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Introduction: Stochastic Fluid Model

Definition of a SFM

Let {((t), X(t)),t > 0} be a process such that:

@ {,(t),t> 0} is an irreducible CTMC with a (finite) set of
phases S and generator T

@ {o(t),t > 0} is the driving process
@ Level X(t) records some performance measure

@ When ¢(t) = i, the rate at which X(t) is changing is ¢;



Introduction: Stochastic Fluid Model

SFM with boundaries 0 and B

Buffer X

©(t) - phase, X(t) - level



Introduction: Stochastic Fluid Model

Definition of a bounded SFM

Let {(¢(t), X(t)),t > 0} be a process such that:

@ {y(t),t > 0} is an irreducible CTMC with a (finite) set of
phases S and generator T

When ¢(t) = i then
@ X(t)=0,c<0= dX(t)/dt =0
@ X(t)=B, ¢ >0= dX(t)/dt=0

@ Otherwise, dX(t)/dt = ¢;



Introduction: Stochastic Fluid Model

Some Notation

@ S1={ieS:c>0}
@ S,={ieS:c<0}
@ So={ieS:c=0}

@ Cy =diag(c) forall i € S4
@ C, = diag(|ci|) forall i € S>

@ Tyy =[Tj]forallic Sy,j €Sy
@ Tip=[Tj]forallic Sy,jesSe
@ Tyo=[Tj]forallic Sy,jeSy
@ etc
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Introduction: Stochastic Fluid Model

Fluid generator Q(s) (Bean, O’Reilly, and Taylor 2005)

Assume Re(s) > 0

Qi1(s) = C'[(Ty1 —sl) — T1o(Too — sI) ™' Toq]
Qx(s) = C,'[(Taz — sl) — Tao(Too — sl) ™" Toz]
Qi2(s) = C;'[Tiz— Tio(Too — s1) ' Tog]
Q2i(s) = C,'[Tar — Tao(Too — s1) ' Tos]
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Introduction: Stochastic Fluid Model

In-Out Fluid
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Figure: Startin (i,0), end in (j, y) at time A(y)
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Introduction: Stochastic Fluid Model

Corresponding Laplace-Stieltjes Transform (LST)

Y1) = [}_o|Co(uyldu
A(y) =int{t>0:|Y(t) = y}

Definition
Let AY(s) = [AY(s);] be such that for all i, j € Sy U Sz

AV (s)j = E(e79D) : (8(y)) = jlo(0) = i, Y(t) = 0)

Ay(s) — eQ(s)y
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Introduction: Stochastic Fluid Model

Return to Level Zero

fluid level

time |

Figure: Start in (i,0), end in (j,0) at time 6(0)
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Introduction: Stochastic Fluid Model

Matrix W(s) (Bean, O’'Reilly, and Taylor 2005)

Let 6(0) = inf{t > 0 : X(t) = 0}

Definition
For s with Re(s) > 0, i with ¢; > 0, j with ¢; < 0, let

V(s)j = E(0(0) < 00,0(0) = i|p(0) = i, X(0) = 0)

For s > 0, W(s) is the minimum nonnegative solution of

Qi2(S) + Qy1(S)W(S) + W(S)Qa(S) + W(S)Qa(S)W(s) =0
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Introduction: Stochastic Fluid Model

G*Y(s) - Draining with a Taboo
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Introduction: Stochastic Fluid Model

H*Y(s) - Filling in with a Taboo
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Introduction: Stochastic Fluid Model

Draining and Filling - with taboo

Fori,je SiUS, 0<x<y

[G*(8)]j = Ele™*"® - 6(0) < 0(y), 2(6(0)) = j | Y(0) = X, (0) = ]

[A*Y(s)]; = E[e~%Y) - 0(y) < 6(0), 0(6(y)) = j | Y(0) = X, 2(0) = i]
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Introduction: Stochastic Fluid Model

G*Y(s) and H*Y(s) (Bean, O'Reilly, and Taylor 2005)

v [0 &4
= = [0 G%i(s)]‘[
oo [RG(s) 0]
e = B o=

0 lll(s)e(sz(S)-i-Qgg(s)\U(s))x
0 e(sz(S)-l-Qgg(s)\U(s))x

6(011(S)+Q12(S)E(S))X 0
(3)6(011(S)+Q12(S)E(s))x 0

|

|
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Introduction: Stochastic Fluid Model

Using
@ the above building blocks (Q(s), W(s), G*Y(s) and
H*Y(s)),
@ and arguments based on appropriate partitioning of
sample paths,

the (transient and stationary) analysis of (different classes of)
SFMs follows.

