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Abstract
Recently, the Randomized Kaczmarz algorithm (RK) draws much attention because of its

low computational complexity and less requirement on computer memory. Many existing results
on analysis focus on the behavior of RK in Euclidean spaces, and typically derive exponential
converge rates with the base tending to one, as the condition number of the system increases.
The dependence on the condition number largely restricts the application of these estimates.
There are also results using relaxation (i.e., small step-sizes tending to zero as the sample size
increases) to achieve polynomial convergence rates of RK in Hilbert spaces. In this paper, we
prove the weak convergence (with polynomial rates) of RK with constant step-size in Hilbert
spaces. As a consequence, the strong convergence of RK in Euclidean spaces is obtained with
condition number-free polynomial rates. In the setting with noisy data, we study the relaxation
technique and obtain a strong convergence of RK in Hilbert spaces, with the rates arbitrarily
close to the minimax optimal ones. We apply the analysis to reproducing kernel-based online
gradient descent learning algorithms and improve the state-of-the-art convergence estimate in
the literature.
Keywords: randomized Kaczmarz algorithm, Hilbert space, weak convergence, online gradient
descent learning algorithm, relaxation

1 Introduction
Let (H, ⟨·, ·⟩ , ∥ · ∥) be a real separable Hilbert space. Let x0 ∈ H be an unknown vector. Consider a
sequence {(ξi, yi)} of observations, where for each i, ξi ∈ H with ∥ξi∥ = 1,

yi =
〈
ξi, x

0
〉
+ ϵi ∈ R, (1)

and ϵi models the observational noise. In this paper, we study the randomized Kaczmarz algorithm
(RK) for recovering x0. The algorithm is defined with x1 = 0 ∈ H and then iteratively by

xk+1 = xk + ηk(yk − ⟨ξk, xk⟩)ξk, k ≥ 1, (2)

where ηk ∈ (0, 2) is the step-size of the k-th step. The iteration (2) is an instance of stochastic gradient
descent along the negative gradient of least squares, −∇x

1
2 (yk − ⟨ξk, x⟩)2|x=xk

. It is expected that
after sufficient steps of iteration (i.e., when k is large enough), xk+1 would be close to x0,

lim
k→∞

rk+1 = 0, where rk+1 := xk+1 − x0, thus r1 = −x0. (3)
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The classical Kaczmarz algorithm [27] is designed on a Euclidean space H = Rd, for solving a
system of linear equations Ax0 = y. Here, A is a matrix of size m × d, x0 ∈ Rd is an unknown
vector, and y = (y1, . . . , ym)T ∈ Rm. Each row Ak of A is assumed normalized (otherwise, one
normalizes Ak, together with the corresponding coordinate yk of y, by scaling both of them with the
factor ∥Ak∥−1). In [27], the Kaczmarz algorithm takes the form (2), where the constant step-size
ηk ≡ 1 is used, the k-th row of A is employed as ξk, and the k-th coordinate of y is just used as yk.
After k exceeds m, the iteration continues, with the rows of A and the coordinates of y cyclically
reused. Kaczmarz [27] shows that if the rows of A span the whole space H = Rd, then Algorithm
(2) converges. However, the speed of the convergence (3) is not guaranteed, and may depend on the
order of the rows of the coefficient matrix A. See [43, 9] and the reference therein. RK is introduced
to remove this dependence. In particular, Strohmer and Vershynin [43] show that if the random
measurement vectors {ξk} are independently drawn from the rows of A, and each row is drawn with
probability proportional to the square of its norm (before the scaling we mentioned above), then

E
[
∥rk+1∥2

]
≤
(
1− 1

∥A∥2F∥A−1∥2Rm→Rd

)k

∥x0∥2, (4)

where A−1 is the left inverse (assumed to exist), and ∥A∥F is the Frobenius norm of A. The quantity
∥A∥F∥A−1∥Rm→Rd , referred to as the scaled condition number [43], is bounded from below by the
condition number κ(A) of A (here κ(A) is the ratio of the maximum singular value of A to the
minimum singular value of A). Estimate (4) shows that RK converges exponentially. The case with
general distributions of the vectors ξi ∈ Rd is studied by Chen and Powell [9], where almost sure
exponential convergence is also derived.

It is easy to see that as the size of A increases, the base of the exponential rate (4) approaches
1. Then (4) only guarantees a very slow convergence speed. Furthermore, it is shown in [43] with an
example that the bound (4) is sharp. So, the analysis in [43] does not apply to Hilbert spaces, and
leaves a gap between the theory and applications, since a linear system with large scale is a typical
scenario where the Kaczmarz algorithm is employed to outperform direct solvers. In this paper, we
provide new analysis of RK (2) that works in Hilbert spaces. Our first motivation is to provide a
condition number-free convergence estimate of (2) for large scale problems.

Another special case of Algorithm (2) is the online gradient descent method extensively studied for
nonlinear regression learning [42, 49, 47, 48, 28, 8, 45, 21, 39, 23]. Let K be a Mercer kernel on a metric
space X. That is, K : X ×X → R is a continuous and symmetric function which is positive semi-
definite (i.e.,

∑m
i,j=1 cicjK(xi, xj) ≥ 0 for any integer m ≥ 1, any x1, . . . , xm ∈ X and c1, . . . , cm ∈ R).

Write Ku(v) = K(u, v). The function space spanned by {Ku : u ∈ X} with inner product induced
by ⟨Ku,Kv⟩K := K(u, v) for any u, v ∈ X, after completion, is a (reproducing kernel) Hilbert space.
Denote (HK , ⟨·, ·⟩K , ∥·∥K) this Hilbert space of functions. Consider the regression problem with
observations {(ui, yi)}i ⊂ X × R. The online gradient descent learning algorithm is defined with
f1 = 0, and then iteratively by

fk+1 = fk + ηk(yk − fk(uk))Kuk
, k ≥ 1. (5)

In the literature, a more general form fk+1 = fk + ηk[(yk − fk(uk))Kuk
+ λfk] of iteration is also

studied with the parameter λ ≥ 0 inspired by the Tikhonov regularization. Assume K(u, u) = 1 for
any u ∈ X (this is true for the widely used Gaussian kernel; while for a general kernel K̃, one could
normalize it by defining K(u, v) = K̃(u, v)/

√
K̃(u, u)K̃(v, v) to guarantee this assumption. The

normalization is by itself a usual practice [41, 40]). Then the online algorithm (5) is unified to the
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form (2) by letting ξk = Kuk
(where K(uk, uk) = 1 implies ∥ξk∥K = 1), and noting the reproducing

property f(u) = ⟨f,Ku⟩K for any f ∈ HK and u ∈ X.
The second motivation of this paper is to put Algorithm (5) under the general framework (2), of

which our new analysis improves the state-of-the-art convergence estimate of (5) in the literature.
In this paper, we study RK with the following three settings of step-sizes.

1. RK-CS, RK with a universal constant step-size. In this setting, we use ηk ≡ η ∈ (0, 2) in (2)
for k = 1, 2, . . .. So, the step-size is set as an absolute constant independent of the step count
k. This is for studying the ideal scenario where observational noise could be ignored (σ2 = 0).
In particular, ηk ≡ 1 corresponds to the vanilla RK.

2. RK-VS, RK with vanishing step-sizes. Here, one lets ηk ∈ (0, 1) decrease as k increases, for
k = 1, 2, . . .. The iteration continues to update the output vector (or the output function for
kernel-based learning) with new data points. Same as RK-CS, in this setting Algorithm (2) does
not have to terminate. For example, it is proved in [30] that in Euclidean spaces, (2) converges
strongly if and only if ηk → 0 and

∑
k ηk = ∞.

3. RK-FH, RK with finite horizon setting, i.e., with a constant step-size that depends on the
known total sample size. In this setting, we assume the access to the size m < ∞ of training
data. Algorithm (2) is designed to terminate after m iterations. Here we define a constant
step-size ηk = η(m) ∈ (0, 1) for 1 ≤ k ≤ m, which depends (usually decreasingly) on m. For
example, we shall study the setting (15) below of step-size in Theorem 2.6.

Note that Setting RK-CS is designed for the ideal noiseless model to explore the intrinsic behavior of
RK. While Settings RK-VS and RK-FH are designed for real data that may be contaminated with
noise.

The setting of step-sizes 0 < ηk < 2 is also referred to as relaxation [7, 17, 21]. Many works in the
literature suggest that with the presence of noise, RK-FH provides faster convergence than RK-VS
does, though the former one is not truly online and has to terminate after finite iterations. We do
not consider the design 1 < ηk < 2 for RK-VS and RK-FH, and leave the discussion as future work.

The rest of the paper is organized as follows. In Section 2, we present our main results and some
comparisons with the literature. Some key assumptions and technical notations are also discussed.
Section 3 is devoted to RK-CS while Section 4 develops the theory for RK-VS and RK-FH.

2 Main Results and Discussions
We organize this section along the three settings of step-sizes. Theorem 2.2 through Example 2.4
study the noise-free setting with RK-CS, and the application to the classical RK in Euclidean spaces.
Theorem 2.5 provides error bounds for the weak convergence of RK-VS. Theorem 2.6 through Corol-
lary 2.10 provide convergence analysis for RK-FH with applications to kernel-based online learning.

Write S := {x ∈ H : ∥x∥ = 1} the unit sphere in H. Let ρ be a Borel probability measure on S.
Define

L = Eξ∼ρ[ξ ⊗ ξ]. (6)

Here for any u, v ∈ H, we define u⊗ v as the linear operator on H with (u⊗ v)x := ⟨v, x⟩u for any
x ∈ H. It is well known that L is positive semi-definite (thus self-adjoint), and of trace class (thus
Hilbert-Schmidt and compact). In particular, for s > 0, Ls is defined through the spectral expansion
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of L, and L−sx denotes the preimage vector in the closure of L(H) for any x ∈ Ls(H). The existence
of L−sx follows from that L is bounded and positive semi-definite. One proves the uniqueness of
L−sx with the argument in the proof of Lemma B.1.

We provide a detailed treatment of these properties at the end of Section 1 for completeness. We
use the following definition to specify the probability model of (1).

Definition 2.1 (Model M(S, ρ, x0,m, σ2)). We say that a sequence {(ξi, yi)}mi=1 is drawn from Model
M(S, ρ, x0,m, σ2), if (i) {ξi}mi=1 are all drawn from (S, ρ); (ii) for each 1 ≤ i ≤ m, yi is defined by
(1), where ϵi ∈ R is a random variable with E[ϵi] = 0 and Var(ϵi) = σ2 < ∞; and (iii) the random
variables ξ1, . . . , ξm, ϵ1, . . . , ϵm are independent. We define Model M(S, ρ, x0,∞, σ2) in the same way
except for infinite sequences {(ξi, yi)}∞i=1.

Analysis under Setting RK-CS. First, we show that in the noise-free setting, and under
the regularity assumption x0 ∈ Ls1(H) on the unknown vector x0, or the assumption x′ ∈ Ls2(H)

on some measurement vector x′ (where s1, s2 ∈ (0, 1/4]), the expected weak error E[⟨rk+1, x
′⟩2]

converges to zero in polynomial speed. We also give an example where the observations are con-
taminated with just arbitrarily small noise (i.e. σ2 > 0 for Model M(S, ρ, x0,∞, σ2)) yet one already
has limk→∞ E[∥rk+1∥2] = ∞. These results suggest that RK in Hilbert spaces (and thus in high
dimensional Euclidean spaces) has a nature of weak convergence instead of strong convergence. This
is consistent with the difficulties observed in the literature on developing strong convergence of RK
in Hilbert spaces.

Theorem 2.2. Consider an infinite sequence {(ξi, yi)}∞i=1 from Model M(S, ρ, x0,∞, σ2 = 0). Assume
x0 ∈ Ls1(H) with s1 ∈ (0, 1/4]. Let x′ ∈ Ls2(H) with s2 ∈ (0, 1/4]. Setting ηk ≡ η ∈ (0, 2) in
Algorithm (2), we have

E
[
⟨x′, rk+1⟩

2
]
≤ ∥L−s2x′∥2∥L−s1x0∥2Cη,2s1+2s2(η(2− η)k)−2s1−2s2 , k ≥ 1, (7)

where Cη,s for 0 < s ≤ 1 is defined in (34) in the proof. In particular, Cη,s = 1 when 0 < η ≤ 1.
If instead of the fixed vector x′, a random measurement vector ξ′ ∼ (S, ρ) is employed, then

E
[
⟨ξ′, rk+1⟩

2
]
≤
√

Tr(L)∥L−s1x0∥2Cη,2s1+1/2(η(2− η)k)−2s1− 1
2 , k ≥ 1. (8)

Note that in this paper, all the expectations E[·] are taken with respect to all the randomness
specified in the context, unless otherwise specified. For example, in (7), the expectation is taken with
respect to the randomness of xk+1, coming from the sample subset {(ξi, yi)}ki=1 through (2); In (8),
one takes the expectation with respect to both xk+1 and ξ′.

