+1)) (saturated at r = (1—s)/2) in the
online setting in Theorem 3, and O(T~%/(1+5+27) in the finite-horizon setting in Theorem
4. Note that the analysis in [27] only provides a constant rate O(1) for ||3 — 8*||%.

It is an interesting problem to replace Assumptions 1 and 4 by general forms of source
conditions like ¢(Lk, Zo)g* or ¢(Leo, Lk )g* as studied in [1].

Next we provide some comments on the main assumptions in Section 2. For any

bounded self-adjoint operators A and B on L*(T), we write A = B (or B < A) if A— B

is positive semi-definite.

Remark 2. [t is well understood [7, Remark 2] that when 0 <r < 1/2, if L} = dLY, for
some 7,0,v > 0 with T+ v > 1 and r = 7/(27 + 2v), then Assumption 1 is guaranteed by
any B* € L*(T). That is, with a carefully selected reproducing kernel K, for the prediction
error to converge, the capacity assumption (Assumption 2) can fully compensate for the

reqularity assumption (Assumption 1). Note that the above condition Ly = dLY. puts

10



some requirement on the selection of the reproducing kernel K, but it does not require the
one-to-one matching between the eigenfunctions of Lx and Lo, respectively.

Similarly, if Lo = LY. for some §,v > 0, then Assumption 4 with 0 < r < 1/2 is guar-
anteed when B* € LQHVH%(LQ(T)). However, Assumption 4 implies 3* € LY/*(L2(T)).
Therefore, the reqularity assumption for the estimation error to converge, can not be fully
compensated for by the capacity assumption. This demonstrates a significant difference

between the prediction problems, and the estimation problems in functional data analysis.

In the literature of kernel-based learning algorithms [6, 1, 3, 19, 15, 13, 24, 17], the
capacity of the hypothesis space Hy is usually measured by covering numbers, or the
effective dimension [28] N7, (\) = Tr((Lx + M) 'Lg), where I denotes the identity
operator. A typical capacity assumption takes the form N, (A) = O(A7%) (as A | 0)
for some 0 < s < 1, and is well understood. The following theorem shows that roughly
speaking, Assumption 2 with 0 < s < 1 is comparable to the assumption Ng, (\) =
O(A*®) as A | 0. The conclusion is well understood [14, 11], but the proof through (3.1),

is to our best knowledge not available elsewhere.

Theorem 5. Let L be a positive semi-definite operator of trace class with infinite positive

eigenvalues {\; = \;(L)}2, arranged in non-increasing order. Let 0 < s < 1. We have

sin(ms)

Tr(L®) =

/ h NTINL(A)dA. (3.1)

m 0
Consequently,
(a). If Tr(L®) < oo, then Np(A\) = O(A7%) as A | 0;
(b). If Np(A) = O(A7%) as A | 0, then Tr(L*T¢) < oo for any e > 0;

(c). Moreover, for any fited 0 < s < 1, Np(A) = OX"*) as A | 0 if and only if
Ni =037 Y*) as i — oo,

The relations listed in Theorem 5 are summarized in Figure 3.

The case L has only finite positive eigenvalues is trivial, where N, (A) = O(1) as A | 0
and Tr(L®) < 0 for any s > 0.

Note that on the one hand, when L* does not belong to the trace class (equivalently,
Tr(L®) = o0), Equation (3.1) implies that the integral on its right-hand side diverges to
infinity. On the other hand, when this integral diverges to infinity, Tr(L®) = cc.

11



N(A) = O(A~%) <= \(L) = O(i~ /%)

Tr(L51€) < o0

Figure 3: Summary of the relations listed in Theorem 5.

The bound N7 (A) = O(A™*%) as A | 0 does not guarantee Tr(L*) < oo. For example,
A\ = i~1/# implies Tr(L*) = oo, yet we still have

o0

1 < du < du
)\ = - < _— = A_S _— = A_S )\ .
NL( ) Z 1"‘)\@1/5 — A 1+>\U1/S A 1+U1/5 O( )7 as \LO

i=1

Remark 3. Note that in general, for a non-increasing sequence {a}3>, C (0,00), The-
orem 5 does not suggest the existence of some v > 0 such that ap ~ k™. It is easy to
construct a non-increasing sequence that stays between k= and k=7 for any v1 > 72 > 0.
To this end, we define {b,} as by = 2 and by, = bzl/” for k > 1. We define a function
[ on [2,00), piece-wisely by f(x) =b, " for by, <z < bgyr. Writing a, = f(k+1) to give

. Qg —
lim sup —— = liminf =
k—oo K772 k—oo KT

Proof of Theorem 5. Write B(u,v) the Euler beta function for u,v > 0. Recall that for
any a > 0,

T e8] gs—l ¢=\a _ /oo a}\s—l
=B 1— = s .
sin(7s) (5,1 =) /0 1+ £d€ ¢ 0 a+ )\d)\

So,

o = Sn(Ts) / 12 (3.2)
s 0 a+ A

In (3.2) substitute a with all the positive eigenvalues of L respectively, and take the sum

to obtain (3.1). Since L is of trace class, Ny () is well defined for each A > 0. Obviously

A5~ and N7 (\) are non-increasing. So when Tr(L*) < oo,

A oo s
WAL = XA [ < [T e = THE) <o

sin(ms)

12



which verifies (a). Now assume N (A) = O(A7%) as A | 0. Then there are two constants
0 < 0,0 < oo such that 0 < Np(A) < C1A™ for any 0 < A < 4. So,

d §
/ AN (AN < Oy / AL < oo,

0 0
Since L is in the trace class, when s + ¢ > 1, (b) is trivial. Now we assume s + € < 1.
Note that N7 (A) < Tr(L)/A. So
/ AL (V) < Tr(L) / A2 < oo,
5 5
The claim (b) is verified by combining the above two bounds together.
Now we verify item (c). When \; = O(i~/*), there is some constant Cy > 0 such that

Ai < Cyi~V¢ for all i > 1. Since u/(u + \) is an increasing function of u,
> CQZ /s > 1
< - -

o du A\ [ du
< — ___ (2 ___on.
- /0 T i G (02) /0 T~ O07)

This verifies the “if” part. For the “only-if” part, when Nz (\) = O(A™%), it is easy to see
that there is some C3 > 0 such that N,(\) < C3A7* for every 0 < A < sA;/(1 —s). Since
for a fixed A, {\;/(\; +A)}52; is a non-increasing sequence, i\;/(A; + \) < C3A 7% for each
A€ (0,sA/(1 —s)] and i > 1. Therefore,

N < £ O N+ A) = CaAl s (1 — s)* ! 3.3
NS o GAT ) = GaA TS =) (3:3)

where the infimum is achieved at A = s\;/(1 —s) € (0,s\/(1 — s)]. From (3.3) one
obtains \; = O(i~/*) as i — oo, and completes the proof. ]
Assumption 3 is quite often adopted in the literature of functional linear regression.

