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Luke Marshall (41521209)

August 12, 2012

Question 1

a(t):Zu(nT)K( a ) K(0)=1, K(n) =0 VneZ\ {0}

We want linear interpolation i.e. let p € [0, 1] be the linear proportion between inputs u (n:T")
and u (ny17T) with ny = L%J

Consider
0 S t—%tT S 1 1 S t—(n,tT-i-l)T S 0
Clearly
t— TLtT
-1
P T
Thus
11— 0<z<1
t—nT
Klz= T = 1+ —-1<z<0
0 otherwise
_ Ji=af 2 <1
0 otherwise
Example
2 =0
1 =0.5
w(@ =4 " , T =05
3 z=1
0 otherwise
Let t =0.7

a(0.7) = K (0‘7 _095* 0'5> w(0) + K (0‘7 _0.15* 0‘5> w(0.5) + K <0‘7 _0?5* 0‘5) w(l)+ ...

= K(14)u(0)+ K (0.4)u(0.5) + K (—0.6) u (1) + 0
0% u(0) + 0.6 % u (0.5) + 0.4 % u (1)

0.6+0.4%3

= 1.8



Question 2

n—1 n—1
A(x)B(x) = Z a;a’ Z bz’
§=0 §=0
= (ao +azt 4+ an_lxnfl) (bo + bzt + -+ bn_lmnfl)

Let a;,b; =0 Vi >n — 1 and collect terms up to largest term: (n — 1)+ (n—1) =2n — 2

xD aobo
x! aoby + a1bg
z? apba + a1by + asbg
zn1 agbp—1 + a1bp—o + - -+ + an—2by + an—1bg = Zz;(l) akbj—k
g2 apban—2 + ++ + Qpo1bp_1 + -+ agn_2bp = S0 apbj_
Clearly
‘ J
z’ Z apbj_i
k=0
Question 3

D(g+xh)=Dg*h=gxDh
Discrete time (shift)
Recall g b = S g (W) h(n—k),  D(g)(n) =g(n—1)

D(gxh)(n) = (g*h)(n—1)

= > gk)h((n—1)—k)
k=—o00
= > g(k)D(h)(n—Fk)
k=—00
= gxD(h)
By relabeling variables we have
Digshym) = 3 gWhn-1-k)
k=—o00
— Y gU-Dh-1-(-1)
j=—o00
= Z D (g) (j) h(n—j)
= D(g)h



Continuous time (differentiation)

Recall g« h = [ g(r)h(t—7)dr,  D(g)(t) =% (g(t))

- [ Gu@ne-n)a

- [smgme-na

— 00

= gx*D(h)

9gen) = i(/zgv)h(t—ﬂdr)

Similar to the discrete case, changing variables, or via communitive property

d d
Z(gxh) = —(h
7 (9xh) 5 (*9)
= hx*xD(g)
= D(g)xh
Question 4
Let f(t)=1(t)1(1 —¢t)
1 _
t=1 2 b=
t2
- 2.t l<t<2 z , st
o) = , P = -3t -3 1<t<2
4-2t t=2 A _,
—5(t—=2)t  t=
0<t<l1 ) )
5(t—3) 2<t<3
3 t=1Vt=3
‘=
w4 _ % O0<t<1
—L422-2t4+2 1<t<2
—g(t—4)3 3<t<4
U4 +10t -2 2<t<3

W

0.2k

0.6k

0.4k

Let fo(t) = e '1(t)

() =T, 7 (1) = e 1), fiT () = ZeT'L()



Since f (t) and fa (t) are probability distributions (Uniform and Exponential respectfully), and

convolution is addition of distributions it is clear that the CLT follows from the limit of convo-
lutions, which can be seen visibily in the above plots.
Question 5

Recall from defnition of limit

Jim |f (1) = L

SVe> 0T st.t>T=||f(t)—L|<e
Assuming o, M > 0 exists such that the following holds as t — oo, i.e. Vi > T

|f ()]
\ f et < M
‘f (t) e*("*“)t’ < Me ™™

< Me°t

Choosing a to make e = Me~ > ( arbitrary, then there exists a & such that

‘f(t)e_ét’ -0<e
Which by the above definition is

: —ot
im |7 0

=0
Question 6

Consider P, @ polynomial functions and repetitively applying 1’hopitals

P(t) —ot __

1
00 Q (1) € P Aot = O

M eR
Thus any rational function is of exponential order



Question 7
Consider the rational polynomial function f (t) = % with a (t) having lower degree than b (¢).

