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Abstract

Nowadays the extensive collection and analyzing of data is stimulating widespread
privacy concerns, and therefore is increasing tensions between the potential sources of
data and researchers. A privacy-friendly learning framework can help to ease the tensions,
and to free up more data for research. We propose a new algorithm, LESS (Learning with
Empirical feature-based Summary statistics from Semi-supervised data), which uses only
summary statistics instead of raw data for regression learning. The selection of empirical
features serves as a trade-off between prediction precision and the protection of privacy.
We show that LESS achieves the minimax optimal rate of convergence, in terms of the
size of the labeled sample. LESS extends naturally to the applications where data are
separately held by different sources. Compared with existing literature on distributed
learning, LESS removes the restriction of minimum sample size on single data sources.
Keywords: distributed learning, semi-supervised learning, empirical features, summary
statistics, privacy protection
Mathematics Subject Classification 2010: 68T05, 68Q32, 41A25

1 Introduction

Many reproducing kernel-based machine learning algorithms are designed without consider-
ing privacy issues. In particular, under the structural risk minimization scheme, as pointed
out by the representer theorem, the whole input part of training data, which may contain
private information, has to be shipped along with the predicted function. Privacy concern
would restrict the application of such algorithms. On the other hand, usually there are
unlabeled data available with the same marginal distribution as the training data. For ex-
ample, these unlabeled data could be produced by sampling from the estimated density, or
be obtained from public domain without privacy issues [38, 28]. In this paper, we study the
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methodology for masking the sensitive private information in training data, with the help of
unlabeled data.

Semi-supervised learning is a big class of machine learning problems where unlabeled
data are used in addition to the data points with labels, e.g., for classification or regression.
In recent years, unlabeled data are observed helpful for capturing the underlying manifold
structures of data distribution [12, 3], relaxing the requirement on single-source minimum
sample size in distributed learning [26, 16], and improving the convergence under weak reg-
ularity assumptions of the regression function [16]. In this paper, unlabeled data (possibly
also including the input part of the labeled data) are used to build empirical features first.
Then, we use the empirical features to construct summary statistics, based on which we in-
troduce a new algorithm, LESS (Learning with Empirical feature-based Summary statistics
from Semi-supervised data), of which the main advantages are summarized below.

• LESS achieves the minimax optimal convergence rate, in terms of the size of labeled
sample.

• With the help of unlabeled data, LESS has an automatic generalization to distributed
learning, where the restriction on single-source minimum sample size is completely
removed.

• The summary statistics we adopt provide a protocol for communicating data with
privacy. Unlike classical kernel-based algorithms, LESS collects only the summary
statistics, instead of the private raw data, for the centralized learning process.

Consider a regression learning problem with an input space X, which is a compact metric
space, and an output space Y ⊂ R. Let z = {(xi, yi)}mi=1 be a sample drawn independently
from (Z = X×Y, ρ), where ρ is an unknown Borel probability measure such that the marginal
distribution ρX on X is nondegenerate, i.e., ρX(A) > 0 for any measurable set A that has
an interior point. The target of the regression problem is to learn the regression function
fρ : X → R,

fρ(x) =

∫
Y
ydρ(y|x),

from the sample z, where ρ(y|x) is the conditional distribution of ρ at x.
There is a large literature of the kernel methods for machine learning. See [32, 31, 13,

1, 35, 25], and the reference therein. Let K : X × X → R be a Mercer kernel. That
is, K is a function which is symmetric, continuous, and positive, where positive means∑l

i,j=1 cicjK(ui, uj) ≥ 0 for any integer 1 ≤ l < ∞, any coefficients c1, . . . , cl ∈ R, and any
elements u1, . . . , ul ∈ X. Let (HK , ⟨·, ·⟩K , ∥·∥K) be the reproducing kernel Hilbert space
generated by K. The classical kernel-based regularized least squares algorithm is defined by

fz
λ = arg min

f∈HK

{
1

m

m∑
i=1

(f(xi)− yi)
2 + λ∥f∥2K

}
, (1)
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where λ > 0 is the regularization parameter. Kernel-based learning algorithms usually have
the flaws in privacy protection. For example, by the well-known representer theorem [35],
fz
λ in (1) takes the form

fz
λ =

m∑
i=1

ciKxi , (2)

where c1, . . . , cm ∈ R are the coefficients determined by (1), and for any x, u ∈ X, the
function Kx : X → R is defined by Kx(u) = K(x, u). It is easy to see that to ship fz

λ , the
unlabeled part x = {xi}mi=1 of the sample z must be shipped together. We put a discussion
in Section 3. In this paper, we try to solve this problem on privacy, by introducing the
empirical feature-based summary statistics.

