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Abstract

Recently, the Randomized Kaczmarz algorithm (RK) draws much attention because of its
low computational complexity and less requirement on computer memory. Many existing results
on analysis focus on the behavior of RK in Euclidean spaces, and typically derive exponential
converge rates with the base tending to one, as the condition number of the system increases.
The dependence on the condition number largely restricts the application of these estimates.
There are also results using relaxation (i.e., small step-sizes tending to zero as the sample size
increases) to achieve polynomial convergence rates of RK in Hilbert spaces. In this paper, we
prove the weak convergence (with polynomial rates) of RK with constant step-size in Hilbert
spaces. As a consequence, the strong convergence of RK in Euclidean spaces is obtained with
condition number-free polynomial rates. In the setting with noisy data, we study the relaxation
technique and obtain a strong convergence of RK in Hilbert spaces, with the rates arbitrarily
close to the minimax optimal ones. We apply the analysis to reproducing kernel-based online
gradient descent learning algorithms and improve the state-of-the-art convergence estimate in

the literature.

Keywords: randomized Kaczmarz algorithm, Hilbert space, weak convergence, online gradient

descent learning algorithm, relaxation

1 Introduction

Let (H,(-,-),| - ||) be a real separable Hilbert space. Let 2° € H be an unknown vector. Consider a
sequence {(&;,y;)} of observations, where for each ¢, §; € H with ||§]| = 1,

yi = (&,2°) + & €R, (1)

and €; models the observational noise. In this paper, we study the randomized Kaczmarz algorithm
(RK) for recovering 2°. The algorithm is defined with 71 = 0 € H and then iteratively by

Tp1 = T + Me(Yre — (€ T))Eks k> 1, (2)
where 7, € (0, 2) is the step-size of the k-th step. The iteration () is an instance of stochastic gradient
descent along the negative gradient of least squares, —V,5(yx — (€, @))?[o=z,- It is expected that

after sufficient steps of iteration (i.e., when k is large enough), zx,1 would be close to z°,

klim ree1 =0, where 7y = zpp1 — 20, thus 1 = —z°. (3)
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The classical Kaczmarz algorithm [27] is designed on a Euclidean space H = R?, for solving a

0 ¢ R? is an unknown

system of linear equations Az? = y. Here, A is a matrix of size m x d, z
vector, and ¥y = (Y1,...,¥m)’ € R™. Each row A of A is assumed normalized (otherwise, one
normalizes Ay, together with the corresponding coordinate y; of y, by scaling both of them with the
factor ||Ag||=!). In [27], the Kaczmarz algorithm takes the form (E), where the constant step-size
nr = 1 is used, the k-th row of A is employed as &, and the k-th coordinate of y is just used as yy.
After k exceeds m, the iteration continues, with the rows of A and the coordinates of y cyclically
reused. Kaczmarz [27] shows that if the rows of A span the whole space H = R, then Algorithm
(E) converges. However, the speed of the convergence (E) is not guaranteed, and may depend on the
order of the rows of the coefficient matrix A. See [43, ] and the reference therein. RK is introduced
to remove this dependence. In particular, Strohmer and Vershynin [43] show that if the random
measurement vectors {{x} are independently drawn from the rows of A, and each row is drawn with

probability proportional to the square of its norm (before the scaling we mentioned above), then

k
1
E [resl?] < (1 ! ) 1202, (4)
[rell) TATZ AT

where A~ is the left inverse (assumed to exist), and ||A||f is the Frobenius norm of A. The quantity
I AllEll A=

condition number k(A) of A (here k(A) is the ratio of the maximum singular value of A to the

rm_prd, referred to as the scaled condition number [43], is bounded from below by the

minimum singular value of A). Estimate (H) shows that RK converges exponentially. The case with
general distributions of the vectors & € RY is studied by Chen and Powell [9], where almost sure
exponential convergence is also derived.

It is easy to see that as the size of A increases, the base of the exponential rate (H) approaches
1. Then (H) only guarantees a very slow convergence speed. Furthermore, it is shown in [43] with an
example that the bound (H) is sharp. So, the analysis in [13] does not apply to Hilbert spaces, and
leaves a gap between the theory and applications, since a linear system with large scale is a typical
scenario where the Kaczmarz algorithm is employed to outperform direct solvers. In this paper, we
provide new analysis of RK (E) that works in Hilbert spaces. Our first motivation is to provide a
condition number-free convergence estimate of (E) for large scale problems.

Another special case of Algorithm (E) is the online gradient descent method extensively studied for
nonlinear regression learning [42, 19, 47, U8, 28, 8, 45, 21, B9, 23]. Let K be a Mercer kernel on a metric
space X. That is, K : X x X — R is a continuous and symmetric function which is positive semi-
definite (i.e., Z;’szl cicjK(x;,xj) > 0 for any integer m > 1, any z1,..., 2, € X and ¢1,..., ¢y, € R).
Write K, (v) = K(u,v). The function space spanned by {K, : u € X} with inner product induced
by (K., Ky) = K(u,v) for any u,v € X, after completion, is a (reproducing kernel) Hilbert space.
Denote (Hr, (-, ) g, |Illc) this Hilbert space of functions. Consider the regression problem with
observations {(u;,y;)}; € X x R. The online gradient descent learning algorithm is defined with
f1 =0, and then iteratively by

Jrerr = fe + k(e — fr(ur)) Ky, k> 1. (5)

In the literature, a more general form fr11 = fi + ne[(yx — fre(ur)) Ky, + Afi] of iteration is also
studied with the parameter A > 0 inspired by the Tikhonov regularization. Assume K (u,u) = 1 for
any u € X (this is true for the widely used Gaussian kernel; while for a general kernel K, one could

normalize it by defining K (u,v) = K(u,v)//K(u,u)K(v,v) to guarantee this assumption. The

normalization is by itself a usual practice [41, 40]). Then the online algorithm (a) is unified to the



form (E) by letting &, = K, (where K (ug,u;) =1 implies ||{x||x = 1), and noting the reproducing
property f(u) = (f, Ky)p for any f € Hg and u € X.

The second motivation of this paper is to put Algorithm (a) under the general framework (E)7 of
which our new analysis improves the state-of-the-art convergence estimate of (a) in the literature.

In this paper, we study RK with the following three settings of step-sizes.

1. RK-CS, RK with a universal constant step-size. In this setting, we use n, = n € (0,2) in (E)
for k =1,2,.... So, the step-size is set as an absolute constant independent of the step count
k. This is for studying the ideal scenario where observational noise could be ignored (o2 = 0).

In particular, n; = 1 corresponds to the vanilla RK.

2. RK-VS, RK with vanishing step-sizes. Here, one lets n, € (0,1) decrease as k increases, for
k =1,2,.... The iteration continues to update the output vector (or the output function for
kernel-based learning) with new data points. Same as RK-CS, in this setting Algorithm (B) does
not have to terminate. For example, it is proved in [30] that in Euclidean spaces, (E) converges

strongly if and only if n;, — 0 and ), n, = oco.

3. RK-FH, RK with finite horizon setting, i.e., with a constant step-size that depends on the
known total sample size. In this setting, we assume the access to the size m < oo of training
data. Algorithm (E) is designed to terminate after m iterations. Here we define a constant
step-size n = n(m) € (0,1) for 1 < k < m, which depends (usually decreasingly) on m. For
example, we shall study the setting (@) below of step-size in Theorem @

Note that Setting RK-CS is designed for the ideal noiseless model to explore the intrinsic behavior of
RK. While Settings RK-VS and RK-FH are designed for real data that may be contaminated with
noise.

The setting of step-sizes 0 < n; < 2 is also referred to as relaxation [[7, 17, 21]. Many works in the
literature suggest that with the presence of noise, RK-FH provides faster convergence than RK-VS
does, though the former one is not truly online and has to terminate after finite iterations. We do
not consider the design 1 < 7 < 2 for RK-VS and RK-FH, and leave the discussion as future work.

The rest of the paper is organized as follows. In Section 2, we present our main results and some
comparisons with the literature. Some key assumptions and technical notations are also discussed.
Section 3 is devoted to RK-CS while Section 4 develops the theory for RK-VS and RK-FH.

2 Main Results and Discussions

We organize this section along the three settings of step-sizes. Theorem @ through Example @
study the noise-free setting with RK-CS, and the application to the classical RK in Euclidean spaces.
Theorem @ provides error bounds for the weak convergence of RK-VS. Theorem @ through Corol-
lary provide convergence analysis for RK-FH with applications to kernel-based online learning.

Write S := {z € H : ||| = 1} the unit sphere in H. Let p be a Borel probability measure on S.
Define

L =Eeplf @&]. (6)

Here for any u,v € H, we define u ® v as the linear operator on H with (u ® v)x := (v, z) u for any
x € H. Tt is well known that L is positive semi-definite (thus self-adjoint), and of trace class (thus

Hilbert-Schmidt and compact). In particular, for s > 0, L® is defined through the spectral expansion



of L, and L~*x denotes the preimage vector in the closure of L(H) for any x € L*(H). The existence
of L™z follows from that L is bounded and positive semi-definite. One proves the uniqueness of
L~%z with the argument in the proof of Lemma @

We provide a detailed treatment of these properties at the end of Section 1 for completeness. We
use the following definition to specify the probability model of (m)

Definition 2.1 (Model M(S, p, 2°,m, 0?)). We say that a sequence {(&;,y;)}™, is drawn from Model
M(S, p, 2°,m, ), if (i) {&}™, are all drawn from (S,p); (ii) for each 1 < i < m, y; is defined by

), where €; € R is a random variable with Ele;] = 0 and Var(e;) = 02 < oo; and (iii) the random
variables &1, ..., &m, €1, ..., €n are independent. We define Model M(S, p, 20, 00, 02) in the same way
except for infinite sequences {(&,v:) 52, -

Analysis under Setting RK-CS. First, we show that in the noise-free setting, and under
the regularity assumption z° € L*'(H) on the unknown vector x°, or the assumption 2’ € L*2(H)
on some measurement vector =/ (where s1,s, € (0,1/4]), the expected weak error E[(rjy1,2’)’]
converges to zero in polynomial speed. We also give an example where the observations are con-
taminated with just arbitrarily small noise (i.e. % > 0 for Model M(S, p, 2°, 00, 02)) yet one already
has limy_yo0 E[||7k41]/?] = co. These results suggest that RK in Hilbert spaces (and thus in high
dimensional Euclidean spaces) has a nature of weak convergence instead of strong convergence. This
is consistent with the difficulties observed in the literature on developing strong convergence of RK
in Hilbert spaces.