For example, if X is a Gaussian process, then (2.1) is satisfied with ey = 3. See [27, 5, 10].

4 Error Decomposition

Our analysis starts with error decomposition. By (1.5) (the equivalent expression of
algorithm (1.3)), for any ¢ > 1,

Bt—i—l -3 = Bt - 3" - 77t(<6t7$t>2 - yt)LKﬂﬂt
= (I —mLxLc)(B— B7) + By, (4.1)

13



where B, = n(y; — (Bt,xt>2)Lth + UtLKLo(Bt — (%), of which the second term is the
conditional mean of the first term,
E., [(yt - <Bt>xt>2)Lth] = E,, [w* - Btaxt>2Lth:|
= L Lo(B = By). (4.2)
Where z; = (x4,y:), and the expectations E,, and E,, are taken with respect to the

(conditional) distributions of z; = (24, ;) and zy, respectively. Equation (4.2) shows that

B; is mean-zero, E_, [B;] = 0. Then applying induction to (4.1) implies that for any ¢ > 1,

B> LH (I =njLxLc)

k=1 Lj=k+1

Bt+1 - f = [H(I — Lk Le) B, (4.3)

k=1

where and in the following, the product of an empty set of operators is defined as the
identity operator, H;:t+1(1 —n;LxLc) = 1. Recall that £ = Llc/QLKLlc/Q.

Proposition 6. Define {p; = (By,-)2 : t > 1} through (1.8). Then for any t > 0,

¢ 2

[1¢ - nk.fm] Ly’ B

k=1

E[E(Pre1)] <

2
- 4 1/2

+ 277/3 (‘72 + E\/Eka* - Bk>$k>§1) E [H (I - Uij)] Llc/zLka
k=1 ,

=k+1

. (44)

2
where the sum of an empty set is defined as zero.

The techniques of proving Proposition 6 are standard. For example, see [14], [18], and
[26] for kernel-based online algorithms. The proof of Proposition 6 follows [7, Theorem

4], and is provided for the sake of completeness.

Proof of Proposition 6. The case t = 0 is trivial and we assume ¢t > 1. For any k,

LI —mLiLe) = Ld® — & Ld® = (I — i) L.

From (4.3),
L (B = B =~ [H (I - nka)] LB + Z LH (- méfK)] LBy,
k=1 k=1 Lj=k+1
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It follows from (1.6) that

E[E(pr)] = {HL”@H— Hj
t

t

=E H [ [Tu- nsz)] L6 + [H (I — n;Zx)

j=k+1

LBy

2

t 2 t t 2
= H(f—nkzml LB +E LH (I — ;%) | LBy
k=1 2 k=1 Lj=k+1 9
=: YT+ 75 (4.5)

where in the expansion of the squared norm, the cross terms vanish because E[Bg] =
E., [Br] = 0. The notations YT and Y5 are used only within this proof.

Let W1, ..., W, be deterministic bounded linear operators. When k£ > s, B, is inde-
pendent of zj, so E[(WyBy, WBs)a] = EE,, (WiBi, WBs)s = E[(WiE,, [Bi], WsBs)2] =0

We use this trick to expand the squared norm and cancel the cross terms,

¢ 2
> WiB
k=1 2

s=1 k=s+1
= ZEHIWkBkH%]-
k=1

So we expand the squared norm in TE,

2
Z]E LBy
Recall that for any random vector B with E[|B||2] < oo, E[||B — E[B]|3] = E[||B||3] —
IE[B]I13 < E[||B]j3]. Note that By = mi(ys — (Be, za)2) Lictw — Bay [me (Y — (Bi a)2) Licwy]
as we explained in (4.2). So, E[|WiBk|2] < m2E[(yx — (Br, x1)2)2|WiLgay||2] for any

deterministic bounded linear operator Wj. Therefore,

(4.6)

”'H (L —n;Zxk)

=k+1

2

¢ 2

H (I — anK)] Llc/QLKJ7k

j=k+1

Tg < ZUIEE Eék[(yk - <Bl€’ xk’)?)Q] ) (47)

k=1

2

15



Furthermore, we recall that E., [(ys

t
15 <o? Z nE
k=1

t
+ Z mE
k=1

(B* = B )3

— (Br, 21)2)?]

lll

2

2
2

(I — Uij)] LIC/QLKIk

2

— 02 + (B* — B, 24)2 and obtain

(4.8)

The proof is complete by applying Cauchy-Schwarz inequality to the right-hand side of

(4.8).

Now we consider the error decomposition

Proposition 7. Let {3;} be defined by (1.3).

error decomposition for any t > 0.

t
H (I —muLgLe

E {13 - 6°1%] <

|

t
+ Z e <02 + E\/Eka* — B, $k>%> E
k=1

for estimation error.

Assume B* € Hy.

2

K

LH (I - ﬁjLKLc)] Ly

j=k+1

K

A\ 12

]

We have the following

(4.9)

The proof of Proposition 7 parallels that of Proposition 6. We see similar analysis in

the literature for studying kernel-based online algorithms [14].