We assume that there is another sample u = {ui}ni=1, drawn independently from ρX

without labels. For applications, the sample u may come from some openly accessible sources,
for example those with the privacy expired. Note that we do not assume independence
between u and x. In particular, a part, or even all of x could just be put into u. This
inclusion is sometimes useful, and is covered by our analysis.

Define Lu
K : HK → HK as an operator by

Lu
Kf =

1

n

n∑
i=1

f(ui)Kui , (3)

where |u| = n is the size of u. By the reproducing property [1, 14] that for any f ∈ HK and
u ∈ X, ⟨f,Ku⟩K = f(u), one has that for any f, g ∈ HK ,

⟨Lu
Kf, g⟩K =

1

n

n∑
i=1

f(ui)g(ui) = ⟨f, Lu
Kg⟩K .

In particular, ⟨Lu
Kf, f⟩K = 1

n

∑n
i=1 f(ui)

2 ≥ 0. So Lu
K is a positive semi-definite operator

with rank (i.e., the dimension of its image) at most n. Therefore, we can write {(λu
i , ϕ

u
i )}i

as the eigensystem of Lu
K with λu

1 ≥ λu
2 ≥ . . . ≥ λu

n ≥ 0 = λu
n+1 = . . .. The zero eigenvalues

are counted purposely to make {ϕu
i }i an orthonormal basis of HK . Similarly, we define Lx

K

and {(λx
i , ϕ

x
i )}i for the input part x of the sample z by substituting u with x, and n with

m = |x| in (3).
Algorithm LESS. The sample dependent functions ϕu

i ’s are referred to as empirical
features (so are ϕx

i ’s). These functions are studied in literature [17, 39, 40] as powerful tools
for regression, classification, and nonlinear dimension reduction. Let 1 ≤ N ≤ n be an
integer. Consider the summary statistic d = (d1, . . . , dN )T , defined by

di =

⟨
ϕu
i ,

1

m

m∑
j=1

yjKxj

⟩
K

, 1 ≤ i ≤ N. (4)

The superscripts u and z of d and di’s are dropped to avoid heavy notation. The summary
statistic d is then used to build the output function of LESS,

fu,z
λ = (Lu

K + λI)−1
N∑
i=1

diϕ
u
i =

N∑
i=1

di
λu
i + λ

ϕu
i , (5)
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where λ > 0 is the regularization parameter, and in this paper, I denotes the identity
operator, with its domain inferred from the context. Here, recall that ϕu

i is an eigenfunction
of Lu

K , Lu
Kϕu

i = λu
i ϕ

u
i . We have (Lu

K + λI)−1ϕu
i = 1

λu
i +λϕ

u
i .

We see that by the introduction of the empirical features ϕu
i ’s, the training sample z

is encoded into d, instead of directly shipped along the predicted function fu,z
λ . From the

statistic d, it is even not trivial to recover the sample size m! Of course, a safer design could
be achieved by adding noise to d, which we leave as future work.

LESS for distributed learning. The summary statistics d provides an automatic and
unified way for distributed learning. In fact, suppose that instead of (4), the sample z is
stored separately in ℓ sources z = z1 ∪ z2 ∪ . . . ∪ zℓ without overlapping, then one defines
dJ = (dJ1 , . . . , d

J
N )T by

dJi =

⟨
ϕu
i ,

1

|zJ |
∑

(x,y)∈zJ

yKx

⟩
K

, 1 ≤ J ≤ ℓ, 1 ≤ i ≤ N. (6)

Again, one may centralize the summary statistics dJ ’s without directly collecting the private
data sets zJ ’s. More importantly, the weighted average of dJ ’s is exactly d,

d =

ℓ∑
J=1

|zJ |
|z|

dJ . (7)

So, without any configuration, LESS can be directly applied to distributed learning problems,
where data are separately held by different sources as privacy. From (7), we see that the
sizes of different data subsets have no effect on the learning process (5). In another way of
saying, our analysis on LESS applies automatically to this distributed design (6).

