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Goal: Create a predictive 
model based on observations.



Setting for this talk: 
Single Pass Queue



Computation



Six observation schemes

1. Full Observation

2. Discrete Intervals 

3.Input and Output Process

4. Transactional Observations

5. Probing

6. Independent Primitives



1: Full Observation
{Q(t) : t ∈ [0,T]}



L(λ, μ ; data) = (1 −
λ
μ )e−μτ−λTμm−νλn+νK

Clarke, 1957,
“Maximum Likelihood Estimates in a Simple Queue”

Sample until “busy time” reaches a pre-assigned value

- Initial queue sizev
m - Total departures
T - Time of last departure
n - Total arrivals



Basawa, Prabhu, 1988,
“Large Sample Inference from Single Sample Queues”

Rule 1: Observe the system until a fixed time t. 
Rule 2: Observe the system until d departures.
Rule 3: Observe the system until m arrivals.
Rule 4: Stop after n transitions.

LT(θ, ϕ) =
A(T)

∏
k=1

f(uk; θ)
D(T)

∏
k=1

g(vk; ϕ) × F̄θ(T −
A(T)

∑
k=1

uk)Ḡϕ(T −
D(T)

∑
k=1

vk)



2: Discrete Intervals
{Q(nΔ), n = 1,…, N}



L(c)
τ (Q) =

m

∏
i=1

∏
j≠i

qNij(τ)
ij e−qijRi(τ)

An EM algorithm:
E-step, Calculate:

M-step, Calculate:

g : Q → EQ0
(log L(c)

τ (Q) | Y = y)

Q0 = argmaxQg(Q)



M/M/c

λ ∼ αc
λ

μc
→ x0 < 1

E[Q(t) | Q(0)] ≈ x0 + e−μt(Q(0) − x0)

var(Q(t) | Q(0)) ≈
λ

μc2
(1 − e−2μt)

cov(Q(s), Q(s + t)) ≈
ρ
c2

e−μ|t|

Let c grow…

Strategy: MLE for the OU process…

Get an Ornstein-Uhlenbeck process…



3: Input and Output Processes
{A1, …, AN}, {D1, …, DN}

A1 A2 A3 A4 A5 A6 A7 A8

D1 D2 D3 D4 D5 D6 D7 D8



Why do we like Infinite Servers?

Most Attention Given to M/G/   ∞

c(t) = Cov(Q(0), Q(t)) =

2λ(1 − λ)
π ∫

π

0

(sin θ)2e−t(1+λ−2 λ cos θ)

(1 + λ − 2 λ cos θ)3
dθ for M/M/1,

λ
μ2 e−μt for M/M/∞ .



CDF of the time since the last arrival at a 
departure point: H(x) = 1 − (1 − G(x))e−λx



Nonparametric fun



Output process only (of M/G/1):



4: Transactional Observations
{(D1, …, DN), B}



You observe:
• At time 0 server starts working
• At time 1 a customer departs (and server continues to work)
• At time 2 a second customer departs and server stops working

With Poisson arrivals:

Example: Consider a simple “transactional observation”

E[nQ(t)] = {t, t ∈ [0,1),
0, t ∈ [1,2] .



Transactional data (QIE)  
fun



5: Probing
{Sprobe

1 , …, Sprobe
N }



Best probe rate?

̂λ = μ − λprobes −
1

mean probe sojourn
E.g. T=1000 λ = 0.9 μ = 1

λprobes

MSE

“probing stability point?”

Simulated 10^5 times 
for each point on the grid





The M+M/M/1/K Queue
The M+M/D/1/K Queue

Straightforward inverse estimation formulas



Lk(λ) =
k

∏
n=2

pn(τn | τn−1; λ)

F(x, t | x0; λ) ≡ P(V(t) ≤ x | V(0) = x0)

pn(x |y; λ) = f(x − c, an − an−1 | y; λ)



6: Independent Primitives
{(A1, …, AN), (S1, …, SM)}



̂μ =
m

∑m
i=1 Si

{(A1, …, AN), (S1, …, SM)}Data:

̂λ =
n

∑m
i=1 Ai

̂ρ =
̂λ
̂μ

̂ρ
ρ

∼ F(2m,2n)

E[ ̂ρ
1 − ̂ρ

1{ ̂ρ < 1}] = ∞Problem:

If              then resample. ̂ρ ≥ 1



V(t) = V(0) +
A(t)

∑
n=1

Sn − ∫
t

0
1{V(τ) > 0} dτ

̂ρvirtual =
1
t ∫

t

0
1{V(τ) > 0} dτ

Bias bounding:

E[ ̂ρvirtual] − ρ ≤
c + V(0)

t



Bayesian Celebration…

+ Many Other Papers



In summary:

1. Full Observation

2. Discrete Intervals 

3.Input and Output Process

4. Transactional Observations

5. Probing

6. Independent Primitives


