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Exercises and Tutorial 2:

Independence and Sampling Distributions

Independence:
Two random variables X, and Y are independentif P(X € A NY € B) = P(X € A)P(X € B).

1. For each of the following cases, indicate if the assumption of independence sensible:
a. Xisthe result of a die throw and Y is the result of a coin flip.
b. Xis the result of a die throw and Y takes O if the result is even and 1 if the result is odd.
c. Xisthe amount of rainfall in day i and Y is the amount of rainfall in day i+1.
d. Xisthe amount of rainfall in day i and Y is the amount of rainfall in day i+100.

2. Calculate the probability of getting the sequence (H,H,T,H,T) in 5 independent coin flips (with
probability of H being %):

a. Using the independence property.
b. By counting.

3. Modify the previous problem by assuming that in the n’th coin flip, the probability of H is 1/n.
What is now the probability of the sequence (H,H,T,H,T)? Can the problem still be solved by
means of counting?

4. You generate two independent uniformly distributed random variables in the range [0,1], U;
and U,. You let I; be 1if U; < 2/3 and 0 otherwise. Similarly I, is1if U, < 2/3and 0
otherwise.

What is the CDF of I;?

What is the expected value of I;?

What is the probability thatY = I; * [,=17

What is the CDF of Y?

e. Isittruethat P(U; <3 L =1) = P(Uy <3)P(L=1)?

5. You generate a sequence of n independent uniformly distributed random variables:
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Uy, U,, ..., Uy,. The random variable U; is distributed on the range [0,i]. (l.e. U; takes values
between 0 and 1, U, takes values between 0 and 2, etc...). What is the probability that all of the
random variables are less than 1?

6. Similarly to the previous exercise. You generate a sequence of n independent random variables
where each variable has a continuous distribution taking values in the range [0, o) and the i'th
random variable has density f;(x) = i e"*. What is the probability that all of the random
variables are greater than 1?

7. Consider a coin flip let I; be 1 if heads and 0 otherwise. Let I, be 1 if tails and 0 otherwise. Are
these independent random variables?



Sampling with replacement (independent trials):
n —the number of samples.

p — the probability of “success”.
X —the number of successes (can take values 0,...,n).

X~Binomial(n,p) , PX=k)= (Z) p*(1 —p)" % E[X] =np,Var(X) =np(1 —p)

8. You decide to completely guess on a multiple-choice test that has 17 questions each question
with 4 answers. What is the probability of getting a grade greater or equal to 50%.

9. A short communication message contains 32 bits. Bit values are assumed to be independent.
The proportion of 1’s is 1/3 and the proportion of 0’s is 2/3.

a. Write an expression for the probability of having all 1’s.

b. Write an expression for the probability of having all 0’s.

c. Write an expression for the probability of having a single 1 and the rest 0’s.
d. What is the expected value of the sum of the bits?

e. Write an expression for the probability of having 3 0’s and the rest 1’s.

10. A coin having a probability of heads being 0.4 is tossed 5 times. What is the probability of
obtaining an even number of heads.

11. A container has room for exactly 5 boxes which can either weigh 2 tons each or 3 tons each.
Containers are being packed by allocating boxes at random, where the proportion of 2 ton
boxes is 30% and 3 ton boxes are 70%. What is the mean container weight? Draw the
probability mass function of the container weight. What proportions of containers weigh more
than 11 tons?

12. Car tune-up times in a garage are assumed to be independent and to have a distribution with
density f(x) = 2 e~2*. What is the probability that out of 10 tune ups, more than 7 tune ups
took a duration longer than 1 time unit?

13. Let X; and X, be two independent binomial random variables with parameters (n4, p;) and
(n,, py) respectively.

a. Whatis E[X; + X517
b. WhatisVar(X; + X3) ?
c. Incase where p; = p, = p. Write the PDF of X; + X,.