Proof of Proposition 7. By (4.3) and the fact

E (16— #l1%] =B

2

+E
K

/8*

[H(I — Lk Lc)

k=1

k=1

3l

H_ [H(I —mLxLc)

E[Bk] = 0 we have

t t
g+ Z [H (I =mnjLxLc)| By
k=1 Lj=k+1
¢ 2
I 4 =niLxLe) | Bi|| |
i~k 1 K

2

K

(4.10)

where the second term on the right-hand side is further estimated with the trick we used

16



in (4.7).

t t 2 t t 2
E LH (I-niLxLe)| Bl | =D E [T ¢ —mnLkLe)| By
k=1 Lj=k+1 K k=1 j=k+1 %
t R t T 2
< D> MRE | (yx — (Br, zx)2)’ LH (I =niLxLc)| Liay
k=1 j=k+1 i K
. A . A\ 12
< 77]3 (0-2 —+ E\/Eack <ﬁ* _ ﬁk, xk>§) E ['H (I — UjLKLc)] LKJ?k
k=1 j=k+1 K
The proof is complete. O

5 Bounding the Excess Generalization Error

In this section, we study the excess generalization error £[¢] and prove Theorems 1 and 2.
This is achieved by continuing the estimation (4.4) in Proposition 6 to bound E[E(¢i41)]
in terms of the step-sizes first, which is given in Theorem 10. The factors E[€(py)] in
the bound are difficult to avoid directly, and are further bounded by constant through
Proposition 11. So, the coarse bound in Proposition 11, although appearing to be a
corollary for the derived learning rates in Theorems 1 or 2, is to the contrary essential
for deriving such rates. Then the step-sizes are specified in the online setting and finite-
horizon setting to derive the learning rates for Theorems 1 and 2 respectively. This
technique is widely used for the analysis of online algorithms, for example in [14, 18, 26]
for analyzing kernel-based online learning schemes, in [7] for capacity independent analysis
for online functional data learning algorithms, and in [11] for analyzing relaxed randomized

Kaczmarz algorithms.

5.1 Analysis with General Step-sizes

In this subsection, we study the excess generalization error with minimal assumptions on
the step-sizes. The following Lemma 8 is a typical application of the spectral theorem on
the polynomial u® H?Za(l —nju) for w > 0. For a detailed proof, see e.g. [7, Lemma 2].
See also [11, 14, 18, 26, 25]. Note that when b < a, the sum Z?:a n; is defined to be zero.
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Lemma 8. Let A be a compact positive semi-definite operator on a Hilbert space. Let
{n:i} € (0,1/||Allop]). Then for any a <b and a > 0, we have

b 2
o (a/e)* + [IAll5y
A TJa —mA)| < - (5.1)
j=a op 1 + <Z] a77.7>
When o = 0, we have
" 2

[[-n4))| <t (5.2)

j=a

op

In particular, when a > b, recall that the product Hé’.:a(l —n;A) is the identity operator.
So the above estimates (5.1) and (5.2) still hold true. O

The following lemma provides an equivalent condition (5.3) to Assumption 3. It is

interesting because apparently, Condition (5.3) is much stronger than Assumption 3.

Lemma 9. Let X be the random function in Model (1.1). Let W be a compact operator
(not necessarily self-adjoint or positive) on L*(T). Under Assumption 3,

E [IWX[4] < ew (E [IWX2])". (5.3)

Proof. Write W’ the adjoint operator of W. Then W'W is a compact positive operator.
So we write p1 > g > -+ - > 0 as all the positive eigenvalues of W/W, counting multiplic-
ity. We use an orthonormal sequence {1} in L?(T) as the corresponding eigenvectors.

Assumption 3 implies that

E [[WX][2] = E [(X, W'WX);]

(Z Ml<wZ’X>g> ZMZIUJ % <¢],X>§]
< 3wt Bls X LW, 08 < (Ezmwi,m%)

= en (E [IWX2])*.

The proof is then completed. O
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Theorem 10. Let {3} be defined by (1.3) with step-sizes {n,} C (0,x72]. Under As-
sumption 1 (with r > 0), Assumption 2 (with 0 < s < 1), and Assumption 3, for any
£>0,

R g3 ((r/e)* + k*")
ElE(Pr11)] < T
T S

t emTr "gls( ? 2—s H4723
+ Yk 0+ vanEle() Y IERET T )
k=1 1+ (Zj:kz-H 77]‘)
Proof. When t = 0, Bound (5.4) is reduced to
E[£(0)] < llg"[l2((r/e)* + £™). (5.5)

We use Assumption 1 to have £(0) = |LZ*8*|12 = ||.Z5g* |12 < k¥ [|g*||2, which verifics
(5.5).

Now we assume t > 1. We let J; and J; denote the two terms in the right-hand side
of (4.4) in Proposition 6, respectively. That is, E[E(P11)] < Ji + J2, with

[H(I — NeZLx)

2
L8|, and
2

Jl_‘

1/2
t a1V

H (L —n;Zk)

Jj=k+1

LY Ly,

t
=Y n (02 +E\E,, (8 - B, mé) E
k=1

2

Assumption 1 gives LIC/ ’B* = Lrg* for some r > 0. Recall the assumption {n;} C
(0, x7%]. We apply Lemma 8 to bound Ji,

J1 =

t 2 2r 4r
N y r/ie + K
[Hu - nk%)] Zrg| <l
k=1 2 1+ (Zk:I 77k)

To bound J,, we apply Assumption 3 (the moment condition),

BB (5 — G oald < VA (6 = B ] = VaBIE@)L  (56)

Recall that for any bounded linear operator A on L*(T), E[||Az,||3] = ETr(Az; @ 2, A") =
Tr(ALcA"). We apply Lemma 9, Assumption 2 (with 0 < s < 1), and Lemma 8 to obtain
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that
47 1/2

E

t
['H (I — nij)] Lé/zLka
j=k+1

2.
2

S\/CME

t
['H (] - nng)] Llc/2LKl’k

= VeuTr (fﬁ IT - méfx)2>

—k+1 9 j=k+1
1_s i ? b)2_8 + gi2s
<VenTr(Z) || L 2 [T (= i) < JemTr(Lp) —2 t —. (5.7)
J=k+1 op(L?) 1+ (Zj:k—l-l 773')
The proof is complete. [

Proposition 11. Let t > 1. Let {3} be defined by (1.3) with step-sizes {ny} C (0,x72].
Suppose that Assumption 2 with 0 < s < 1 (in particular, Assumption 2 is not needed when
s = 1) and Assumption 3 hold. In particular, when t > 2 we assume for any k <t —1
that

2

s 2—s e 4—2s : Ur 1
emTr(ZE) [( o ) + K ] > - =<5 (5.8)
=1 1+ (Zj:lﬂ 77]->

Then we have a coarse estimation of the expected excess generalization error for k =
1,1,

0.2

We see that (5.9) only provides a coarse bound E[E(¢x)] = O(1). However, the
designed purpose of Proposition 11 is to estimate E [€(,)] in the right-hand side of (5.4)

E [E(¢n)] < 2116715+ (5.9)

in our convergence analysis, and a bound finer than O(1) would not serve the purpose
better, because a constant variance o is added to \/emE[E($)] in (5.4).