Here we briefly explain the ideas of proving Theorem 2.2, and leave the detailed treatments in
Section 3. First, we rewrite the expected error as E[⟨x′, rk+1⟩2] = ⟨x′ ⊗ x′,Rk+1⟩HS, where Rk+1 =

E[rk+1 ⊗ rk+1] is an operator, and ⟨·, ·⟩HS denotes the Hilbert-Schmidt inner product. From the
noiseless assumption, Rk+1 = Qη(Rk) = Qk

η(R1) = Qk
η(x

0⊗x0). The main innovation in our analysis
is that we manage to factor out some powers of (I−Qη) from x′⊗x′ and x0⊗x0 respectively, to join
Qk

η and form a vanishing operator Qk
η(I−Qη)

2s1+2s2 , which leads to the decay of error E[⟨x′, rk+1⟩2].
When x′ is replaced by the random vector ξ′, we use E[ξ′ ⊗ ξ′] = L, of which we transform a half
L1/2 into (I −Qη)

1/2 and obtain the corresponding vanishing operator Qk
η(I −Qη)

2s1+
1
2 .

As an application, consider the linear equation Ax0 = b with A ∈ Rm×d. Assume the rows
A1, . . . , Am of A are normalized ∥A1∥ = . . . = ∥Am∥ = 1 For this example let ρ be the uniform
distribution on the rows of A, ρ(Ai) =

1
m for 1 ≤ i ≤ m. This is consistent with the model in [43]

and reduces the definition (6) to L =
∑m

i=1
1
mAi ⊗ Ai =

1
mATA. Let yk =

〈
ξk, x

0
〉
. One applies the
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RK iteration with ηk ≡ η ∈ (0, 2). Theorem 2.2 implies the following Corollary 2.3, which provides
condition number-free polynomial convergence rates for RK in Euclidean spaces.

Corollary 2.3. For the above setting of linear equation Ax0 = b with A ∈ Rm×d, if x0 =
(

1
mATA

)s1
x0
∗

for some s1 ∈ (0, 1/4] and x0
∗ ∈ Rd, and x′ =

(
1
mATA

)s2
x′
∗ for some s2 ∈ (0, 1/4] and x′

∗ ∈ Rd, then

E
[
⟨x′, rk+1⟩

2
]
≤ ∥x0

∗∥2∥x′
∗∥2Cη,2s1+2s2(η(2− η)k)−2s1−2s2 . (9)

In particular, when ATA is invertible,

E
[
∥rk+1∥2

]
≤ d∥x0

∗∥2Cη,2s1(η(2− η)k)−2s1 . (10)

Bound (9) is a direct appliation of Theorem 2.2. To see (10), let {ei}di=1 be an orthonormal basis
of Rd. One applies (9) with x′

∗ = ( 1
mATA)−s2ei for 0 < s2 ≤ 1/4 to obtain

E
[
⟨ei, rk+1⟩2

]
≤ ∥x0

∗∥2∥(
1

m
ATA)−s2ei∥2Cη,2s1+2s2(η(2− η)k)−2s1−2s2 . (11)

Recall s1 > 0. One takes the limit of (11) as s2 ↓ 0, and adds up the limits for i = 1, . . . , d, to obtain
(10).

The following example shows that in general, a strong convergence of RK-CS in Hilbert spaces
cannot be expected in practice with noisy data. Combined with the theorem above, this example
reveals the weak convergence nature of RK-CS.

Example 2.4. Let {ei}∞i=1 be an orthonormal basis of H. Let q1 ≥ q2 ≥ . . . > 0 and
∑∞

i=1 qi =

1. Let ρ be a discrete probability distribution such that ρ(ei) = qi. Assume σ2 > 0 for Model
M(S, ρ, x0,∞, σ2) and set ηk ≡ η ∈ (0, 1] for Algorithm (2). Then limk→∞ E

[
∥rk+1∥2

]
= ∞, and this

limit is independent of x0 (in particular, it holds true even for x0 = 0). Meanwhile, if x0 ∈ Ls1(H)

with s1 > 0 and x′ ∈ Ls2(H) with s2 > 0, one has that lim supk→∞ E[⟨x′, rk+1⟩2] = O(η) as η → 0+.

The proofs of the claims of Example 2.4 are postponed to Appendix A.
It remains an interesting open question whether there is any strong convergence of RK-CS in

general Hilbert spaces. We note that Griebel and Oswald [19, 20] provide analysis for strong con-
vergence of the Schwarz Iterative Methods for elliptic variational problems with coercive Hermitian
forms in Hilbert spaces. In fact, the setting of finite or countable space splitting in [19, 20] well
covers the special case of Example 2.4 (with σ2 = 0), and yields the strong convergence. So, the
question we raise here is partly affirmatively answered. Nonetheless, the analysis in [19, 20] does
not apply to the general scenarios where the support of ρ is not included in the union of countable
finite-dimensional subspaces, for example, the most interesting application in online learning (5) with
Gaussian or Sobolev kernels. In addition, Example 2.4 shows that the strong convergence, even if it
exists, could be spoiled by noise.

Berthier, Bach and Gaillard [5] derive an elegant strong convergence bound E[∥rk+1∥2] ≤ O(k−2s1)

and a weak convergence bound min1≤j≤k E[⟨ξ′, rj+1⟩2] ≤ O(k−1−2s1) of (2) applicable to the noiseless
model M(S, ρ, x0,∞, σ2 = 0) with setting RK-CS and the assumption∥∥L−s1ξ

∥∥ ≤ C(s1), almost surely for ξ ∼ ρ, (12)

where s1 ≥ 0 is the index we use in Theorem 2.2 and C(s1) < ∞ is a constant. The assumption
(12) with s1 > 0 is nonetheless strong and even in the simple model we study in Example 2.4 implies
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that L has only a finite rank. In particular, we have removed the assumption (12) in this paper.
Another improvement of our analysis is that the weak convergence bound in [5] is provided for the
smallest error along the whole path of iterations, while Theorem 2.2 provides error bound for the
last iteration. Note that due to the assumption (12), the rates in (7) are not directly comparable
with the results in [5]. The analysis in Varre et al. [44] is also applicable to the noiseless model
M(S, ρ, x0,∞, σ2 = 0). The expected weak error E[⟨ξ′, rk+1⟩2] with random measurement ξ′ ∼ (S, ρ)
is bounded as O(k−1 log k) in [44, Theorem 1] by adopting the finite horizon setting (fixing η logm as
a constant). Compared with this rate, our bound (8) does not require the finite horizon setting, and
achieves a better rate O(k−1) when s1 = 1/2. The bound O(k−1) is further derived in [44, Theorem
2] without the finite horizon setting, but under another assumption that cL−E[⟨ξ′, log(L−1)ξ′⟩ξ′⊗ξ′]

is a positive operator for some finite constant c > 0.
Analysis under Setting RK-VS. Suppose we have an infinite sequence {(ξi, yi)}∞i=1 of obser-

vations from Model M(S, ρ, x0,∞, σ2) with σ2 ≥ 0, based on which we apply Algorithm (2) for the
sequence {xk}∞k=2 of output vectors. Suppose the step-sizes are set as ηk = η1k

−ω for k ≥ 2 and
0 < η1 ≤

√
1− (2ω)−1. Theorem 2.5 gives the rate of weak convergence of {xk} to x0.

Let J1(H) denote the space of all the trace-class operators on H.

Theorem 2.5. Assume x0 ∈ Ls1(H) for some s1 > 0. Let x′ ∈ Ls2(H) be a measurement vector
with s2 ≥ 1/4, and s1 + s2 > 1/2. Set ω = 2s1+2s2

1+2s1+2s2
. For any k ≥ 1, we have

E
[
⟨x′, rk+1⟩

2
]
≤ C1(k + 1)max{−ω,−(2s2+

1
2 )(1−ω)}, (13)

where C1 is a constant independent of k, and it will be specified in (62) at the end of the proof.
If we replace x′ by a random vector ξ′ ∼ (S, ρ), assume L2−4s0 ∈ J1(H) for some s0 ∈ [1/4, 1/2),

s1 + s0 > 1/2, and set ω = 2s1+2s0
1+2s1+2s0

, then for k ≥ 1,

E
[
⟨ξ′, rk+1⟩

2
]
≤ C ′

1(k + 1)max{−ω,−(2s0+
1
2 )(1−ω)}, (14)

where C ′
1 is a constant independent of k and it will be specified in (63) at the end of the proof.

Guo and Shi [24] provide rates of strong convergence for RK-VS in reproducing kernel Hilbert
spaces.

Analysis under Setting RK-FH. Theorem 2.6 below provides the rates of strong convergence
of relaxed RK.

Theorem 2.6. Consider a finite sample {(ξi, yi)}mi=1 from Model M(S, ρ, x0,m, σ2) with σ2 ≥ 0 and
2 ≤ m < ∞. Assume x0 ∈ Ls1(H) for some s1 > 0, and Ls∗ ∈ J1(H) for some 0 < s∗ ≤ 1. Set for
1 ≤ k ≤ m that

ηk ≡ η =

{
m−(2s1+s∗)/(1+2s1+s∗), if s1 + s∗ ≥ 1,

m−(1+s1)/(2+s1), if s1 + s∗ < 1.
(15)

Then,

E
[
∥rm+1∥2

]
≤ C2

{
m−2s1/(1+2s1+s∗), if s1 + s∗ ≥ 1,

m−2s1/(2+s1), if s1 + s∗ < 1,
(16)

where C2 is independent of m, and it will be specified in (48) at the end of the proof.

As a direct application of Theorem 2.6, now we consider Algorithm (5), which is a kernel-based
online regression learning algorithm without regularization. Let X be a compact metric space with a
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Borel probability measure µ. Let K be a Mercer kernel on X with K(x, x) = 1 for any x ∈ X, and
(HK , ⟨·, ·⟩K , ∥·∥K) be the induced reproducing kernel Hilbert space. The following definition specifies
the probability model on which we develop the convergence analysis for Algorithm (5).

Definition 2.7 (Model M̃(X,µ, f0,m, σ2)). We say that a sequence {(ui, yi)}mi=1 is drawn from Model
M̃(X,µ, f0,m, σ2), if (i) {ui}mi=1 are all drawn from (X,µ); (ii) for each 1 ≤ i ≤ m, yi = f0(ui)+ ϵi,
where ϵi is a random variable with E[ϵi] = 0 and Var(ϵi) = σ2 < ∞; and (iii) the random variables
u1, . . . , um, ϵ1, . . . , ϵm are independent.

For Model M̃(X,µ, f0,m, σ2), the relation ξ = Kx pushes the distribution µ on X to the dis-
tribution ρ on S ⊂ H = HK , and reduces the definition (6) to a particular form L = LK :=

Ex∼µ [Kx ⊗Kx]. The following corollary for Algorithm (5), as a direct application of Theorem 2.6,
improves the analysis in [48].

Corollary 2.8. Suppose fm+1 is the output function of Algorithm (5) after 2 ≤ m < ∞ iterations,
with data {(ui, yi)}mi=1 drawn from Model M̃(X,µ, f0,m, σ2). Assume σ2 ≥ 0, f0 ∈ Ls1

K (HK) for
some s1 > 0, and Ls∗

K ∈ J1(HK) for some 0 < s∗ ≤ 1. Set ηk as (15). Then,

E
[∥∥fm+1 − f0

∥∥2
K

]
≤ C2

{
m−2s1/(1+2s1+s∗), if s1 + s∗ ≥ 1,

m−2s1/(2+s1), if s1 + s∗ < 1,
(17)

where C2 is defined in Theorem 2.6.