14. The proportion of “marked items” in a population is p. You use a random sample of size n=3 to
estimate the proportion, obtaining . What is the CDF of p?



Sampling without replacement:

N —the number of items of type 1 in the population.

M — the number of items of type 2 in the population.

n —the number of samples taken.

X —the number of “successes”, items of type 1.

N\ M
X~Hypergeometric(n,N,M) , PX =k) = %, E[X]=n

N

( M ) N+M’

The range of values that X can take are,

15.

16.
17.

18.

19.

max(0,n — M) < k < min(n,N).

A fish pond has 12 white fish and 18 gold fish. Five fish are taken out at random without
replacement. What is the probability that 3 of them are white?

Repeat the previous exercise assuming that after taking a fish, it is returned to the pond.
Repeat the previous two exercises assuming 120 white fish and 180 gold fish and checking the
probability that 30 of them are white. How do the answers differ?

Give numeric examples of hypergeometric distributions that takes values in the following
ranges:

a. 0,..,n
b. n-M,...,N
c. O,..N
d. n-M,..,n

A new neighborhood has 7 square lots and 4 trapezoidal lots. Lots are given out to people by a
lottery system in a completely random manner. 5 families apply for lots. What is the probability
that a single trapezoidal lot is not taken (the other trapezoidal lots have been allocated to
families)?



The Gaussian Distribution:
U - the mean.

o — the standard deviation.
X —a random quantity.

x2

~ 2 = = (¥ lp(xz# .
X~Normal(u,0?) , F(x) =P(X <x) = f_me( - )du, where f(x) = =€ 2.
The function F(x) can not be evaluated explicitly and requires numeric integration. The values of F(x)
appear in a normal distribution table. Some calculators give F(x) (in Tl calculators this is the normCDF
function under the dist menu). Here is a normal distribution table:

00 i) .02 03 04 .05 06 o7 .08 .08
5000 5040 5080 5120 5160 5199 5239 5279 5319 5359
2398 5438 5478 5517 5557 5596 0636 567S 5714 5753
5793 5832 5871 5910 5848 5987 6026 BODB4 G103 6141
B179 6217 B335 6293 B33 B3I6E 6406 6443 6480 6517
6554 6591 6628 6664 6700 G736 6772 6BOB  G6B44  GETO

6915 6850 B985 7019 7054 OB Y123 TI57T 7190 7224
J207 72 7324 7357 73B89 7422 7454 7485 7917 7049
J580 FE11 7B42  TET3 TVD4 773 T4 Tro4 7823 TES2
7881 7910 7939 y9e7 7985 8023 8051 8078 8106 8133
8159 B1Be 8212 B238 8264 B389 8315 8340 B3BS 8389

8413 8438 8461 B485 8308 B331 8554 8577 8099 8621
.B643 BBES BEE6 BTOE BVZ® B749 BTF0  BYS0 8810 8830
.5849 BBES BBBE .B90Y 8925 G944 8962 8980 8997 9015
9032 904% 9066 9082 80%9 9115 9131 9147 9162 977
8182 9207 9222 9236 9251 9265 8279 5292 9306 9319

8332 5345 9357 9370 9382 9354 9406 5418 9429 9441
9452 9463 9474 9484 9485 8305 8515 8525 9535 9545
9554 9564 9573 9582 9551 9599 9608 9616 9625 9633
9641 09649 9606 9664 9671 9678 9686 9693 9699 9706
8713 979 9726 9732 9738 9744 G750 9756 971 9TET
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9772 9FTE 9783 9TBE 9793 9798 9803 9808 9812 9817
9821 9826 9830 9834 9835 9842 9846 9850 9854 9857
22 9881 9664 9868 9871 9675 9878 9881 9884 9887 9890
23 9893 9B9E 9898 9901 5504 9906 9909 9911 9513 99186
24 9918 9920 9922 8925 9927 9929 9931 90932 9934 9936

