Lesson #12: More on Birth Death
Simulations and M/G, G/M

systems.

From Previous Lesson :

in[2s:= bdSi m[bi rt hFuncti on_, deat hFunction_, tineHorizon_]: =

Nbdule[{state:O, tinme =0.0, index =1},

rel =Tabl e[{kuku, bobo},

{Round[4 *2 % (birthFunction[1] +deat hFunction[1]) =tineHorizon]}];

(»rel ={{time,state}}; )

rel [[index++]] = {tine, state};

(*Now | oop untill time > tinmeHorizon and append to rel as we gox)
V\hile[tirre<tirrel—lorizon,

birthRate = birt hFunction[state];
deat hRat e = deat hFunction[state];
ti me += RandonReal [Exponenti al Di stri bution[birthRate +deathRate]];
rel [[index++]] = {time, state};
(xAppendTo[rel, {tine,state}]; )
bi rthRate

-1
birthRate+deathRate”

stat e += 2 Random nt eger [Ber noul | i Di stributi on[

rel [[index++]] = {tine, state};
(xAppendTo[rel, {tine,state}]; )

]:

Take[rel, index -1]

]
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= M/M/1

In[26]:=

out[31]=

A=0.4;

u=1.0;

mMBirth[s_]:=2Xx;
mmlDeath[s_]:=1f[s >0, u, 0];

rel =bdSi m[nmlBirth, miDeat h, 107;
Li stPl ot [rel, Joined -» True]

20+

Different Timing Attempts

Tabl e[{t, First [Ti m ng[bdSi m[mlBirth, mmDeath, t];]1}, {t, 500, 5000, 500}]

({500, 0.312}, {1000, 1.438}, {1500, 3.562},
(3000, 15.641}, (3500, 21.109},

{2000, 6.2823, {2500, 10.39},
{4000, 24.782}, {4500, 33.921}, {5000, 36.688}}

Tabl e[{t, First [Ti m ng[bdSi m[mmlBi rth, mmlDeath, t7];]1}, {t, 500, 5000, 500}]

({500, 0.188}, {1000, 0.781},
(3000, 12.672},

(1500, 2. 187},
(3500, 18.813)}, (4000, 26. ),

(2000, 4.813}, ({2500, 8.656,
(4500, 32.531}, {5000, 38.172})

Tabl e[{t, First [Ti m ng[bdSi m[mlBirth, mmDeath, t];11}, {t, 500, 5000, 500}]

({500, 0.125},
(3000, 0.672},

(1000, 0. 219},
(3500, 0. 765},

(1500, 0. 328},
(4000, 0.907},

(2000, 0.422},
(4500, 0. 968},

(2500, 0.547},
(5000, 1.11}}

Tabl e[{t, First [Ti mi ng[bdSi m[mmlBirth, mmDeath, t];]11}, {t, 500, 5000, 500}]

({500, 0.141},
{3000, 4.531},

(1000, 0.547},
{3500, 6.719},

(1500, 1.25}, {2000, 1.859},
{4000, 8.875},

(2500, 3. 063},
{4500, 11.234}, {5000, 13.344}}
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M/M/K/K (Erlang Loss System)

nE2= A =2.0;
u=1.0;
KK = 8;
mMlBirth[s_]:=1f[s <KK, A, 0];
mmilDeath[S_] :=us;
rel =bdSi m[mmlBi rth, nmmiDeat h, 307;
Li stPl ot [rel, Joined -» True]

6

outfzgj= 3
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Joint Class Exercise

m 1) Collect Stationary Distribution from Simulation

inzo;:= bdSi MAt hSt at [bi rt hFunction_, deathFunction_, tineHorizon_]:=
Modul e[{state =0, tinme =0.0},

rel = {{tine, state}};
hi st ogranfTabl e = Tabl e[0. 0, {100}7;
(*Now [ oop untill time > tineHorizon and append to rel as we gox)

W]ile[tirre<tinel—|0rizon,

birthRate = bi rt hFuncti on[state];

deat hRat e = deat hFuncti on[state];

st at eDur ati on = RandonReal [Exponential Distribution[birthRate +deathRate]];
hi stogranifabl e[[state + 1]] +=stateDurati on;

tinme += stateDuration;

AppendTo([rel, {tinme, state}l;

birthRate

_]_;
bi rthRate+deathRate”

stat e += 2 Random nt eger [Ber noul | i Di stributi on[

AppendTo[rel, {time, state}];

]:

{rel ’ hi st ogr anTabl e}

]

= M/M/1 Histogram

ti meHori zon

in4ol= A =0.09;
u=1.0;
mMBirth[s_]:=2;
mmlDeath[s_]:=1f[s >0, u, 0];
out = bdSi W thStat [milBirth, nmiDeat h, 40007;
hi st = Sel ect [Transpose[{Table[i, {i, O, Length[out [[2]]] -1}1, out [[2]1}], #[[2]] > 0 &];
I