Theorem 2.2. Consider an infinite sequence {(&;,y;)}$2, from Model M(S, p,2°, 00,02 = 0). Assume
20 € L1 (H) with s; € (0,1/4]. Let 2’ € L*(H) with sy € (0,1/4]. Setting ny = n € (0,2) in
Algorithm (@), we have

E [<(E/, Tk+1>2] < HL?82$I||2||L7811’0H2C77,281+252 (77(2 - n)k)izslizszv k> 17 (7)

where C, s for 0 < s <1 is defined in (@) in the proof. In particular, Cy s =1 when 0 <n < 1.
If instead of the fized vector x', a random measurement vector &' ~ (S, p) is employed, then

E (¢ ri1)’] € VIEIL™ 0O Cp 1 /22— i) 7E, k2 1. (8)

Note that in this paper, all the expectations E[-] are taken with respect to all the randomness
specified in the context, unless otherwise specified. For example, in ([7]), the expectation is taken with
respect to the randomness of zj1, coming from the sample subset {(&;,y;)}%_; through (E), In (E),
one takes the expectation with respect to both z;,1 and &'.

Here we briefly explain the ideas of proving Theorem @, and leave the detailed treatments in
Section E First, we rewrite the expected error as E[(z/,r11)°] = (¢/ @ @', Ri41)ps, Where Ry =
Elrr41 ® rp41] is an operator, and (-, -),; denotes the Hilbert-Schmidt inner product. From the
noiseless assumption, Ry11 = Qn(Ri) = Q¥(R1) = QF(2°®2°). The main innovation in our analysis
is that we manage to factor out some powers of (I — Q) from 2’ @ 2’ and z° ® 2° respectively, to join
Qf; and form a vanishing operator Qf] (I —Q,)*+ %252 which leads to the decay of error E[(2, Tk+1>2].
When 2’ is replaced by the random vector &', we use E[¢’ ® '] = L, of which we transform a half
LY? into (I — Qn)l/2 and obtain the corresponding vanishing operator Q’;(I - Qn)zsﬁé.

As an application, consider the linear equation Az° = b with A € R™*?¢, Assume the rows
Ay, ..., Ap of A are normalized ||A;|| = ... = ||A]] = 1 For this example let p be the uniform
distribution on the rows of A, p(A4;) = - for 1 < i < m. This is consistent with the model in [43]
and reduces the definition (B) toL=>" 1A0A = %ATA. Let y, = <§k,x0>. One applies the

1=1 m



RK iteration with nr = n € (0,2). Theorem @ implies the following Corollary @, which provides
condition number-free polynomial convergence rates for RK in Euclidean spaces.

Corollary 2.3. For the above setting of linear equation Ax® = b with A € R™*4 jf20 = (%ATA)S1 20
for some s1 € (0,1/4] and 20 € R?, and 2’ = (L AT A)™ 2/, for some s2 € (0,1/4] and ', € RY, then

2 —2s51—2s
E {(w’,m+1> } < (212125117 Cr 26 42 (0(2 = m)k) 722 7252, 9)
In particular, when AT A is invertible,

E [[lrr+1]1?] < dlla8l*Cp s, (n(2 — m)k) . (10)

Bound (E) is a direct appliation of Theorem @ To see (@), let {e;}%_, be an orthonormal basis
of R%. One applies (B) with o = (L AT A)752¢; for 0 < s, < 1/4 to obtain

]‘ —S —481— 482
E [{essris1)?] < 12221 AT A) e ][2C 20 420, (n(2 = m)k) 20725, (11)

Recall s; > 0. One takes the limit of (EI) as so | 0, and adds up the limits for ¢ = 1,...,d, to obtain
(d).

The following example shows that in general, a strong convergence of RK-CS in Hilbert spaces
cannot be expected in practice with noisy data. Combined with the theorem above, this example

reveals the weak convergence nature of RK-CS.

Example 2.4. Let {€;}°, be an orthonormal basis of H. Let q1 > g2 > ... > 0 and Y 10, qi =
1. Let p be a discrete probability distribution such that p(e;) = q;. Assume o > 0 for Model
M(S, p, 2°, 00, 02) and set n, = n € (0,1] for Algorithm (@) Then limy o0 E [[|7i41]1?] = oo, and this
limit is independent of x° (in particular, it holds true even for z° = 0). Meanwhile, if 2° € L5 (H)
with s; > 0 and ' € L¥2(H) with sy > 0, one has that limsup,,_, . E[(z', r41)°] = O(n) as n — 0.

The proofs of the claims of Example @ are postponed to Appendix @

It remains an interesting open question whether there is any strong convergence of RK-CS in
general Hilbert spaces. We note that Griebel and Oswald [[19, R0] provide analysis for strong con-
vergence of the Schwarz Iterative Methods for elliptic variational problems with coercive Hermitian
forms in Hilbert spaces. In fact, the setting of finite or countable space splitting in [19, 20] well
covers the special case of Example @ (with 02 = 0), and yields the strong convergence. So, the
question we raise here is partly affirmatively answered. Nonetheless, the analysis in [19, 20] does
not apply to the general scenarios where the support of p is not included in the union of countable
finite-dimensional subspaces, for example, the most interesting application in online learning (B) with
Gaussian or Sobolev kernels. In addition, Example @ shows that the strong convergence, even if it
exists, could be spoiled by noise.

Berthier, Bach and Gaillard [5] derive an elegant strong convergence bound E[||ry41]]?] < O(k~2¢1)
and a weak convergence bound min; << E[(¢/, rj+1>2} < O(k=172%1) of (E) applicable to the noiseless
model M(S, p, 2, 00, 02 = 0) with setting RK-CS and the assumption

HL—Slgu < C(s1), almost surely for £ ~ p, (12)

where s; > 0 is the index we use in Theorem @ and C(s1) < oo is a constant. The assumption
(@) with s; > 0 is nonetheless strong and even in the simple model we study in Example @ implies



that L has only a finite rank. In particular, we have removed the assumption (@) in this paper.
Another improvement of our analysis is that the weak convergence bound in [§] is provided for the
smallest error along the whole path of iterations, while Theorem @ provides error bound for the
last iteration. Note that due to the assumption (@), the rates in (H) are not directly comparable
with the results in [B]. The analysis in Varre et al. [44] is also applicable to the noiseless model
M(S, p, 2°, 00, 62 = 0). The expected weak error E[(€/, rp41)°] with random measurement & ~ (S, p)
is bounded as O(k~!log k) in [44, Theorem 1] by adopting the finite horizon setting (fixing nlogm as
a constant). Compared with this rate, our bound (E) does not require the finite horizon setting, and
achieves a better rate O(k~!) when s; = 1/2. The bound O(k~1) is further derived in [44, Theorem
2] without the finite horizon setting, but under another assumption that cL —E[(¢’,log(L~1)¢")¢' @&/
is a positive operator for some finite constant ¢ > 0.

Analysis under Setting RK-VS. Suppose we have an infinite sequence {(&;,y;)}52, of obser-
vations from Model M(S, p, 2°, 00, 02) with 02 > 0, based on which we apply Algorithm (E) for the
sequence {xy}7°, of output vectors. Suppose the step-sizes are set as n, = mik~¢ for k > 2 and
O0<m < W Theorem @ gives the rate of weak convergence of {x;} to 2°.

Let J1(H) denote the space of all the trace-class operators on H.

Theorem 2.5. Assume 2° € L% (H) for some s; > 0. Let 2’ € L*2(H) be a measurement vector

with s2 > 1/4, and s1 + s2 > 1/2. Set w = % For any k > 1, we have

E (@' rin)?] < Ca(h + )mxoem G-}, 3)

where Cy is a constant independent of k, and it will be specified in (@) at the end of the proof.
If we replace x' by a random vector & ~ (S, p), assume L>~*%0 € Jy(H) for some so € [1/4,1/2),

s1+ 80 >1/2, and set w = %, then for k > 1,

B [(¢'rs1)?] < Ok + most-w (st D=}, (1)
where C1 is a constant independent of k and it will be specified in @) at the end of the proof.

Guo and Shi [24] provide rates of strong convergence for RK-VS in reproducing kernel Hilbert
spaces.

Analysis under Setting RK-FH. Theorem @ below provides the rates of strong convergence
of relaxed RK.

Theorem 2.6. Consider a finite sample {(&;,vi)}™ from Model M(S, p, 2°,m, o?) with 0®> > 0 and
2 <m < oo. Assume z° € L*1(H) for some s1 > 0, and L** € J1(H) for some 0 < s, < 1. Set for
1 <k<m that

B m7(251+5*)/(1+251+5*)7 Zf S1+ 84 2 15 15
N =M= m—(+s1)/(2+s1) if s1+ 8. < 1. "
Then,
m—2s1/(42s148)  ifg 4 > 1
E [rms?] < C 7 <1 16
[lIrmsal?] < 2{ m2s1/(2ts1) if s1+ 8. <1, e

where Cy is independent of m, and it will be specified in (@) at the end of the proof.