Proof of Proposition 11. We organize the proof by induction. Recall that ¢; = 0 and
| Lcllop(rzy < 1. When ¢ = 1, (5.8) is verified by

£(0) = |LL2B7112 < 1187112

Let T > 2, and we assume Proposition 11 holds for ¢ = 1,...,7 — 1. To finish the

induction, we need only to prove Proposition 11 for ¢ = T". That is, we assume (5.8) and
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(5.9) for t = 1,...,7 — 1 and need only to prove (5.9) for ¢t = T'. To this end, we use

Proposition 6 to have

ElE(n)] <10+ 302 (02+E¢Exk<5*—ﬁk,xk>é) 17,
k=1
where
T—1 2
sz' [Ju —nka)] LY?p|| . and
k=1 9
T_1 47 1/2
Y= |E||| TI (7= )| L Licar, k=1, T-1
Jj=k+1 9

To bound YT, we note that ||7—1y L [|op(r2) < 1 because ny € (0, 7] and || Lx [|op(r2)

k2. So,

1/2 Hx% *
YT < ||LY?8°|12 < |I5*)1%

IN

Next, we follow (5.6), use the induction assumption and Assumption 3 (the moment

condition) to obtain

E\/E:ka* — B, a)s < VemBIE(@)] < 0° + 2y/em| 5715, k=1,....T — 1.
Then, we follow (5.7) and use Assumption 2 with 0 < s <1 to obtain

ljﬁ (I T]],,%K)] L LKJIk

=k+1
(22€s> + K 4—2s
T—1 s
1+ (Zj:kJrl nj)?
We continue (5.10) and use Condition (5.8) for k =1,...,7 — 1 to have

()" + i

2

T%—:k S \/ CME

2

< VemTr(Z5) , k=1,...,T -1

T-1
E[E@r)] < 167115+ D k(207 + 2/em]| 515 vem T (L)
k=1

T
1+ (D ;- kl-l-l 1;)**

*(12

<8713 +

o2
VALY
This completes the proof.
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5.2 Analysis in Online and Finite-horizon Settings of Step-sizes

In this subsection we study the excess generalization error in the online and finite-horizon
settings of step-sizes, respectively. The following Lemma 12 is commonly used in the
literature [7, 26, 11] with smaller ranges of parameters ¢ and v. In this paper, we need
coverage of the whole domain ¥ > 0 and 0 < ¢ < 1, and the proof is not elsewhere

available to our best knowledge.

Lemma 12. Lett > 1, n, = nok™% with ny > 0 and 0 < § < 1. For any v > 0,

(Z m) < (77“(%%:)) (t+1)70, (5.11)
k=1

and

t i <00L{ (t+1)“log(t+1), (1,6) €,
—~ 14 (Z;:Hl ,7],) (t+ 1), (v,0) € 9,

where Q ={(1,0): 0 <v<1land 0 =1/2yU{(v,0):v=1and 0 <0 <1/2}, C isa

constant independent of t, and

1-20—v+vh, 0<v<1land0<6l<1/2,
w=w(b)=4¢ -0, v>1land0<0<v/(v+1), (5.12)
—v(1—146), 1/2<0<1landf >v/(v+1).

In particular, when v > 1, w = —min{#, v(1 — 0)}. The constant C°" will be specified by
(5.15) in the proof.

Lemma 12 is based on Lemma 14 in Appendix. Same as Lemma 14, we purposely
allow the domains to overlap in (5.12), to simplify the usage later. We will elucidate the
parameter w and the set ) by Figure 5 in Appendix.

Proof of Lemma 12. For any k> 0 and t > k+ 1,

t t
Domi=m 307z g [ D = e ). (513)
j=k+1 j=k+1

We set k& = 0 to have
9—1)

t
1-2
= 770(1f9(t4r 1)-9. (5.14)
j=1
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One raises (5.14) to power —v to obtain (5.11).
Recall that for £ > 1, one has k > (k +2)/3, and

v S ik +2) 20

v = t v _ o
1+ (Zﬁ:kﬂ 77j) £ 1 (72)7[(¢ 4+ 1)170 — (k + 1)17]
Note that for any £k =1,...,t —1,

(k+2)~% - /’“*2 w2 du
T+ [+ D) —(k+ 1) = Joo, 1+[(t+ D)0 — o0

We use Lemma 14 to have

t

i < it + 31 / o u?du
=11+ (E:m 771') min {1’ (TTI—()_e) } o 1+ [+ 1) —ulf]y
20, 2 ~OL w
<y S mG ] (L log(t ), (v6) €€

min {1, (#2)"} | (t+ 1), (1v,6) ¢ Q.

Now we verify that —26 < w on the whole domain (0,00) x (0, 1) of parameters. When
0<f0<12and0<v<1,w=-20+(1-v)+vf>-20. When1/2 < 6 <1
and 0 < v <1l w=-v1-6)>-1460>—-0>-20. When0 < 6 < v/(v+1)
and v > 1, w = -0 > —20. Whenv/(r+1) <0 <landv >1 0> v/(v+2),so
w=—-v(l-60)>—-26.
We complete the proof by letting
oL _ 52> 33 Cet

— o 5.15
log2 ~ min {1, ()"} (5:15)

]

Proof of Theorem 1. First, we shall apply Proposition 11. To verify the assumptions in
Proposition 11, we need only to determine the constant C7 to guarantee (5.8), i.e., for
k=1,...,t—1,

2

s 2—s 2 4—2s : Ui 1
emTr(Z5) [( o ) K ] > - = (5.16)
=11+ (Zj:l+1 nj>

Recall r > 0 and 0 < s < 1. We apply Lemma 12 with

in{2r,2 —
v=2—5s>1, and, 0<0= min{2r, s} v

= 5.17
I+ min{2r,2 —s} ~v+1’ (5.17)
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sow=—-60<0,and for k=1,...;t -1,

k 9 > B

o <o { <Z N 1)_9 log(k+1), s =1, (5.18)
= (Sha) (k+1)7, 0<s<l.