25 9938 9040 9941 9043 9045 9946 9948 0049 9851 9452
26 9853 9955 9956 .9857 9959 9960 9961 9062 9963 9964
27 9985 9966 9967 9963 95969 9570 9971 9972 9973 9974
28 9974 9975 9976 8977 9977 99786 9979 9979 9980 9981
28 9981 9982 9952 9983 9984 9954 9985 9985 9986 9966
30
31

9987  O0BT 9957 9988 9085 9930 9989 9989 9990 9990

9990 9991 9991 9891 9952 9992 9992 9992 9993 9993

. 9993 9992 9994 9994 9954 9994 9994 99095 9995 9995
33 9995 O0B5 0995 0096 90095 9906 9996 0006 0006 9047
34 9997 9997 9997 9097 9997 9997 9997 9007 0097 9988

Observe that F(0)=1/2. Why? And that F(3) = 1 over 99% of the area under the normal curve lies
between -3 and 3.

20. Let Z~Normal(0,1), find

a. P(Z<1)

b. P(Z <1.55)

c. P(Z<1557)
d PZ<-1)

e. P(-1<2<1)
f. P(Z3=23)



21.

22.

23.

24,

Let X~Normal(—20, 2.3%), find

a. P(X<-12)
b. P(X <0)
c. P(Z<-1)

d. P(—223<X<-17.7)
e. P(X>=-21.2)
Given the probability y, find the percentile x, such that P(X < x) =y.
a. Xisastandard normal random variable and y = 0.9984.
b. Xis astandard normal random variable and y = 0.5.
c. X~Normal(10,.35%)andy = 0.2.
Let X~Normal(u,c?). Find:
a. Pu—o<X<u+o)
b. Pu—20<X<pu+20)
c. P@—30c<X<u+3o0)
Let X4, X5, ..., X;, be a sequence of independent random variables with the same mean y for all
random variables and \/Var(X;) = a;.
a. Assume g; = o (constant) for all i. What is the probability that all random variables are
greater than u + o?
b. Assume g; = o (constant) for all i and let n=20. Calculate the probability that 12 of the
random variables are greater than u + o (and 8 of them are less than u + 0).

c. Letog; = %and let n=3. What is he probability that all 3 random variables are greater

than u + 1?



The Central Limit Theorem:

Let X4, X5, ... be a sequence of independent random variables having the same distribution with mean p

and variance 2. Then:

25.

26.

27.

Y, = Y™, X; is asymptotically normally distributed with mean nu and variance no?.

n
i=1Xi

Alternatively, the sample mean X,, = - Lis asymptotically normally distributed with mean 7

o \2
and variance (—) .
N

Alternatively, there is the case where X;, X5, ... is a Bernoulli (binary) sequence with success
probability p, denoted I3, I, ... . Then E[I;] = p and Var(l;) = p(1 —p) and B, = X[, Xjis a
Binomial(n,p) random variable. Then following (l), By, is asymptotically normally distributed with
mean np and variance np(1 — p).

n
. . R I . _ .
Alternatively, the sample proportion: p,, = “T“ is asymptotically normally distributed with
2
. Jp(1-
mean p and variance (%) .

Observe the central limit by doing a simple Excel (or similar) simulation:

a. First generate random variables uniformly distributed over the range [0,1]. E.g. In Excel
create 5 columns, each containing 10,000 such random variables.

b. Add the random variables to obtain 10,000 copies of X«.

c. Calculate the sample mean and sample standard deviation of the result, plot the
histogram.

d. Compare Q3 of the resulting values (this the 7,500’th observation when sorting the
10,000 samples of Xz) to the 0.75’th percentile calculated from the appropriate normal
distribution.

A passenger jet is designed to carry up to 200 passengers each having luggage of no more than
35Kg. Studies have shown that the actual distribution of luggage that a passenger carries can be
approximated by a distribution (which is not normal) but has mean 34 Kg and a standard
deviation of 7 Kg. Approximate the probability that the jet carries more than 7200 Kg of luggage.