As a direct application of Theorem @, now we consider Algorithm (B), which is a kernel-based
online regression learning algorithm without regularization. Let X be a compact metric space with a



Borel probability measure u. Let K be a Mercer kernel on X with K(x,2) = 1 for any € X, and
(M, ()i » |-l ) be the induced reproducing kernel Hilbert space. The following definition specifies
the probability model on which we develop the convergence analysis for Algorithm (E)

Definition 2.7 (Model M(X, p1, f0,m,02)). We say that a sequence {(u;,y;) Y™, is drawn from Model
M(X,,u,fo,m, o2), if (i) {u;}™ are all drawn from (X, p); (ii) for each 1 <i <m, y; = fO(u;) + €,
where €; is a random variable with Ele;] = 0 and Var(e;) = 0® < oo; and (iii) the random variables

ULy .y U, €1, - . ., Eq aTe independent.

For Model M(X,,ujo,m,az), the relation & = K, pushes the distribution @ on X to the dis-
tribution p on S € H = Hg, and reduces the definition (E) to a particular form L = Ly :=
Eyzop [Ky ® K. The following corollary for Algorithm (E), as a direct application of Theorem @,

improves the analysis in [4§].

Corollary 2.8. Suppose fm1+1 is the output function of Algorithm (B) after 2 < m < oo iterations,
with data {(u;,y;) 7, drawn from Model M(X, i, f°,m,0?). Assume 02 > 0, fO € L3t (Hk) for
some s1 >0, and Ly € J1(Hi) for some 0 < s, < 1. Set ny as ) Then,

m_QSl/(1+281+s*), Zf S14 8. > 1,

2
o (A P R e A A a

where Cy is defined in Theorem @ O

When the eigenvalues {\;(Lx)} (arranged in non-increasing order) of Ly decay polynomially
Ni(Lg) ~i~% for some 0 < s, < 1 (i.e., c1i™ /% < \(Lg) < coi™ /% for some positive numbers
c1 and ¢y, and every i), the minimax optimal rates O(m~2s1/(1+2s1+52)) of strong convergence for

recovering z° is derived in [22, 6]. Note that
L% € Ji(H) 25 N(L) = 0@~ Ys) =5 Lt ¢ Ji(H), forany 0<s, <1le>0. (18)

In fact, since {A\;(L)} is non-increasing, one has iA;(L)** < Tr(L®+), which yields Implication A in
(@) Implication B is verified by Tr(L*T¢) < >~ N\ (L)%t <} (%)(S*—Fe)/s* < 00. Therefore, when
$1+ s, > 1, Bound (@) is arbitrarily close to the above minimax optimal rate. Also, by adopting the
capacity assumption L°* € J;(H), Bound (E) improves the learning rate O(m~251/(252+2)) ohtained
in [48, Theorem 6].

Now we study the weak convergence of RK in the finite horizon setting, RK-FH.

Theorem 2.9. Assume 20 € L% (H) for some s; > 0. Let 2’ € L*2(H) be a measurement vector
with so > 0. Let x,,41 be the output of Algorithm (@) with data {(&,y:) ", drawn from Model
M(S, p, 2%, m, 0?) with 2 < m < oo and 0> > 0, and the step-sizes i = m~% with

1+4s .
" 3#31; if 0 < sy <1/4, (19)
715{;;12, if so > 1/4.

We assume w > 1/2 (which means to assume s1 > 1/4 when 0 < s < 1/4, and to assume s1+s9 > 1/2
when so > 1/4). Then

m~(4s1t4s2)/(3+ds1) if0 < sy <1/4,
E [<9C/77"m+1>2} < O3 m(H4s)/GHas) Jog(m + 1), if 55 = 1/4, (20)
m—(231+282)/(1+281+282)’ if 59> 1/4,



where C3 is a constant independent of m, and it will be specified in (@) at the end of the proof.
If we replace z' by the random vector £ ~ (S, p), assume L2450 € J,(H) for some so € [1/4,1/2)

with s1 + so > 1/2, and set ny, = m=" with W' = %, then
—(1+4s1)/(3+4s1) |, 1 i =1/4
]E |:<€/,7'm_‘_1>2:| § Cé m (2 o Og(m + )’ Z'f SO / 9 (21)
m~ (2514250)/ (14251 +2s0) if so € (1/4,1/2),

where C% is a constant independent of m, and it will be specified in (@) at the end of the proof.

The following corollary is a direct application of Theorem @ to Algorithm (a) Denote | f|2 =
Jx f(x)?du(x) for all square p-integrable functions f on X.

Corollary 2.10. Assume f° € L3} (Hy) for some sy > 0 and L% ** € Jy(Hy) for some sy €
[1/4,1/2). Suppose fm+1 is the output function of Algorithm (B) with data {(u;, y;)}™, drawn from
Model MI(X, 1, f°,m, 02) with 2 < m < oo and o > 0, and step-sizes n, = m~(251+250)/(142s14250)
Then

m— (1+4s1)/(3+4s1) log(m +1), ifso=1/4,

0](2 !
E |:Hfm+1 - f HM:| < 03 { ,’n—(251—i—2so)/(1-|—2$1-1-230)7 Zf S € (1/47 1/2)’ (22)

where C4 is defined in Theorem @ O

The estimates (@), (@), and (@) (we exclude (@) from the discussion since it is just a direct
application of (L)), though all on squared norms of error vectors (functions), are derived in different
ways. In RY, (@) is obtained by applying (a) for d times to basis vectors respectively, E[||rp,1°] =
ijl E[(e;, rk+1>2]7 and we let so | 0 to avoid involving large factors related to the condition number
of L AT A. Bound (E) is derived via E[|[rm 1] = ETr(Fm41 @7ms1) = Tr(Rpi1), and the key error
decomposition is given in (BY). Bound (R9) is derived from (RIf) through the reproducing property

S s (@) = FO(2))2dp(@) = By [(Ko, frngr — )2 ).

$1
W9 1@
@
N .
0 1/4 1/2

Figure 1: To compare Theorems @, @ and @7 we divide the quadrant of s1, se > 0 into four areas:
Area 1 (0 < s1,82 < 1/4), Area 2 (51 > 0, s2 > 1/2, and s1 + s2 < 1/2), Area 3 (0 < s2 < 1/4 and
s1 > 1/4), and Area 4 (s1 > 0, s3 > 1/4, and s1 + s2 > 1/2). Detailed discussion is provided in

Remark .

Remark 2.11. We compare the convergence estimates (ﬂ), (@) and ) despite their different
algorithm designs and the assumptions on noise levels (i.e., 0> = 0 and 0® > 0). The space of s1
(index of the target vector reqularity) and ss (index of the measurement vector reqularity) is divided
into four areas as visualized in Figure B Bound (ﬂ) in Theorem @ covers Area 1. When s; > 1/4,



since L is bounded, x° € L**(H) implies x° € LY4(H). Similarly, when sy > 1/4, ' € L**(H)
implies ' € L1/4(H). So, for Areas 2, 3, and 4, Bound (ﬂ) still holds true but saturates at the
boundary of Area 1. It is an interesting question whether this saturation is intrinsic to the algorithm
or just because of the limitation of our analysis. Bound (@) in Theorem @ covers Areas 8 and 4,
while Bound ) in Theorem @ covers only Area 4. In Area 4, despite the difference that RK-FH
has to stop after m iterations while RK-VS does not have to terminate, we simply set k = m and
consider so > 1/4 to find that (@) provides rate O(m™%) (where w = %} and ) provides
rate O(mmax{=w.~Q2s24+3)1=)}) yhile —w < —(2s5 + (1 —w) (i.e., the rate in (14) is slower than
that in (@)) if and only if s1 > 1/4. It would be interesting if the analysis of RK-VS and RK-FH

can be improved to cover all the four areas.

We point out that because of observational noise, the best provable convergence rates for settings
RK-VS and RK-FH are attained with necessary dependence of the step-sizes on the capacity of
hypothesis space, and the regularity of the unknown vector z". This dependence is also reported in
some related works [24, 4§]. Nonetheless, in this paper we also provide analysis for general designs
of step-sizes, in Theorems Q and @7 for strong and weak convergences, respectively.

We provide brief discussions on Bounds (E)7 (El) and (@), compared with (H), (@) and (@)7
respectively. Recall that J1(H) denotes the space of trace class operators, and J2(H) denotes the
space of Hilbert-Schmidt operators. For (@), the regularity L?~4%0 € J;(H) is used to bound
L7250 in Jo(H) for B[, rma1)?] = Tr(LRpy1) = Tr(L 250 (LR, 41 L*)). While the regularity
x' € L*2(H) is exploited similarly for (@), E[(2',r511)7] = Te([(L522") @ (L™22")](L** Ry 1 L*2)).
This explains the similar roles sy and sy play in (Rd) and (RI) respectively. The relation between
Bounds (@) and (@) are similar, because Theorems @ and @ are both corollaries of Theorem @
Nonetheless, the assumption L2450 € [7;(H) does not help to improve (f) because of the saturation
we mentioned in Remark . See the proof of Theorem @ for details.

There are research works studying general formulations of (randomized) Kaczmarz algorithms [1§],
mini-batch iteration [29, 10], and shrinkage and sparsity [B§]. In Lin and Zhou [B0], RK is studied
from the learning theory perspective. Kaczmarz algorithms belong to a broad class of algorithms
called the Method of Alternating Projections (MAP). See Wiener [46] and Halperin [25]. See also [15,
Chapter 3] and [17, Chapter 7] for comprehensive treatments, and [35, 11]. Kaczmarz algorithms are
closely related to the Schwarz Iterative Methods, and the Alternating Directions Method (ADM). See
[19, 20, BG, 12, 17]. In computerized tomography, (E) belongs to a large family of algorithms called
Algebraic Reconstruction Techniques (ART). See [26, Chapter 11]. The iteration (E) could be seen as
a special case of the general Projecting onto Convex Sets (POCS) algorithm. See [3], [15, Chapter 5],
and the reference therein. There is a large literature studying the acceleration of iterative methods.
For example, the seminal Nesterov accelerated gradient descent [B4], the Accelerated Randomized
Kaczmarz (Liu and Wright, [B1]) which is designed in Euclidean spaces and needs finite condition
number of the coefficient matrix A, and the acceleration by averaging (Dieuleveut and Bach, [L3])
which achieves optimal convergence rates. See also [33, [l, 2, 16, 24]. It would be interesting to apply
our analysis to stochastic gradient descent algorithms in deep learning [51, 52].