Recall 9 < 1. The above inequality is continued by
oL _ 778220 32077808)L - 77840 N 99778000L
log2 i {17 (177_00)2—8} ~log2 3 *min{l, (1 — §)-2+s}
49
< ns 0 ~OL ) 1

On the other hand, (k+1)"% <1, and (k+ 1) ?log(k+ 1) < & (see (A.6)). Therefore,
to achieve (5.16) (which is just (5.8) for Proposition 11), we need simply to let

_ —1/s
2—s\* 4-9s 1 0 ~OL 1
( 9e ) + K ](@+9CO )(1+6—9> . (5.20)

Second, we apply Theorem 10, of which the conditions are now all satisfied. We plug
(5.9) of Proposition 11, into (5.4) of Theorem 10, to obtain

C? = {QCMTr(Q?IS{)

R 1g*]15((r/e)*" + K*)
E[g( t+1)] S t 2r
il (o)
2—35

b2y [( ) *] (216" v + 20°)

t

> i
X 55"
1+ ()

For the first term in the right-hand side of (5.21), we apply Lemma 12 with v = 2r. The
last sum in (5.21) is bounded above in (5.18). We have

(5.21)

iG] <l (/e +n) (REZ2) gy

COL

2—s
+2(0% + el ) VT Z5) [(22‘ )

y (t+ 1) log(t+1), s=1,
(t+1)7°, 0<s<l.
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From 0 = lf;;f{g:}; y < 5=, we have —2r(1 — ) < —6. Therefore,

(t+1)log(t+1), s=1,
(t+1)7°, 0<s<l.

with

o g3 (el + 57 (=277 )\
! log 2 1—-6

Ccot. (5.22)

2—s
+2(0% + el B ) e Tr(5) [(22‘ )

]

Proof of Theorem 2. First, for applying Proposition 11, we need only to find an upper
bound C5 of step-sizes to guarantee (5.8), i.e., for k =1,...,T — 1,

2_ g 2—s k 2
T ;) [( =) n] o<
c =1 1+ (Z?zlﬂ 77j>

(5.23)

N | —

Recall n, = noT /1), We write n = n,. For any k < T — 1, we bound the sum in
(5.23) as

k k—1 2 k—1
du
Z knl 2—s = 772 + 1 + (Z,n>2—s — 772 + 77/ 1 _|_T<]nu)2—s
=1 1+ (Zj:lH 77]> t=1 0
e 2=s 0<s<1
<+ / g ’ 5.24
=T 0 Lraz—s =71 loginT +1), s=1, (5.24)

where in the last inequality we used (A.4) for 0 < s < 1. Recall that ny < 1.

2er +1
2er

nlog(nT + 1) < nlog(T= + 1) < CST+1 <10g2 + log T) <CS :

2r+1
where in the last inequality we used (A.6). We have a coarse estimate for k < 7T — 1,

2

k
1/(1— 0<s<l1
D U e e 2+{ JA-s). 0<s<l,
= 1 + (Z.I;:l‘i’l 77]) 1/(2€r>7 s = 1
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Therefore, to guarantee (5.23) (which is just (5.8) for Proposition 11), we just need

2—s
C3 = {QCMTr(.,%‘}) [(22_68) N

We plug (5.9) of Proposition 11, into (5.4) of Theorem 10 to obtain

. lg*[13((r/e)* + £™) ol (2=5\77 L s
E[&(Pri1)] < g (Zgﬂ 77k>2r + emTr(Zx) [(7) e ]

x (28" B v/em +20%) Y e (5.26)
: k=114 <E]T:k+1 77j)2

At the right-hand side, the first term is bounded with

T —2r
(Z nk:) < ,r]O—ZTY*t—QT/(QT—‘,-1)7
k=1

and the second term is bounded in (5.24),

CQS*}_ : (5.25)

T —sr— =2
T 2= =T ™Y 22p-oEy log(T+1), s=1

where in the case s = 1 we have used
log(T* +1) <log2+alogT < (a+1)log(T'+ 1), forany T >1,a > 0.

The proof is therefore completed by letting

—2r

02 :770 Hg*H%((T/e)ZT—I—RM)—i-QMTl"(g[s() [(2_8> _S+l€4—25]

log 2 2e

2 2—s
* Ny + NoT=5> 0<s<0,
x (|8 15v/em + ) x g i B (5.27)
Mo+ Mg s=1L
Il
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6 Bounding the Estimation Error

In this section, we bound the estimation error in Hx metric and prove Theorems 3 and 4.
The analysis parallels Section 5. We continue the Bound (4.9) in Proposition 7 to derive
Bound (6.2) in Theorem 13 for general step-sizes. The coarse estimation in Proposition
11 is used again. Then the settings on step-sizes are applied to derive Theorems 3 and 4
respectively. We see similar analysis in [11] for randomized Kaczmarz algorithms, in [14]
for kernel-based online algorithms, and in [26] for capacity independent analysis of online

algorithms.

Theorem 13. Let t > 0 be an integer. Let {f,: 1 < k <t + 1} be defined by (1.8) with
step-sizes {ni} C (0,x72]. Suppose that Assumptions 2 (with 0 < s < 1), 3, and 4 (with
r > 0) hold. In particular, when t > 2 we assume for any k <t — 1 that

s 2-s5s e A28 7712
emTr( %) 5 Z — <
e =1 1+ (Z;?:lﬂ 77j>

(6.1)

l\'JIH

Then,

t

—2r 9
[”ﬁtJrl — 5% < C* (an) + tnk e (6.2)
k=1 1+ (Zj:k+l 77j)

where CX is a constant independent of t and will be specified in the proof, and when s = 1,

(Z;‘:k-&-l nj)l_s =1 even when k =t that vanishes the sum.