The rest of the paper is organized as follows. We first give our main results in Section 2.
Comparisons and discussions, as well as the details of implementations are put in Section 3.
Proofs are placed in Section 4.

2 Main Results

In this section, we formulate the main assumptions and our main results.
Write (L2

ρX
, ∥·∥ρ) the Hilbert space of square-integrable functions on X with respect to

the measure ρX . Define LK : L2
ρX

→ L2
ρX

by

f 7→
∫
X
f(x)KxdρX(x).

Since K is continuous and X is compact, LK is compact. It is easy to verify that LK is posi-
tive semi-definite. Furthermore, LK is of trace class (hence Hilbert-Schmidt), and since ρX is
nondegenerate, ∥L1/2

K f∥K = ∥f∥ρ for any f ∈ L2
ρX

. Denote κ = max{1, supx∈X
√

K(x, x)}.
We have Trace(LK) ≤ κ2. See [13, 14] for detailed proofs. So we write

λ1 ≥ λ2 ≥ . . . ≥ 0,
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as all the eigenvalues of LK , and ϕ1, ϕ2, . . . the corresponding eigenfunctions, normalized in
HK . For λ > 0, write

N (λ) = Trace(LK(LK + λI)−1)

the effective dimension of LK [37, 8, 7]. The following assumption (A1) characterizes the
capacity of the hypothesis space HK , and is widely adopted in learning theory literature
[26, 25, 6].

(A1) There exist some constants 0 < C1 < ∞ and 0 < s ≤ 1 such that N (λ) ≤ C1λ
−s for

any 0 < λ < ∞.

The following assumption (A2) characterizes the regularity of the regression function.

(A2) There exists some gρ ∈ L2
ρX

and 1/2 ≤ r ≤ 1 such that fρ = Lr
Kgρ.

Note that Assumption (A2) implies fρ ∈ HK .

(A3)
∫
Z y2dρ(x, y) < ∞, and that there exist two constants 0 < σ,M < ∞, such that∫

Y

(
exp

{
|y − fρ(x)|

M

}
− |y − fρ(x)|

M
− 1

)
dρ(y|x) ≤ σ2

2M2
,

for ρX-almost all x ∈ X.

In particular, (A3) holds with σ =
√
2(e2 − 3)M , when |y| ≤ M almost surely. For more

discussions on (A3), see [26, 2, 8].
From the design (4) and (5), we see that intuitively, one needs sufficient coordinates for d

to guarantee the convergence. In particular, we characterize the requirement by the following
assumption (A4).

(A4) N is large enough (meaning that enough empirical features are used), so that λN+1 ≤
κ2λ.

Theorem 2.1. Assume (A1), (A2), (A3), and n ≥ m. For any 0 < δ < 1, one has with
confidence at least 1− δ that

∥∥fu,z
λ − fρ

∥∥
ρ
≤

(
2B2

n,λ

λ
+ 2

)(
M + σ

κ
+ ∥fρ∥K + ∥gρ∥ρ

)
Bm,λ log

3 10

δ

+

(
2B2

n,λ

λ
+ 2

)r (
λ+

4κ2√
n
+ λN+1

)r

∥gρ∥ρ log
3r 10

δ
+ ∥gρ∥ρ λ

r,

where

Bn,λ =
2κ2

n
√
λ
+ 2κ

√
N (λ)

n
, (8)

and Bm,λ is similarly defined by substituting n with m.
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We cite from [16, Lemma B.1] the following lemma, which is standard, and the proof can
also be found in [25] and [19, Lemma 11].

Lemma 2.2. Let R be a nonnegative random variable. Let α, β, γ > 0. If for any 0 < δ < 1,
one has with confidence at least 1− δ that R ≤ α logγ β

δ , then for any µ > 0,

(E[Rµ])1/µ ≤ α [βΓ(µγ + 1)]1/µ ,

where Γ(t) =
∫∞
0 e−uut−1du is the Gamma function.