When the eigenvalues {λi(LK)} (arranged in non-increasing order) of LK decay polynomially
λi(LK) ∼ i−1/s∗ for some 0 < s∗ < 1 (i.e., c1i−1/s∗ ≤ λi(LK) ≤ c2i

−1/s∗ for some positive numbers
c1 and c2, and every i), the minimax optimal rates O(m−2s1/(1+2s1+s∗)) of strong convergence for
recovering x0 is derived in [22, 6]. Note that

Ls∗ ∈ J1(H)
A

=⇒ λi(L) = O(i−1/s∗)
B

=⇒ Ls∗+ϵ ∈ J1(H), for any 0 < s∗ ≤ 1, ϵ > 0. (18)

In fact, since {λi(L)} is non-increasing, one has iλi(L)
s∗ ≤ Tr(Ls∗), which yields Implication A in

(18). Implication B is verified by Tr(Ls∗+ϵ) ≤
∑

λi(L)
s∗+ϵ ≤

∑(
1
i

)(s∗+ϵ)/s∗
< ∞. Therefore, when

s1+ s∗ ≥ 1, Bound (16) is arbitrarily close to the above minimax optimal rate. Also, by adopting the
capacity assumption Ls∗ ∈ J1(H), Bound (16) improves the learning rate O(m−2s1/(2s2+2)) obtained
in [48, Theorem 6].

Now we study the weak convergence of RK in the finite horizon setting, RK-FH.

Theorem 2.9. Assume x0 ∈ Ls1(H) for some s1 > 0. Let x′ ∈ Ls2(H) be a measurement vector
with s2 > 0. Let xm+1 be the output of Algorithm (2) with data {(ξi, yi)}mi=1 drawn from Model
M(S, ρ, x0,m, σ2) with 2 ≤ m < ∞ and σ2 ≥ 0, and the step-sizes ηk ≡ m−ω with

ω =

{
1+4s1
3+4s1

, if 0 < s2 < 1/4,
2s1+2s2

1+2s1+2s2
, if s2 ≥ 1/4.

(19)

We assume ω > 1/2 (which means to assume s1 > 1/4 when 0 < s2 < 1/4, and to assume s1+s2 > 1/2

when s2 ≥ 1/4). Then

E
[
⟨x′, rm+1⟩

2
]
≤ C3


m−(4s1+4s2)/(3+4s1), if 0 < s2 < 1/4,

m−(1+4s1)/(3+4s1) log(m+ 1), if s2 = 1/4,

m−(2s1+2s2)/(1+2s1+2s2), if s2 > 1/4,

(20)
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where C3 is a constant independent of m, and it will be specified in (58) at the end of the proof.
If we replace x′ by the random vector ξ′ ∼ (S, ρ), assume L2−4s0 ∈ J1(H) for some s0 ∈ [1/4, 1/2)

with s1 + s0 > 1/2, and set ηk ≡ m−ω′ with ω′ = 2s1+2s0
1+2s1+2s0

, then

E
[
⟨ξ′, rm+1⟩

2
]
≤ C ′

3

{
m−(1+4s1)/(3+4s1) log(m+ 1), if s0 = 1/4,

m−(2s1+2s0)/(1+2s1+2s0), if s0 ∈ (1/4, 1/2),
(21)

where C ′
3 is a constant independent of m, and it will be specified in (59) at the end of the proof.

The following corollary is a direct application of Theorem 2.9 to Algorithm (5). Denote ∥f∥2µ =∫
X
f(x)2dµ(x) for all square µ-integrable functions f on X.

Corollary 2.10. Assume f0 ∈ Ls1
K (HK) for some s1 > 0 and L2−4s0

K ∈ J1(HK) for some s0 ∈
[1/4, 1/2). Suppose fm+1 is the output function of Algorithm (5) with data {(ui, yi)}mi=1 drawn from
Model M̃(X,µ, f0,m, σ2) with 2 ≤ m < ∞ and σ2 ≥ 0, and step-sizes ηk ≡ m−(2s1+2s0)/(1+2s1+2s0).
Then

E
[∥∥fm+1 − f0

∥∥2
µ

]
≤ C ′

3

{
m−(1+4s1)/(3+4s1) log(m+ 1), if s0 = 1/4,

m−(2s1+2s0)/(1+2s1+2s0), if s0 ∈ (1/4, 1/2),
(22)

where C ′
3 is defined in Theorem 2.9.

The estimates (10), (16), and (22) (we exclude (17) from the discussion since it is just a direct
application of (16)), though all on squared norms of error vectors (functions), are derived in different
ways. In Rd, (10) is obtained by applying (9) for d times to basis vectors respectively, E[∥rk+1∥2] =∑d

j=1 E[⟨ej , rk+1⟩2], and we let s2 ↓ 0 to avoid involving large factors related to the condition number
of 1

mATA. Bound (16) is derived via E[∥rm+1∥2] = ETr(rm+1⊗rm+1) = Tr(Rm+1), and the key error
decomposition is given in (39). Bound (22) is derived from (21) through the reproducing property∫
X
(fm+1(x)− f0(x))2dµ(x) = Ex∼µ[

〈
Kx, fm+1 − f0

〉2
K
].

s2

s1

1

3

2

41/4

1/4 1/20

Figure 1: To compare Theorems 2.2, 2.9 and 2.5, we divide the quadrant of s1, s2 > 0 into four areas:
Area 1 (0 < s1, s2 ≤ 1/4), Area 2 (s1 > 0, s2 > 1/2, and s1 + s2 ≤ 1/2), Area 3 (0 < s2 < 1/4 and
s1 > 1/4), and Area 4 (s1 > 0, s2 ≥ 1/4, and s1 + s2 > 1/2). Detailed discussion is provided in
Remark 2.11.

Remark 2.11. We compare the convergence estimates (7), (20) and (13) despite their different
algorithm designs and the assumptions on noise levels (i.e., σ2 = 0 and σ2 ≥ 0). The space of s1

(index of the target vector regularity) and s2 (index of the measurement vector regularity) is divided
into four areas as visualized in Figure 1. Bound (7) in Theorem 2.2 covers Area 1. When s1 > 1/4,
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since L is bounded, x0 ∈ Ls1(H) implies x0 ∈ L1/4(H). Similarly, when s2 > 1/4, x′ ∈ Ls2(H)

implies x′ ∈ L1/4(H). So, for Areas 2, 3, and 4, Bound (7) still holds true but saturates at the
boundary of Area 1. It is an interesting question whether this saturation is intrinsic to the algorithm
or just because of the limitation of our analysis. Bound (20) in Theorem 2.9 covers Areas 3 and 4,
while Bound (13) in Theorem 2.5 covers only Area 4. In Area 4, despite the difference that RK-FH
has to stop after m iterations while RK-VS does not have to terminate, we simply set k = m and
consider s2 > 1/4 to find that (20) provides rate O(m−ω) (where ω = 2s1+2s2

1+2s1+2s2
) and (13) provides

rate O(mmax{−ω,−(2s2+
1
2 )(1−ω)}), while −ω < −(2s2 +

1
2 )(1− ω) (i.e., the rate in (13) is slower than

that in (20)) if and only if s1 > 1/4. It would be interesting if the analysis of RK-VS and RK-FH
can be improved to cover all the four areas.

We point out that because of observational noise, the best provable convergence rates for settings
RK-VS and RK-FH are attained with necessary dependence of the step-sizes on the capacity of
hypothesis space, and the regularity of the unknown vector x0. This dependence is also reported in
some related works [24, 48]. Nonetheless, in this paper we also provide analysis for general designs
of step-sizes, in Theorems 4.4 and 4.6, for strong and weak convergences, respectively.

We provide brief discussions on Bounds (8), (21) and (14), compared with (7), (20) and (13),
respectively. Recall that J1(H) denotes the space of trace class operators, and J2(H) denotes the
space of Hilbert-Schmidt operators. For (21), the regularity L2−4s0 ∈ J1(H) is used to bound
L1−2s0 in J2(H) for E[⟨ξ′, rm+1⟩2] = Tr(LRm+1) = Tr(L1−2s0(Ls0Rm+1L

s0)). While the regularity
x′ ∈ Ls2(H) is exploited similarly for (20), E[⟨x′, rk+1⟩2] = Tr([(L−s2x′) ⊗ (L−s2x′)](Ls2Rk+1L

s2)).
This explains the similar roles s2 and s0 play in (20) and (21) respectively. The relation between
Bounds (13) and (14) are similar, because Theorems 2.9 and 2.5 are both corollaries of Theorem 4.6.
Nonetheless, the assumption L2−4s0 ∈ J1(H) does not help to improve (8) because of the saturation
we mentioned in Remark 2.11. See the proof of Theorem 2.2 for details.

There are research works studying general formulations of (randomized) Kaczmarz algorithms [18],
mini-batch iteration [29, 10], and shrinkage and sparsity [38]. In Lin and Zhou [30], RK is studied
from the learning theory perspective. Kaczmarz algorithms belong to a broad class of algorithms
called the Method of Alternating Projections (MAP). See Wiener [46] and Halperin [25]. See also [15,
Chapter 3] and [17, Chapter 7] for comprehensive treatments, and [35, 11]. Kaczmarz algorithms are
closely related to the Schwarz Iterative Methods, and the Alternating Directions Method (ADM). See
[19, 20, 36, 12, 17]. In computerized tomography, (2) belongs to a large family of algorithms called
Algebraic Reconstruction Techniques (ART). See [26, Chapter 11]. The iteration (2) could be seen as
a special case of the general Projecting onto Convex Sets (POCS) algorithm. See [3], [15, Chapter 5],
and the reference therein. There is a large literature studying the acceleration of iterative methods.
For example, the seminal Nesterov accelerated gradient descent [34], the Accelerated Randomized
Kaczmarz (Liu and Wright, [31]) which is designed in Euclidean spaces and needs finite condition
number of the coefficient matrix A, and the acceleration by averaging (Dieuleveut and Bach, [13])
which achieves optimal convergence rates. See also [33, 1, 2, 16, 24]. It would be interesting to apply
our analysis to stochastic gradient descent algorithms in deep learning [51, 52].

Discussions on Some Notations and Assumptions. Recall L = Eξ∼ρ(ξ ⊗ ξ) as defined
in (6). Obviously for any u, v ∈ H, u ⊗ v is a bounded linear operator. Furthermore, u ⊗ v is a
Hilbert-Schmidt operator. In this paper, we let J2(H) denote the space of all the Hilbert-Schmidt
operators on H, with inner product ⟨·, ·⟩HS and norm ∥ · ∥HS. Since H is separable, so is J2(H). From
∥ξ∥ = 1, one has ∥ξ ⊗ ξ∥HS = 1, so the mean Eξ∼ρ[ξ ⊗ ξ] is well defined by the Bochner’s integral
and ∥L∥HS ≤ Eξ∼ρ[∥ξ ⊗ ξ∥HS] = 1. So, L is Hilbert-Schmidt, and is thus compact. See [14, Section
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XI.6] for a comprehensive treatment of Hilbert-Schmidt operators, and [50, Section V.5] for a neat
introduction of Bochner’s integrals.

Let I be a set of indices: when dim(H) = d < ∞, write I := {1, 2, . . . , d}, and when dim(H) = ∞,
let I denote the set of all the positive integers.

For any u, v ∈ H, ⟨Lu, v⟩ = Eξ∼ρ[⟨u, ξ⟩ ⟨ξ, v⟩] = ⟨u, Lv⟩, so L is self-adjoint. In particular,
⟨Lu, u⟩ ≥ 0, so L is positive semi-definite. Therefore, we can write {(λi, ϕi)}i∈I as the eigensystem of
L, where λ1 ≥ λ2 ≥ · · · ≥ 0, and {ϕi}i∈I form an orthonormal basis of H. So

∑
i∈I ⟨ϕi, ξ⟩2 = ∥ξ∥2 = 1

almost surely for ξ ∼ (S, ρ). We have

∑
i∈I

λi =
∑
i∈I

⟨ϕi, Lϕi⟩ = Eξ∼ρ

[∑
i∈I

⟨ϕi, ξ⟩2
]
= 1.

Therefore L ∈ J1(H) and Tr(L) = 1. Recall that J1(H) denotes the set of trace class operators on
H. For the notion of trace class operators, see [14, Section XI.9]. For s ∈ R, define

Ls =
∑
λi>0

λs
iϕi ⊗ ϕi.

So, L0 is the orthogonal projection onto the closure of L(H), and when s < 0, Ls may only be defined
on a subspace of H.

3 Polynomial Rates of Convergence in the Noise-free Setting
In the following we let I denote the identity operator, of which the domain is inferred from the
context. For bounded self-adjoint operators A and B on a Hilbert space, we write A ⪯ B (or B ⪰ A)
if B −A is positive semi-definite.