Discussions on Some Notations and Assumptions. Recall L = E¢.,({ ® £) as defined
in (E) Obviously for any w,v € H, u ® v is a bounded linear operator. Furthermore, u ® v is a
Hilbert-Schmidt operator. In this paper, we let Jo(H) denote the space of all the Hilbert-Schmidt
operators on H, with inner product (-,-),s and norm || - ||us. Since H is separable, so is J>(H). From
l€]] = 1, one has || ® £||us = 1, so the mean E¢.,[¢ ® &] is well defined by the Bochner’s integral
and ||L|ns < Eenp[ll€ ® €|lus] = 1. So, L is Hilbert-Schmidt, and is thus compact. See [L4, Section



X1.6] for a comprehensive treatment of Hilbert-Schmidt operators, and [b0, Section V.5] for a neat
introduction of Bochner’s integrals.

Let 7 be a set of indices: when dim(H) = d < oo, write Z := {1,2,...,d}, and when dim(H) = oo,
let Z denote the set of all the positive integers.

For any w,v € H, (Lu,v) = E¢,[(u,&) (§,v)] = (u,Lv), so L is self-adjoint. In particular,
(Lu,u) > 0, so L is positive semi-definite. Therefore, we can write {(\;, ¢;) }icz as the eigensystem of
L, where Ay > Ay > --- >0, and {¢; };ez form an orthonormal basis of H. So ., (¢;, O =¢* =1
almost surely for £ ~ (S, p). We have

D Ni=)(bi, Lei) =Fen, [Z <¢i,5>2] =1L

e €T i€
Therefore L € J1(H) and Tr(L) = 1. Recall that J;(H) denotes the set of trace class operators on

H. For the notion of trace class operators, see [[14, Section XI.9]. For s € R, define

L8 =% X ¢

Ai>0

So, LY is the orthogonal projection onto the closure of L(H), and when s < 0, L® may only be defined

on a subspace of H.

3 Polynomial Rates of Convergence in the Noise-free Setting

In the following we let I denote the identity operator, of which the domain is inferred from the
context. For bounded self-adjoint operators A and B on a Hilbert space, we write A < B (or B = A)
if B — A is positive semi-definite.

The main target of this section is to prove Theorem @ The idea is to expand E[(z/,r11)°] as
(for details see (@))

((I=Qy) 722" @), [QpU — Q)* 2] (I - Q) 7> (2” ®2°)) s

where @, is a bounded linear operator on J>(H) defined by (@) below. Then, we show the bound-
edness of (I —Q,) %%2(2’ ®2’) and (I — Q,)) " 2**(2° ® 2°) by the regularity assumptions of 2’ and z°,
respectively. Finally, we show the decay of the operator Q§ (I - Qn)281+282 by applying the spectral
theorem with the polynomial 2*(1 — 2)251%2%2 on min{0,1 —n} <z <1, as k — co.

Now we consider the convergence of Algorithm (E) in noise-free setting. That is, we assume o2 = 0.
So, the uncertainty of Algorithm (E) all comes from the randomness of &’s.

Recall rj, = 23, — 20, as the error vector after the (k — 1)-th iteration. For k > 1,
i1 = 2 — 2%+ e (yr — (€ o))k = 11 — Mk (€ o — 2°) &k = (I — M Pi) s (23)
where Py, = &, @ ;. We repeat the iteration (@) to give
i1 = (L —mePy) -+ (I = mPr)(=a°). (24)
Let £ € S and write P = Pr = £ ®¢ the associated rank-one orthogonal projection. We claim that
(I —nP)u|l < |lu|l, foranyuwe H and 0<n<2. (25)
To see this, write u = ug +u; with u¢ = Pu and u; = (I — P)u. Since |1 —n| < 1, ||(I — nP)u|* =

lur + @ =muel® = lur | + 1 = n)*[lue) < [Ju>.
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For any B € Jo(H), recall that || B||is = >-,c7 || Bes||?, where {e;}iez is any orthonormal basis of
H. From (@), we use e; = £ to obtain that for any 0 < n < 2,

It = P)B(I = nP)llis = (L= m)* (I =nP)Ber|* + > |[(I - nP)Beil
i€Z\{1}

<Y I =nP)Beil|* <Y || Beil|* = || Bls. (26)
i€z i€z

Therefore, for any 0 < n < 2, we can define the linear operator @, : J2(H) — J2(H) through
Bochner’s integral,

Qy(B) = Eenp [(I —nP)B(I —nP)], B e J(H). (27)
The estimate (@) shows that

1@l acrry oy < - (28)

For any By € J2(H),
(Qn(B), Bi)ys = ETx (I =nP)B(I = nP)BY)
=Tr (BE( ~nP)Bi(I = P)]") = (B,Qy(B1))ys (29)

So @, is self-adjoint.
Denote 0(Q,,) the spectrum of @,. The following lemma provides an estimate for o(Q,).

Lemma 3.1. When0<n<1, o(Q,) C[(1—n)%1. Whenl<n<2,0(Q,) C[1—mn1].

Proof. The upper bound 1 is guaranteed by (@)
When 0 < 1 < 1, we need only to prove that @, = (1—7)?I. Let {e; };cz be an orthonormal basis
of H with e; = &. Then,

Tr(BB" — PBPB"P) = (e;,(BB" — PBPB" P)e;)
1€L
T, |12 T 112 T 2
=[[BTer||” = [PBTes|"+ > [|BTeil|” > 0.
1€Z\{1}
Recall that Tr(AB) = Tr(BA) for any A, B € J2(H), and that P = P2, We have
Tr (I —nP)B(I —nP)B" — (1-n)*BB")
=Tr ((2n — »*)BBT —nPBB"P —nBPB” + n’PBPB” P)
=nTr ((I — P)B(I — P)B") + (1 —n)Tr (BB" — PBPB"P)
=n||(I = P)B(I - P)|f4s +n(1 —n)Tx(BB" — PBPB"P) > 0.
We take expectations of the above inequality to have @, = (1 — n)21.
Similarly when 1 <n < 2,
Tr (I —nP)B(I — nP)B" + (n — 1)BB")
=nTr (BB" — PBB"P — BPB" + PBPB" P) + n(n — 1)Tx(PBPB" P)
=n|[(I = P)B(I = P)lljis + (1 — 1) | PBP|}s > 0.

So @y = (1—n)I. O

11



We now provide some characteristics of the structure of @),. Define operators Ry, Sr, and R.,
all from Jo(H) to J2(H), by Rp(B) = L?BLY? S;,(B) = (LB + BL)/2, and R.(B) = E[PBP],
respectively. Recall that L = EP. Since ||L||g— g is finite, R, and Sy, are all bounded operators.
Moreover, ||P||g—p = 1 implies that R, is bounded. One can use the arguments in (@) to show
mmRbSbmnR*mmmmmmmemmmyBe@uﬂmRﬂmJﬂﬁzHﬂﬂBﬂMmszm
(SL(B), B)ys = (|LY/2B|[’c + ||BLY2|[25)/2 > 0, and (R.(B), B)ys = E [HPBPHaS} > 0. So Ry,
Sr, and R, are all positive semi-definite. It is straightforward to see that

Q, =1—2nSL +n*R..

Recall that {¢; ® ¢;}i jez is an orthonormal basis of J>(H). In particular, the eigensystem of Ry,
is {(\/Airj, d; ® d)j)}i,jEI’ and the eigensystem of Sz is {((A; + A;)/2,¢: ® ¢;)}, jo7- Since Rp and
Sr, share the same set of eigenvectors, they commute. Thanks to the inequality \/zy < (z +y)/2
for z,y > 0, we have Ry, < Sp. For s > 0 and B € J2(H), the spectral decomposition implies
R3(B) = L¥/?BL*/2.

We claim that R, < Sy. In fact, for any B € Jo(H), one has that

(B,R.(B))ys = ETr(BT PBP) = ETr(PBT PPBP).
A simple calculation gives that,

Te(BT PPB),

Tr(PBTPPBP) <
Tr(PBT BP),

which implies R, < Sp.
We are now ready to prove Theorem @

Proof of Theorem @ Since n € (0,2), by the relations R, < Sy, and Ry, < Sy, one has

(20 —n*)Rr = (20 —1°)SL +n*(S — Ru) =1 - Qy. (30)

By the Lowner-Heinz inequality [32, B7], for any s € (0, 1], one has (n(2 — n)R.)* =< (I — Q,)%,

which implies (we group the details into Lemma in Appendix E for completeness) that for any
B € J>(H), a preimage vector (I — Q,) °[Rj} (B)] exists and satisfies

(I = Qy) "RL(B)lns < (2 —n))~"(| Bllms- (31)

Now we apply the spectral mapping theorem (see, e.g., Yosida [b0, Section XI.5]) to estimate
HQ’IFC](I_Qn)s|’j2(H)_>j2(H)7 for any integer £ > 1 and any 0 < s < 1. When 0 < n < 1, recall

ks

a(Qy) C [0,1]. Since the function 7%(1 — 7)% of 7 € [0,1] achieves its maximum (kisﬁ < k785 <
k=% at = k_’f_s, we have
||Qf,(f - QU)S’|J2(H)~>‘72(H) <k=® forany0<n<l1. (32)

When 1 < n < 2, 0(Qy) extends below zero, and is bounded from below by 1 —7. On [1—7,0], the
function |7%(1 — 7)%| is decreasing and achieves its maximum ( — 1)*n® at the left end. Extending
k*(n — 1)¥n* as a function of k on (0,00), one sees that this function tends to zero as k | 0 and
as k — oo. Also, k*(n — 1)*n* achieves its maximum e~*(—ns/log(n — 1))* at k = —s/log(n — 1).
Recall that for 7 € [0,1], 0 < 7%(1 — 7)* < k*. Therefore we bound the norm of Q(I — Q,)* by
k~*max{1l,e *(—ns/log(n — 1))*}. This bound, together with (@), yields that

HQ@(I - Qn)SHJQ(H)HJQ(H) < Cysk™*, forany 0 <n<2, (33)
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where

1, ifo<n<l,

Chs == { max{1,e=(—ns/log(n — 1))*}, if1<n<2. (34)

The assumption 0 € L**(H) implies 2° ® 20 = R?*' ((L~*12°) @ (L~**20)). Similarly, 2’ ® 2’ =

R2*>((L~*22') ® (L~*2")). Consider the error decomposition
E [(:c’, rk+1>2] =E(z',(I —=nP) - (I —nP) (2" @) I —nP1)--- (I —nPy)z’)
=Tirf(a’ @ 2")Qp (2 ® 2°)] = (T1, QI — Qy)* 72%2(T2)) (35)
where
Ti=(-Q,) *? @ ®a) = —-Q,) *R7*((L *2) ® (L™*1)),
and
Ty = (I —Q,) 2 (2" ® ).