Corollary 2.3. Assume (A1), (A2), (A3), (A4), and n ≥ max{m,m
2

2r+s }. Let λ = m− 1
2r+s .

For any 0 < δ < 1, one has with confidence at least 1− δ that∥∥fu,z
λ − fρ

∥∥
ρ
≤ C2m

− r
2r+s log3

10

δ
, (9)

where C2 is a constant independent of m, n, or δ, and it is given at the end of the proof.
Moreover, for any µ > 0, Lemma 2.2 gives[

E(
∥∥fu,z

λ − fρ
∥∥µ
ρ
)
]1/µ

≤ C2 [10Γ(3µ+ 1)]1/µm− r
2r+s . (10)

Remark 2.4. Recall that 1 ≤ N ≤ n. With the assumption n ≥ max{m,m
2

2r+s } and the
setting λ = m− 1

2r+s , it is always possible to find some N ≤ n that satisfies Assumption (A4).
In fact, since the eigenvalues λ1 ≥ λ2 ≥ . . . of LK are arranged in non-increasing order,
λn ≤ 1

nTrace(LK) ≤ κ2

n ≤ κ2m− 1
2r+s = κ2λ.

Remark 2.5. It is well understood [8, 33, 2] that when 1/2 ≤ r ≤ 1, the minimax optimal
learning rate for learning algorithms that have only the access to z and with output functions
in HK , is O(m− r

2r+s ). The bounds (9) and (10) in Corollary 2.3 match this rate.

3 Discussions and Comparisons

3.1 Details for the implementations

Recall m = |x|. Define the sampling operator Sx : HK → Rm,

f 7→ (f(xi))
m
i=1 .

It is straightforward to see that the adjoint operator ST
x : Rm → HK is defined by

(ci)
m
i=1 7→

m∑
i=1

ciKxi .

Let K be the Gram matrix of the Mercer kernel K on x, K = (K(xi, xj))
m
i,j=1. Then,

1

m
K =

1

m
SxS

T
x , Lx

K =
1

m
ST
x Sx. (11)
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So the eigenvalues of 1
mK, counting multiplicity, are λx

1 , . . . , λ
x
m, which are the first m eigen-

values of Lx
K . Since K is positive semi-definite, we have the following eigen-decomposition

1

m
K = UΛUT , Λ = diag{λx

1 , . . . , λ
x
m},

where U = [U1, . . . , Um] is an orthogonal matrix. Some simple linear algebra shows that
if λx

i = 0, then ⟨ϕx
i , L

x
Kϕx

i ⟩K = 0, so Sxϕ
x
i = 0, which means ϕx

i is perpendicular to the
linear space spanned by {Kx : x ∈ x}. In this case we do not have a representation of
ϕx
i with {Kx : x ∈ x}. When λx

i > 0, from ST
xUi = 1

λx
i
ST
x (

1
mKUi) = 1

λx
i
Lx
K(ST

xUi), and∥∥ST
xUi

∥∥2
K

= m
⟨
Ui,

1
mKUi

⟩
Rm = mλx

i , we can take

ϕx
i =

1√
mλx

i

ST
xUi, Ui =

1√
mλx

i

Sxϕ
x
i .

For two samples x and u with sizes m and n respectively, denote Ku,x the n×m matrix
of which the (i, j) entry is K(ui, xj). Then Ku,x = KT

x,u, and SuS
T
x = Ku,x. The Gram

matrix Ku,u of size n × n is similarly defined with the sample u. The summary statistic d

could be computed through

di =

⟨
ϕu
i ,

1

m

m∑
j=1

yjKxj

⟩
K

=

⟨
1√
nλu

i

ST
uVi,

1

m
ST
x y

⟩
K

=
1

m
√
nλu

i

⟨Vi,Ku,xy⟩Rn ,

where V = [V1, . . . , Vn] is the orthogonal matrix defined by the eigen-decomposition 1
nKu,u =

V diag{λu
1 , . . . , λ

u
n}V T .