Clearly for large ¢ we have % < 1 and

Hm |f ()] = 0
: —ot| _
sl = o
Thus 0. = 0.
Question 8
Optionally skipped
Question 9
f(s) = £(e)

o0
= / e Ste dt
0
= |: 1 e(a_s)t:| -
o — S 0

S —

With Re (s) > Re ()

Question 10

Find laplace transform of f (t) = e~% cos (bt)
f(s) = / e Ste™% cos (bt) dt
0

—(s+a)t
/e(”“)t cos (bt) dt = c cos (bt) + b /e(”a)t sin (bt) dt + C
—(s+a) s+a
e~ (5700 cos (bt) N b e (talgin (bt)
—(s+a) s+a —(s+a)

2
( j)_ 2 /e(SJ““)t cos (bt) dt + C
s+a

(1 + r _1’?_:)2) /e_(s+a)t cos (bt) dt = e=(s+a)t ((s —i—_a()scist(l())i) + bsin (bt)) Lo

—(s+a)t :

/6(S+a)t cos (bt) di = e ((s+a) cozs (bt) + bsin (bt)) e
(s+a)” + b

e~ (T (s + a) cos (bt) + bsin (bt)) |~

2
(s+a)”+b? 0

/ e Ste % cos (bt) dt = [—
0

s+a
(s 4 a)® + b2

Where b € R



Question 11
. 4 .
x+6x:cos<2), x(0)=0,2(0)=0

Taking laplace transform gives

s%Y — 52 (0) — & (0) + 6Y =

Y:

Inverse laplace transform gives

23

x(t) = 4 (cos; — cos \/ét)

Question 12

A

Prove £ (f1* f2) = f1- f2

[e%s) t
L(fi*f) = /0 B_St/_ fi(r) fo(t —7) drdt
[e%s) t
= /0 / fi(7) e 5y (t—7)drdt

Let u =t — 7 and change order of integration

= /000 /000 fi(7) e_s(“‘”)fQ (u) dudr

= /0 e T f1(r) dr /000 e fy(u) du
= fi-f2

Question 13

s4142s3 4542
s2+1

Long division for
s2+2s—1

241 Vst 423 F 542

st 4 52

253 — 52 4542

253 + 2s

—s2—s5+2

—s2—1

—s+3

Thus we have




Question 14

An Arg Ayr s—1
+ .+ S —
s+1  (s+1) 5—2 (s+1)%(s—2)
An(s+1)(s—2)+ A (s—2)+ An (s+1)* = s—1

A (82—8—2>+A12(8—2)+A21 <52+28+1> = s—1

s2 A1l + A1 =0 = A = —Axn
s —Ap1+ A +245 =1
1 —2A11 — 2419+ Ay = —1

Subtracting and substituting above equations gives

1 2 1
Ay = Ajg = =, Ay = =
11 97 12 3, 21 9
1 2 1
9 . _ 38 .95 _ s—1
s+1 0 (s+1)? s—2 (s+1)2(s—2)

Question 15

Partial fractions for

As+ B i C s+3
$2+2s+5 s+1 (82+2s545)(s+1)

(As+B)(s+1)+ C (" +25+5) = s+3

s A+C=0 = A=-C
A+B+2C=1
i B+C=1
1 B+5C =3
1 1 1
¢ 2’ 2’ 2
11 1
5— 58 3 s+3
2 2° 2 _

Question 16

Find Fourier of f (t) = 82t
1 - L<w<L

As a guess we first consider the inverse of the function f (w) = )
0 otherwise



E cos (Lt) — isin (Lt) + cos (—Lt) + isin <—Lt>)
t
(

0 otherwise

fA(w):{W -1<w<1

Question 17

Bode and Nyquist plot for

1
H(s) = -
s“+s+2
Bode (Magnitude / Frequency)
) S e ———
— -h\\ T .
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= 4
\, - 0.6 %
S B e
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Question 18

Prove that

a10 + 20 = (aq + az) d
That is:

| @b tamomd = o) +a0)
— (o1 +a2) 0 (0)
_ /_ (a1 + a2) 66 (1) dt

Question 19

Fixing 7 and let t € R, show that

f@)ot—7)=f(r)o(t—7)

We have:
/_Oof(t)é(t—T)qS(t)dt _ /_oof(u+7)5(u)¢(u+7')du
= f(r)o(r)
= [T @t d
- /Oof(T)5(t—T)¢>(t)dt
Thus

f@)ot—7)=f(r)o(t—7)

Question 20

From [ 1(t)¢(t) dt = [;° ¢ (t) dt show definition of 1 (¢). Consider 1 (f) to be an arbitrary
function

[ rwema =L 1000 d+ [F1060) dt - /OOOW) dt

since f?oo 1(t) ¢ (t) dt = 0 for arbitrary ¢ (t) we must have 1 (¢) =0Vt <0
since [} 1(t) ¢ (t) dt = [;° ¢ (t) dt for arbitrary ¢ () we must have 1(t) =1Vt >0
thus