Proof. Assumption 4 that * = L%zfggT (for some g € L*(T) and r > 0) guarantees
B* € Hg. So we start from Proposition 7 by bounding E[||Gy1 — 8*[1%] < TK + YK,
where

2

t
T = [H([ - nkLKLC)] pg*|| , and
k=1 K
t - . 4\ 1/2
T =Y ni(o? +E\/Exk<5* — Brz)d) | E LH (I - njLKLC)] L
k=1 j=k+1 K
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Recall that £ = L1/2L Ll/2 We use Lemma 8 to bound the operator norm,

t
H f ngc]

_ gl ((7"/6)27" +1Zollgp2)
B Lt (e )™ '

2 2

1/2

t
H (I —mZe)

lg'13
op(L?)

K

For TX we consider its different factors separately. First, recall that Bk is independent

of z;. Assumption 3 (moment condition) guarantees that

E\/E,, (8 — B 0)d < VaE[(8" — B, 23] = VaEIE (@)

With Proposition 11, our assumption on step-sizes guarantees that

2
ElE(@)] < 2018*12 + -2 forall k=1.....t.
[g(gpk)] —= ||ﬁ H2 + \/m7 or a i )

Second, we use Lemma 9 and recall that || L2 f||x = || f||2 for any f € L*(T) to obtain

. 4N\ 1/2
T = | E [ H (I—njLKLc)] Ly
. A\ 1/2
—|E LH (I- njxc)] Lz,
i=k+1

2

1/2
/llfk

S \/C|\/|E

LH (I —n;Zc)| L

j=k+1

2

Recall that E[||Ax||3] = ETr(Az; @ 2, A’) = Tr(ALgA’) for any bounded linear operator
Aon L*(T).

t
Tgi S \/CMTI' <$C H ([ — nng)2>
j=k+1
2

t
Z5 ] -

j=k+1

< VanTr(£2)

Y

op(L?)
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where we abuse the notation a little and let ,ffél_s) /2 denote the identity operator when
s = 1. Thanks to Lemma 8,

_s\1-s
(12_5) + H"g’ﬂCHop L?)
1+ (Z§=k+1 ni)t

and TX < \/emTr(Z:) when s = 1.

To summarize, for any t > 1, when 0 < s < 1,

T < JeuTr(22)

, when 0 < s < 1,

L
E[|| 3, g% < X + , 6.3
1l Bex — B*II%] (an) Z}H A k+177j) (6.3)

where

o = max {112 ((£)" + el )

(2l + 20°) Ve 22) [(1;) iy 1}

and when s =1,

—2r
BBt — 57I3] < CF (znk> Nk (6.4)

k=1

where C% = max{HgTH%((r/e)QT + 1L an(12))s 4(/eml | B* 12+ 0 )w/cMTr(fc)}. Bounds
(6.3) and (6.4) are unified by abusing the notation and denoting 0° = 1 (so as to make
(Z;Zk +171;)° = 1 even when the sum is zero). The proof is then completed. N

We are at the position of proving Theorems 3 and 4 as corollaries of Theorem 13.

Proof of Theorem 3. To apply Theorem 13, we need only to select a proper bound C§ of
step-sizes, to guarantee (6.1), i.e., for k=1,...,t —1

2 _ g 2—s k 9
wTr(Z5) [(2—) + ff] 2 T <
e =1 1+ (Zleﬂ 77]-)

To bound the sum in (6.5), we apply Lemma 12 with v = 2 — s > 1 and note that
0<6<1/2,50w=—0<0. We have

k 2 0
U o o 4
Sy kl — <C%v=2-50(k+1)" <n (log2+990§L),
=11+ <2j:l+1 77]‘)

(6.5)

DN | —
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where the last inequality is just (5.19). Therefore, to achieve (6.5) (or equivalently, (6.1)

for Theorem 13), we simply need to let

2—s\>* 49 e
S s — 4—2s 0 ~OL
C; = {ZCMTr(XK) [( 5 ) + K ] <_log2 +9°C; >} . (6.6)

By Theorem 13,

t —2r t 9
E[|| 81 — 8|5 < CF (Z ﬁk) + tnk — | . (6.7)
k=1 k=1 1+ (ijkﬂ 77]-)

We bound the first term in the right-hand side of (6.7) by Lemma 12 with v = 2r,

(Z m) < (%(%%:_1))_ T (t+1)72r0=9. (6.8)

We bound the last sum in (6.7) by Lemma 12. Note that now v = 1 —s € (0,1) and
0 <6 <1/2,so for Lemma 12,

2r
w=1-20—v+10=s(1—0)—0={ 2r+s+1’
—(1—-19)/2, 2r>1-s.

2r <1 —s,

From the definition of 0, we see that (v,0) € Q if and only if § = 1/2, which is equivalent
to2r > 1—s. So,

t 2 —2r/(2r+s+1) _
t+1 2r <1
Z Mk < COL{ ( +1)_(1_8)/21 ; 1 27’ - s, (6.9)
= 1+ (i) (t+1) og(t+1), 2r>1-s.

We now show that the rates of (6.8) is no slower than that of (6.9). In fact, when
2r <1—s, =2r(1—0) = =52~ When 2r > 1 -5, —2r(1—0) = —r < —(1—s)/2. We
have proved that

A .12 t 4 1)72r/Crestl) 2r <1—s,

EU@%H—B }SCZ& ( )_1— 2
K (t+1)"0=921og(t + 1), 2r >1-—s,
where
CK (1 =2\ ko
= _ q

Cs 10g2< T +C"C (6.10)
O
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Proof of Theorem /. First, we specify that
-1

2emTr(L2) <(22_68)2_S+ 4 28) 04*] , (6.11)

where C3, is specified in (6.12) below. Then, we verify bound (6.1) of Theorem 13. To
this end, we substitute 1, = no7~? with § = (s +2r)/(1 + s + 2r). Note that 2 — s > 1,
n <1,and £ <T — 1.

cs =

=l

= Lt (zj 1 M) —1 OZT )