The main target of this section is to prove Theorem 2.2. The idea is to expand E[⟨x′, rk+1⟩2] as
(for details see (35))〈

(I −Qη)
−2s2(x′ ⊗ x′),

[
Qk

η(I −Qη)
2s1+2s2

]
(I −Qη)

−2s1(x0 ⊗ x0)
〉
HS

,

where Qη is a bounded linear operator on J2(H) defined by (27) below. Then, we show the bound-
edness of (I−Qη)

−2s2(x′⊗x′) and (I−Qη)
−2s1(x0⊗x0) by the regularity assumptions of x′ and x0,

respectively. Finally, we show the decay of the operator Qk
η(I −Qη)

2s1+2s2 by applying the spectral
theorem with the polynomial xk(1− x)2s1+2s2 on min{0, 1− η} ≤ x ≤ 1, as k → ∞.

Now we consider the convergence of Algorithm (2) in noise-free setting. That is, we assume σ2 = 0.
So, the uncertainty of Algorithm (2) all comes from the randomness of ξk’s.

Recall rk = xk − x0, as the error vector after the (k − 1)-th iteration. For k ≥ 1,

rk+1 = xk − x0 + ηk(yk − ⟨ξk, xk⟩)ξk = rk − ηk
〈
ξk, xk − x0

〉
ξk = (I − ηkPk)rk, (23)

where Pk = ξk ⊗ ξk. We repeat the iteration (23) to give

rk+1 = (I − ηkPk) · · · (I − η1P1)(−x0). (24)

Let ξ ∈ S and write P = Pξ = ξ⊗ ξ the associated rank-one orthogonal projection. We claim that

∥(I − ηP )u∥ ≤ ∥u∥, for any u ∈ H and 0 < η < 2. (25)

To see this, write u = uξ + u⊥ with uξ = Pu and u⊥ = (I − P )u. Since |1− η| < 1, ∥(I − ηP )u∥2 =

∥u⊥ + (1− η)uξ∥2 = ∥u⊥∥2 + (1− η)2∥uξ∥2 ≤ ∥u∥2.
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For any B ∈ J2(H), recall that ∥B∥2HS =
∑

i∈I ∥Bei∥2, where {ei}i∈I is any orthonormal basis of
H. From (25), we use e1 = ξ to obtain that for any 0 < η < 2,

∥(I − ηP )B(I − ηP )∥2HS = (1− η)2 ∥(I − ηP )Be1∥2 +
∑

i∈I\{1}

∥(I − ηP )Bei∥2

≤
∑
i∈I

∥(I − ηP )Bei∥2 ≤
∑
i∈I

∥Bei∥2 = ∥B∥2HS. (26)

Therefore, for any 0 < η < 2, we can define the linear operator Qη : J2(H) → J2(H) through
Bochner’s integral,

Qη(B) = Eξ∼ρ [(I − ηP )B(I − ηP )] , B ∈ J2(H). (27)

The estimate (26) shows that

∥Qη∥J2(H)→J2(H) ≤ 1. (28)

For any B1 ∈ J2(H),

⟨Qη(B), B1⟩HS = ETr
(
(I − ηP )B(I − ηP )BT

1

)
= Tr

(
B [E(I − ηP )B1(I − ηP )]

T
)
= ⟨B,Qη(B1)⟩HS . (29)

So Qη is self-adjoint.
Denote σ(Qη) the spectrum of Qη. The following lemma provides an estimate for σ(Qη).

Lemma 3.1. When 0 < η ≤ 1, σ(Qη) ⊂ [(1− η)2, 1]. When 1 < η < 2, σ(Qη) ⊂ [1− η, 1].

Proof. The upper bound 1 is guaranteed by (28).
When 0 < η ≤ 1, we need only to prove that Qη ⪰ (1−η)2I. Let {ei}i∈I be an orthonormal basis

of H with e1 = ξ. Then,

Tr(BBT − PBPBTP ) =
∑
i∈I

〈
ei, (BBT − PBPBTP )ei

〉
=
∥∥BT e1

∥∥2 − ∥∥PBT e1
∥∥2 + ∑

i∈I\{1}

∥∥BT ei
∥∥2 ≥ 0.

Recall that Tr(AB) = Tr(BA) for any A,B ∈ J2(H), and that P = P 2. We have

Tr
(
(I − ηP )B(I − ηP )BT − (1− η)2BBT

)
=Tr

(
(2η − η2)BBT − ηPBBTP − ηBPBT + η2PBPBTP

)
=ηTr

(
(I − P )B(I − P )BT

)
+ η(1− η)Tr

(
BBT − PBPBTP

)
=η∥(I − P )B(I − P )∥2HS + η(1− η)Tr(BBT − PBPBTP ) ≥ 0.

We take expectations of the above inequality to have Qη ⪰ (1− η)2I.
Similarly when 1 < η < 2,

Tr
(
(I − ηP )B(I − ηP )BT + (η − 1)BBT

)
=ηTr

(
BBT − PBBTP −BPBT + PBPBTP

)
+ η(η − 1)Tr(PBPBTP )

=η ∥(I − P )B(I − P )∥2HS + η(η − 1) ∥PBP∥2HS ≥ 0.

So Qη ⪰ (1− η)I.
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We now provide some characteristics of the structure of Qη. Define operators RL, SL, and R∗,
all from J2(H) to J2(H), by RL(B) = L1/2BL1/2, SL(B) = (LB + BL)/2, and R∗(B) = E [PBP ],
respectively. Recall that L = EP . Since ∥L∥H→H is finite, RL and SL are all bounded operators.
Moreover, ∥P∥H→H = 1 implies that R∗ is bounded. One can use the arguments in (29) to show
that RL, SL, and R∗ are all self-adjoint. For any B ∈ J2(H), ⟨RL(B), B⟩HS =

∥∥L1/4BL1/4
∥∥2
HS

≥ 0,
⟨SL(B), B⟩HS = (

∥∥L1/2B
∥∥2
HS

+
∥∥BL1/2

∥∥2
HS
)/2 ≥ 0, and ⟨R∗(B), B⟩HS = E

[
∥PBP∥2HS

]
≥ 0. So RL,

SL, and R∗ are all positive semi-definite. It is straightforward to see that

Qη = I − 2ηSL + η2R∗.

Recall that {ϕi ⊗ϕj}i,j∈I is an orthonormal basis of J2(H). In particular, the eigensystem of RL

is
{
(
√

λiλj , ϕi ⊗ ϕj)
}
i,j∈I , and the eigensystem of SL is {((λi + λj)/2, ϕi ⊗ ϕj)}i,j∈I . Since RL and

SL share the same set of eigenvectors, they commute. Thanks to the inequality √
xy ≤ (x + y)/2

for x, y ≥ 0, we have RL ⪯ SL. For s > 0 and B ∈ J2(H), the spectral decomposition implies
Rs

L(B) = Ls/2BLs/2.
We claim that R∗ ⪯ SL. In fact, for any B ∈ J2(H), one has that

⟨B,R∗(B)⟩HS = ETr(BTPBP ) = ETr(PBTPPBP ).

A simple calculation gives that,

Tr(PBTPPBP ) ≤

{
Tr(BTPPB),

Tr(PBTBP ),

which implies R∗ ⪯ SL.
We are now ready to prove Theorem 2.2.

Proof of Theorem 2.2. Since η ∈ (0, 2), by the relations R∗ ⪯ SL and RL ⪯ SL, one has

(2η − η2)RL ⪯ (2η − η2)SL + η2(SL −R∗) = I −Qη. (30)

By the Löwner-Heinz inequality [32, 37], for any s ∈ (0, 1
2 ], one has (η(2 − η)RL)

2s ⪯ (I − Qη)
2s,

which implies (we group the details into Lemma B.1 in Appendix B for completeness) that for any
B ∈ J2(H), a preimage vector (I −Qη)

−s[Rs
L(B)] exists and satisfies

∥(I −Qη)
−sRs

L(B)∥HS ≤ (η(2− η))−s∥B∥HS. (31)

Now we apply the spectral mapping theorem (see, e.g., Yosida [50, Section XI.5]) to estimate∥∥Qk
η(I −Qη)

s
∥∥
J2(H)→J2(H)

, for any integer k ≥ 1 and any 0 < s ≤ 1. When 0 < η ≤ 1, recall
σ(Qη) ⊂ [0, 1]. Since the function τk(1− τ)s of τ ∈ [0, 1] achieves its maximum kkss

(k+s)k+s ≤ k−sss ≤
k−s at τ = k

k+s , we have∥∥Qk
η(I −Qη)

s
∥∥
J2(H)→J2(H)

≤ k−s, for any 0 < η ≤ 1. (32)

When 1 < η < 2, σ(Qη) extends below zero, and is bounded from below by 1−η. On [1−η, 0], the
function |τk(1 − τ)s| is decreasing and achieves its maximum (η − 1)kηs at the left end. Extending
ks(η − 1)kηs as a function of k on (0,∞), one sees that this function tends to zero as k ↓ 0 and
as k → ∞. Also, ks(η − 1)kηs achieves its maximum e−s(−ηs/ log(η − 1))s at k = −s/ log(η − 1).
Recall that for τ ∈ [0, 1], 0 ≤ τk(1 − τ)s ≤ k−s. Therefore we bound the norm of Qk

η(I − Qη)
s by

k−s max{1, e−s(−ηs/ log(η − 1))s}. This bound, together with (32), yields that∥∥Qk
η(I −Qη)

s
∥∥
J2(H)→J2(H)

≤ Cη,sk
−s, for any 0 < η < 2, (33)
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where

Cη,s :=

{
1, if 0 < η ≤ 1,

max{1, e−s(−ηs/ log(η − 1))s}, if 1 < η < 2.
(34)

The assumption x0 ∈ Ls1(H) implies x0 ⊗ x0 = R2s1
L ((L−s1x0)⊗ (L−s1x0)). Similarly, x′ ⊗ x′ =

R2s2
L ((L−s2x′)⊗ (L−s2x′)). Consider the error decomposition

E
[
⟨x′, rk+1⟩

2
]
=E

〈
x′, (I − ηPk) · · · (I − ηP1)(x

0 ⊗ x0)(I − ηP1) · · · (I − ηPk)x
′〉

=Tr[(x′ ⊗ x′)Qk
η(x

0 ⊗ x0)] =
〈
Υ1, Q

k
η(I −Qη)

2s1+2s2(Υ2)
〉
HS

, (35)

where

Υ1 = (I −Qη)
−2s2(x′ ⊗ x′) = (I −Qη)

−2s2R2s2
L ((L−s2x′)⊗ (L−s2x′)),

and

Υ2 = (I −Qη)
−2s1(x0 ⊗ x0).

One uses (31) to obtain ∥Υ1∥HS ≤ (η(2− η))−2s2∥(L−s2x′)⊗ (L−s2x′)∥HS = (η(2− η))−2s2∥L−s2x′∥2

and ∥Υ2∥HS ≤ (η(2− η))−2s1∥L−s1x0∥2. We combine (35) and (33) to obtain

E
[
⟨x′, rk+1⟩

2
]
≤ ∥L−s2x′∥2∥L−s1x0∥2Cη,2s1+2s2(η(2− η)k)−2s1−2s2 ,

which is (7).
If the random vector ξ′ ∼ (S, ρ) is used, since ξ′ is independent of the whole sample,

E
[
⟨ξ′, rk+1⟩

2
]
= ETr[(ξ′ ⊗ ξ′)Qk

η(x
0 ⊗ x0)] = Tr[LQk

η(x
0 ⊗ x0)].

Note that L = R
1/2
L (L1/2), and ∥L1/2∥2HS = Tr(L). The above error is further estimated by

E
[
⟨ξ′, rk+1⟩

2
]
=
〈
Υ′

1, Q
k
η(I −Qη)

2s1+
1
2 (Υ2)

〉
HS

,

where

Υ′
1 = (I −Qη)

−1/2R
1/2
L (L1/2).

So

E
[
⟨ξ′, rk+1⟩

2
]
≤ ∥L1/2∥HS∥L−s1x0∥2Cη,2s1+1/2(η(2− η)k)−2s1− 1

2

=
√
Tr(L)∥L−s1x0∥2Cη,2s1+1/2(η(2− η)k)−2s1− 1

2 ,

which proves (8).

4 Error Analysis in the General Setting with Noise
In this section we study Algorithm (2) in the general setting with observational noise. That is, we
assume σ2 = Var(ϵi) ≥ 0 for Model M(S, ρ, x0,m, σ2). The key technique of our analysis is inspired by
(36) which does a one-step reduction of the expected error E

[
∥rk+1∥2

]
. We lift the trace operator in

(36) to obtain (37), which is further used iteratively to derive (39). The operator Wη is introduced in
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(38) to replace Qη for a better algebraic property (as provided in Lemma 4.1). Theorem 4.6 parallels
Theorem 4.4 for studying weak convergence.