0 t<0
1(t) = )
1 t>0



Question 21
Show 1/ (t —0) =6 (t — 6), i.e. show [T 1 (t—0)¢(t) dt = [ 6(t—0) () dt

o0

/OO 1(t—-0)p(t)dt = /oo 1 (u) ¢ (u+0) du

—00 —0o0

_ _/OO 1(w) & (u+0) du

— 00

= _/()w¢/(u+0) du
= —(¢(c0) —0(0))

¢ (0)
_ /0 5 () & (u + ) du
_ /Ood(t—e)qb(t)dt
Thus 1/ (¢ — 8) = 6 (¢ — 6)

Question 22

Show linear property for N inputs, that is: O (Zi]il QU (t)) =N i ()

When N = 2 this holds due to standard linear property O (aqug (t) + agus () = aqyr (t) +
aoy? (t), assume holds for k£ and let y (t) = O (u(t)) = O (Zle Q4 (t)) = Y ayi(t), we
show that this holds for £ + 1

k+1 k
@ (Z U (t)) = O (Z i (1) + Qg 1Ugt1 (t))
i=1 i=1

= O(u(t) + aprrugs (1))

= y(t) + argp1yr+1 (1)
k1

= D awi(t)
i=1
Thus by induction this holds for arbitrarty N.

Question 23
Determine properties for
1 N

DCICRRD)

n)=-—m—o———
y(n) N+M+1 =,

memoryless M = 0, i.e. uses no historical < n values

causal N =0, that is uses no future > n values

. _ _ . _ 1 N . . .

linear a=1,58=0,since y (n) = yirg7 Lm=—nm u(n +m) is linear from previous exer-
cise

time-invariant 5 = 0, removing the [ cos (n) periodic effect - which dramatically changes the
result based on time

10



Question 24

Show LTT memoryless < impulse has the form h (t) = K (t)
<assuming impulse has the form h (t) = K (t)

y(t) = /Oou(T)K5(t—T) dr

—0o0

= Kul(t)
thus output does not rely on historical time values, aka memoryless

= assuming LTI memoryless

By looking at the convolution

y(t) = /_OOU(T)h(tT)dT
_ /_Ooh(T)u(t—T)dT

we see that due to memoryless, we must have h(7) = 0 for 7 > t (else u (7) uses history) and
we must have h (7) = 0 for 7 < ¢ (else u (¢ — 7) uses history)

Thus the convolution requires that the impluse is non-zero only at ¢t. Thus our generalized linear
impulse must be defined as a scaled § function, that is:

h(t) = Ké(t)
Question 25
Show LTT system is causal < h(t) =0 for all t <0
= assuming LTI causal, i.e. independent of future values

Considering the convolution of a causal system, the impulse response must only be non-zero
over region (—oo, ] i.e.

y(t)—/ w(F)h(t—7) dr

that is h (t —7) =0 for t <7 = ¢t — 7 < 0. Relabelling gives us

h(t) =0, vVt <0

< assuming h (t) =0 for t <0

Similar to above in reverse. By looking at the resulting convolutions

y(t) = / u(t)h(t—7)dr

- /Oooh(f)u(t—f)df

only depends on inputs during times up to ¢, thus system is causal.

11



Question 26

1Yllee = [I2lly llull oo When w(t) =0

Question 27

A SISO LTI system (impulse response h (-)) is BIBO stable < [|h|; < oo (i.e. [*_|h(7)| dT
exists) and further |ly||., < ||k, ||u]l, for any bounded input

< assume ||h||; < oo

w(t)] = ‘/mumh(t—ﬂcﬁ

lu(r)[ | (¢ = 7)| dr

IA
I
g 8

< Huuoo/ h(t— )| dr
= Jull, / h(7)] dr
= 0l o,

Since ||k, is finite, then for every bounded input, we have a bounded output (in particular
U]l < IRl7 llully,) thus our system is BIBO stable.

= assume BIBO stable and assuming input is real (complex is covered in next question). We
choose the input

u (t) = sign (h (~t))

then

y(0) = /Oou(f)h(o—f) dr

— 00

_ /OO sign (h (—7)) h (—7) dr

— 00

= /OO |h (—7)| dr
= IAll,

Thus if ||k||; is unbounded, then our output is also unbounded (for a bounded input) - but since
BIBO stable output must be bounded, thus ||A||; < oco.

Question 28

We consider the complex case in the above question. Here we use the complex conjugate as our
input function

and the rest follows as above.