We use these building blocks in the analysis of the multi-stage
SFMs with congestion control, which is discussed below.
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Multi-stage SFMs with congestion control
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@ Multi-stage SFMs with congestion control
@ Two-stage SFMs
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Two-stage SFM (with lower boundary 0)

Multi-stage SFMs with congestion control

@ Thresholds by, b, 0 < by < b», for controlling congestion.

@ The process starts from Stage 1 in level 0
@ Stage 1 — Stage 2 when reaching b, from below
@ Stage 2 — Stage 1 when reaching by from above

@ Matrices P(?2), P(%1) record the probabilities of these
transitions

While in Stage ¢ € {1, 2},
@ the process evolves according to a traditional SFM with a
set of phases S*, generator T* and fluid rates ¢!
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Mutli-stage SFMs

This class of models contains a model introduced by Malhotra,
Mandjes, Scheinhardt and van den Berg (2009).

Generalizations here:

@ Any real fluid change rates c,.(é) (including zero), where
ieS® and ¢ =1,2is the current stage.

24/57



Two-stage SFMs
Transient Analysis
Stationary Analysis
Additional measures
Multi-stage SFMs

Multi-stage SFMs with congestion control

Mutli-stage SFMs

This class of models contains a model introduced by Malhotra,
Mandjes, Scheinhardt and van den Berg (2009).
Generalizations here:

@ Any real fluid change rates c,.(é) (including zero), where
ieS® and ¢ =1,2is the current stage.

@ The transition between the stages may involve not only the
change in T, but also in SO,
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Multi-stage SFMs with congestion control

Mutli-stage SFMs

This class of models contains a model introduced by Malhotra,
Mandjes, Scheinhardt and van den Berg (2009).

Generalizations here:

@ Any real fluid change rates c,.(é) (including zero), where
ieS® and ¢ =1,2is the current stage.

@ The transition between the stages may involve not only the
change in T, but also in SO,

@ The change in c,-“) at the moment of the transition between

the stages allows all possible types of changes of sign
(from + or — to +, — or 0).
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Multi-stage SFMs with congestion control

Mutli-stage SFMs

This class of models contains a model introduced by Malhotra,
Mandjes, Scheinhardt and van den Berg (2009).

Generalizations here:

@ Any real fluid change rates c,.(é) (including zero), where
ieS® and ¢ =1,2is the current stage.

@ The transition between the stages may involve not only the
change in T, but also in SO,

@ The change in c,-“) at the moment of the transition between

the stages allows all possible types of changes of sign
(from + or — to +, — or 0).

@ We treat the model with an upper boundary B > bo.
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Multi-stage SFMs with congestion control

Mutli-stage SFMs

This class of models contains a model introduced by Malhotra,
Mandjes, Scheinhardt and van den Berg (2009).

Generalizations here:
@ Any real fluid change rates c,.(é) (including zero), where
ieS® and ¢ =1,2is the current stage.
@ The transition between the stages may involve not only the
change in T, but also in SO,

@ The change in c,-“) at the moment of the transition between

the stages allows all possible types of changes of sign
(from + or — to +, — or 0).

@ We treat the model with an upper boundary B > bo.
@ We consider a generalization to multi-stage SFMs.
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Multi-stage SFMs with congestion control

Mutli-stage SFMs

Methodology:

@ The analysis in Malhotra, Mandjes, Scheinhardt and van
den Berg (2003) was based on solving appropriate
balance equations using a spectral expansion.
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Mutli-stage SFMs

Methodology:

@ The analysis in Malhotra, Mandjes, Scheinhardt and van
den Berg (2003) was based on solving appropriate
balance equations using a spectral expansion.