3.2 Motivating applications

This paper is inspired by two recent works [38, 28] in statistics. Consider the linear regression
model y = Xβ + ε, and its least squares solution β̂ = (XTX)−1XT y. Roughly speaking, the
basic idea in [38, 28] is only to collect the summary statistic XT y as a whole, and use a
new estimator β̂′ = (X̃T X̃)−1XT y to replace β̂. Here X̃ is the coefficient matrix made by
openly accessible and unlabeled data without privacy issues. Real applications with data of
both X and X̃ are studied in the works. The relation between the predicted function fz

λ of
regularized least squares, and the predicted function fu,z

λ of LESS is similar to that between
β̂ and β̂′. In fact, for any f, g, h ∈ HK , define f ⊗ g as an operator by (f ⊗ g)h = ⟨g, h⟩K f .
Define PN : HK → HK as the orthogonal projection onto the subspace spanned by {ϕu

i }Ni=1.
That is, PN =

∑N
i=1 ϕ

u
i ⊗ ϕu

i . It is well known [31] that fz
λ = (Lx

K + λI)−1 1
mST

x y, and we
can write fu,z

λ by replacing Lx
K by Lu

K , and inserting the projection PN as a protocol,

fu,z
λ = (Lu

K + λI)−1 PN
1

m
ST
x y.

LESS can be used as a privacy-friendly substitute for regularized least squares (1). The
solution fz

λ in (2) of Problem (1) is a linear combination of kernel functions on the sample.
To compute fz

λ , the sample z must be collected from the holder of data. To ship fz
λ to the
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users, at least the input part x should explicitly be shipped, and the labels yi’s could thus be
estimated via yi ≈ fz

λ(xi). Although when the input space X is an Euclidean domain with
low dimension, one may ship fz

λ in terms of its local approximations with splines or wavelets,
such approximation could be difficult when the dimension of X is high. LESS solves this
problem by collecting only the summary statistic d and shipping the predicted function fu,z

λ

in terms of the linear combination of ϕu
i ’s, which is eventually the linear combination of

Kui ’s, with ui ∈ u free of privacy issues.
The dimension N of the summary statistic d balances the protection of privacy, and the

least squares error of the predicted function fu,z
λ . As suggested by Assumption (A4) and

Corollary 2.3, if N is large enough such that λN+1 ≤ κ2λ, d contains sufficient information
that supports the optimal learning rate. In many applications the eigenvalues of LK decay
quickly and we do not need a large N to achieve (A4). For example, if X is an Euclidean
domain and K is Sobolev smooth, then λi’s decay polynomially [30]. If K is analytic, such
as the widely used Gaussian kernel, then λi’s decay exponentially [27]. From the proof of
Theorem 2.1 and Corollary 2.3, we see that empirically, Assumption (A4) can be replaced by
λu
N+1 ≤ κ2λ without affecting the error estimate. A better privacy protection can be achieved

by adding noise to d (or to dj ’s under the distributed setting). We leave the quantitative
analysis of this approach as future work.

For the case the sample z is held separately by ℓ different sources z = ∪ℓ
i=1zi, there are

recent works [10, 26, 16] that study the method of inflating each sub-sample zi with a separate
unlabeled sample. The inflation is done as follows. Suppose u is an unlabeled sample divided
into ℓ subsets u = ∪ℓ

i=1ui. For each i, all the sample points in ui are equipped with a fake
label 0, and all the labels in zi are scaled by the factor (|zi|+|ui|)/|zi| to compensate for these
fake labels. Then zi and ui are mixed as a sample to yield an output function fui∪zi

λ from
regularized least squares. The overall output function f̄z

λ is the weighted average of fui∪zi
λ ’s.

By this operation, [26] proved (with the assumptions |z1| = . . . = |zℓ| and |u1| = . . . = |uℓ|)
that when

ℓ ≤ 1

log5m+ 1
min

{
(n+m)1/2m− s+1

4r+2s , (n+m)1/3m
2r+s−2
6r+3s

}
, (12)

the output function f̄z
λ still achieves the minimax optimal learning rate.