One uses (BI) to obtain [|T1[lus < (92 — 7)) 22 [|(L~2") @ (L") lus = (n(2 — )22 L2’ |
and [ Tallus < (1(2 — 7))~ 21| L~*12°]]2. We combine (B3) and (Bd) to obtain

2 —s —S1 —a81—48
E {(-rlvrk+l> :| < ||L ‘21‘/H2||L x0||201772s1+282(77(2 - 77)k?) 2 2 27

which is (H)
If the random vector £’ ~ (S, p) is used, since £’ is independent of the whole sample,

E[(¢',r41)"] = BT © €)Q(2° © 2%)] = THLQh(° © 2°)].
Note that L = RY?(L1/2 , and ||LY?||2c = Tr(L). The above error is further estimated by
L HS

E (¢ ms0)’] = (T0, Q4 = Q)+ (1))

Hs
where
T, = (1-Qy) PRI,
So
E kf'ﬂ“kﬂﬂ < LY s | L7420 2Cl 2y 41/2(n(2 = m)k) 7272
= VTr(L)[| L™ 2°|2Cly 20, 1/2(n(2 = k) 7272,
which proves (E) O

4 Error Analysis in the General Setting with Noise

In this section we study Algorithm (E) in the general setting with observational noise. That is, we
assume o2 = Var(e;) > 0 for Model M(S, p, 2°, m, 02). The key technique of our analysis is inspired by
(@) which does a one-step reduction of the expected error E [||7’k+1 ||2} . We lift the trace operator in
(@) to obtain (@), which is further used iteratively to derive (@) The operator W, is introduced in
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(@) to replace @, for a better algebraic property (as provided in Lemma @) Theorem @ parallels
Theorem Q for studying weak convergence.
Recall that we use 7,11 = zx+1 —2° to denote the error vector after the k-th iteration of Algorithm
(E) For k > 1, because of noise, the iteration step of Algorithm (E) is now written as
Prr = Thp1 — 20 =z — 2° + i (G, 2°) + ex — (G i) & = (I — e Pr) i + Moeni-

Since 1k, &, and € are independent, and Eej, = 0, recall the operator @, defined in (@), we have

Ellrpa]* =ETr(risr ® 1) = TE(rri1 @ ris1)
=TrQy, (E(ri © rx)) + 201 (Eer )ETr[((I — np Pr)ri) © &)
+ i (Eei) TrE (&), ® &)
=TrQy, (E(ry @ 1)) + ngo”Tr(L). (36)
For k > 1, we write Ry = E(ry ® 7). Then E||rg41> = Tr(Rk+1), and similar as Equation (@)7 one
has
Ris1 = Qn,(Ri) + 0*ni L. (37)
In particular, R = (—2%) ® (—2°) = 2° ® 2°. Recall that Qy=1-2n5, + n?R,, where in general
St does not commute with R,, so @, may not commute with Q,, when n # n’. To overcome the
difficulty, we use the operator W, defined by
W,(B) = Qn(B) +n*(R}, — R.)(B) = (I =nL)B(I —nL) (38)
for any B € Jo(H) and n € [0,1]. Then W,, = I — 2nSy, +n*R%, and we summarize some properties
of W, which will be used later.
Lemma 4.1. Forn € [0,1], the operator W, on J2(H) has the following properties.
(1) The eigensystem of Wy is {(1 —nXi)(1 —n)X;), ¢ @ ¢j}ijez-
(2) W, is positive semi-definite.
(3) For any positive semi-definite operator B € Jo(H), Wy (B) is positive semi-definite.
(4) For any positive semi-definite operator B € J1(H), Tr(W,(B)) < Tr(B).

Proof. The eigensystem is derived from the expansion W, = I — 2nSy + n?R2. Since \; > 0 and
YA =Tr(L) = ETe(P) =1, 0 < (1 —nX;)(1 —nAj) < 1 for any 4,j. Therefore W, is positive
semi-definite. For B € J»(H), W, (B) = (I —nL)B(I —nL), so whenever B is positive semi-definite,
sois W,(B). If B € J1(H) is positive semi-definite, we have

Te(Wy(B)) = Y (s, (I =nL)B(I = nL)gi) = Y (1 —n\i)* (s, Boi) .
€L €T
Since (¢;, B¢;) > 0 for any ¢, Tr(W,(B)) < Tr(B). The proof is thus complete. O
Consider the following error decomposition,
Rit1 =W, (Rie) + 1 (Re — RE)(Ry) + 0°L)

=Wy Way_y (Ri—1) + 1 -y Wy, (Rs = RL)(Ri—1) + 0°L)
+1;((Re — RL)(Ri) +0°L)

=W Wa Wy, (Ri—2) + 1 _a Wy, Wy, (Re — R7)(Ry—2) + 0°L)
R W (Re — B2)(Ri_1) + 0°L) + 2((R. — B3)(Ry) + 0°L).
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Note that W, = I —2nSg, 4+ n>R3%, of which the eigenvectors are {(¢; ® ¢;)}i jez, as we discussed

above. So the operators W, Wy, commute. One carries on the above iterations to give

T

k k k
Ri1 = (H Wm> R+ i | TT Wa | [(Re = RD(R;) +0%L]. (39)
=1

j=1 I=j+1

Here we abuse the notation a little bit by defining Hf:k 41 W, (of which the starting index k + 1 is
greater than the ending index k) as identity.

When o2 = 0, Equation (@) becomes Rpy11 = Q, (Ry), which implies E [||r41[*] = E [|(I — nePe)rs|?].
Since Py is a random orthogonal projection, one always has E [||rj41]|?] < E [||r]|?], and therefore
the expected error is at least uniformly bounded. When o2 > 0, the following lemma shows that
E [||re]|?] is still uniformly bounded under the assumption that the sum of the squared step-sizes is
finite. This lemma therefore suggests the important role the step-sizes playing in controlling the error

introduced by observational noise.

Lemma 4.2. Let m be a positive integer, or infinity. Assume o > 0 for Model M(S, p, 2%, m, o?).
If nam = Z;n:l 77? <1, then for 1 <k <m (or for 1 <k < oo when m = cc), one has

_ 200 + 0¥ Te(L)n
- 1- T12,m

Tr(Ri) (40)
Proof. Recall that R; = 2° ® 2, so Tr(R1) = ||2°||? and the estimate (@) holds true. Now suppose
for some 1 < k < m, the estimate (@) holds true for all [ = 1,...,k. To finish the proof with
induction, we need only to verify the inequality (@) for il =k +1.

We study the trace of the right-hand side of (@) Let B € J1(H) be positive semi-definite.

Lemma @ gives
0 < Tr(W,(B)) < Tr(B). (41)

One repeats (@) to give

Tr < Tr(R1) = [l2°)1%,

)

=1

and
k
T [ [ ] Wa | (B = RL)(R)) +0°L)| < Tr(Ru(R;)) + o*Tx(L),
i=j+1

for j = 1,...,k. Note that Tr(R.(R;)) = ETr(PR,P) < ETr(R;) = Tr(R;). By the inductive
hypothesis,

012 2T L m
T(Rega) < 2]+ g (LTI oy
—M2,m
_ 207 + o Te(L)n2,m
1- T12,m ’
This completes the proof. O

We will need the following technical lemma, of which the proof is postponed to Appendix @
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Lemma 4.3. Let s >0, 7 € [0,1], and n1,...,n% € [0,1]. One has

k 255 4 2
(1—n T)] T (42)
|J1:[ l 1+ (Zf:1 77[)

where we abuse the notation a little bit to define 0° := 1 when s = 0.

Theorem @ below estimates the expected squared norm of the error vector ryy; for Algorithm
(B), without specific design of the step-sizes. The rates of strong convergence in Theorem @ with
RK-FH setting is a corollary of Theorem @

Theorem 4.4. Let {(&;,y;)}™, be drawn from Model M(S, p,2°,m,0?) with 0 > 0, 1 < m < oo,
and «° € L**(H) for some s1 > 0. Assume {n;}7; C (0,1) and nzm = > n: <1 for Algorithm
(@) Then for 1 <k <m (or1 <k < oo if m=00), one has

E [Iris1]?] = Tr(Ri1) <

4(s5r 4+ 1)2|| L5102 20|12 + 02T (L k
(si' + D7l i (| ( )anz (43)

251 1—
k m
1+ (Zj:1 nj) G

Proof. We bound the trace of Ri41 according to the expansion (@) Since 2° € L*1(H), we write
20 =307 b g, s0 >, b7 = [|[L7512%|2. By the definition of W, we have

k
)

Since A; € [0, 1] for any 4, we have by Lemma @,
(st + 1)?|| L2

(1) e
=1
1 + (Zle nl)281

Now we estimate the trace of the second term on the right-hand side of (@) Recall Lemma @
Since R (R;) = LR;L is positive semi-definite, and Tr(R.(R;)) = ETr(PR;P) < Tr(R;), one uses
the bound (@) to obtain

b 2
Zb2/\251 [H (1 —m/\i)] .
=1

i€L

-l

=1

k

2
L=12%? | max 7% 1-—
Tl Le[oﬁf IT nm]

IN

IN

(44)

k k
w30 | T W | (R = B(R)) +0°L)

I=j+1
k k
<> Tr H W, )+ oL) Z 3 (Tr(R;) + 0> Tr(L))
j=1 =541 j=1
k
[2°]1* + o*Tr(L)n2,m ) _ 201 + o Tx(L) 2
< — +o0 = . 45
< 1 - 772,7n Z J 1 - 7)2,m g 77] ( )
One completes the proof by combining (@) and (@) O
For proving Theorem , we need the following technical lemma, of which the proof is put to

Appendix @ for completeness.
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Lemma 4.5. For any b >0 and 6 > 0,

b g L5010, if0<6 <1,
/—Qg log(b+1), if6=1,
0 1+ /] .