Recall that we use rk+1 = xk+1−x0 to denote the error vector after the k-th iteration of Algorithm
(2). For k ≥ 1, because of noise, the iteration step of Algorithm (2) is now written as

rk+1 = xk+1 − x0 = xk − x0 + ηk
(〈
ξk, x

0
〉
+ ϵk − ⟨ξk, xk⟩

)
ξk = (I − ηkPk)rk + ηkϵkξk.

Since rk, ξk, and ϵk are independent, and Eϵk = 0, recall the operator Qη defined in (27), we have

E∥rk+1∥2 =ETr(rk+1 ⊗ rk+1) = TrE(rk+1 ⊗ rk+1)

=TrQηk
(E(rk ⊗ rk)) + 2ηk(Eϵk)ETr[((I − ηkPk)rk)⊗ ξk]

+ η2k(Eϵ2k)TrE(ξk ⊗ ξk)

=TrQηk
(E(rk ⊗ rk)) + η2kσ

2Tr(L). (36)

For k ≥ 1, we write Rk = E(rk ⊗ rk). Then E∥rk+1∥2 = Tr(Rk+1), and similar as Equation (36), one
has

Rk+1 = Qηk
(Rk) + σ2η2kL. (37)

In particular, R1 = (−x0)⊗ (−x0) = x0 ⊗ x0. Recall that Qη = I − 2ηSL + η2R∗, where in general
SL does not commute with R∗, so Qη may not commute with Qη′ when η ̸= η′. To overcome the
difficulty, we use the operator Wη defined by

Wη(B) = Qη(B) + η2(R2
L −R∗)(B) = (I − ηL)B(I − ηL) (38)

for any B ∈ J2(H) and η ∈ [0, 1]. Then Wη = I − 2ηSL + η2R2
L, and we summarize some properties

of Wη which will be used later.

Lemma 4.1. For η ∈ [0, 1], the operator Wη on J2(H) has the following properties.

(1) The eigensystem of Wη is {(1− ηλi)(1− ηλj), ϕi ⊗ ϕj}i,j∈I .

(2) Wη is positive semi-definite.

(3) For any positive semi-definite operator B ∈ J2(H), Wη(B) is positive semi-definite.

(4) For any positive semi-definite operator B ∈ J1(H), Tr(Wη(B)) ≤ Tr(B).

Proof. The eigensystem is derived from the expansion Wη = I − 2ηSL + η2R2
L. Since λi ≥ 0 and∑

i λi = Tr(L) = ETr(P ) = 1, 0 ≤ (1 − ηλi)(1 − ηλj) ≤ 1 for any i, j. Therefore Wη is positive
semi-definite. For B ∈ J2(H), Wη(B) = (I − ηL)B(I − ηL), so whenever B is positive semi-definite,
so is Wη(B). If B ∈ J1(H) is positive semi-definite, we have

Tr(Wη(B)) =
∑
i∈I

⟨ϕi, (I − ηL)B(I − ηL)ϕi⟩ =
∑
i∈I

(1− ηλi)
2 ⟨ϕi, Bϕi⟩ .

Since ⟨ϕi, Bϕi⟩ ≥ 0 for any i, Tr(Wη(B)) ≤ Tr(B). The proof is thus complete.
Consider the following error decomposition,

Rk+1 =Wηk
(Rk) + η2k((R∗ −R2

L)(Rk) + σ2L)

=Wηk
Wηk−1

(Rk−1) + η2k−1Wηk
((R∗ −R2

L)(Rk−1) + σ2L)

+ η2k((R∗ −R2
L)(Rk) + σ2L)

=Wηk
Wηk−1

Wηk−2
(Rk−2) + η2k−2Wηk

Wηk−1
((R∗ −R2

L)(Rk−2) + σ2L)

+ η2k−1Wηk
((R∗ −R2

L)(Rk−1) + σ2L) + η2k((R∗ −R2
L)(Rk) + σ2L).

14



Note that Wη = I − 2ηSL + η2R2
L, of which the eigenvectors are {(ϕi ⊗ ϕj)}i,j∈I , as we discussed

above. So the operators Wη1
, · · · , Wηk

commute. One carries on the above iterations to give

Rk+1 =

(
k∏

l=1

Wηl

)
(R1) +

k∑
j=1

η2j

 k∏
l=j+1

Wηl

[(R∗ −R2
L)(Rj) + σ2L

]
. (39)

Here we abuse the notation a little bit by defining
∏k

l=k+1 Wηl
(of which the starting index k + 1 is

greater than the ending index k) as identity.
When σ2 = 0, Equation (37) becomes Rk+1 = Qηk

(Rk), which implies E
[
∥rk+1∥2

]
= E

[
∥(I − ηkPk)rk∥2

]
.

Since Pk is a random orthogonal projection, one always has E
[
∥rk+1∥2

]
≤ E

[
∥rk∥2

]
, and therefore

the expected error is at least uniformly bounded. When σ2 > 0, the following lemma shows that
E
[
∥rk∥2

]
is still uniformly bounded under the assumption that the sum of the squared step-sizes is

finite. This lemma therefore suggests the important role the step-sizes playing in controlling the error
introduced by observational noise.

Lemma 4.2. Let m be a positive integer, or infinity. Assume σ2 ≥ 0 for Model M(S, ρ, x0,m, σ2).
If η2,m :=

∑m
j=1 η

2
j < 1, then for 1 ≤ k ≤ m (or for 1 ≤ k < ∞ when m = ∞), one has

Tr(Rk) ≤
∥x0∥2 + σ2Tr(L)η2,m

1− η2,m
. (40)

Proof. Recall that R1 = x0 ⊗ x0, so Tr(R1) = ∥x0∥2 and the estimate (40) holds true. Now suppose
for some 1 ≤ k < m, the estimate (40) holds true for all l = 1, . . . , k. To finish the proof with
induction, we need only to verify the inequality (40) for l = k + 1.

We study the trace of the right-hand side of (39). Let B ∈ J1(H) be positive semi-definite.
Lemma 4.1 gives

0 ≤ Tr(Wη(B)) ≤ Tr(B). (41)

One repeats (41) to give

Tr

[(
k∏

l=1

Wηl

)
(R1)

]
≤ Tr(R1) = ∥x0∥2,

and

Tr

 k∏
i=j+1

Wηi

 ((R∗ −R2
L)(Rj) + σ2L)

 ≤ Tr(R∗(Rj)) + σ2Tr(L),

for j = 1, . . . , k. Note that Tr(R∗(Rj)) = ETr(PRjP ) ≤ ETr(Rj) = Tr(Rj). By the inductive
hypothesis,

Tr(Rk+1) ≤ ∥x0∥2 + η2,m

(
∥x0∥2 + σ2Tr(L)η2,m

1− η2,m
+ σ2Tr(L)

)
=

∥x0∥2 + σ2Tr(L)η2,m
1− η2,m

.

This completes the proof.
We will need the following technical lemma, of which the proof is postponed to Appendix A.
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Lemma 4.3. Let s ≥ 0, τ ∈ [0, 1], and η1, . . . , ηk ∈ [0, 1]. One has[
k∏

l=1

(1− ηlτ)

]
τs ≤ 2ss + 2

1 +
(∑k

l=1 ηl

)s , (42)

where we abuse the notation a little bit to define 00 := 1 when s = 0.

Theorem 4.4 below estimates the expected squared norm of the error vector rk+1 for Algorithm
(2), without specific design of the step-sizes. The rates of strong convergence in Theorem 2.6 with
RK-FH setting is a corollary of Theorem 4.4.

Theorem 4.4. Let {(ξi, yi)}mi=1 be drawn from Model M(S, ρ, x0,m, σ2) with σ2 ≥ 0, 1 ≤ m ≤ ∞,
and x0 ∈ Ls1(H) for some s1 > 0. Assume {ηj}mj=1 ⊂ (0, 1) and η2,m :=

∑m
j=1 η

2
j < 1 for Algorithm

(2). Then for 1 ≤ k ≤ m (or 1 ≤ k < ∞ if m = ∞), one has

E
[
∥rk+1∥2

]
= Tr(Rk+1) ≤

4(ss11 + 1)2∥L−s1x0∥2

1 +
(∑k

j=1 ηj

)2s1 +
∥x0∥2 + σ2Tr(L)

1− η2,m

k∑
j=1

η2j . (43)

Proof. We bound the trace of Rk+1 according to the expansion (39). Since x0 ∈ Ls1(H), we write
x0 =

∑
i∈I biλ

s1
i ϕi, so

∑
i b

2
i = ∥L−s1x0∥2. By the definition of Wη, we have

Tr

[(
k∏

l=1

Wηl

)
(R1)

]
=

∥∥∥∥∥
[

k∏
l=1

(1− ηlL)

]
x0

∥∥∥∥∥
2

=
∑
i∈I

b2iλ
2s1
i

[
k∏

l=1

(1− ηlλi)

]2
.

Since λi ∈ [0, 1] for any i, we have by Lemma 4.3,

Tr

[(
k∏

l=1

Wηl

)
(R1)

]
≤ ∥L−s1x0∥2

[
max
τ∈[0,1]

τs1
k∏

l=1

(1− ηlτ)

]2

≤ 4(ss11 + 1)2∥L−s1x0∥2

1 +
(∑k

l=1 ηl

)2s1 . (44)

Now we estimate the trace of the second term on the right-hand side of (39). Recall Lemma 4.1.
Since R2

L(Rj) = LRjL is positive semi-definite, and Tr(R∗(Rj)) = ETr(PRjP ) ≤ Tr(Rj), one uses
the bound (40) to obtain

Tr

 k∑
j=1

η2j

 k∏
l=j+1

Wηl

 ((R∗ −R2
L)(Rj) + σ2L)


≤

k∑
j=1

η2jTr

 k∏
l=j+1

Wηl

 (R∗(Rj) + σ2L)

 ≤
k∑

j=1

η2j (Tr(Rj) + σ2Tr(L))

≤
(
∥x0∥2 + σ2Tr(L)η2,m

1− η2,m
+ σ2Tr(L)

) k∑
j=1

η2j =
∥x0∥2 + σ2Tr(L)

1− η2,m

k∑
j=1

η2j . (45)

One completes the proof by combining (45) and (44).
For proving Theorem 2.6, we need the following technical lemma, of which the proof is put to

Appendix A for completeness.
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Lemma 4.5. For any b > 0 and θ ≥ 0,

∫ b

0

dx

1 + xθ
≤


1

1−θ b
1−θ, if 0 ≤ θ < 1,

log(b+ 1), if θ = 1,
θ

θ−1 , if θ > 1.

Proof of Theorem 2.6. When the step-sizes in Algorithm (2) are fixed to be a constant η, the expan-
sion (39) takes the form (for 1 ≤ k ≤ m)

Rk+1 = W k
η (R1) + η2

k∑
j=1

W k−j
η

(
R∗(Rj)−R2

L(Rj) + σ2L
)
.

First, we apply the estimate (44) to get

Tr
(
Wm

η (R1)
)
≤ 4(ss11 + 1)2∥L−s1x0∥2

1 + (mη)2s1
.

We note that mη ≥ 1, which is because when s1 + s∗ ≥ 1, mη = m1− 2s1+s∗
1+2s1+s∗ = m

1
1+2s1+s∗ ≥ 1, and

when s1 + s∗ < 1, mη = m1− 1+s1
2+s1 = m

1
2+s1 ≥ 1.

Next, we rewrite the estimate (43) in Theorem 4.4, in the constant step-size-setting, as

Tr(Rk+1) ≤ D1

(
1

1 + (kη)2s1
+ kη2

)
, 1 ≤ k ≤ m, (46)

where D1 = max
{
4(ss11 + 1)2∥L−s1x0∥2,

(
∥x0∥2 + σ2Tr(L)

)
/
(
1− 2

2
2+s1+(s1+s∗−1)+

−1
)}

, with (t)+ :=

max{t, 0} for any t ∈ R, and we have used the following estimates for η2,m thanks to m ≥ 2. When
s1 + s∗ ≥ 1,

η2,m = η2m = m
1+s∗+2s1−2s∗−4s1

1+2s1+s∗ ≤ 2−
s∗+2s1−1
1+2s1+s∗ = 2

2
2+s1+(s1+s∗−1)+

−1
< 1,

and when s1 + s∗ < 1,

η2,m = η2m = m
2+s1−2−2s1

2+s1 ≤ 2
−s1
2+s1 = 2

2
2+s1+(s1+s∗−1)+

−1
< 1.