1-6
770T79du 20 /T

< T2 4+ noT™

(noT~0u)2=s = 0
2, when 0 < s < 1,
(T1_0 +1), when s =1,

du
14 u2-s

T-2
< 2T—20+ T—@/
=T Mo ; 1+

’_‘ >—A|N>

<neT ™" + noT™* {

2+15, when 0 < s < 1,

(6.12)
1—|—log2—|— 6 when s =1,

<noC3, = no {

where in the last inequality we used (A 6) and T %log(T* % + 1) < T %log(27"7%) <
T=%1og2+T7%1—0)logT <log2+ =2, So (6.1) is verified. Then by Theorem 13,

T
. T 20
E = B*1%] < CF | (T %) + 6.13
lBr+1 = B[] < (0 Z; = 770T T ) (6.13)
We now estimate the last sum in (6.13). When 0 < s < 1,
T _ - _
UST 20 < 772T_29 +770T /T ! UOT Qdu
2T (oo Ry = o TE T
770T1 0 du T1-0
<neT ™% + noT_a/ — < < mT ™0 + T~ / u'du
0 L4 ui=s 1
<2770T + ,r/OT—G-‘rs(l—@) S 7]0(2 + s )T—2T/(1+s+27“)7 (614)

where in the last step we used the definition § = (s + 2r)/(1 + s + 2r) we made above.
When s =1, 0 = (1+2r)/(24 2r). Recall the definition (> 7n;)° := 1 in Theorem 13 even

when the sum vanishes. We have

T _
T2 _ M pi-20 _ 0 rp-2r/(4sen) (6.15)
L4 (nT=9(T — k)t~ 2 2

k=1
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We summarize the above analysis to obtain

N 2
E {H By — 5” } < O,/ kst
K

where

245! when0<s <1,

C4 = CKT]O_% + CKUO { (616)

Mo/2, when s = 1.

The proof of Theorem 4 is complete. [

7 A Numerical Experiment

In this section, we provide a simple numerical example with artificial data, to verify
the feasibility of our assumptions, and the empirical performance of the algorithm (1.3).
Settings of the example are taken from [5].

We set 7 = [0,1]. The functional linear model (1.1) is specified by the Gaussian

process

N

27

X (u) :Z\/];akcos(kﬂu), 0<uc<l, (7.1)
k=1

where N is a large integer to be specified later, Z,..., Zy ~ N(0,1) are independent

standard normal random variables, and o > 0. We employ the reproducing kernel used

in [5],
(55 (5

3
. 2
Z 5 cos(kmu) cos(kmv), u,v € [0, 1],

k=1

where By(x) = x* —22°+1? — 55 is the 4-th Bernoulli polynomial. Write H the associated
RKHS. Tt is easy to verify that {v/2 cos(kmz)}$2, is an orthogonal set in Hy, and is also

an orthonormal set of L*(7). We define the coefficient isometry

N
MRY = LAT), w=(uy,...,uy)" Zﬂuk cos(kmx).
k=1
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Let (-, )5 and ||-||; denote the Euclidean inner product and norm in RY respectively. It
is obvious that (M(u), M(v)), = (u,v)y. Write K =7 4(17%,27% ..., N"*)T. Then,

LgM(u) = M(K ow), for any u € RY,

where for any vectors w,v € RT, wowv = (uyvy,...,uyvy)? is the component-wise vector
product.
From (7.1), the covariance function is
N
C(u,v) = E[X Z —— cos(kmu) cos(kmv).
k=

Write C" = (17207 272ar . N—2")T for r > 0. We see that Lo and Ly are commutable
and LocM(u) = M(C o u). Define the oracle slope function 8* = M(B*). Let g € RY
with ||g|l =1. Weset 3 = K" o C" % og to meet Assumption 1. Obviously, Tr(ZLE) =
r4s SN k2745 From the setting that N is large, it is reasonable to interpret the
assumption Tr(.Z}) < oo as —2as — 4s < —1. So, Assumption 2 is satisfied when
a > max {0, (1 —4s)/(2s)}. Assumption 3 with ¢y = 3 is guaranteed thanks to the
Gaussian process setting (7.1).

Now we construct the artificial data. For ¢ > 1, let &; be an independent copy of the
coefficient vector (17%Zy,...,N=*Zy)" of X. Let {;},-, be drawn independently from
N(0,0?). Then y; = (x4, 8*), + &1 = (@, ") + & The iterative algorithm (1.5) can be
formulated in RY, and one just needs to map the output back to Hx through M. We
use B, = M(,) and rewrite (1.5) as

,Bt+1 -8 = (—7 - UtAt)(ﬁt - /3*) + ne K o xy,

where I is the identity matrix in RY, and A; = (K o )z} is a rank-one positive semi-
definite matrix. Since the oracle function * is available, the excess generalization error

is estimated by
2

Epunr) = | L2 - ), = €2 0 (Buis - 8

The simulation results are visualized in Figure 4.

- .
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A Appendix: A Technical Lemma

In this section of Appendix, we include the following Lemma 14, which is commonly used
in the literature [14, 7, 26, 11] with smaller domains of parameters. Lemma 14 covers the
whole domain (v,0) € (0,00) x (0,1), and the proof is not elsewhere available to our best
knowledge. We use Figure 5 to elucidate the rates in Lemma 14. Figure 5 is also helpful

for understanding the rates in Lemma 12, and Theorems 1 and 3.

Lemma 14. Forb>2,0<60 <1, and v > 0,

/b w2 du < oL b logh, 0 =% andv <1, or,0 <3 andv =1,
N e b, otherwise,
(A1)
where CO is independent of b, and
1-20—-v+vh, 0<v<land0<0<1/2
w=wl)=q —0, v>1land0< 60 <v/(v+1), (A.2)
—v(1—0), 1/2<60<1landf>v/(v+1).
In particular, when v > 1, w = —min{f, v(1 — 0)}. For different combinations of param-

eters v and 0, the constant CO = COY (v, 0) will be specified below in (A.7), (A.8), (A.9),
(A.10), and (A.11), respectively.
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We purposely allow the domains in (A.2) to overlap, to facilitate the applications. In
spite of the piecewise definition, w(v,#) is a continuous function on (0,00) x (0,1). We
demonstrate the structure of w in Figure 5. The estimate in Lemma 14 is tight, that is,
we can reverse the order of the inequality (A.1) by replacing Ot with a smaller positive

constant independent of b. We skip the discussion of tightness.