—1° Zf0>1

Proof of Theorem @ When the step-sizes in Algorithm (E) are fixed to be a constant 7, the expan-
sion (@) takes the form (for 1 <k < m)

k
Riy1 = W;(Rl) +n° Z Wylffj (R(R;) — R3(R;) + 02L) .
j=1
First, we apply the estimate (@) to get

(7 + DL

- 1+ (mn)?s
1 1 2571 +sx
We note that mn > 1, which is because When 51+ 8. >1, mn= T T — g T > 1, and
1+sq
when 81+3*<1, mn=m 1— 2Fs1 —m2+51 >1

Next, we rewrite the estimate (@) in Theorem @7 in the constant step-size-setting, as
1
Tr(Ris1) S Dy (5= +kn° ), 1<k< 46
K(Rac) < D1 (1 oy 1) 1<k < m, (40

2 —
where D; = max {4(s§1 + 12 L1202, (202 + o> Tr(L)) / (1 — QTG T g 1) } with (£)4 =
max{¢,0} for any ¢ € R, and we have used the following estimates for 7 ,, thanks to m > 2. When
S1 + Sx Z 17

14ss+2s] —2s4 —4sq sx42s7—1 1
N2,m = 772m =m T+2s1 tsx S QT TH2si 45+ = 22+81+(é1+s* 14 < 17

and when s1 4+ s, < 1,

9 2457 —2—2s7 —s7 2 —1
Nom =1Pm =m  2Te1 < 2701 = 2T Ftidny T <],

In particular, when k = 0, the estimate (@) still holds true since Tr(R1) = [|2°]|? < W <
D;. We apply Lemma @ and the fact that nm > 1 to obtain

m—1
S| < S < b S ()

J=

m—1 (m—1)
dz m 3 n dx
<D2D2/ 7D4—<—D42D/ i
S A e i e e R A 14 a2

3 ﬁn(nm)”?ﬁ, if 0 <1 <1/2,
S§D1n4m2 +D1¢ nlog(nm —n+1), ifs =1/2,
2511/ (251 — 1), if 51 >1/2.

Then, similar to the argument used in (@), one has

Tr | n? > W7 (=R})(R) | <0.

17



Finally, recall that Tr(L®*) = Y. Aj*. By Lemma @ (recalled that we use 00 := 1),

w (30w ) et 33 e
j=1 j=14€T
<ot 305 (0= ma ) a
j=14€l
< (1 —pr)2m=a)l=s ) Ty(L%
<o’n Z (fé’[%ﬁ] nT) T ) r(L*")
’” 1
<2((1 — s4 =5 4 1)o?Tr(L*)n? .
(=)' 4+ DI D gy
Since 0 < s, < 1, Lemma @ implies
m m—1 —1
1 m dz
njgll + (2n(m 15*—’7; 14 277]15*—774_77/ 1+ (2nz)l—s-
<n+ 1 [ da <n+ (2nym)*®~
=TS )0 Tras =TT T,

We summarize the above analysis to get

A(sit + 12 L7 a0

Tr(Rm, < D
r( 1) < 1t (mn)231 + 5 177 m?
+2((1— s*)l_s* + 1)02'1‘14(1/8*)(,,72 + 8;1771+s*ms*)
1_1231 n27281m17251’ lf 0 < 81 < 1/2’
+ Dy (log2 + 3*—1) nteems i sy = 1/2, (47)
2s1m/(2s1 — 1) if s, > 1/2,

where for the case s; = 1/2, (recall that nm > 1) we integrate the inequality =1 < ¢**~! for ¢t > 1 to
obtain log(nm) < (nm)** /s., and we have applied the inequality

nlog(nm —n+1) < nlog(2nm) < nlog2 + n(nm)* /s, < (log2+ s, ") n'***m
Since nm > 1 and n < 1, the estimate (@) is further tidied as

Tr(Ru41) <Da2(s1, ) ((mn) 7> +n'm? + ' m™ )+

Dy(s1,5.) n?7 im0 if 0 < sy < 1/2,
") o, if 51 >1/2,

where (note that s;1 > 1, (1 —s,)' % +1<2, pm > 1, and n? < n < pltsms),

3
Dy(s1,8.) =4(s5 4+ 1)%|| L5202 + §D1 + 85, Lo?Tr(L*)+

17—1281, if 0 < s <1/2,
D;< s7!+log2, if s1=1/2,
281/(281—1), if sq >1/2

We derive the error bounds in two cases.

18



Case 1, s; + s, > 1. In this case n = m~@s1+s)/(+25145.) qmplies (mn) =251 = plts=ms =
m—2$1/(1+231+s*)’ and

851 +4s« 2(s1+sx—1)+2s;

2sq
2 =m T I+251 tsx — m_ 1+2s7 +sx S m_ T+2sy+sx |

ntm
Moreover, when 0 < s; < 1/2, 1 < s1 + s, < 2s; + s, and ym > 1 implies n?~251m!=251 =
n(nm)t=2%1 < pltsms. Therefore we have

2s

Tr(Roim41) < 4Do(s1,8:)m ™ TFEe T

Case 2, s; + s, < 1. In this case 7 = m~(Fs1)/(2+s1) implies (mn) =251 = pim? = m—251/2+s1),
and

7]1+s*ms* —m~ 1+3*+51+3215.31728**813* < m_%
In particular, when 0 < s1 < 1/2,
e m*% < mf%.
Therefore we have
A

Tr(Rom+1) < 4Da(s1, 86)m™ Tt
We complete the proof by setting the constant (recall that (¢)4 := max{¢,0} for any ¢ € R)

Cy =4Ds(s1, 5.) = 16(s7* + 1) L™ %2> + 8s. " ((1 — s,)' % + 1) o> Tr(L°*" )+
amax {4 (557 +1)% 2720202, ()2 + 0*Te(1) / (1 - 27 ) ]

T if 0 < s <1/2,
x ¢ 3457 +log2, ifsy=1/2, (48)
24 gy, if 51> 1/2.
The proof of Theorem @ is complete. O

Consider a sequence {(&;,;)}"™, from Model M(S, p,2°,m,0?) with 1 < m < oo and o2 > 0.
If m = oo, we also denote m 4+ 1 = oo. For the sake of simplicity, we define the sum of an empty
set (e.g., a sum with lower index greater than its upper index) as zero. Recall that ry = xj — 2°.
Theorem @ below estimates the expected weak error for Algorithm (E), with general design of the
step-sizes. The rates of weak convergence in Theorem @ with RK-VS setting, and in Theorem @
with RK-FH setting, are both corollaries of Theorem @

Theorem 4.6. Assume 2° € L% (H) for some s; > 0. Let 2’ € L*2(H) be a measurement vector with
s3> 0. Assume {n;}72; C (0,1) and 12 = Z;”:l n? <1 for Algorithm (@) Then for 1 <k <m
(or1 <k < oo if m=o00), one has

k -1,.2
1 1 —M2,m Un
E[(a',res1)?] <C4 +3 (A= 12m) 7 : (49)

2514252 25041
k ; 2
L+ (Zl:l nl) =114 (Zf:jJrl 77l) ’

where Cy is a constant independent of {n;} or k, and it will be specified in (@) at the end of the
proof.
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In particular, if we replace x' by a random vector £ ~ (S, p), and assume Tr(L?~4%0) < oo for
some sg € [1/4,1/2), then for 1 <k <m (or1 <k < oo if m = o0),

k

2 1 (1= n2,m) "'
E [<€/’W+1> } <Cj . 3o 725 T Z 2io+l ’ (50)
1+ (X i=11 ko :
1=1"N + (i m

where C is a constant independent of {n;} or k, and it will be specified in ) at the end of the
proof.

Proof. Write U = 2’ ® /. Since E [(w’, rk+1>2} = (U, Ri+1)ps, We prove the estimates (@) and (@)
with the help of the expansion (@)

First, since 20 € L1 (H) and 2/ € L*(H), |R;**(R1)|lus = |[L=**2°||?> and ||R;***(U)||us =
|L=522||2. We have

<U, <f[ Wm> <R1>> = <RL232(U>7
=1 HS

Recall that W, and Ry share the same set {¢; ® ¢;}; jer of eigenvectors, and for each eigenvector
¢; ® ¢;, their eigenvalues are (1 — nX;)(1 —nA;) and /A A; respectively. So these two operators
commute, and one estimates the operator norm of R} (Hle Wm) Risl on J(H), by Lemma @ as

k
- (T ) <
=1 J2(H)—TJ2(H)

M5t 4 12
o k
1+ (El:l m

k
(2((s1 + s2)*1F=2 4+ 1)||L=*12O| | L~22"||)*
<U, (H Wm) (R1)> < - 2514252 :
=1 Hs L+ (Xhm)

When 2’ is replaced by & ~ (S, p), one has E [(f’,rkH)Q} = (L, Rp+41)ps- Assume Tr(L>~*%0) <

co. Note that R;**°(L) = L'~2%. In the same way, we estimate the error (L, Rg1)yg according to

R (R1)>

k
- (1w )

=1

HS

" 2
max 751152 | I 1—nr
7€[0,1] ( m )>

=1

(51)

)281+282 :

Therefore

the expansion (B9).
k
e (I, )

k
<L7 (H Wrn) (R1)> — <[/12So7 RZ281 R1>
=1 HS =1

(2((s0 + s1)***t + D[ L~*12°|])?

k 2s50+2s1
1+ (21:1 Ul)

HS

< TI'(L274SO)

Next,

k k
<U;Z77]2' H W, (UQL)>
j=1

l=j+1

HS

k k
=0y ] <R;252<U>, Ry | [ wa | R <L1/2>>

j=1 I=j+1

HS
L VT(D)2((s2 + D)t 4+ 1)L |)?
j=1 1+ (Zl:j+1 m)* 2t
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Similarly, when 2’ is replaced by the random vector ¢/, we use the assumption Tr(L?~%%0) < 0o, and
Bound (El) (by replacing s; and sy both with sg) to have

k k k k
<L> Z 77J2‘ H Wm L> = Z 7732‘ <L1—280’ Riso H Wm R%SQL1—2SO>
= 1=j+1 hs L i .
k s k s B
Z (L1250 [1=2%0) 4((2s0)%% + 1) < o 8Tr(L2~4%0)((250)2% +1)?
HS 4s9 250+% ,
= Lt (Zl:j+1 771) =1 I+ (El =j+1 771)

where the last inequality is because so > 1/4 and for any t > 0 and 6; > 65 > 0.