In particular, when k = 0, the estimate (46) still holds true since Tr(R1) = ∥x0∥2 ≤ ∥x0∥2+σ2Tr(L)
1−η2,m

≤
D1. We apply Lemma 4.5 and the fact that ηm ≥ 1 to obtain

Tr

η2
m∑
j=1

Wm−j
η R∗(Rj)

 ≤ η2
m∑
j=1

Tr(Rj) ≤ D1η
2
m−1∑
j=0

(
1

1 + (jη)2s1
+ jη2

)

≤D1η
2 +D1η

2

∫ m−1

0

dx

1 + (ηx)2s1
+D1η

4m
2

2
≤ 3

2
D1η

4m2 +D1η

∫ η(m−1)

0

dx

1 + x2s1

≤3

2
D1η

4m2 +D1


1

1−2s1
η(ηm)1−2s1 , if 0 < s1 < 1/2,

η log(ηm− η + 1), if s1 = 1/2,

2s1η/(2s1 − 1), if s1 > 1/2.

Then, similar to the argument used in (45), one has

Tr

η2
m∑
j=1

Wm−j
η (−R2

L)(Rj)

 ≤ 0.
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Finally, recall that Tr(Ls∗) =
∑

i∈I λs∗
i . By Lemma 4.3 (recalled that we use 00 := 1),

Tr

η2
m∑
j=1

Wm−j
η (σ2L)

 = σ2η2
m∑
j=1

∑
i∈I

(1− ηλi)
2(m−j)λi

≤σ2η2
m∑
j=1

∑
i∈I

(
(1− ηλi)

2(m−j)λ1−s∗
i

)
λs∗
i

≤σ2η2
m∑
j=1

(
max
τ∈[0,1]

(1− ητ)2(m−j)τ1−s∗

)
Tr(Ls∗)

≤2((1− s∗)
1−s∗ + 1)σ2Tr(Ls∗)η2

m∑
j=1

1

1 + (2(m− j)η)1−s∗
.

Since 0 < s∗ ≤ 1, Lemma 4.5 implies

η

m∑
j=1

1

1 + (2η(m− j))1−s∗
= η

m−1∑
j=0

1

1 + (2ηj)1−s∗
≤ η + η

∫ m−1

0

dx

1 + (2ηx)1−s∗

≤ η +
1

2

∫ 2ηm

0

dx

1 + x1−s∗
≤ η +

(2ηm)s∗

2s∗
.

We summarize the above analysis to get

Tr(Rm+1) ≤
4(ss11 + 1)2∥L−s1x0∥2

1 + (mη)2s1
+

3

2
D1η

4m2

+ 2((1− s∗)
1−s∗ + 1)σ2Tr(Ls∗)(η2 + s−1

∗ η1+s∗ms∗)

+D1


1

1−2s1
η2−2s1m1−2s1 , if 0 < s1 < 1/2,(

log 2 + s−1
∗
)
η1+s∗ms∗ , if s1 = 1/2,

2s1η/(2s1 − 1) if s1 > 1/2,

(47)

where for the case s1 = 1/2, (recall that ηm ≥ 1) we integrate the inequality t−1 ≤ ts∗−1 for t ≥ 1 to
obtain log(ηm) ≤ (ηm)s∗/s∗, and we have applied the inequality

η log(ηm− η + 1) ≤ η log(2ηm) ≤ η log 2 + η(ηm)s∗/s∗ ≤
(
log 2 + s−1

∗
)
η1+s∗ms∗ .

Since ηm ≥ 1 and η ≤ 1, the estimate (47) is further tidied as

Tr(Rm+1) ≤D2(s1, s∗)((mη)−2s1 + η4m2 + η1+s∗ms∗)+

D2(s1, s∗)

{
η2−2s1m1−2s1 , if 0 < s1 < 1/2,

0, if s1 ≥ 1/2,

where (note that s−1
∗ ≥ 1, (1− s∗)

1−s∗ + 1 ≤ 2, ηm ≥ 1, and η2 ≤ η ≤ η1+s∗ms∗),

D2(s1, s∗) =4(ss11 + 1)2∥L−s1x0∥2 + 3

2
D1 + 8s−1

∗ σ2Tr(Ls∗)+

D1


1

1−2s1
, if 0 < s1 < 1/2,

s−1
∗ + log 2, if s1 = 1/2,

2s1/(2s1 − 1), if s1 > 1/2.

.

We derive the error bounds in two cases.
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Case 1, s1 + s∗ ≥ 1. In this case η = m−(2s1+s∗)/(1+2s1+s∗) implies (mη)−2s1 = η1+s∗ms∗ =

m−2s1/(1+2s1+s∗), and

η4m2 = m2− 8s1+4s∗
1+2s1+s∗ = m− 2(s1+s∗−1)+2s1

1+2s1+s∗ ≤ m− 2s1
1+2s1+s∗ .

Moreover, when 0 < s1 < 1/2, 1 ≤ s1 + s∗ ≤ 2s1 + s∗ and ηm ≥ 1 implies η2−2s1m1−2s1 =

η(ηm)1−2s1 ≤ η1+s∗ms∗ . Therefore we have

Tr(Rm+1) ≤ 4D2(s1, s∗)m
− 2s1

1+2s1+s∗ .

Case 2, s1 + s∗ < 1. In this case η = m−(1+s1)/(2+s1) implies (mη)−2s1 = η4m2 = m−2s1/(2+s1),
and

η1+s∗ms∗ = m− 1+s∗+s1+s∗s1−2s∗−s1s∗
2+s1 ≤ m− 2s1

2+s1 .

In particular, when 0 < s1 < 1/2,

η2−2s1m1−2s1 = m− 1+s1−1+2s1
2+s1 ≤ m− 2s1

2+s1 .

Therefore we have

Tr(Rm+1) ≤ 4D2(s1, s∗)m
− 2s1

2+s1 .

We complete the proof by setting the constant (recall that (t)+ := max{t, 0} for any t ∈ R)

C2 =4D2(s1, s∗) = 16(ss11 + 1)2∥L−s1x0∥2 + 8s−1
∗
(
(1− s∗)

1−s∗ + 1
)
σ2Tr(Ls∗)+

4max
{
4 (ss11 + 1)

2 ∥L−s1x0∥2,
(
∥x0∥2 + σ2Tr(L)

)
/
(
1− 2

2
2+s1+(s1+s∗−1)+

−1
)}

×


3
2 + 1

1−2s1
, if 0 < s1 < 1/2,

3
2 + s−1

∗ + log 2, if s1 = 1/2,
3
2 + 2s1

2s1−1 , if s1 > 1/2.

(48)

The proof of Theorem 2.6 is complete.
Consider a sequence {(ξi, yi)}mi=1 from Model M(S, ρ, x0,m, σ2) with 1 ≤ m ≤ ∞ and σ2 ≥ 0.

If m = ∞, we also denote m + 1 = ∞. For the sake of simplicity, we define the sum of an empty
set (e.g., a sum with lower index greater than its upper index) as zero. Recall that rk = xk − x0.
Theorem 4.6 below estimates the expected weak error for Algorithm (2), with general design of the
step-sizes. The rates of weak convergence in Theorem 2.5 with RK-VS setting, and in Theorem 2.9
with RK-FH setting, are both corollaries of Theorem 4.6.

Theorem 4.6. Assume x0 ∈ Ls1(H) for some s1 > 0. Let x′ ∈ Ls2(H) be a measurement vector with
s2 > 0. Assume {ηj}mj=1 ⊂ (0, 1) and η2,m :=

∑m
j=1 η

2
j < 1 for Algorithm (2). Then for 1 ≤ k ≤ m

(or 1 ≤ k < ∞ if m = ∞), one has

E
[
⟨x′, rk+1⟩

2
]
≤C4

 1

1 +
(∑k

l=1 ηl

)2s1+2s2
+

k∑
j=1

(1− η2,m)−1η2j

1 +
(∑k

l=j+1 ηl

)2s2+ 1
2

 , (49)

where C4 is a constant independent of {ηj} or k, and it will be specified in (54) at the end of the
proof.
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In particular, if we replace x′ by a random vector ξ′ ∼ (S, ρ), and assume Tr(L2−4s0) < ∞ for
some s0 ∈ [1/4, 1/2), then for 1 ≤ k ≤ m (or 1 ≤ k < ∞ if m = ∞),

E
[
⟨ξ′, rk+1⟩

2
]
≤C ′

4

 1

1 +
(∑k

l=1 ηl

)2s1+2s0
+

k∑
j=1

(1− η2,m)−1η2j

1 +
(∑k

l=j+1 ηl

)2s0+ 1
2

 , (50)

where C ′
4 is a constant independent of {ηj} or k, and it will be specified in (55) at the end of the

proof.

Proof. Write U = x′ ⊗ x′. Since E
[
⟨x′, rk+1⟩2

]
= ⟨U,Rk+1⟩HS, we prove the estimates (49) and (50)

with the help of the expansion (39).
First, since x0 ∈ Ls1(H) and x′ ∈ Ls2(H), ∥R−2s1

L (R1)∥HS = ∥L−s1x0∥2 and ∥R−2s2
L (U)∥HS =

∥L−s2x′∥2. We have〈
U,

(
k∏

l=1

Wηl

)
(R1)

〉
HS

=

〈
R−2s2

L (U),

[
R2s2

L

(
k∏

l=1

Wηl

)
R2s1

L

]
R−2s1

L (R1)

〉
HS

.

Recall that Wη and RL share the same set {ϕi ⊗ ϕj}i,j∈I of eigenvectors, and for each eigenvector
ϕi ⊗ ϕj , their eigenvalues are (1 − ηλi)(1 − ηλj) and

√
λiλj respectively. So these two operators

commute, and one estimates the operator norm of Rs2
L

(∏k
l=1 Wηl

)
R2s1

L on J2(H), by Lemma 4.3 as∥∥∥∥∥R2s2
L

(
k∏

l=1

Wηl

)
R2s1

L

∥∥∥∥∥
J2(H)→J2(H)

≤

(
max
τ∈[0,1]

τs1+s2

k∏
l=1

(1− ηlτ)

)2

≤ 4((s1 + s2)
s1+s2 + 1)2

1 +
(∑k

l=1 ηl

)2s1+2s2
. (51)

Therefore 〈
U,

(
k∏

l=1

Wηl

)
(R1)

〉
HS

≤ (2((s1 + s2)
s1+s2 + 1)∥L−s1x0∥∥L−s2x′∥)2

1 +
(∑k

l=1 ηl

)2s1+2s2
.

When x′ is replaced by ξ′ ∼ (S, ρ), one has E
[
⟨ξ′, rk+1⟩2

]
= ⟨L,Rk+1⟩HS. Assume Tr(L2−4s0) <

∞. Note that R−2s0
L (L) = L1−2s0 . In the same way, we estimate the error ⟨L,Rk+1⟩HS according to

the expansion (39).〈
L,

(
k∏

l=1

Wηl

)
(R1)

〉
HS

=

〈
L1−2s0 ,

[
R2s0

L

(
k∏

l=1

Wηl

)
R2s1

L

]
R−2s1

L R1

〉
HS

≤
√

Tr(L2−4s0)
(2((s0 + s1)

s0+s1 + 1)∥L−s1x0∥)2

1 +
(∑k

l=1 ηl

)2s0+2s1
.

Next, 〈
U,

k∑
j=1

η2j

 k∏
l=j+1

Wηl

 (σ2L)

〉
HS

=σ2
k∑

j=1

η2j

〈
R−2s2

L (U),

R2s2
L

 k∏
l=j+1

Wηl

R
1/2
L

 (L1/2)

〉
HS

≤σ2
k∑

j=1

η2j

√
Tr(L)(2((s2 +

1
4 )

s2+
1
4 + 1)∥L−s2x′∥)2

1 + (
∑k

l=j+1 ηl)
2s2+

1
2

.
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Similarly, when x′ is replaced by the random vector ξ′, we use the assumption Tr(L2−4s0) < ∞, and
Bound (51) (by replacing s1 and s2 both with s0) to have〈

L,

k∑
j=1

η2j

 k∏
l=j+1

Wηl

L

〉
HS

=

k∑
j=1

η2j

〈
L1−2s0 , R2s0

L

 k∏
l=j+1

Wηl

R2s0
L L1−2s0

〉
HS

≤
k∑

j=1

η2j
〈
L1−2s0 , L1−2s0

〉
HS

4((2s0)
2s0 + 1)2

1 +
(∑k

l=j+1 ηl

)4s0 ≤
k∑

j=1

η2j
8Tr(L2−4s0)((2s0)

2s0 + 1)2

1 +
(∑k

l=j+1 ηl

)2s0+ 1
2

,

where the last inequality is because s0 ≥ 1/4 and 1
1+tθ1

≤ 2
1+tθ2

for any t ≥ 0 and θ1 ≥ θ2 > 0.
Then, for X = U or X = L,〈

X,

k∑
j=1

η2j

 k∏
l=j+1

Wηl

 (−R2
L)Rj

〉
HS

= −
k∑

j=1

η2jE

〈
rj , R

2
L

 k∏
l=j+1

Wηl

Xrj

〉
≤ 0.