A A
theoretical H st =Tab|e[{i, [l——] [—] } {i, O, Round[l.3*Length[hist]]}];
u)\u
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in471:= Li stPlot [{hist, theoretical Hist}, Filling- Axis,
Joi ned -» True, PlotRange » All, PlotStyle - PointSize[0.02]]
Li st Pl ot [out [[1]], Joi ned - True]
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m M/M/oo Histogram
n@ag)= A =3.0;

u=10;

mMlBirth[s_]:=2;

mmiDeath[s_]:=us;
out = bdSi MWt hSt at [mmlBi rt h, mmlDeat h, 5007;

hi st = Sel ect [Transpose[{Table[i, {i, O, Length[out [[2]]] -1}], out [[2]]1}], ®#[[2]] >0 &];
A/ )

theoretical Hi st = Tabl e [{I , EMH
il

}, {i, 0, Round[1. 3 xLengthr[hi st]]}];
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ins6):= Li stPlot [{hist, theoretical Hst}, Filling - Axis,
Joi ned -» True, PlotRange » All, PlotStyle - PointSize[0.02]]
ListPlot [out [[1]], Joi ned -» True]
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= M/M/K/K Histogram

Ins8:= A = 10. 0;
u=1.0;
K=10;
mMlBirth[s_]:=1f[s <K, a, 0];
mmlDeath[s_] :=us;
out = bdSi MN t hStat [mmlBi rth, mmlDeat h, 3007;
hi st = Sel ect [Transpose[{Table[i, {i, O, Length[out [[2]]] -1}], out [[2]]1}], #[[2]] >0 &];

1 A/

theoretical H st =Tab|e[{i, - -
suml (2)' /iv gL ooky] M

}odno ks
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inee:= Li st Pl ot [{hist, theoreticalH st}, Filling- Axis, Joined - True,
Pl ot Range » Al'l , PlotStyl e -» Poi ntSi ze[0.02], AxesOrigin- {0, 0}]
Li st Pl ot [out [[1]], Joi ned - True]
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m 2) Sojourn Times

infesl:= bdSi MW/ t hSt at AndSoj our ns [bi rt hFunction_, deat hFunction_, tineHorizon_]: =
Modul e[{state =0, time=0.0},

rel = {{tine, state}};
souj ournLi st = {};
(»queue is a list of arrival times of custonersx)

queue = {};
hi st ogranTabl e = Tabl e[0. 0, {100}71;
(*Now | oop untill time > tineHorizon and append to rel as we gox)

V\hile[tirre<tirrel—lorizon,

birthRate = birt hFunction[state];
deat hRat e = deat hFunction[state];
st at eDur at i on = RandonReal [Exponenti al Di stribution[birthRate +deathRate]];
hi stogranifabl e[[state + 1]] +=stateDurati on;
tinme += stateDuration;
AppendTo[rel, {time, state}l];
bi rthRate

birthRate+deathRate” B

change = 2 Randonl nt eger [Ber noul | i Di stributi on[

stat e += change;
I f [change == 1,
AppendTo [queue, tine]
(xEl se change==-1%)
AppendTo [souj our nLi st, tinme -queue[[1]]1];
queue = Drop[queue, 1]
1
AppendTo[rel, {tinme, state}l;

hi st ogr anirabl e

{re, - -
timeHori zon

]

inf9):= Tabl e[
A=0.3;
u=1.0;
miBirth[s_]:=2X;
milDeath[s_]:=1f[s >0, u, 07;
out = bdSi MW t hSt at AndSoj our ns [mmlBi rt h, mmlDeat h, 30007;
out [[3]1] // Mean,
{10}]

outegl= {1.46791, 1.57294, 1.31035, 1.33803, 1.41529, 1.33298, 1.5891, 1.44209, 1.45477, 1.39011}

, souj our nLi st }

The M/G/1 Queue - The Pollaczek-Khinchin Formulas

o 1 1
E = —— —(cs?2+1) =
(W 1.2 (cs®+1) p
Stationary distribution of W and/or N isgiveninform of LSTS,
(1-p)s

W S e
s AG (S) +S -2
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Similar formulafor stationary distribution of Number in System

The G/M/1 Queue

Here we need to solve the equation
o=A" (L-po)
The Queue l engt hthat anarriving custoner seesis Geonetricq (o)

Clear [A, u, K]

A
Al[s_]:=
A+S
22 )2
A2[s_]:=
2A+S

-D[Al[s], s] /. s-0

1
X
-D[A2[s], s] /. s-0
1

A

Plot [{AL[s], A2[s]} /. x=»1/2, {s, O, 1.1},
AxesOrigin - {0, 0}, Epilog - {Line[{{0, 1}, {1, 0}}1,
Line[{{0, 1}, {1/2, 0}}1}]

kk
Als_1:

kk a
[kk)us
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