@ Here, we use the building blocks discussed earlier, and
matrix-analytic methods.
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Mutli-stage SFMs

Methodology:

@ The analysis in Malhotra, Mandjes, Scheinhardt and van
den Berg (2003) was based on solving appropriate
balance equations using a spectral expansion.

@ Here, we use the building blocks discussed earlier, and
matrix-analytic methods.

Model with no upper boundary is discussed below. The
analysis for the bounded model is similar.
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Outline

@ Multi-stage SFMs with congestion control

@ Transient Analysis
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LSTs of the times spent at the boundaries

Multi-stage SFMs with congestion control

_ 1o
P$b1?)(s) = Pg%) ngz)(d _ Tg)O)) 1Té1)
pL2 be 2)\—17(2
sz )(S) = sz ) pg%)(sl _ Tg)O)) 1T(()2)
p(b < b b 1)y —1(1
PY(s) = P+ PSR (sl - TE) 1T

5 (b b b 1)\ 11
PR(s) = PR+ PR (sl - TH) ')

and
1 (1) T4
_ o ™ T T
PI(s) = [1 0] B | S &
T02 TOO TO1
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LST of the times spent between the boundaries

Multi-stage SFMs with congestion control

Lb2b1 (s) (ﬁsgz)(s) + ﬁgﬁz)(s)ww)(s)) G(222):(b2—b1 )(S)
Epb, = —d/dsLp,p, (S)ls=0

b2 |y or/\ then (O
] 7 A/ \
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LST of the times spent between the boundaries

Multi-stage SFMs with congestion control

Lb1 bz(s) — |5(221)(S)H(211)?(b1 7b2)(s) + p(21171 )(S)Hﬂ)?(m ’bZ)(S)
Epb, = —d/dsLlpb,(8)ls=0
b2

b1 Y /Ofﬁ\ /
it
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LST of the times spent between the boundaries

Multi-stage SFMs with congestion control

Co(®) = Loin(s) + (P (9602 (5) + B0 2)(s)
_ . 1 )
% (| _ P(Z(P(S)Gg;)’(o’bZ)(S» Hg11),(0,b2)(s)
Eoip, = —d/ds Loy (8)ls=o

b1 ? 7\
\
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Multi-stage SFMs with congestion control

Busy Period

b2 .,

b1ﬂ [ | ~or

Or v W J

AT
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Multi-stage SFMs with congestion control

LST of the Busy Period

We have

W(s) = Gg12);(0,b2)(s)
; =i
+H O ()L b, (8) (I~ Liyby (S)Liytr (S))

x {PR)(s)G5 ") (s) + P ()G ) (s) |

38/57



Two-stage SFMs
Transient Analysis
Stationary Analysis
Additional measures
Multi-stage SFMs

Multi-stage SFMs with congestion control

Outline

@ Multi-stage SFMs with congestion control

@ Stationary Analysis
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Stationary Analysis: Existence

Multi-stage SFMs with congestion control

The stationary distribution of the two-stage SFM exists when

the drift
u® = Z o2
ies@
corresponding to the SFM in Stage 2, is strictly negative.
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

1. Derive the stationary distribution vector
E=1[¢0 gb) ¢®) ] of a DTMC observed at the
moments when hitting level 0 (from above), or by from
above while in Stage 2, or b, from below

b2

b1 L
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

The one-step transition probability matrix A of this chain,
partitioned in an analogous manner, is given by

Aoo 0 A()b2
A=

Apo 0 App,
0 Ap, O

where
Ay — pg)G%):(O,bz)
Aos, — MO

Anby = Lbsb,
Apb, = Lpb,
Apo = ﬁé?)Gg?);(bhbz)_i_pg?)Gg;);(bhbz)
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

2. Write expressions for the probability mass vectors

[ P(0)2 P(0)o ], P(b2)o, and p(by)o, in terms of £ and
some normalizing constant «

b2

b1

43/57



Two-stage SFMs
Transient Analysis
Stationary Analysis
Additional measures
Multi-stage SFMs

Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

© T T 1)
[ P02 PO ] = al&? 0]|—) & &
02 00

P00 = ag®PlE T
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

3. Write the set of equations for the vectors 7(2)(b; )2,
3 (bF)1, #(D(b])1 and #()(b; )2 in terms of the above
probability mass vectors

where

7@ (by) = lim 7®(x),
X—b,

7@ b)) = lim 7@ (x);
x—by

aWbr) = lim 7M(x),
X—b;

M)y = lim 7 (x)
x—bf
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

w@b7)e = {p(b2)oT(y +7(bf)1CAWE)
+r(D (b} ) CVH{ O EIpE) L ()
@651 = {p(ba)oTsy + 7 (b} 1 C{VH 0 p(E)
+700) (b ), CEHE) B0t bp(E) | ((2))
w0(bf)1 = {p(br)oTey + p(0)oTH)CEVH 2
+r (b7 )oCEHE 0 L ()~
"M(br)e = {p(b1)eTey + 7 (b] )1 €G] ()~
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

4. Write expressions for the remaining probability density
vectors 7(V)(x) and 7(®(x) in terms of the above
probability mass and density vectors

X
b2

X
b1

X
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Stationary Analysis: Steps of the Method

Multi-stage SFMs with congestion control

For0 < x < by,
[ 00 #Ox)2 ] = [ P02 pO) { 51 }N (0:x)(c(M)~
+r((b]),CY )N§>(b1;x)(c< H
for by < x < by,
[ #0); 7D ] = =0 (bF)C{IND (by; x) (€M)~
and
[ #@001 7@z ] = «®(b;)2CENE (b2 x)(€) !
for x > by,
[ 7@0) =@z ] = = @(6;)1C{INP (b2 x)(C®)

andforZ e {1,2},0 < x < by, by < x < bo and x > by,

O(x)p = [ w® ® T%) (01
o=[ 70001 w(x)2 ] 0 (=Too)™
20
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Multi-stage SFMs with congestion control

5. Evaluate normalizing constant « using the fact that total
probability mass must be equal to 1

bo o0 2
/ 7D (x)dx1 + / 7B (x)ax1 + > p(b)1 =1.
x=0 X=Dby i—0
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Outline

@ Multi-stage SFMs with congestion control

@ Additional measures
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Long-run proportion of time spent in a stage

Multi-stage SFMs with congestion control

Using the above results, we can evaluate

by
) :/ 7M(x)dx1 + p(0)1 + p(b1)1,
x=0

p@ - / @ (x)dx1 + p(bo)1,
X:b1

interpreted as the long-run proportion of time spent in Stage 1
and Stage 2, respectively.
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Transient tendency of the switches

Multi-stage SFMs with congestion control

between the two stages can be assessed using

5 1
2—1 1 I
(1/155"])Epyp, 1
1
012

(1/152)))Ep, b, 1

with do_,1 and d4_,» interpreted as the transient rate of the
switch from Stage 2 to 1 and from Stage 1 to 2, respectively,
and where a higher rate means a faster switch to the other
stage.
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Stationary tendency of the switches

Multi-stage SFMs with congestion control

between the two stages can be assessed using

1
P (b )1 By 1

1
I = = s
152 1)(bi)2Eb1b21

with ro_,4 and ry_,» interpreted as the long-run rate of the switch
from Stage 2 to 1 and from Stage 1 to 2, respectively, and
where a higher rate means a faster switch to the other stage.
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@ Multi-stage SFMs with congestion control

@ Multi-stage SFMs
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Multi-stage SFMs with congestion control

Multi-stage buffer
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Multi-stage SFMs

@ Thresholds ug, dx, k =2, ..., n, with
0<dk<Uk<dk+1

@ Hitting uy from below while in Stage (k — 1) results in
Stage (k — 1) — Stage k

@ Hitting dx from above while in Stage k results in
Stage k — Stage (k —1)

The analysis is built upon arguments similar to before, and is
more complex.

Related models (with dx = uk): Bean and O’Reilly (2008),
Da Silva Soares and Latouche (2009)
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