Finally, recall that R∗ ⪯ SL, for any x ∈ J2(H), one applies Lemma B.1 to obtain ∥S−1/2
L R

1/2
∗ x∥HS ≤

∥x∥HS. A single computation shows

∥R1/2
∗ Rj∥2HS = Tr(RjR∗(Rj)) = ETr(PRjPPRjP ) ≤ Tr(Rj)

2.

We have 〈
U,

 k∏
l=j+1

Wηl

R∗(Rj)

〉
HS

=

〈
Υ3,

R2s2
L

 k∏
l=j+1

Wηl

S
1/2
L

Υ4

〉
HS

, (52)

where Υ3 = R−2s2
L (U) =:

∑
i,j∈I Υij

3 ϕi ⊗ ϕj with
∑

i,j(Υ
ij
3 )

2 = ∥R−2s2
L (U)∥2HS = ∥L−s2x′∥4, and

Υ4 = S
−1/2
L R

1/2
∗ (R

1/2
∗ (Rj)) =:

∑
i,j∈I Υij

4 ϕi ⊗ ϕj with
∑

i,j(Υ
ij
4 )

2 ≤ ∥R1/2
∗ (Rj)∥2HS ≤ Tr(Rj)

2 ≤(
∥x0∥2+σ2Tr(L)η2,m

1−η2,m

)2
(where the last inequality follows Lemma 4.2). Since operators RL, Wη, and

SL share the same set of eigenvectors {ϕi ⊗ ϕt}i,t∈I , the eigenvalue of R2s2
L

(∏k
l=j+1 Wηl

)
S
1/2
L cor-

responding to the eigenvector ϕi ⊗ ϕt is bounded by (recall that 4λiλt ≤ (λi + λt)
2)

(λiλt)
s2

(
λi + λt

2

)1/2 k∏
l=j+1

(
1− ηl(λi + λt) + η2l λiλt

)

≤
(
λi + λt

2

)2s2+
1
2

k∏
l=j+1

[(
1− ηl

λi + λt

2

)2
]
≤

2
[
(2s2 +

1
2 )

2s2+
1
2 + 1

]
1 + (

∑k
l=j+1 ηl)

2s2+
1
2

.

We further apply the spectral theorem to obtain〈
U,

 k∏
l=j+1

Wηl

R∗(Rj)

〉
HS

≤ ∥L−s2x′∥2 ∥x
0∥2 + σ2Tr(L)η2,m

1− η2,m

2
[
(2s2 +

1
2 )

2s2+
1
2 + 1

]
1 + (

∑k
l=j+1 ηl)

2s2+
1
2

. (53)

21



When x′ is replaced by a random vector ξ′, we use a similar computation to give〈
L,

 k∏
l=j+1

Wηl

R∗(Rj)

〉
HS

=

〈
L1−2s0 ,

R2s0
L

 k∏
l=j+1

Wηl

S
1/2
L

Υ4

〉
HS

≤
√
Tr(L2−4s0)

∥x0∥2 + σ2Tr(L)η2,m
1− η2,m

2
[
(2s0 +

1
2 )

2s0+
1
2 + 1

]
1 + (

∑k
l=j+1 ηl)

2s0+
1
2

.

The proof is completed by combining the above four parts of analysis, and setting the constants

C4 = max
{
(2((s1 + s2)

s1+s2 + 1)∥L−s1x0∥∥L−s2x′∥)2,

σ2
√

Tr(L)(2((s2 +
1

4
)s2+

1
4 + 1)∥L−s2x′∥)2,

∥L−s2x′∥2
(
∥x0∥2 + σ2Tr(L)

)
× 2

[
(2s2 +

1

2
)2s2+

1
2 + 1

]}
, (54)

and

C ′
4 = max

{
(2((s1 + s0)

s1+s0 + 1)∥L−s1x0∥)2
√

Tr(L2−4s0),

8Tr(L2−4s0)((2s0)
2s0 + 1)2,√

Tr(L2−4s0)
(
∥x0∥2 + σ2Tr(L)

)
× 2

[
(2s0 +

1

2
)2s0+

1
2 + 1

] }
. (55)

Proof of Theorem 2.9. Consider Equation (49). Set ηk ≡ m−ω. Recall that from (19), when 0 <

s2 < 1/4, 1 − ω = 2/(3 + 4s1) and when s2 > 1/4, 1 − ω = 1/(1 + 2s1 + 2s2). Recall m ≥ 2, so
(logm)/ log 2 ≥ 1. On the one hand,

1

1 + (
∑m

l=1 ηl)
2s1+2s2

≤ (m1−ω)−2s1−2s2

≤


m−(4s1+4s2)/(3+4s1), if 0 < s2 < 1/4,

m−(4s1+1)/(4s1+3)(logm)/ log 2, if s2 = 1/4,

m−(2s1+2s2)/(1+2s1+2s2), if s2 > 1/4.

(56)

On the other hand,

m∑
j=1

η2j

1 +
(∑m

l=j+1 ηl

)2s2+ 1
2

= m−2ω +

m−1∑
j=1

m−2ω

1 + ((m− j)m−ω)2s2+
1
2

≤ m−2ω +m−2ω

∫ m−1

0

dx

1 + (m−ωx)2s2+
1
2

= m−2ω +m−ω

∫ m−ω(m−1)

0

dx

1 + x2s2+
1
2

. (57)

When 0 < s2 < 1/4, −2ω = −2−8s1
3+4s1

< −2 4s1+4s2
3+4s1

, we apply Lemma 4.5 to obtain

m−2ω +m−ω

∫ m−ω(m−1)

0

dx

1 + x2s2+
1
2

≤ m−2ω +
1

1
2 − 2s2

m−ω+(1−ω)( 1
2−2s2)

≤
(
1 +

1
1
2 − 2s2

)
m(1−4s2−1−4s1)/(3+4s1) =

3− 4s2
1− 4s2

m−(4s1+4s2)/(3+4s1).
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When s2 = 1/4, ω = 2s1+2s2
1+2s1+2s2

= 1+4s1
3+4s1

< 1. Recall that m−ω ≤ 1 ≤ 2 logm, so

m−2ω+m−ω

∫ m−ω(m−1)

0

dx

1 + x2s2+
1
2

≤ m−2ω +m−ω log(m1−ω + 1)

≤ 2m−ω logm+m−ω log(2m1−ω)

≤ 2m−ω logm+m−ω log 2 + (1− ω)m−ω logm ≤ 4m−ω logm.

When s2 > 1/4, ω = 2s1+2s2
1+2s1+2s2

and

m−2ω +m−ω

∫ m−ω(m−1)

0

dx

1 + x2s2+
1
2

≤ 8s2
4s2 − 1

m−ω.

Finally, the assumptions ω > 1/2 and m ≥ 2 yield the bound η2,m = mη2 = m1−2ω ≤ 21−2ω < 1. We
combine the above analysis for different s2, (56), and (57) to obtain (20) with a constant C3 given by

C3 =max
{
(2((s1 + s2)

s1+s2 + 1)∥L−s1x0∥∥L−s2x′∥)2,

σ2
√

Tr(L)(2((s2 +
1

4
)s2+

1
4 + 1)∥L−s2x′∥)2,

∥L−s2x′∥2
(
∥x0∥2 + σ2Tr(L)

)
× 2

[
(2s2 +

1

2
)2s2+

1
2 + 1

] }
×

1 + 3−4s2
(1−4s2)(1−21−2ω) , if 0 < s2 < 1/4,

1
log 2 + 4

1−21−2ω , if s2 = 1/4,

1 + 8s2
(4s2−1)(1−21−2ω) , if s2 > 1/4.

(58)

The estimate (21) is obtained by substituting s2 with s0 in the above analysis. Note that now we
have η2,m = mη2 ≤ 21−2ω′

< 1. The constant C ′
3 is defined by

C ′
3 =max

{
(2((s1 + s0)

s1+s0 + 1)∥L−s1x0∥)2
√
Tr(L2−4s0),

8Tr(L2−4s0)((2s0)
2s0 + 1)2,√

Tr(L2−4s0)
(
∥x0∥2 + σ2Tr(L)

)
× 2

[
(2s0 +

1

2
)2s0+

1
2 + 1

] }
×{

1
log 2 + 4

1−21−2ω′ , if s0 = 1/4,

1 + 8s0
(4s0−1)(1−21−2ω′ )

, if 1/4 < s0 < 1/2.
(59)

The proof of Theorem 2.9 is complete.

Lemma 4.7. For any b ≥ 2, 1/2 < θ < 1, and s ≥ 0,∫ b

1

x−2θdx

1 + (b1−θ − x1−θ)s
≤ C5b

max{−θ,−s(1−θ)}. (60)

where C5 is a constant depending on s but independent of b, and will be specified in (66), (67), and
(68), respectively, for different values of s, in the proof.

The technical proof of Lemma 4.7 is put to Appendix A.

Proof of Theorem 2.5. Note that by definition 1/2 < ω < 1, so

η2,∞ =

∞∑
j=1

η2j ≤ 2ω − 1

2ω

∞∑
j=1

j−2ω <
2ω − 1

2ω

(
1 +

∫ ∞

1

x−2ωdx

)
= 1,
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where the condition in Theorem 4.6 is satisfied. To finish the proof, we only need to substitute the
step-sizes into the inequalities (49) and (50) respectively.

First, for any k ≥ 1, one has k+1
2 ≥ 1. So

k∑
l=1

ηl ≥η1

∫ k+1

1

x−ωdx =
η1

1− ω
[(k + 1)1−ω − 1] ≥ η1(1− (1/2)1−ω)

1− ω
(k + 1)1−ω.

Therefore,

1

1 +
(∑k

l=1 ηl

)2s1+2s2
≤
[

1− ω

η1(1− (1/2)1−ω)

]2s1+2s2

(k + 1)−(1−ω)(2s1+2s2).

Note that by the definition ω = (2s1 + 2s2)/(1 + 2s1 + 2s2),

(k + 1)−(1−ω)(2s1+2s2) = (k + 1)−ω (61)

Then, we bound the second part of the right-hand side of (49) below. When k ≥ j + 1,

k∑
l=j+1

ηl ≥ η1

∫ k+1

j+1

x−ωdx =
η1
[
(k + 1)1−ω − (j + 1)1−ω

]
1− ω

.

Note that j ≥ 1 implies j ≥ (j + 2)/3. So

k∑
j=1

η2j

1 +
(∑k

l=j+1 ηl

)2s2+ 1
2

≤η21k
−2ω + η21

k−1∑
j=1

(1/3)−2ω(j + 2)−2ω

1 +
(

η1

1−ω

)2s2+ 1
2

[(k + 1)1−ω − (j + 1)1−ω]2s2+
1
2

≤η21k
−2ω +

9ωη21

min

{
1,
(

η1

1−ω

)2s2+ 1
2

} k−1∑
j=1

(j + 2)−2ω

1 + [(k + 1)1−ω − (j + 1)1−ω]2s2+
1
2

.

Recall that s1+s2 > 1/2, so ω = 2s1+2s2
1+2s1+2s2

∈ (1/2, 1). In the inequality below, for any j = 1, . . . , k−1,
we let x ∈ [j + 1, j + 2] to have (j + 2)−2ω ≤ x−2ω and (j + 1)1−ω ≤ x1−ω. By Lemma 4.7,

k−1∑
j=1

(j + 2)−2ω

1 + [(k + 1)1−ω − (j + 1)1−ω]2s2+
1
2

≤
∫ k+1

2

x−2ωdx

1 + [(k + 1)1−ω − x1−ω]2s2+
1
2

≤C5(k + 1)max{−ω,−(2s2+
1
2 )(1−ω)}.

Since k ≥ 1 implies k ≥ (k + 1)/2, the term k−2ω is bounded by k−2ω ≤ k−ω ≤ 2ω(k + 1)−ω. We
apply Theorem 4.6 and summarize the above analysis to obtain

E
[
⟨x′, rk+1⟩

2
]
≤ C1(k + 1)max{−ω,−(2s2+

1
2 )(1−ω)}

where

C1 = C4

(
1− ω

η1 (1− (1/2)1−ω)

)2s1+2s2

+ C4

 9ωη21C5

min

{
1,
(

η1

1−ω

)2s2+ 1
2

} + 2ωη21


1− 2ω − 1

2ω

∞∑
j=1

j−2ω

−1

.