Compared with the inflation method studied in [10, 26, 16], LESS provides a way better
solution to the learning problems with multiple sources of data. First, although for the
scenarios where it is not allowed to bring together the training data from different sources,
the distributed-learning setting solves the training problem, one still has to ship out the new
instances (to different sources of training data) for prediction. Usually, these instances also
contain private information, and it is not appropriate to circulate them around. Second, in
the worst case scenario, when the sample size of each subset zi is O(1), and without loss of
generality we use ℓ = m, then (12) implies (recall 0 < s ≤ 1)

n ≳ m2+ 2
2r+s , (13)
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where n ≳ f(m) means there exists some positive constant 0 < C < ∞ such that n = n(m) ≥
Cf(m) for any positive integer m. Note that in Corollary 2.3, the functional relation n(m)

is implicitly given by the lower bound n ≥ max{m,m
2

2r+s }. The restriction (13) requires
much more unlabeled sample points than LESS does

n ≥ max{m,m
2

2r+s }, (14)

in Corollary 2.3. Third, when (13) is satisfied, in each single computing node (located at the
corresponding data source), according to the analysis in [26], the regularized least squares
algorithm would process an inflated sample of size

n

m
≳ m1+ 2

2r+s . (15)

While for LESS, since the computation is centralized, we do not need significant computation
provided by the data sources, and the sample size to be processed by the central computing
node for LESS could be reduced, as suggested by (14), to

O
(
max

{
m,m

2
2r+s

})
,

which is even much smaller than (15).
Chaudhuri et al. [11] studied an algorithm that uses random features (instead of the

empirical features we use) for learning. Noise is added to the coefficients of the random
features to achieve differential privacy. Because of the adoption of random features, this
algorithm in [11] works only with translation invariant kernels.

4 Proof of the Main Theorem

We cite the following lemma from [6, Lemma E.4] and [4, Theorem IX.2.1].

Lemma 4.1. Let A and B be positive definite operators on a separable Hilbert space H.
Write ∥·∥op(H) the operator norm of H. Then for any 0 ≤ s ≤ 1, we have

∥AsBs∥op(H) ≤ ∥AB∥sop(H). (16)

Write fλ = (LK + λI)−1LKfρ. One has λfλ = LK(fρ − fλ). Write ∥·∥op the operator
norm of all the bounded operators on HK .

Lemma 4.2. We have the following error bound∥∥fu,z
λ − PNfλ

∥∥
ρ
≤ Ωu,λ

(
Rz

λ + ∥fρ∥K Wx
λ + ∥gρ∥ρW

u
λ

)
, (17)

where

Ωu,λ : =
∥∥(Lu

K + λI)−1(LK + λI)
∥∥
op

, (18)

Rz
λ : =

∥∥∥∥(LK + λI)−1/2

(
1

m
ST
x y − Lx

Kfρ

)∥∥∥∥
K

, (19)

Wu
λ : =

∥∥∥(LK + λI)−1/2(LK − Lu
K)
∥∥∥
op

, (20)

and Wx
λ is defined in the same way as (20) by substituting u with x.
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Proof. Since span{ϕu
i }Ni=1 is an invariant subspace of Lu

K , PN and Lu
K commute. We have

∥∥fu,z
λ − PNfλ

∥∥
ρ
=

∥∥∥∥L1/2
K (Lu

K + λI)−1PN
1

m
ST
x y − L

1/2
K PNfλ

∥∥∥∥
K

=

∥∥∥∥L1/2
K (Lu

K + λI)−1/2PN (Lu
K + λI)−1/2

(
1

m
ST
x y − (Lu

K + λI)fλ

)∥∥∥∥
K

=
∥∥∥L1/2

K (Lu
K + λI)−1/2

∥∥∥
op

∥PN∥op
∥∥∥(Lu

K + λI)−1/2(LK + λI)1/2
∥∥∥
op

×
∥∥∥∥(LK + λI)−1/2

(
1

m
ST
x y − (Lu

K + λI)fλ

)∥∥∥∥
K

. (21)

The right-hand side of (21) is the product of four norms. Below we bound them one by one.
First, obviously ∥PN∥op ≤ 1. Since LK is positive semi-definite, for any f ∈ HK ,

⟨f, LKf⟩K ≤ ⟨f, (LK + λI)f⟩K .

