Lesson #8: Statistical Inference

In this lesson, we will almost exclusivly discuss estimation of a parameter in a
parametric model.

Let X1, X2, ...,

Xpobea"randomi.i.d. sanple” fromdistributionf (xij | 6).
W areinterestedinusingtheobservations Xy,

X2, ..., Xpto"guess" what isg (©), oftenjust o.
Exanpl e :

Let X ~Ganmma (a, A).

Hereo = {a, A}. Wenmay beinterestedinestimatingg (©) :%

thenmean. O, g (6) = {6}. Org(e):;—z, t hevari ance, etc..

Anestimator, 6 (Il wantedhat) isafunctionof X,
Xo, ..., X,. Itisthusarandomvari abl e.

Attributes of Estimators

m Bias

Tabl e[ (xx[[i]] - Mean[xx1)2, (i, 1, Length[xx]}] // Total
nyVari ance[xx_] : =

Lengt h [xx]
nnn = 10 000;
rvs = RandonReal [Normal Di stribution[], nnn];

myVari ance[rvs]

0. 981065

Tabl e [nyVari ance [RandonReal [Nornmal Di stributionf[], 5]1], {10000}] // Mean

0.801724
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— // N
5

0.8

1
Sothisiswhyweuse I n denom nat or of sanpl e vari ance
n
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m Consistency
xX = RandonReal [Nornal Di stribution[], 10000];

Tabl e[nyVari ance [Take [xx, n]], {n, 10, 1000, 10}7;
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Maximum Likelihood Estimation

s Example - Bernoullli(p)
PDF[Bernoul | i Di stribution[p], x]

(57" o)

like[p_, xx_]:=Apply[Tines, Table[p™li1l (1- p)1oxtiIl g g Lengt h[xx]}]]
like[p, {1, 0, 1}]
(1-p)p?
y istotal of xx. nisthelength
logLike[p_, y_]:=yLog[p]+ (n-y)Log[l-p]
Cl ear [xX]

Sol ve [D[l ogLi ke [p, y], p] =0, p]

(o)

res = Tupl es[{0, 1}, 5]

{{o0, o0, o, o, 03, (0, 0, 0, O, 1}, (O, O, O, 1, O}, (O, O, O, 1, 1},
{0, 0, 1, o0, O}, (0, O, 1, O, 1}, (O, O, 1, 1, O}, (O, O, 1, 1, 1},
{0, 1, o, o, 03}, (O, 1, O, O, 1}, (O, 1, O, 1, O}, (O, 1, O, 1, 1},
{0, 1, 1, o, O}, (O, 1, 1, O, 1}, (O, 1, 12, 1, O}, (O, 1, 1, 1, 1}, {1, O, O, O, O},
{1, o, o, o, 13, {1, 0, O, 1, O}, (1, O, O, 1, 13, {1, O, 1, O, O}, {1, O, 1, O, 13,
{1, o, 1, 1, O}, {1, 0, 1, 1, 1}, {1, 1, O, O, O}, {1, 1, O, O, 1}, {1, 1, O, 1, O},
{1, 1, 0, 1, 13, {1, 1, 1, O, O}, {1, 1, 1, O, 1}, {1, 1, 1, 1, O}, {1, 1, 1, 1, 1}}
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posLi ke = Map[like[p, #] & res]

{1-p°% @-p'p, A-p*p, 1-p)°p% (1-p)ip, 1-p)°p?
1-p*p, 1-p)°p% @-p)%p% 1-p)?p%, A-p)¥p? (1-p
1-p)*p, 1-p)°p% 1-p)%p% A-p)?p% (1-p)®p% (1-p
1-p)°p% A-p)%pd 1-p)?p% a-p)pt @A-p)¥pd (1-p
Mani pul at e [

Pl ot [posLike[[i1], {p, O, 1}1,
{i, 1, Length[res], 1}, SaveDefinitions -» True]

i M
&)

0.035¢
0.030
0.025
0.020
0.015
0.010

0.005}

Continue to make a demonstration ....

= Example - Gamma(a,B)
PDF [GammaDi stri bution[a, B], X]
e’% X—l+o( B—o{
Ganma [a]
Mean [GammaDi stri bution[a, B]]

a3
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e
npel= like[a_, B_, xx_]:=Apply [Ti nmes, Tabl e[ Gama o]
a
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, {i, 1, Length[xx]}”
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Pl ot 3D[l i ke[a, B, {2, 4, 1, 2, 3}], {a, O, 10},
{B, 0, 10}, PlotRange » Al |, AxesLabel - {a, B}]

pl ot Sanmpl e[xx_] : =
Pl ot 3D[l i ke[a, B, XX], {a, 0, 10}, {B, O, 10}, Pl ot Range » Al |, AxesLabel - {a, B}]

pl ot LogSanpl e [xx_] : =
Pl ot 3D[Log [l i ke[a, B, xx]], {a, O, 10}, {B, O, 10}, Pl ot Range » Al |, AxesLabel - {a, B}]
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sanpl e = RandonReal [GammaDi stri bution[2, 2], 10];
pl ot Sanpl e [sanpl e]
pl ot LogSanpl e [sanpl e]

1.x10°

5.x107!

NMaxi m ze[li ke[a, B, sanple], {a, B}]

{1.02194 %10, {a - 1.41666, 5 3.37364)}}

NMaxi m ze[Log[l i ke[a, B, sanplel], {a, B}]

{-25.3067, {a—>1.41666, 3 3.37364}}
Alternative : method of moments:

Mean [GammaDi stri bution[a, B]]

a3
Vari ance [GanmaDi stri bution[a, B]]

0(/32
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Sol ve [
{Mean[GammeDi stri bution[a, B]] == xBar,
Variance [GammaDi stri bution[a, B]] == sSquared}, {a, B}]

Ha» sSquared’ F- xBar

xBar 2 sSquar ed
3

sanpl e
{2.61934, 9.20542, 2.46891, 0.863936, 2.68407, 0.7464, 3.60698, 16.146, 6.11415, 3.3378}

t onent s [ le ] { Mean [sanpl e]? Vari ance [sanpl e] }
In[59:= €S ments [sanmple_]: = - ‘
e Vari ance [sanpl e] Mean [sanpl e]

est Monent s [sanpl e]

(1.0278, 4.65001)

est Monent s [RandonReal [GammaDi stri bution[2, 2], 100000]]

(1.98464, 2.02088)}

Now lets make a "serious' demonstration of this...

n[02]:= test Al pha =1; testBetta =1;
repeats = 30;
sanpl eSi ze = 2000;
sanpl es =
Tabl e [RandonReal [GammaDi stri bution[test Al pha, testBetta], sanpl eSi ze], {repeats}];
| ogLi kes = Map[Log[li ke[a, B, #]] & sanples];
estsMLE = Map[ ({a, B} /. NMaxi m ze[#, {a, B}]1[[2]]) & | ogLikes];
est sMonent = Map [est Monents, sanpl es];

in[09]:= Li st Pl ot [{estsMLE, estsMonent }, AxesOrigin - {0.8, 0.8}]
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