Then, for X =U or X =L,

k
<X,Zn§ HWm R2R>

j=1 I=j+1

1+t91 = 1+t92

HS
k k
:_Zn§E<rj,Ri 11 wa er>go.
=1 I=j+1
Finally, recall that R, < Sy, for any « € J2(H ), one applies Lemma @ to obtain ||S_1/2 L/2

||z|lns. A single computation shows

z|lns <

|RY?*Rj|%s = Tr(R,;R.(R;)) = ETr(PR,;PPR;P) < Tr(R;)2.

We have

k k
<U7 H Wﬂl R*(Rj)> = <T3, RiSQ H WTll Si/Q T4> > (52)

I=j+1 Hs I=j+1 HS

where T3 = R**(U) = 3, o7 Y5 i @ ¢; with 3, .(Y§)? = |R**(U)|l}s = |L™*22’[|*, and
1= S PRP(RYR) = X, e Yidi ® 65 with 3, ,(Y7)? < |RYV2(R))|Es < Te(R))? <

21+ Tr(L)n2,m
1_772,7n

2
) (where the last inequality follows Lemma @) Since operators Ry, Wy, and
Sy, share the same set of eigenvectors {¢; ® 1} tez, the eigenvalue of R72 (Hf:j 41 Wm) Sz/ % cor-
responding to the eigenvector ¢; ® ¢; is bounded by (recall that 4\;\; < (A + A\¢)?)

A A\ Y2
(ANide)®? | ——— (1= m + X))+ 07 AiAe)
2

l=j+1
s +)\t 252«%% k
() I

1
[(1 Ai+At>2] L (2524 3700 41
— = k oo tl
I=j+1 2 L+ (30 m)?ste

We further apply the spectral theorem to obtain

k 012 4 2 2 [(25 + Lyzsats 4 1}
T L m 2
O T1 W | RRp)) < p-segp il T, & L 69)
L=n2m T+ (=41 m)**2tz

I=j+1 HS
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When 2’ is replaced by a random vector £, we use a similar computation to give

k
(e TLw ) = (2 e
l=j+1

k
H W, Siﬂ T4>
HS I=j+1 HS
02 4 -2 2[28 +1250+%+1}
< i I+ T (250 + 3)
—M2,m

E 1
L+ (Zl:j+1 )0t
The proof is completed by combining the above four parts of analysis, and setting the constants

Cy = max {(2((s1 + 52)" 2 + DL’ L722"])?,

o VID)2(s2 + ) + DI,

and

1
| L—522"||? (||aco||2 + O'QTI'(L)) X 2 {(232 + 5)25’”'% + 1} }, (54)

Cl = max {(2((s1 + 50)+* + 1) [ L7120/ Tr( L2 30),
8Tr(L2—4so)((280)250 + 1)2,

TI“(L2_450) <||$0||2 + 0’2TI‘<L)> ) |:(280 + %)280‘#% + 1:| } (55)

O
Proof of Theorem @ Consider Equation (@) Set n, = m~“. Recall that from (@), when 0 <
9 < 1/4,1—w = 2/(3+ 4s1) and when s3 > 1/4, 1 —w = 1/(1 + 281 + 2s3). Recall m > 2, so
(logm)/log2 > 1. On the one hand,
1

S (mlfw)72817252
1 + (2;11 7’]l)281+252

m*(451+452)/(3+451),

if 0 < s9 < 1/4,
< mWsitD)/Usi43) (Jogm) /log 2,  if so = 1/4, (56)
m—(251+252)/(1+231+252)’ if 59 > 1/4
On the other hand,
m 2 m—1 )
nj —2w m
= +
Z 2s2+3 m Z _ 4 —w)2s2+1
St (Sam) S 1 (= fymeye
m—1 m~“(m—1)
d d
<mT 4 m‘Qw/ z - =m 4 m_“’/ :c - (57)
0 1 + (mfwx)252+§ 0 1 +I282+§
When 0 < 59 < 1/4, —2w = 7324-742?1 < —2415,)3_1;1?2, we apply Lemma @ to obtain
m~“(m—1)
m—2w +m dx < m—2w + 1 m—w-‘r(l—w)(%—QsQ)
0 14 252+ = 5 — 259
< (1 T ) i (—dsa—1—4s1)/(+4s1) _ 3= 452 (45, 4450)/(34+451)
3 = 282 1-— 482
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When sy = 1/4, w = 13’8215—1_3’82252 = éijzi < 1. Recall that m™* <1 < 2logm, so

m~“(m—1) dz

m=24m <m™ 4+ m “log(m' ™ 4+ 1)

0 1422t =
< 2m~“logm +m ™ log(2m!' %)
<2m “logm+m “log2+ (1 —w)m “logm < 4m™% logm.

— _2s142sy
When sy > 1/4, W = 1135, 1252 and

m=(m=1) dx 859

< m
0 1+ 1‘252+% T 4sy — 1

—w

m72w + m=Y

Finally, the assumptions w > 1/2 and m > 2 yield the bound 7s,, = mn? = m!' =2 < 2172v < 1. We
combine the above analysis for different so, (@), and (@) to obtain (@) with a constant C3 given by

C3 =max {(2((s1 + s2)* T2 + 1)||L 12| L~*>2/[|)?,
1
o VI(D)2(s2 + )+ DL ),

1
27 (01 + o To(E) x 2 252 + )% 1) D

L+ aomoiiarey, 0 <s2 <1/4,
ez + T3 if 55 =1/4, (58)

1+(4$2_1)8(%7 lf82>1/4

The estimate (@) is obtained by substituting ss with sg in the above analysis. Note that now we
have 2., = mn? < 21-2¢" < 1. The constant CY is defined by

Cy =max {(2((s1 + o) %0 + 1)|[L*12°|)%\/Tr(L21%0),
8Tr(L*~4%0)((2s50)% + 1),

1
Tr(L2=%0) (|]2°)| + 0> Tr(L)) x 2 | (250 + 5)280+% +1] }x

4 .
{ ez + Tm if so =1/4, )
8s .
L+ Goaiaery, i 1/4<so<1/2.

The proof of Theorem @ is complete. o

Lemma 4.7. For anyb>2,1/2<6 <1, and s >0,

b —26
™ *"dx

< Ogpmax{=0,—s(1-0)} 60
/1 1+ (b1=0 — z1=0)s = 7° (60)

where Cy is a constant depending on s but independent of b, and will be specified in (@), (@), and
(@), respectively, for different values of s, in the proof.

The technical proof of Lemma @ is put to Appendix @

Proof of Theorem @ Note that by definition 1/2 < w < 1, so

o0

= 2w —1 2w —1 o0
=) N < < 1 / ) =1
N2, ;77] = o, ZJ 5 + ! T €T )

Jj=1
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where the condition in Theorem @ is satisfied. To finish the proof, we only need to substitute the
step-sizes into the inequalities (@) and (@) respectively.
First, for any £ > 1, one has % >1. So

k k+1 1—w

1—(1/2
§ m 2771/ 2 Ydy — Uil [(k+ 1)1—w _ 1] > m( ( / ) )(k+ 1)1—
— 1 1—w l-—w

Therefore,

1

g |: (k + 1)7(170.))(2814’282).
2s1+2s2 1—(1/2 1—w
14 (Zlem) m(l—(1/2)=«)

1 —w :| 251+2s9

Note that by the definition w = (251 + 2s2)/(1 + 2s1 + 2s2),
(k + 1)~ (m@)@sid2ee) — (4 1)« (61)

Then, we bound the second part of the right-hand side of (@) below. When k& > j + 1,

k+1 e -
Zm>m/ x‘wdm:m[(kal) (j+1) ]

. 1—w
l=j+1 +1

Note that j > 1 implies j > (j + 2)/3. So

2

k
> .
2s0+1
— k 2
J=1 1 —|— (Zl:j+l ’I’]l>

<Pk~ 2w+7ﬁz (1/3)72(j +2)?
255+ 1

T () ke - (G D

gy 642

S 255+ ; 1-w]2sa+3
mm{l,(’“) 2 2}j—11+ (b + 1)1 — (j + 1123

1-—w

Recall that s1+s9 > 1/2,s0w = % € (1/2,1). In the inequality below, for any j = 1,..., k—1,

we let © € [j+ 1,5+ 2] to have (j +2)"2 <272 and (j + 1)!"* < 2'~“. By Lemma

k—1

(+2) - /’f“ “2da
= ]_+ k.+ ]_ l—w _ (]+ 1)17&2]252-"—% - 9 1+ [(k+ 1)1750 71‘17&)]252‘*‘%

§C5(k + 1)maX{*w,7(252+%)(1,w)}'

Since k > 1 implies k¥ > (k + 1)/2, the term k~2“ is bounded by k=2* < k=% < 2¢(k 4+ 1)~%. We

apply Theorem @ and summarize the above analysis to obtain
E [<x’,rk+1>2} < Oy (k + 1ymax{—w—(2s2+3)(1-w)}

where

1—w 2oit2ez 9“n2Cs5 " 2w—1 e o,
a-o(rars) o e WA R Dl
! min{l, (lTw) } j=1
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Here for different scopes of s, C5 is defined in (@), (@), and (@), respectively. The estimate (@) is
proved in the same way as above, with so replaced by sg and

2s14+2s0 2 o
1-w 9“n; Cs 2 2w—1 )
e (patmmm) | 0| ey et | [
m (17(1/2) ) min{]_7<1771 )280+2} 2w =
—w
(63)
The proof of Theorem @ is complete. O
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Appendix

A  Some Technical Proofs

In this section of appendix we provide some technical proofs.