Therefore we apply Lemma 4.1 to bound the first and the third factor of the right-hand side
of (21) by Ω

1/2
u,λ.∥∥∥L1/2
K (Lu

K + λI)−1/2
∥∥∥
op

=
∥∥∥(Lu

K + λI)−1/2LK(Lu
K + λI)−1/2

∥∥∥1/2
op

≤
∥∥∥(Lu

K + λI)−1/2(LK + λI)(Lu
K + λI)−1/2

∥∥∥1/2
op

=
∥∥∥(Lu

K + λI)−1/2(LK + λI)1/2
∥∥∥
op

≤ Ω
1/2
u,λ. (22)

Since r ≥ 1/2, we cite from [31] the bound that ∥fλ∥K ≤ ∥gρ∥ρ. For the last factor of
the right-hand side of (21), consider the following decomposition

1

m
ST
x y − (λI + Lu

K)fλ =

(
1

m
ST
x y − Lx

Kfρ

)
+ (Lx

K − LK) fρ + (LK − Lu
K) fλ,

which leads to the bound Rz
λ + ∥fρ∥K Wx

λ + ∥gρ∥ρW
u
λ of the fourth term of the right-hand

side of (21), and thus completes the proof.

Lemma 4.3. Let 1/2 ≤ r ≤ 1 and λ > 0. We have

∥PNfλ − fλ∥ρ ≤ Ωr
u,λ(λ

u
N+1 + λ)r∥gρ∥ρ. (23)

Proof. Recall that PN and Lu
K commute. In particular,

(I − PN )(Lu
K + λI)r =

 ∑
i≥N+1

ϕu
i ⊗ ϕu

i

∑
j≥1

(λu
j + λ)rϕu

j ⊗ ϕu
j


=
∑

j≥N+1

(λu
j + λ)rϕu

j ⊗ ϕu
j ,
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so ∥(I − PN )(Lu
K + λ)r∥op = (λu

N+1 + λ)r. By Lemma 4.1 and Inequality (22), we have

∥PNfλ − fλ∥ρ

=

∥∥∥∥L1/2
K (I − PN )L

1
2
+r

K (LK + λI)−1L
1/2
K gρ

∥∥∥∥
K

=
∥∥∥L1/2

K (Lu
K + λI)−1/2

∥∥∥
op

∥∥∥(Lu
K + λI)1/2(I − PN )(Lu

K + λI)r−
1
2

∥∥∥
op

×
∥∥∥(Lu

K + λI)−(r− 1
2
)(LK + λI)r−

1
2

∥∥∥
op

∥∥∥∥Lr+ 1
2

K (LK + λI)−(r+ 1
2
)

∥∥∥∥
op

∥gρ∥ρ

≤Ωr
u,λ(λ

u
N+1 + λ)r ∥gρ∥ρ .

The proof is complete.
The following lemma is from [18, Proposition 1]. It is a powerful tool recently developed

[25, 18] for the analysis of kernel-based regularized least squares and some related algorithms.

Lemma 4.4. Let λ > 0 and 0 < δ < 1. One has with confidence at least 1− δ that

Ωu,λ ≤ 2

λ
B2
n,λ log

2 2

δ
+ 2. (24)

Denote HS(HK) the Hilbert space of all the Hilbert-Schmidt operators on HK . Write
∥·∥HS the norm of HS(HK). In the following lemma, Item 1 is the well-known Hoffman-
Wielandt inequality [20, 23, 24, 5], and Item 2 is a standard corollary of Pinelis’ vector-valued
concentration inequality [29]. Detailed proof of Item 2 is available in [36, Proposition 5.3].
See also [22, 2, 8, 9, 15, 21, 25, 31, 36, 24, 34, 39].

Lemma 4.5. 1. We have
∞∑
i=1

(λi − λx
i )

2 ≤ ∥LK − Lx
K∥2HS. (25)

2. For 0 < δ < 1, we have with confidence at least 1− δ that

∥LK − Lx
K∥HS ≤ 4κ2√

m
log

2

δ
. (26)

For the following Lemma 4.6, the proof of (27) is available in [8]. The proof of (28) is
available in [25, Lemma 17]. The bound (29) follows directly from Lemma 4.5 by substituting
x with u, and m = |x| with n = |u|.

Lemma 4.6. Let 0 < δ < 1. Each of the following bounds holds with confidence at least
1− δ.