Suppose that the proportion of defective items in a large manufactured lot is 0.2. What is the
smallest random sample of items that needs to be taken from the lot in order for the probability
to be at least 0.97 that the proportion of defective items in the sample will be less than 0.257?



Selected Solutions
1) a:VYes, b: No, c: Typically No, d: Typically Yes.

2) a: %%(1 _ %)%(1 _ %) — 1 b: number outcomes yielding HHTHT _ 1

32 total number of outcomes T 25

3) 22 1- l) l(1 - l) =L, No, counting does not work because there are different probabilities
12 374 5/ 7 15

for different outcomes (this is not a symmetric probability space).

0 x<0
4) a) F(x) = % 0<x<1b)2/3 ¢)P(Y = 1) =P(botharel) =§§=§
1 1<x
0 x<0
d) Yisgets1w.p.4/9 and 0 w.p5/9, so: F(x) = g 0 <x < 1. E)No.
1 1<x
5) -
6) p(X;>1) = flooi e i Xdx =e7t.
PX,>1, .., X, > 1) =ele 2. e = (IFn) = e_n(nzﬂ)
7) No:P(l, =1,I, = 1)# P(I; = D)P(l, = 1).
8) X~Bin(17,3). P(pass) =P (X 2 ) = P(X 2 9) = 57, (1k7) %k %17_’(

9 @) ()7 0)(3) as23(®)” 0F 2202 (3)"
10) X~Bin(5,0.4)

P(X=even)=PX=0)+PX=2)+P(X=4)=0.6>+10 * 0.42%0.63 +5x 0.4* 0.6 =
0.50016

11) Let X be the number 3 ton boxes. Weight W=3*X+2*(5-X)=10+X.
E[W]=E[10+X]=10+E[X]=10+5*0.7=13.5.
The PDF of W looks similar to that of Bin(5,0.7) but shifted 10 units to the right.
P(W>11)=1-P(W<=11)=1-P(W=11)-P(W=10)=1-P(X=1)-P(X=0) = ...

12) X=Number of tune ups longer than 1 time unit. X~Bin(10,p) with p:floof(x)dx =e?=
0.1353.
Now calculate P(X>7)=P(X=8)+P(X=9)+P(X=10).

15) X=Number of white fish X~HG(5,12,18). P(X=3)=0.236201Type equation here.
16) Now use a binomial distribution, X~Bin(5,12/30). P(X=3)=0.2304
17) Now the answers will be very close to each other.

20) a) 0.8413 d) P(Z<=-1)=1-P(Z<=1)=0.1587 Type equation here.
e) P(-1<=Z<=1) = F(1)-F(-1)=F(1)-(1-F(1))=2F(1)-1=0.6826

21)

d) P(-223 < X < —17.7) = p(F2EE20 L 2020 21720

2.3 - 2.3 2.3

) =P(-1<Z<1)=0.6826.



22) a) Look at the normal table and find the point 0.9984 inside the table. zy g9g4 = 2.95.
b) 0.
c) 0.35 25, + 10 = 0.35(—2pg) + 10 = —0.35 * 0.845 + 10 = 9.70425.

23) a) 0.6823 b) 0.9545 c) 0.9973

26) E[X;] = 34,Var(X;) = 7%. Y = ¥2%%X,. E[Y] = 6800, Var(Y) = 98.992,
According to the CLT (and assuming that passenger weights are independent), Y is approximately
normally distributed. So, P(Y > 7200) = P(Z > 4.04) = 0.

27) We know that p=0.2 and that n p~Bin(n, 0.2)~Normal (nO.Z, (0.4\5)2).

P(p < 0.25) = P(np < n0.25) P<Z<"O'25_n0'2)<097
. =P(n n0. = S .

P P 0.4v/n

So solve: %}%M = Zp.97 = 1.89 and get n=228 so we need n=230.