Figure 5: Summary of the convergence rates w(v, 0). The domain (0, c0) x (0, 1) is divided
into four regimes by the solid black lines. Contours of w are given in blue lines. In Regime
1, w=—v(1l—0). In Regime 2, w = —60. In Regimes 3 and 4, w =1 —20 —v + vl =
—v(l—=60)+(1—-20) = -0+ (1 —20)(1 —v). The values of w continuously extend to
the boundaries between regimes. Arc BD is from the hyperbola § = v/(v + 1) which is
extended by the dotted line. w approaches its infimum along the ridge B — D. Logarithm
factor in (A.1) only appears on the line segments AB and BC including point B. In Regime
4 including Arc AC (which is § = (1 — v)/(2 — v)), w > 0 and the integral in (A.1) does

not converge to zero as b — oo.

Proof of Lemma 1. To verify the estimate (A.1), we divide the integral interval into
[1,6/2] and [b/2, b], and denote T and TS the associated parts of the integral in (A.1),
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respectively. First,

TOL < 1 /b/2 w2 du
Sy

( (b/2)1*29
p—v(1-0) 1-20 when 0 < 6 < 1/2,
= (1—20-1) x q log3, when 0 = 1/2,
| 7, when1/2<0<1,
/ 229—1
=y <0 < 1)2,
1 1-—26
SA =y b~"*logb, 0=1/2, (A.3)
1
g 2<i<t
Second, to estimate TS, we change the variable as & = b'=% — u'~% to give d¢ = —(1 —

0)u=?du. Therefore,

rou _ /b u22du _ /bl_"(b/Z)l—e ufedg
? b2 L+ (0170 —ul=f)” 0 (1+&)(1—0)

(b/2)"" ¥ de
= 1—6/0 1+¢&v

Recall that for any v > 0 and 7 > 1,

I+ < Lrlv o<y <1,

T dg T 1-v — 1-
/ <1 +/ §77dE < ¢ 1+1logr, v=1, (A.4)
0 ]‘ _’_5” 1 1— 1—v
1+ ﬁ S V%, v > 1.
Therefore,
2° 1—-20—v+10
— b 0<v<l
o) 0-00-v) | T s
2 S92 @Jrl—H)b‘elogb, v=1, :
2v__p=6, v>1.

=01
Now we merge (A.3) and (A.5) to derive (A.1). Note that the bounds of T+ are divided

according to 0, while the bounds of TS! are divided according to v, so the merging appears

complicated. Figure 5 provides a clear picture.

e Case 1: v/(r+1) <0 < 1and § > 1/2. This corresponds to Regime 1 in Figure
5, including the boundary BD but excluding line segment AB and point B. Below

39



we show that w = —v(1 — 6). In fact, now TP < (1 —20-1)=»(20 — 1)~ 1p~v(1-9),
When 0 < v < 1, § > 1/2 implies 1 — 20 — v + v < —v(1 —0), so T <
2°(1—0)"1(1 — v)" 171~ When v = 1, recall that

1
max u “logu = —, for any a > 0, (A.6)
1<u<oco ea

where the maximum is achieved at u = €'/, Since § > 1/2, b=+ ]og b < m,

and we have

90 1 b—(l—@)
< ([ —+1-6) ————.
2 _1—9<log2+ )e(29—1)
When v > 1, the condition v/(v + 1) < # implies —0 < —v(1 — ), so TSt <
2°0(1 —0)~ (v — 1)~ 7(1=% . We have proved that

b —26
u""du oL oL OL7—v(1-0)
with
29 1
1 — 90-1)—v —(U+ ) ; v>0andv#1,
oot _ | ) ) (L=0)1 ]
0 (20 — 1) 2° _

1
(1= 6)(e(26— D) (WH_@), ’
(A7)

Case 2: v>1and 0 < § < v/(v+1). This corresponds to Regime 2 in Figure 5,
excluding the boundaries BC and BD. Below we show that w = —6. In fact, in this
regime TS" < 2%0(1 —0)*(v —1)"'%% When 0 < 8 < 1/2,1—20—v+ v =
—0+(1-60)(1—-v) < —60,s0 T < Mﬁ?ﬁb*e. When 6 = 1/2, we use (A.6)
to see b=512 logh < ﬁ, so TO < (1 — 29_1)_”ﬁb_‘9. When 1/2 < 6 < 1,
0 < v/(v+1) implies —v(1 — ) < =0, so TP < (1 —2°"H)7(20 — 1)"*=?. We
have proved that

b —2¢
udu oL oL OLy—0

with
00, . 220-1/(1—-20), 0<6<1/2,
oL __ 2 _
Co™ = (1-0)(v—1) T (1 —20-1)v X\ - 0=1/2, (A.8)

1/(20 — 1), 1/2<6<1.
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e Case 3: 0 < 0 < 1/2 and 0 < v < 1. This corresponds to Regimes 3 and 4 in
Figure 5, including Arc AC but excluding boundaries AB, BC, and point B. Now it
is obvious that YO 4+ TOL < COLHI-20-v+0  ith

229—1 20
=2 yw(i—20)  (1=0)(1—v)

Cot = (A.9)

e Case 4: 6 =1/2 and 0 < v < 1. This corresponds to line segment AB, including
point B. Now —v(1—60) = —v/2, b=/ logb > b=%logh > b="log 2, and 1 —20 — v +

v = —v(1 —0). So
20 1
1— —1
1—6<log2+ 6)’ v

29
(1—0)(1—wv)log2’

T < b= (logb) x

0<v<l,

and YO < (1 —2971)7p=/2logb. So, TOL 4+ T < CPH(1-9 1og b with

g ( : >
+1—-460 v=1
1 _ ) )
i 1—6 \log2

et <

< m (A.10)

O0<v<l.

(1-60)(1—v)log2’
e Case 5: v =1and 0 < 6 < 1/2. This corresponds to line segment BC, excluding
point B. In this case, 1 — 20 — v + v = —0. So T + T < CO*b~?log b with

oo 2 1 2201
7 1 .
R <log2 * )+ (1= 27 1y7(1 = 26) log 2

(A.11)

]
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