(62)
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Here for different scopes of s, C5 is defined in (66), (67), and (68), respectively. The estimate (14) is
proved in the same way as above, with s2 replaced by s0 and

C ′
1 = C4

(
1− ω

η1 (1− (1/2)1−ω)

)2s1+2s0

+ C4

 9ωη21C5

min

{
1,
(

η1

1−ω

)2s0+ 1
2

} + 2ωη21


1− 2ω − 1

2ω

∞∑
j=1

j−2ω

−1

.

(63)

The proof of Theorem 2.5 is complete.
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Appendix

A Some Technical Proofs
In this section of appendix we provide some technical proofs.

Proof of the assertions in Example 2.4. It is evident that L = EP =
∑∞

i=1 qiei ⊗ ei. So in this
model, {(qi, ei)}∞i=1 form the orthonormal eigensystem of L. Therefore, for any s ≥ 1, R∗(L

s) =∑∞
i=1 qi(ei⊗ei)L

s(ei⊗ei) =
∑∞

i=1 q
1+s
i ei⊗ei = L1+s. Recall that Qη = I−2ηSL+η2R∗. In general, if

f is a polynomial without constant term, then R∗f(L) = Lf(L), 2SLf(L) = Lf(L)+f(L)L = 2Lf(L),
and thus Qη(f(L)) = f(L)− 2ηLf(L) + η2Lf(L) = (I − (2η − η2)L)f(L).

Since the step-sizes are fixed to be η, (37) implies

Rk+1 = Qη(Rk) + σ2η2L = · · · = Qk
η(R1) + σ2η2

k−1∑
j=0

Qj
η(L)

= Qk
η(R1) + σ2η2

k−1∑
j=0

(I − (2η − η2)L)jL.

Since Qk
η(R1) is positive semi-definite,

lim
k→∞

E
[
∥rk+1∥2

]
= lim

k→∞
Tr(Rk+1) ≥ σ2η2

∞∑
j=0

∞∑
i=1

qi(1− (2η − η2)qi)
j

= σ2η2
∞∑
i=1

qi
(2η − η2)qi

= ∞.
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Now we consider the error in weak sense. We have

E
[
⟨rk+1, x

′⟩2
]
=
〈
x′ ⊗ x′, Qk

η(Rk+1)
〉
HS

=
〈
x′ ⊗ x′, Qk

η(R1)
〉
HS

+ σ2η2
k−1∑
j=0

〈
x′ ⊗ x′, (I − (2η − η2)L)jL

〉
HS

.

For any i, j ∈ I, it is straightforward to see that

Qη(ei ⊗ ej) = ei ⊗ ej − η(qi + qj)ei ⊗ ej + η2
√
qiqjδijei ⊗ ej ,

where δij is the Kronecker delta which takes value 1 when i = j and 0 otherwise. Therefore {ei ⊗
ej}∞i,j=1 form a set of eigenvectors of Qη, and thus Qη and RL commute. By Lemma 4.3,∥∥R2s1+2s2

L Qk
η

∥∥
J2(H)→J2(H)

≤ max
x,y∈[0,1]

(
1− η(x+ y) + η2

√
xy
)k

(xy)s1+s2

≤ max
x,y∈[0,1]

(
1− 2η

√
xy + η2

√
xy
)k

(xy)s1+s2 ≤ 2(2s1 + 2s2)
2s1+2s2 + 2

1 + [k(2η − η2)]
2s1+2s2

≤ 2(2s1 + 2s2)
2s1+2s2 + 2

(kη)2s1+2s2
,

therefore limk→∞
〈
x′ ⊗ x′, Qk

η(R1)
〉
HS

= 0. On the other hand,

η2
k−1∑
j=1

〈
x′ ⊗ x′, (I − (2η − η2)L)jL

〉
HS

= η2
k−1∑
j=0

〈
L−s2x′, (I − (2η − η2)L)jL1+2s2(L−s2x′)

〉
≤ η2∥L−s2x′∥2

∞∑
j=0

2(1 + 2s2)
1+2s2 + 2

1 + (jη)1+2s2
= O(η)

uniformly for k ≥ 1 as η → 0, where the last step is obtained by applying Lemma 4.5, and noting
that s2 > 0. We have proved that

lim sup
k→∞

E
[〈
x′, xk+1 − x0

〉2]
= O(η), as η → 0+.

Proof of Lemma 4.3. When s = 0, the left-hand side (LHS) of (42) is no greater than 1, and the
right-hand side (RHS) of (42) equals 2, so (42) holds true. Below we assume s > 0.

When τ = 0, (42) is trivial. When τηl = 1 for some l = 1, . . . , k, (42) is trivial. Below we assume
τ > 0 and τηl < 1 for all l.

When
∑k

l=1 ηl = 0, LHS of (42) is no greater than 1 and RHS of (42) is 2+2ss > 1, so (42) holds
true. Below we assume

∑k
l=1 ηl > 0.

Thanks to the inequality log(1− c) ≤ −c for c < 1, we have[
k∏

l=1

(1− ηlτ)

]
τs = τs exp

{
k∑

l=1

log(1− ηlτ)

}
≤ τs exp

{
−τ

k∑
l=1

ηl

}
.

Some simple calculus shows that since
∑k

l=1 ηl > 0,

τs exp

{
−τ

k∑
l=1

ηl

}
≤

(
s

e
∑k

l=1 ηl

)s

, (64)

which is valid on τ ∈ [0,∞), and the maximum is achieved at τ = s/
∑k

l=1 ηl. Since τ ∈ (0, 1], while
(64) is still valid, we have further that [

k∏
l=1

(1− ηlτ)

]
τs ≤ 1. (65)
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We combine (64) and (65) together with the inequality min(a, b) ≤ 2ab/(a+ b) for a, b > 0, and the
inequality s

s+t ≤
s+1
1+t for s, t > 0 to obtain[

k∏
l=1

(1− ηlτ)

]
τs ≤ 2ss

ss + (e
∑k

l=1 ηl)
s
≤ 2ss + 2

1 +
(∑k

l=1 ηl

)s .
The proof is complete.

Proof of Lemma 4.5. When 0 ≤ θ < 1,∫ b

0

dx

1 + xθ
≤
∫ b

0

dx

(1 + x)θ
=

(b+ 1)1−θ − 1

1− θ
≤ b1−θ + 11−θ − 1

1− θ
=

b1−θ

1− θ
.

When θ = 1,
∫ b

0
dx

1+xθ = log(b+ 1). When θ > 1,∫ b

0

dx

1 + xθ
≤
∫ 1

0

dx

1
+

∫ ∞

1

dx

xθ
= 1 +

1

θ − 1
=

θ

θ − 1
.

Proof of Lemma 4.7. We divide the integral interval to two parts, [1, b/2] and [b/2, b]. First, since
−2θ < −1, ∫ b/2

1

x−2θdx

1 + (b1−θ − x1−θ)s
≤ 1

1 + (b1−θ − (b/2)1−θ)s

∫ b/2

1

x−2θdx

≤ b−s(1−θ)

(1− (1/2)1−θ)s
· 1− (b/2)1−2θ

2θ − 1
≤ b−s(1−θ)

(1− (1/2)1−θ)s(2θ − 1)
.

Change a variable y = b1−θ − x1−θ to give dy = −(1− θ)x−θdx. We apply Lemma 4.5 to have∫ b

b/2

x−2θdx

1 + (b1−θ − x1−θ)s
=

∫ b1−θ−(b/2)1−θ

0

x−2θ+θdy

(1 + ys)(1− θ)
≤ (b/2)−θ

1− θ

∫ b1−θ−(b/2)1−θ

0

dy

1 + ys

≤ (b/2)−θ

1− θ


1

1−s

[
1− (1/2)1−θ

]1−s
b(1−θ)(1−s), if 0 ≤ s < 1,

log
[
(1− (1/2)1−θ)b1−θ + 1

]
, if s = 1,

s
s−1 , if s > 1.

When 0 ≤ s < 1, since −θ + (1− θ)(1− s) = 1− 2θ − s(1− θ) < −s(1− θ), (60) is proved with

C5 =
1

(1− (1/2)1−θ)s(2θ − 1)
+

2θ(1− (1/2)1−θ)1−s

(1− θ)(1− s)
. (66)

When s = 1, recall b ≥ 2. Simple calculus shows that b1−2θ log b ≤ 1
e(2θ−1) with the equality attained

at b = exp
(

1
2θ−1

)
> e > 2. So

log
[
(1− (1/2)1−θ)b1−θ + 1

]
≤ log(2b1−θ) ≤ log 2 + (1− θ) log b ≤ (2− θ) log b ≤ 2− θ

e(2θ − 1)
b2θ−1.

Therefore, (60) is proved with

C5 =
1

(1− (1/2)1−θ)(2θ − 1)
+

2θ(2− θ)

e(1− θ)(2θ − 1)
. (67)

At the end, when s > 1, (60) is obtained with

C5 =
1

(1− (1/2)1−θ)s(2θ − 1)
+

2θs

(1− θ)(s− 1)
. (68)

The proof is complete.
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B A Technical Lemma
It is well known that for any two positive semi-definite matrices M1 and M2, if M1 ⪯ M2, that is,
if M2 − M1 is positive semi-definite, then Im(M1) ⊂ Im(M2), that is, the image of M1 is a subset
of that of M2. In general, one has the following lemma, which should be well known, but we find it
difficult to locate the lemma from the literature, so we include its proof for the sake of completeness.

Lemma B.1. Let H be a real separable Hilbert space. Let F and G be two bounded linear positive
semi-definite operators on H such that F ⪯ G. Then for any x ∈ H, there exists some w ∈ H such
that G1/2w = F 1/2x and ∥w∥ ≤ ∥x∥.

As a rough outline, Lemma B.1 is proved by making sense to the vector “G−1/2F 1/2x”, and using
it as w. This is done by continuously extending the operator F 1/2G−1/2 from G1/2(H) to its closure,
and then taking the adjoint.

Proof of Lemma B.1. Since G is a bounded positive semi-definite operator, there exists a unique
bounded positive semi-definite operator G1/2, such that (G1/2)2 = G. See, for example, [4, Theorem
4]. We define F 1/2 in the same way for F .

Write Im(G1/2) := G1/2(H). Recall that Im(G1/2) is the orthogonal complement of Null(G1/2)

(the null space of G1/2) in H. For any ξ ∈ Im(G1/2), write G−1/2ξ the corresponding preimage vector
in Im(G1/2) (the existence is evident). The vector G−1/2ξ is uniquely defined, otherwise the difference
between any two such vectors falls into Null(G1/2) ∩ Im(G1/2) = {0}, making a contradiction.

The map G−1/2 : Im(G1/2) → Im(G1/2) is a linear operator. In fact, for any ξ, η ∈ Im(G1/2)

and any b ∈ R, G−1/2ξ + bG−1/2η ∈ Im(G1/2), and G1/2(G−1/2ξ + bG−1/2η) = ξ + bη, therefore
G−1/2(ξ + bη) = G−1/2ξ + bG−1/2η.

Consider F 1/2G−1/2 : Im(G1/2) → H. For any ξ ∈ Im(G1/2), one writes η = G−1/2ξ to have∥∥∥F 1/2G−1/2ξ
∥∥∥2 = ⟨η, Fη⟩ ≤ ⟨η,Gη⟩ = ∥ξ∥2 .

So F 1/2G−1/2 is a bounded linear operator on Im(G1/2). Write A the continuous extension of
F 1/2G−1/2 onto Im(G1/2). We further extend A to H by setting Ax = 0 for any x ∈ Null(G1/2).
Write AT the adjoint operator of A. We have ∥AT ∥H→H = ∥A∥H→H ≤ 1.

For any x ∈ H, we claim that w = ATx is a vector that satisfies the lemma. In fact, first,
∥w∥ = ∥ATx∥ ≤ ∥x∥. Second, for any ξ ∈ Im(G1/2),〈

ξ,G1/2ATx
〉
=
〈
AG1/2ξ, x

〉
=
〈
F 1/2ξ, x

〉
=
〈
ξ, F 1/2x

〉
.

When ξ ∈ Null(G1/2), 0 ≤ ∥F 1/2ξ∥2 ≤ ∥G1/2ξ∥2 = 0, so one still has
〈
ξ,G1/2ATx

〉
=
〈
ξ, F 1/2x

〉
.

Therefore G1/2w = G1/2ATx = F 1/2x. This completes the proof.
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