12



Question 29
Choosing transfer function (with 3 distinct poles with negative real part):

1 : ~1 i
R R

B = D619 613)

We have partial fraction result (working removed for brevity)

wo
Vi) = HE 5o
0
wo _ wo wo wo (wg—11)+i(6—6w3) wo (wg—11)—i(6—6w3)
o) | (ed) | 20veR) | 2AteR) (i) 0ved) | 2R (1e3) (053)
541 s+ 2 s+3 (s + iwo) (s — iwp)

Thus in the form Y (s) = 3L, ;% + - + Sf;%)o we have
S Y R
2(1+wd)’ (4+wd)’ 2(9+wf)

- wo (wg — 11) +14 (6 — 6wd)
"7 21+ wd) (44 wd) (9+ )

Giving
—t woe™2t woe 3t

VO= 305 ) Tapeag Tl Lot )

Question 30

In above question

~1 (S ()
10) tan (?R(Ozo)>
6—6w?
_ tan_1 2(1+w(2])(4+w8)(9+w8)
wo(wg—ll)
2143 (143) (07%)

6 — 6w

— tan t|— "0
an (wg(wg—ll)

The figure below is a plot of our system, and it shows the convergence to a pure sinusoidal form

(here with wy = 10)

0008 -

13



Question 31

Bode plots for system (Magnitude / Frequency). You can see that as we increase wy the we
have a point of convergence such that the frequency becomes a constant value (i.e. gives a pure
sinusoidal wave).

wo = 10
— . : —3 o =
0. | 3 r ) T
(O E °r \\\\ . ]
't _; -100. :— \\\ I
N ] N, ]
- - N ]
b \ ol | ]
=100, |- . -
o \,
-t \\‘\.\ - [ \\ ]
-200. | R ] \\\
-3.‘1 1I 153 1':;‘3 -:)_Il 1I 10 1-!;0
wp = 1000
0. |- 1 *E — ]
[ ™ ]
100. r 1 -50. C \\ 1
of L ‘ E—
_ 1100 \ ]
-1, ____-__"“---_h______ 1130 :_ .\-\. ]
—200. i ---E“""---..____ﬂ___ y k 0. _ \.\ ]
b . ] L AN ]
300, - \"\.\. -:_ . _ \\.- ]
0.1 1 10 100 1{);):) 1.:;4 - 3‘1 1I 1;) __1{;0_ — 7)30 1:;4
Question 32
Not assessable - skipped
Question 33
1. _
Xh(t)—l—h(t) = 6(t), h(07)=0
Solving via laplace
1 _
XsH(s)—h(O)—i—H(s) =1
A
H(s) =
() s+ A
h(t) = Xe ™,  t>0
= de M1(t)

14



Question 34

Show transfer function as Laplace transform for

i (8) + 2Cwn () +wny () = wyu(t)
h(t) + 2Cwnh (t) + wW2h (1) w26 (t), h(0)=0,h(0)=0
$2H (s) + 2CwpsH (s) + w2H (s) = w?
H()(s +2§wns+w) = w?
w2

o n
H(s) = $2 + 2Cwp s + w2

Question 35

Assume ¢ # 1, find partial fractions

A B w?

n

+ =
S+ Cwn —wn /(2 —1 s+ Cwp +wpV/(C2—1 52 4+ 2Cwps + w2
(A+B)s+ (A+B)Cwn+ (A—Blwpy /2 -1 = w?
s A+B=0 = A=-B

(A+ B)lwn + (A= Bl /(2 =1 = wp
(24) wp /2 -1 = W2
A = —n
22— 1
Thus system is
M M
H(s) = —
S —C1 S — C2
where M = \/@71 c1,2 = —Cwp £ wpy /21
Question 36
Apply inverse transform to above. Recall that £~ (s a) = Me 1 (t)

h(t) = Me“'1(t) — Me™'1 ()
= M (eclt — 602t> 1(t)

Question 37

Assume ¢ = 1. Find H (s) and h (t)

w2

H = n
(S) 32 + QWnS + w%
wh
= 2
(s + wn)

From lookup table £1 (%) = te~“n'1 (¢) thus

h(t) = wite™rt1 (1)

15



Question 38

It is clear from the below plots that w,, controls the undampened frequency while ¢ controls the
dampening effect, this is obviously why they are called undamped natural frequency and damping

ratio (repectfully).

Changing wy,

) H‘ H\' |

Changing ¢

H‘ ‘H'I m‘
MH\'H' ‘H‘ '\I" |H“ﬂ' i

: \| \ “\
” ||\ ” ! || ” I '

N A A
A
\/ ARRRN

| A °3H|ﬂ
Al JH““IUU\.‘IUU ‘||fbﬂvﬁré

‘||""M ”ﬂn”»*w
\
-15k

Question 39

This system often has exponential growth (unstable)

Y = (R+GY)GiH
Y (1-GiGoH) = RGH

1-G1GoH

16

H“' HI
|

100