Proof of the assertions in Example . It is evident that L = EP = Z;’il gie; ® e;. So in this
model, {(g;,e;)}2, form the orthonormal eigensystem of L. Therefore, for any s > 1, R.(L*%) =
S gilei®e) Lo (e;@e;) = Soo0, qf Tie;®@e; = LS. Recall that Q,) = I—21Sz,+n*R... In general, if
f is a polynomial without constant term, then R, f(L) = Lf(L), 2S.f(L) = Lf(L)+f(L)L = 2Lf(L),
and thus Q,(f(L)) = F(L) — 29LF(L) + PL(L) = (I — (20 — ) L) f(L).

Since the step-sizes are fixed to be 7, (@) implies

Rk+1:Q7I(Rk)+O’2n2L:"':Q +0n2ZQJ

= Q¥ +anZ (2n—n*)L)Y L.

Since QfI(Rl) is positive semi-definite,

Jim E [lre1l?] = Jm Tr(Ri1) = o0 Y > a1 — (20— n*)ai)’
=0 i=1
=%y Z = 0.

27777
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Now we consider the error in weak sense. We have
E [(mﬁ_l,x’f} = (' @, Qs(Rk+1)>HS
< ®, Q >Hs+02n2§<xl®x/’(1_ (QW_WQ)L)jL>Hs
For any ¢,j € Z, it is straightforward to see that
Qule;®ej) =€, @e; —n(g; +¢gjle; Qe;j + nz\/qqué,;jei ® ej,

where §;; is the Kronecker delta which takes value 1 when i = j and 0 otherwise. Therefore {e; ®

ej}ff}=1 form a set of eigenvectors of (), and thus @), and R commute. By Lemma

2s514+2s k 2 k s1+s
|RE™ 2Q77||.72(H)%.72(H) < w,gle%fl] (1 =n(z+y) +n°ay) (zy)™e

k 2(281+282)281+282 +2 2(281+282)231+232+2
< max (1-—2nyzy+ 2 xy)sitse < < 7
LyGUL1]< I+ V) (o) 1+ [k(2n —n2)] 1 +2e (km)2ert2s:

therefore limy_, o <.13/ ® Qf; (R1)>HS = 0. On the other hand,

k—1 k—1
Y (a'@a’, (I —(@2n—n*)L)YL),s =n" Y _ (L™%a',(I = (2n—n*) L)Y L'*2% (L~ *2a'))
j=1 =0
2(1 + 2s9) 11252 -2
< P||lLma |2 Z 2) = O(n)

1+ ]77 1+2$2

uniformly for £ > 1 as n — 0, where the last step is obtained by applying Lemma @, and noting
that so > 0. We have proved that

limsupE {(x’, Tyl — x0>2} =0(n), asn—0".

k—o0

O

Proof of Lemma B When s = 0, the left-hand side (LHS) of (@) is no greater than 1, and the
right-hand side (RHS) of (@) equals 2, so (@) holds true. Below we assume s > 0.

When 7 =0, (@) is trivial. When 77, = 1 for some [ = 1,... k, (@) is trivial. Below we assume
7> 0 and i < 1 for all [.

When Zle m; = 0, LHS of (@) is no greater than 1 and RHS of (@) is 2+2s° > 1, so (@) holds
true. Below we assume Zle m > 0.

Thanks to the inequality log(1 — ¢) < —c for ¢ < 1, we have

k k k
lH(l - 7’]17')] 7% = 71%exp {Zlog(l — 1717')} < 7%exp {—TZm} .

=1 =1 =1

Some simple calculus shows that since Zle m >0,

k S
Toexpq —T < |— ) 64
)= () “

which is valid on 7 € [0, 00), and the maximum is achieved at 7 = s/ Zle n;. Since T € (0,1], while
(@) is still valid, we have further that

k
[H (1—mr ] 77 < 1. (65)
=1

26



We combine (@) and (@) together with the inequality min(a,b) < 2ab/(a + b) for a,b > 0, and the
inequality < St for 5.t > 0 to obtain

s+t — 14t
b 25" 25° + 2
[ll(l—mf)] 70 < F <
s k
s (eXlm)® 1+ (lel m)

I=1 -
The proof is complete. O

Proof of Lemma E When 0 <6 < 1,

/b dz /b de _(b+D"0-1 b1t pf
o 1429 = J; 1+2z)f 1-6 - 1—6 16

When 6 = 1, fb 1115 =log(b+1). When 6 > 1,
[ [ T
01+x9_ o T -1 -1

Proof of Lemma B We divide the integral interval to two parts, [1,b/2] and [b/2,b]. First, since
—20 < —1,

O

b/2 =20 Jp 1 b/2
/ 0 s = 0 9 / o~ dx
L TR S TR - )

b—s(l—@) 1— (b/2)1—29 b—s(l—@)
< . <
(1= (1/2)0s 20-1 7 (1—(1/2)79)%(20 — 1)’
Change a variable y = b'=% — 2179 to give dy = —(1 — 0)2~%dz. We apply Lemma @ to have
/b il = bl AT gm20iegy < 0/2)7° /blg_(%)le dy
2 14 (b0 —g1=0)s 1+y)(1—-6)~ 1-6 J, 1+y°
)1*9]1*5 pI=001=5)  jf0<s <1,
/2)17 00 + 1], if s =1,
if s > 1.

When 0 < s < 1,since -0+ (1—-6)(1—5)=1-20—5(1-0) <—s(1-180), (@) is proved with

1 201 — (1/2)19)1~
(1= (1/2)179)(20 = 1) 1-6)1~s)

When s = 1, recall b > 2. Simple calculus shows that b'~2% logb <

Cs =

(66)

m with the equality attained

atb:exp(ﬁ)>e>2. So

2 _
log [(1— (1/2)'%)p' % + 1] <log(2b' %) <log2+ (1 —0)logh < (2 —0)logh < (2991)1929_1.
e(20 —

Therefore, (@) is proved with

1 20(2 — )
Cs = (1= (1/2)-920—-1) ' e(1—06)(20—1) (67)
At the end, when s > 1, (@) is obtained with
1 205
G- a6 ®8)
The proof is complete. O
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B A Technical Lemma

It is well known that for any two positive semi-definite matrices My and My, if My < Ms, that is,
if My — M is positive semi-definite, then Im(M;) C Im(Ms), that is, the image of M; is a subset
of that of Ms. In general, one has the following lemma, which should be well known, but we find it

difficult to locate the lemma from the literature, so we include its proof for the sake of completeness.

Lemma B.1. Let H be a real separable Hilbert space. Let F' and G be two bounded linear positive
semi-definite operators on H such that F < G. Then for any x € H, there exists some w € H such
that G*?w = F'/2z and ||w| < ||z||.

As a rough outline, Lemma @ is proved by making sense to the vector “G—1/2F/2z” and using
it as w. This is done by continuously extending the operator F''/2G~1/2 from Gl/z(H) to its closure,
and then taking the adjoint.

Proof of Lemma @ Since G is a bounded positive semi-definite operator, there exists a unique
bounded positive semi-definite operator G/2, such that (G'/?)? = G. See, for example, [4, Theorem
4]. We define F'/2 in the same way for F.

Write Im(G1/2) := G'Y/2(H). Recall that Im(G/2) is the orthogonal complement of Null(G'/?)
(the null space of G1/2) in H. For any ¢ € Im(G'/?), write G~'/2¢ the corresponding preimage vector
in Im(G'/2) (the existence is evident). The vector G~'/2¢ is uniquely defined, otherwise the difference
between any two such vectors falls into Null(G'/2) N ITm(G1/2) = {0}, making a contradiction.

The map G~/2 : Im(G'/?) — Im(G1/2) is a linear operator. In fact, for any & n € Im(G'/?)
and any b € R, G~1/2¢ + bG~/? € Tm(G1/2), and G'/2(G~1/2¢ + bG~1/?n) = & + by, therefore
G2 (¢ +bn) = G2+ G2,

Consider F1/2G~1/2 . ITm(G"/?) — H. For any ¢ € Im(G'/?), one writes = G~/2¢ to have

|Er2a2r2 " = .y < tn. Gy = i

So F12G~1/2 is a bounded linear operator on Im(G'/2?). Write A the continuous extension of
F'Y2G=1/2 onto Im(G/2). We further extend A to H by setting Az = 0 for any z € Null(G'/?).
Write AT the adjoint operator of A. We have ||AT||g_ g = |Allg—u < 1.

For any z € H, we claim that w = ATz is a vector that satisfies the lemma. In fact, first,
|w] = |ATz| < ||z||. Second, for any & € Im(G1/2),

<§,G1/2AT;U> — <AG1/2f,x> _ <F1/25,x> _ <£7F1/2x>.

When ¢ € Null(GY/?), 0 < ||[FY2¢|? < ||GY2€||? = 0, so one still has (¢, GY24Tz) = (¢, F'/%z).
Therefore G'/?w = G'/2ATx = F'/2z. This completes the proof. O
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