Rz
λ ≤ M + σ

κ
Bm,λ log

2

δ
, (27)

Wu
λ ≤ Bn,λ log

2

δ
, and (28)

λu
i ≤ λi +

4κ2√
n
log

2

δ
, for all i = 1, 2, · · · . (29)

11



Proof of Theorem 2.1. Recall that 1/2 ≤ r ≤ 1. By Lemma 4.2 and Lemma 4.3,∥∥fu,z
λ − fρ

∥∥
ρ
≤
∥∥fu,z

λ − PNfλ
∥∥
ρ
+ ∥PNfλ − fλ∥ρ + ∥fλ − fρ∥ρ

≤ Ωu,λ(R
z
λ + ∥fρ∥K Wx

λ + ∥gρ∥ρW
u
λ )

+ Ωr
u,λ(λ

u
N+1 + λ)r ∥gρ∥ρ + λr ∥gρ∥ρ , (30)

where we have used the estimate ∥fλ − fρ∥ρ ≤ λr ∥gρ∥ρ (see [31]). Let 0 < δ < 1
5 , then

log 2
δ > log 10 > 1. From Lemma 4.4 and Lemma 4.6, we have with confidence at least 1− δ

that (24), (27), (28) (for both Wu
λ and Wx

λ respectively), and (29) hold true simultaneously.
Now we assume these five inequalities. Then

Rz
λ + ∥fρ∥K Wx

λ + ∥gρ∥ρW
u
λ ≤

(
M + σ

κ
+ ∥fρ∥K + ∥gρ∥ρ

)
Bm,λ log

2

δ
.

We combine the argument above and (29) to continue the bound (30).

∥∥fu,z
λ − fρ

∥∥
ρ
≤

(
2B2

n,λ

λ
+ 2

)(
M + σ

κ
+ ∥fρ∥K + ∥gρ∥ρ

)
Bm,λ log

3 2

δ

+

(
2B2

n,λ

λ
+ 2

)r (
λ+

4κ2√
n
+ λN+1

)r

∥gρ∥ρ log
3r 2

δ
+ ∥gρ∥ρ λ

r,

The proof is completed by scaling δ to δ/5.

Proof of Corollary 2.3. Recall that 1/2 ≤ r ≤ 1, n ≥ m, and 0 < s ≤ 1. With the assump-
tion N (λ) ≤ C1λ

−s and the setting λ = m− 1
2r+s , (8) implies

Bn,λ ≤ Bm,λ ≤ 2κ2

m
m

1/2
2r+s + 2κ

√
C1

m
m

s
2r+s ≤ 2κ(κ+

√
C1)m

− r
2r+s , (31)

so

B2
n,λ

λ
≤ 4κ2(κ+

√
C1)

2m− 2r−1
2r+s ≤ 4κ2(κ+

√
C1)

2. (32)

Recall the assumptions λN+1 ≤ κ2λ and n ≥ m
2

2r+s . Therefore 1√
n
≤ m− 1

2r+s = λ and

4κ2√
n
+ λN+1 ≤ 5κ2λ.

12



So, Theorem 2.1 implies that

∥∥fu,z
λ − fρ

∥∥
ρ
≤

(
2B2

n,λ

λ
+ 2

)(
M + σ

κ
+ ∥fρ∥K + ∥gρ∥ρ

)
Bm,λ log

3 10

δ

+

(
2B2

n,λ

λ
+ 2

)r (
λ+

4κ2√
n
+ λN+1

)r

∥gρ∥ρ log
3r 10

δ
+ ∥gρ∥ρ λ

r

≤(8κ2(κ+
√

C1)
2 + 2)(2κ(κ+

√
C1))

×
(
M + σ

κ
+ ∥fρ∥K + ∥gρ∥ρ

)
m− r

2r+s log3
10

δ

+ (8κ2(κ+
√
C1)

2 + 2)r(1 + 5κ2)r ∥gρ∥ρm
− r

2r+s log3r
10

δ
+ ∥gρ∥ρm

− r
2r+s

≤C2m
− r

2r+s log3
10

δ
,

where C2 = (8κ2(κ+
√
C1)

2+2)(2κ(κ+
√
C1))

(
M+σ
κ + ∥fρ∥K + ∥gρ∥ρ

)
+(8κ2(κ+

√
C1)

2+

2)r(1 + 5κ2)r ∥gρ∥ρ + ∥gρ∥ρ.
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